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Abstract: This paper is devoted to the study of fractional differential equations with Riemann-Liouville fractional
derivatives and infinite delay in Banach spaces. The weighted delay is developed to deal with the case of non-zero
initial value, which leads to the unboundedness of the solutions. Existence and uniqueness results are obtained based
on the theory of measure of non-compactness, Schauder’s and Banach’s fixed point theorems. As auxiliary results, a
fractional Gronwall type inequality is proved, and the comparison property of fractional integral is discussed.
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1 Introduction

In this paper, we study nonlinear functional fractional differential equation with weighted infinite delay in an abstract
Banach space X, of the form

Da}’([):f([vft)» [6(07b]! (1)
Yo =¢ € B, 2)

where 0 < @ < 1, D% is the Riemann-Liouville fractional derivative, () = t'=%y(¢), f : (0,b] x B — B
is a given function satisfying some assumptions, and B is the phase space that will be specified later. We give the
definition of solutions, and investigate the existence and continuous dependence of solutions to such equations in the
space C1—((a, b]; X).

In the past several decades fractional differential equations have attracted a considerable interest in both
mathematics and applications, since they have been proved to be valuable tools in modeling many physical
phenomena. There has been a significant development in fractional differential equations in the past decades. See,
for example, [1-14] and references therein. Fractional differential equations in Banach spaces are also wildly studied
[1, 11-14]. Among these works, some authors study functional fractional differential equations [2, 3, 6, 8, 11]. For
example, in [2], Benchohra et al. studied fractional order differential equations

D%y(t) = f(t.y,), t€[0,b], O0<a<l,
with infinite delay
y(t) =¢@), te(—o00,0]

However, it is known that the Riemann-Liouville fractional derivative of a function y is unbounded at some
neighborhoods of the initial point 0, except that y(0) = 0. For this reason, when y(0) # 0, the solutions to the
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functional fractional differential equations given in the mentioned papers may not be well-defined. An example can
be found in [6]. In order to remedy this defect, in [6], the author modified the model and studied the weighted
fractional differential equations with infinite delay. Existence and continuous dependence results of solutions are
obtained in finite dimensional spaces.

In this paper, we continue the work of [6], to study the weighted fractional differential equations with infinite
delay in Banach spaces. The difficulty is that the bounded subsets in Banach spaces are not compact in general. To
get a compact subset in the space of continuous functions, we have to suppose some conditions involving the measure
of non-compactness on the nonlinear term. The function space C1—y((0,5] : X) we encountered in this paper is
a space of unbounded functions, which is different from C([0,b] : X). We need some further discussion on the
relevant subsets. As auxiliary results, we also prove a Gronwall type inequality for fractional differential equations,
and discuss the comparison property of fractional integral.

2 Preliminaries and lemmas

In this section we collect some definitions and results needed in our further investigations.
Let (X, | - ||) be a Banach space. Denote by C([a, b]; X) the space of all continuous X valued functions defined
on [a, b] with the supremum norm, and L! Joc (@, b); X) the space of Bochner integrable functions u : (a,b) — X

with the norm |Ju| = fa |lu(2)||dt. We also consider the space Cy((a, b]; X) consisting of all continuous functions
f :(a,b] — X suchthat lim; ., (¢t —a)” f(¢) exists, with the norm || f||c, = sup{||[(t —a)" f()|;t € (a,b]}.

Definition 2.1 ([5]). Let o > 0 be a fixed number. The Riemann-Liouville fractional integral of order « > 0 of a
Sfunction h : [a,b] — X is defined by

t
1 —1
ISh(@t) = @ / (t —)* " h(s)ds, t € [a,b]
a
provided the right side is pointwisely defined, where T'(-) denotes the well-known gamma function, i.e., I'(z) =
Joo e 7 dr.
Definition 2.2 ([5]). Let o > 0 be fixed and n = [«] + 1. The Riemann-Liouville fractional derivative of order a of

h: (a,b] — X at the point t is defined by

D%h(t) = (701)41;" /(l—s)" “=lp(s)ds, t €[a,b]

provided the right side is pointwisely defined, where ] denotes the integer part of the real number .

When 0 < o < 1, then

DYh(t) = a) o /(z — )% h(s)ds.

For simplicity, when a = 0, we denote D and /§ by D and I, respectively.

Lemma 2.3 ([5]). Let 0 < o < 1. Then the unique solution to the equation D®h(t) = 0 is given by the formula
h(t) = Ct* 1,

fort > 0, where C € R is a constant provided h € C((0,b]) N L}
such that D* f € C((0,b]) N L} (0,b), then

(0, b). Further, if f € C((0,b])) N L} (a,b)

loc loc

loc
I1DYf(t) = f(t) + Cr*!

fort > 0 and some constant C € R.
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In the literature devoted to equations with infinite delay, the selection of the state space 5 plays an important role
in the study of both qualitative and quantitative theory. A usual choice is a semi-normed space satisfying suitable
axioms, which was introduced by Hale and Kato [15]. For a detailed discussion on the topic, we refer to the book by
Hino et al [16].

Definition 2.4 ([16]). A linear topological space of functions from (—o0, 0] into X, with seminorm || - ||, is called
an admissible phase space if B has the following properties:
(A1) There exist a positive constant H and functions K(-), M(-) : [0, 400) — [0, +00), with K continuous and M
locally bounded, such that for any a,b € Rand b > a, if x : (—00,b] = X, x4 € B, and x(°) is continuous on
[a, b), then for every t € [a, b], the following conditions hold:
i) x; € By
() ||x@)|| < H|x¢||B, for some H > 0;
(i) [1x¢ 5 < K(t — @) supy =y, X ()| + Mt = a)xall5-
(A2) For the function x(-) in (Al), t > X; is a B valued continuous function fort € [a, b].
(B) The space B is complete.

The theory of the measure of noncompactness was initiated by Kuratowski in 1930s and has played a very important
role in nonlinear analysis in recent decades. It is often applied to the theories of differential and integral equations
as well as to the operator theory and geometry of Banach spaces [17-22]. One of the most important examples of
measure of noncompactness is the Hausdorff’s measure of noncompactness By , which is defined by

By (B) = inf{r > 0; B can be covered with a finite number of balls of radius equal to r}

for bounded set B in a Banach space Y.
The following properties of Hausdorff’s measure of noncompactness are well known.

Lemma 2.5 ([17]). Let Y be a real Banach space and B, C C Y be bounded,the following properties are satisfied :

(1) B is pre-compact if and only if By (B) =0 ;

(2) By (B) = By (B) = By (convB) where B and convB mean the closure and convex hull of B respectively;

(3) By (B) < By (C) when B € C;

@) By (B +C) < By (B) + By (C) where B+ C = {x + y:x € B,y € C};

(S) By (BUC) = max{fy (B), By (C)};

(6) By (AB) = |A|By (B) for any A € R;

(7) Ifthe map Q : D(Q) C Y — Z is Lipschitz continuous with constant k then Bz (QB) < kBy (B) for any
bounded subset B C D(Q), where Z be a Banach space;

(8) By (B) = inf{dy (B,C);C C Y be precompact} = inf{dy (B,C);C C Y be finite valued}, where
dy (B, C) means the nonsymmetric (or symmetric) Hausdorff distance between B and C in'Y .

) If{w, };:_;X]) is a decreasing sequence of bounded closed nonempty subsets of Y and lim,— o0 By (Wy) = 0,
then ﬂ:ﬁ? W, is nonempty and compact in Y .

In this paper we denote by f the Hausdorff measure of noncompactness of X and by . the Hausdorff measure of
noncompactness of C([a, b]; X). To discuss the existence we need the following lemmas in this paper.

Lemma 2.6 ([17]). If W C C([a, b]; X) is bounded, then
BW () < Be(W)

forallt € [a,b], where W(t) = {u(t);u € W} C X.Furthermore if W is equicontinuous on [a,b], then B(W(t)) is
continuous on [a, b] and

Be(W) = sup{B(W()).1 € [a.b]}.
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Lemma 2.7 ([17]). If W C C([a, b]; X) is bounded and equicontinuous, then B(W(s)) is continuous and
! !
B[ werds) = [ povisnas G)

forallt € [a,b], where [} W(s)ds = {[! x(s)ds : x € W}.

3 Auxiliary results

In the qualitative theory of differential and Volterra integral equations, especially in establishing of boundedness
and stability, the Gronwall type inequalities play a very important role. See, for example, [23-26]. In 1919,
T. H. Gronwall proved a remarkable inequality which has attracted and continues to attract considerable attention in
the literature.

Lemma 3.1. Let u, p and q be real continuous functions defined on [a, b), q(t) > 0 for t € [a, b]. Suppose that the

inequality
t

u(t) < p(t) + / 4(s)u(s)ds

holds for all t € [a, b]. Then we have

t t

u) = p0) + [ a©pe o] [a@dr]is

a N

forallt € a,b].

In 1967, S. C. Chu and F. T. Metcalf proved in [23] a generalized Gronwall inequality for convolution type integral
equations as follows.

Lemma 3.2. Let the functions u and p be continuous on [0, b]; let the function K be continuous and nonnegative
on the triangle 0 < s <t < b. If

t
u(t) < p(t) + / K, s)u(s)ds, 0<t<h,
0

then

1
u(t) < plt) + / Ht.s)p(s)ds.  0<t<b,
0

where H(t,s) = Y ;2 Ki(t,s),0 < s <t < b, is the resolvent kernel, and the K; (i = 1,2,---) are the iterated
kernels of K.

The fractional integral is in fact a kind of convolution of functions. However, the kernel of the fractional integral
K(t,s) = % is unbounded in the triangle 0 < s < ¢t < b when 0 < « < 1. Observe that Lemma 3.2
holds only for continuous, and hence bounded, kernel K(¢,s) on 0 < s < t < b. For this reason, in 2007, H. Ye
et al. proved a generalized Grownwall inequality specifically for fractional differential equations ([26], which is the

generalization of [25, Lemma 7.1.1].
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Lemma 3.3. Suppose o > 0, u and p are nonnegative functions locally integrable on [0, b] and g is a nonnegative,
nondecreasing continuous function defined on [0, b], g(t) < M (constant) on [0, b]. If the inequality

t
u() = p©) + 80) [~ 9" uds
0
holds for all t € [0, b], then we have

F n
u(t) = ple) + / [Z O sy pio s

forallt € 0,b].
Now we suppose that

u() = p(0) + / LI goutras @

for0 <t <b.Letk(t,s) = (l}s():)_ q(s). Define

ki(t,s) = k(t,s), ki, s)= /k(t,t)ki_l(r,s)dr, 1 =2,3,---. @)

Then we have

Lemma 3.4. Let the functions u, p and q be continuous and nonnegative on [0, b. If the inequality (4) holds, then

t

u(t) < p(t) + / RG.$)p(s)ds,  0<t<b, ©)
0

where R(t,s) = Z;’il ki(t,s), 0 <s <t < b, is the resolvent kernel, and the k; (i = 1,2,---) are the iterated
kernels defined by (5).

Proof. From (4), we have
t t s
u(t) < p(t) +/k(t,s)p(s)ds —l—/k(l,s)ds/k(s,f)u(r)dr

0 0 0
t

!
= p@) +/k1(t,s)p(s)ds—|—/u(s)ds/k(t,r)k1(r,s)df
0 s

0

t t
=p@t)+ | k1(t,)p(s)ds + | ka(t,s)u(s)ds
/ /

for all ¢ € [0, b]. By induction, we have for all n € N,

u(t) < pt) + [ 3" kit 5)p(s)ds + [ g1 (0 5)u(s)ds )

i=1

for all ¢ € [0, b]. Now we prove that
([ _ S)not—l

lkn(t,5)] < F(nt)

150 ®)
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forallm e Nand 0 < s <t < b. In fact,

(t—s)*1 (t—s)@!

lk1(z,8)] = WVI(SN < ()

l4lloo

for 0 < s <t < b. Suppose that (8) holds for n. Then forn + 1,

t t
kg 1(t,5)] = |/k([,t)kn(‘[,s)dt| < ”Fq(”;; ﬂ‘iﬂz; /(t—r)a_l(r—s)na_ldr
_ s e T@T0) ="y
= T(@)(a) T((n+ Da)  T((n+ Da) ' lee

for all 0 < s <t < b. By mathematical induction, (8) holds for all n € N.
We now show that fé R(t,5)p(s)ds = fé 372 ki(t,s)p(s)ds uniformly for ¢ € [0,b] and lim k;(z,5) =0
1 —>00

uniformly for 0 < s <t < b. Write

[1/c] oo
Rit.s)= ) ki) + Y kit.s).
i=1 i=[1/a]+1
Forl <i <[l/«],
t Ipli | ol
‘/ki(t,s)p(s)ds‘ < Flzi;; /(t—s)i“_lds _ ﬁtia_ )
0 0

While

o0

o o0 i ) i pia—1 00 ob®)’
Z ‘ki(t,s). < Z ||p||c>0(t_s)la—l < Z ”p”oo =é Z (”p” ) '

i=[1/al+1 i—tijag41 1) iztijat1 L@ iztija41 LU

. . .o . b i .
Using the ratio test it is easily seen that Z?i[l/aH—l % is convergent. Hence Z:')i[l/a]-l—l ki(t,s)

converges absolutely and uniformly for 0 < s < ¢ < b. This, combined with (9), implies that f(f R(t,s)p(s)ds =
fé 372, ki(t,s)p(s)ds uniformly for 1 € [0,b]. The convergence of Z?i[l/a]_,_l ki (t,s) in turn implies that
lim; s o0 k; (¢, 5) = 0 uniformly for0 < s <t < b.

At last, letting n — oo in (7), we get the desired inequality (6). O

Remark 3.5. The proof of inequality (8) and the convergence of series can be found in [5, Page 145-146]. For the
convenience of the readers and the completeness of the paper we repeat the proof here.

Remark 3.6. From the proof of Lemma 3.4 we can see that, if the functions p and q are locally integrable and
bounded, then the result in Lemma 3.4 still holds. Further, by a slightly modification of the proof, we can get the
Sollowing result, which is the generalization of [26, Theorem 1].

Lemma 3.7. Let « > 0, the functions p and q be nonnegative, locally integrable and bounded on [0,b], g
be nonnegative and nondecreasing continuous on [0, b]. Suppose that u is nonnegative and continuous on [0, b)
satisfying

(I _ S)oc—l

Wq(s)u(s)ds

t
u(t) < p(t) + g(1) /
0

forallt €[0,b), then
¢

u(t) < p(t) + / Rt.5)p(s)ds. 0=t <b,
0
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where’k(l‘,s) = Z?illg(t,s), 0<s<t<bh, andlfc\;(i =1,2,---) are defined by

- _ e
ki(t,s) =k(t,5) = %q@’

t

ki(t,s) = /7{(:, Dki_1(r,8)dr, i=23,

s

Next we discuss the comparison property of the fractional integral. It is well-known that if an integrable function
f is nonnegative on [0, ], then |, ;12 f(s)ds = 0 for any t1,t> € [0,b] with t; < t». Equivalently, the function
d(r) = fé f(s)ds is nondecreasing on [0, b]. For fractional case, a natural generalization of this property might
be I§ f(t2) — I§ f(t1) = O for 11,12 € [0,b] with 1 < t2. Or, equivalently, the function F(t) = I§ f(t) =
fé % f(s)ds is nondecreasing. However, it is not always the case.

Example 3.8. Consider f(t) =t~ ! for0 <a < landt > 0. Then f(t) > 0 forallt > 0.

(t— [ - 5)e1 a1, _ @) 541
F(l)—/ F( ) f(s)ds / F@) — ds_F(Za)t .

So for0 < a < 2, 20 — 1 < 0, and the function F(-) is strictly decreasing fort > 0.
Fortunately, we have the following relatively weak result.

Lemma 3.9. Suppose that o > 0 and f € C[0,D] is nonnegative and nondecreasing. Then F(t) = I§ f(t) =
a—1
j‘f (t—s)

o0~ T(ay—/ (8)ds is nondecreasing on [0, b].
Proof. We first suppose that f € C'[0, b] is nonnegative and nondecreasing. Then f/(¢) > 0 for all ¢t € [0, b]. It
follows that
(t )ot ! / a—1
F'(t)y= | ——— f'(s)ds + f(0)¢ >0
['(a)

for all ¢ € [0, b] and hence F(-) is nondecreasmg on [0, b].

For the general case that f € C[0, b], we choose a sequence of nonnegative and nondecreasing functions { f;, } €
C 1[0, b] such that lim,, f, = f in C[0, b]. Then each F,, = I§ fu is nondecreasing, and the limit F = lim,, Fy, is
therefore nondecreasing. O

4 Existence results

In this section, we study the existence of solutions to the weighted functional differential equations (1)-(2). We begin
with the definition of solutions to these equations.

Definition 4.1. A function y : (—o0o,b] — X is said to be a solution to (1)-(2), if ¥|(0.»1 € C((0,b]) N L}
Yo = ¢ and satisfies (1).

(0.b),

loc

For the existence results on the problem (1)-(2), we need to transform the fractional differential equation into an
integral equation. From Lemma 2.3 we can obtain that, if 0 < o < 1 and & € C((0,b]) N L} Joc (0, b) such that
1'=%} is absolutely continuous on [0, b], then the function y solves the fractional differential equation

DYy(t) = h(t), t € (0,b]
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if and only if y satisfies

t
1
y(t) = @/(z—s)“—lh(s)dwcﬂ—l, 1 €(0,b]
0

for some constant C. See also [5, Theorem 2.23].
For the forthcoming analysis, we need the following hypothesis.
(H1) f:(0,b] x B— X is continuous.
(H2) There exist a nonnegative n € L”(0,b] with p > 1/a and a continuously non-decreasing function
Q : [0, +00) — [0, +00) such that

£ wll < n@)R(uls) (10)
fort € (0,b] and every u € B, and
B(f(, D)) < n(f)_ SUI; Oﬂ(D(Q)) (11)

for ¢ € (0, b] and every bounded subset D C B, where D(0) = {u(0) : u € D}.

Theorem 4.2. Assume the hypotheses (HI) and (H2) hold. If

Q (1
lim sup ) < (+a)

s 12
S S K B2l (12

then there exists at least a solution to (1)-(2) on (—oo, b].
Proof. From the comment above, we know that y is a solution to (1) if and only if y satisfies

iy Ja e = )%V f(s. F)ds + $Or . 1 € (0.b],

e = {qb(t), t € (—00,0].

For given ¢ : (—oo, 0] which belongs to B, let ’5 be a function defined by

0. te(0.b]

o0 = $(1), 1€ (—00,0].

Then we have ?470 = ¢. For z € C1—«((0,b], X),where C1—y((0,b], X) is the Banach space consisting of all
continuous functions f : (0,h] — X such that lim;—q ¢! ~% f(¢) exists, endowed with the norm | f|lc,_, =
sup [t17% £(¢)|:t € (0, b], we extend Z to (—oo, b], also denoted by 7, defined by

t1=%z(t), te(0,b],
0, t € (—o0,0].

) = {
It is easily seen that if y(.) satisfies the integral equation

1

y(@) = @

t
/(: — )7 f (s, Fy)ds + p(0)e %1, t>0,
0

we can decompose y(.) as y(t) = ¢(¢) + z(t), which implies that y, = @ +7Z; fort € (0, b], and the function z(.)

satisfies
!

z(t) = ﬁ /(r — )% f(s. b + Z5)ds + p(0)r ¥, t>0. (13)
0
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Set W = {z : (—00,b] = X;z|0.p] € C1—«((0,b]; X),z0 = 0}. For z € W, define ||z|lw = ||zollB + lIzllC\i—o-
Then (W, || z||w ) becomes a Banach space. Define an operator P : W — W by

t
(P2)(0) = %a) / (=% (5. Bs + Z)ds + O, 1> 0.
0

We will prove by the Schauder’s fixed point theorem that P has at least a fixed point z, and hence z + 5 is a solution
to (1)-(2).

First note that the continuity of P can be derived by (H?2) and the Lebesgue dominated convergence theorem.
We now show that P maps bounded subsets in W into bounded subsets. Let B, = {z € W ||z||w < r}. Then, for
any z € B, and t € (0, b], we have

It~ (P20l < /( — )N f (s, s + Z9)llds + 90

F()

1—«a

: / (0 = )5 + Sl g)ds + (O]
0

=

Since

IZs + bslls < K(s) sup [Z(@)]| + M(s)|Zolls + K(s)sup [0l + M(s)llgolls < Kpr + My || 5.

o<t=<s

where Mp = supgs<p M(s). It follows from (H2) and Holder’s inequality that

I~ (P20 <

/( — )" 'n(s)dsKpr + Mpll5) + 1$0)]

®
11—
=T R M "¢"B)(/ (1 =) Dds) V4 ] + O]
Pl
=Q(Kpr + Mb||¢||8)1_,(1 T + [l (0)]| == 1,

where 7], = (fg) In(s)|?ds)"/? and 1/p +1/q = 1, (@ — 1)q > —1. Therefore, || Pz||w <[ forevery z € B,
which implies that P maps bounded subsets into bounded subsets in W

Next we prove that PB is equicontinuous for every bounded subsets B C W.Let z € B, and t1,t2 € (0,b]
with ] < t», then we have

I3~ *(P2)(t2) — t{ ~*(P2) (1)l

11—«
-1

[ (a)

=t =TS b +Z)ds

/(rz—s)“ (s Fs +Z0)llds

1"()

2]
4 / (62— )%V £, Fs + %) ds]

e / (12 = 9% QG5 +Zs15)ds
X))

l( : (tl S) 1)77(5)52(||~¢s + Zs“B)dS + /([2 —S) ln(S)Q(“¢s + s”B)d ]
| Ol) z S
0
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1 5]

l—o _ ;1—« Q
U RO f sy vy Vo [ o syan) e
0 0
11 7%Q(ro)

T

1 I3
([ ((t2 =)' = (11 —5)*™HY9ds) (| n* (s)ds)'/?
/ /

123 1
+ (| (2 — )@ Dags)la( | P (s)ds)'/?)
/ /

_lnllp2(ro)
r1'(a)

where rg = Kpr+Mp||¢| 5, r1 = (@—1)g+1)1/9 and ry = [(a—1)g+1]/g > 0.1t follows that ||t2 “(PZ)(IZ)—
111 *(Pz)(t1)|| = Oasty —t; — 0, and the convergence is independent of z € B,-, which implies that the set PB,

B2 — 7+ b T2 — 1) + (157 — 1)),

is equicontinuous.

Now we have to verify that there exists a closed convex bounded subset By, such that PB;,, C B;,. We derive
2(r) I'(A+a)

< ; -
> Kpb2lnlly” that there exists a constant ro > 0 such that

from inequlity (12), i.e., lim; — 400

b
%Q(Kbro + Mpglls) + ¢ < ro.

Define B, = {z € W;|z||w < ro}. Then By, is closed, convex and bounded in W. Then, for every z € B,, and
t € (0, b], similar to the proof of P maps bounded subsets in W into bounded subset, we have

It / (= 9% £(s.Fs +Zo)lds + 6O

“F@
. )f(r—s>“—1n(s)sz<||¢b FEl)ds + 19 0)]
<QUKpro + Mpll$l) 2N g0y <
= bro b B F(1+OZ) =T0.

It then follows that || Pz||w < ro for all z € Bro, and hence PBy, C By,.
Now we prove that there exists a compact subset M C By, such that PM C M. We first construct a series of
sets {M,,} C By, by
Mo = By,, M1 =convPMy, Myy1 =convPM,, n=12,---.
From the above proof it is easy to see that M, 11 C M, forn = 1,2,--- and each Mn is equi-continuous. Further,
from Lemma 2.5, 2.6 and 2.7 we can derive that

B(Myt1(t) = ﬂ(rl—“Mn+l<z>> = B(t' "4 PM, (1))

= Bllas fot = )% (5. 85 + Mus)ds + ¢(0)]

< Bl fot = 9%V £(5.Bs + M ug)ds]

< Ly Jo =) B(f (5. s + M ug))ds]

< Ly Jot =) () sup_og <=0 B@s(0) + M (0))ds

< L o€ =) () sup_og<p<0lB@s(9)) + B(M s (0)1ds 4
< Ly ot =) () Sup_og g <o B(M s (0))ds

= Loy Jo (=) 0(8) SUp_og cpz0 B(s' X (O + )¥THO + 9) M,y (0 + 5))ds

lla

= L =) () sup_y =0 BT + )0 4 5)! UM (8 + 5))ds
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From the proof above we know that {(8 + s)!=*M,,(# + s)} is equicontinuous at  and (8 + s)' ~*M,, (6 +
$) lo=—s= {¢(0)}. So from Lemma 2.5 we know that the function > B((6+s)!~%M,, (9 +s5)) is continuous, and
B((O+5)' =% M, (+5)) |g——_s= 0. Therefore, if the supermum SUP_5 <9 <0 B0 +5)* L (O+5)' ~* M, (6+
5)) is taken at @ = —s, then sup_s_g ¢ B(s' %O + 5)*71(O + 5)! 7* M, (0 + 5)) = 0. Otherwise, there exist
8, > 0, such that
SUP_g<p<0 B TH(O +5)* (O + )T My (6 + 5))
= SUp_y45,<0<0 B YO +9)*HO + )T M (0 +5))

sups, <z <5 B! ¥ I 1m¥ M, (7)) (15)
SUpg,, <t <s :3(51_0[82[_1 Tl_aMn (7))

= sl_a(g%_l SUPp<r<s ﬂ(ﬁn (v).
Substituting (15) into (14) we obtain that

IA

/ (t =% n(s)s' =5 sup B(Mu())ds (16)

o<t<s

_F()

forn = 1,2,--- . Define the functions f;,(t) = sup;¢[o.¢] ﬁ(ﬁn (7)) forn = 1,2,--- and take supermum on both
sides of (16). We get due to Lemma 3.9 that

fut1 (1) < / (6 — 9% n(s)s 5 £ (s)ds (17

F()

forn = 1,2,---. The fact that M,, 1.1 C M, implies that f,,41(t) < fu(¢) forallz € [0,b]andn = 1,2,---, and
each f;; is continuous on [0, b]. Therefore, the limit lim,, f;,(¢) = f(¢) exists for ¢ € [0, b]. We claim that f(z) = 0
forall¢ € [0, b]. In fact, take inf, <1 6, = &. If § > 0, then inequality (17) implies that

for () <. /( U n(s)s 69y (5)ds (18)

()

forallt € [0,b]andn = 1,2, ---. Taking limit as n — oo in (18) we get

i<t / (0 — ) 1 n(s)s' 81 £(s)ds

()

for all ¢ € [0, b]. An application of Lemma 3.7 yields f(z) = 0 for all ¢ € [0, b].

If 6 = 0, then there are two cases. In case when there exists an ng such that 6,,, = 0, f,(f) = 0 for all
t € [0, b] according to the definition of §,,, the inequality (17) implies that f,,(¢) = O for all » > ng and ¢ € [0, b],
and hence f(¢) = lim, f,(¢t) = 0forall ¢ € [0, b]. In case when §,, # O for all n > 1, lim, §, = 0, the definition
of f, and &, imply that lim,, f,,(r) = 0 = f(¢) for all ¢ € [0, b]. So we have f(¢) = O for all ¢ € [0, b] in each
case, as claimed. Therefore, N72 | M;, = M is nonempty and compact in W due to Lemma 2.5, and PM C M by
the definition of M,,.

Up to now we have verified that there exists a nonempty bounded convex and compact subset M C W such that
PM C M. An employment of Schauder’s fixed point theorem shows that there exists at least a fixed point z of P in
M.Theny =z + 5 is the solution to (1)-(2) on [0, 5], which completes the proof. O

Below we consider the existence result which is based on the Lipschitz condition. We need the following hypothesis.

(H3) There exists a constant L. > 0 such that

If@u) = ft.w] < Llu—vls

fort € (0,b] and every u, v € B.
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Theorem 4.3. Assume that (H1) and (H3) hold. Then there exists a unique solution to (1)-(2) on (—o0, b].

Proof. As in the proof of Theorem 4.2, we define the operator P : W — W by
. t
(P2)0) = s [0 =" f6 T+ T0ds o0 10 (19)
o
0

If z € W is a fixed point of P, then y = z + fq?is a solution of (1)-(2).
Let K(b) = sup{K(z);t € (0,b]}, where K(.) is the function that appeared in Definition 2.4. Let N =
[bQLKpb @ /T(1 +«)) /%], and h; = ib/N.Then0 < h; < ho < ...<hy = b and

LKpb"=%(hi 11 —hi)* 1
I+ ) 2

(20)

fori =1,2,...,N.

We first focus on the interval (0, 21]. Let Wi = {z : (—o0,h1] = X;z|0.h,] € C1—a((0,h1]; X),z|o = 0}
and define ||z||w, = lzolls + sup{|t' =¥z (1)|:0 < t < hy} = sup{|t!=%z(t)|;0 < t < hy} for z € W}.Then
(W1, ||z|lw, ) is a Banach space. Define the operator Py : Wi — Wj by

(P12)(t) = e )/( — ¥ (5. s + F)ds + (0“7 1 e (0.h]. 2D

Forz,z* € Wy and t € (0, h1], we have

e = (Prz) (@) = ' 74 (P12 ()] < /( E =) T £ (s bs +F5) =[5, 65 +F)|ds

F( )
Ltl—@ Ly~
T [ (=915 =3 Isds
0
Since
IZs —Z5 I8 <K(s) sup {|Z(0) =Z" ()|} + M(s)|Z0 — Z5 s
o<t<s
<Kp sup {['7%(0) ="} < Kpllz — ¥ lw.
o<t<s
we have
LK1=« LKpbl—pe
1—a 11—« * LAplL a—1 b 1 *
t P t)—t P t — d — < — s
I (P20 — 1 (P 0] < S /( sz == Iwy = bl ==
and hence -
Kpbl—®pe
Pyz— Piz* < LEpOTTRY . 22
[Pz — P1z¥|lw, < T+ ) lz—z*llw, (22)

From (20) and the Banach contraction principle we know that there exists a unique z € W satisfying

t
20 = o [ =97 6T+ Fds + g0 @3
0

fort € (0, k1], which is the unique solution to the integral equation (13) on the interval (0, /1].
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Next we consider the interval (&1, h2]. Restrict the function z € W on the interval (k1, k2] to construct W»
and define ||z|lw, = |zolls + sup{|t! =¥z (¢)|;h1 <t < ha} = sup{|t' =%z (¢)|;h1 <t < hp} for z € W>. Then
(W2, ||z|lw,) is Banach space . For t € (h1, ha], rewrite equation (13) as

1

t
_ 1 _ a—1 e ~
z(t) = m /(l s) f(s,ps +7Z5)ds + @
hy

hy
/ (= 9% f(5. G5 +T0)ds + O (24)
(0]

Since the function z is uniquely defined on (0, /1], the second integral can be considered as a known function. Using
the same arguments as above, we can obtain that there exists a unique function z € W5 satisfying

t hi
() = ﬁ / (t = 9% f(5. G5 +o)ds + % / (=% f(s.Bs +Zo)ds + O (25)
h 0

fort € (h1,h2], which is the unique solution to the integral equation (13) on the interval (&1, h>]. Taking the next
interval (h3, h3], repeating this process, we conclude that there exists a unique solution to the integral equation (13)
on the interval (0, 2x] = (0,b]. Sety = z + ?45, then y is the unique solution to the fractional differential equation
(DH-(2). O

Remark 4.4. In the most of similar results, there is a restriction on the Lipschitz constant. Here we do not have any
restriction on the Lipschitz constant L.

5 An example

In this section, we discuss an example to illustrate our results. For any real constant y > 0 we set
Cy ={p € C((—o0,0]:R) : lim e”?¢(h) exists in R},
6——o0
and set
lpl, = sup{e”?|p()] : 0o < 6 < 0}

for ¢ € C,. Then by [16, Theorem 3.7], C,, satisfies (A1), (A2) and (B) in Definition 2.4 with H = 1, K(¢) =
max{1,e~¥!} and M(¢) = e~7*, C, is a phase space.
Let us consider the weighted fractional differential equation with infinite delay

Ce_yt+t|)7t|y
(e +e )1+ |Fely)’

D%y(t) = t €(0,b], @ € (0,1), (26)
() = o(t), t € (—00,0], (27)
where ¢ € Cy, and ¢ > 0 can be any constant. Set

ceVitix

Fx) = e i+

(t,x) € (0,b] xRT.

Then for any x, y € R, one has

_ e -yl celly—yl _
0= SN = iy ot T S @y eon S

i.e., f is Lipschitz with respect to the second variable with Lipschitz constant ¢. Then by Theorem 4.3 the problem
(26)-(27) has a unique solution on (—o0, b].

In [2], the authors discussed an example similar to the problem (26)-(27) without weight. They have to suppose
that ¢(0) = O since otherwise the solution y may be unbounded at the right neighbourhood of 0. Here we do not
need this restriction. Furthermore, we don’t have any restriction on the constant c.
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