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Abstract: In the paper, we introduce the notion of annihilators in BL-algebras and investigate some related properties
of them. We get that the ideal lattice (/(L), C) is pseudo-complemented, and for any ideal 7, its pseudo-complement
is the annihilator 71 of I. Also, we define the An (L) to be the set of all annihilators of L, then we have that
(An(L); N, Van(ry, L.{0}, L) is a Boolean algebra. In addition, we introduce the annihilators of a nonempty
subset X of L with respect to an ideal / and study some properties of them. As an application, we show that if
I and J are ideals in a BL-algebra L, then J f- is the relative pseudo-complement of J with respect to /I in the
ideal lattice (/(L), €). Moreover, we get some properties of the homomorphism image of annihilators, and also
give the necessary and sufficient condition of the homomorphism image and the homomorphism pre-image of an
annihilator to be an annihilator. Finally, we introduce the notion of «-ideal and give a notation E (/). We show that
(E(I(L)),NE,VE, E(0), E(L) is a pseudo-complemented lattice, a complete Brouwerian lattice and an algebraic
lattice, when L is a BL-chain or a finite product of BL-chains.
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1 Introduction

It is well known that logic gives a technique for the artificial intelligence to make the computers simulate human
being in dealing with certainty and uncertainty in information. And as uncertain information processing, non-
classical logic has become a formal and useful tool for computer science to deal with uncertain information, fuzzy
information and intelligent system. Various logical algebras have been proposed and researched as the semantical
systems of non-classical logical systems. Among these logical algebras, residuated lattices were introduced by Ward
and Dilworth in 1939 to constitute the semantics of Hohle Monoidal Logic which are the basis for the majority
of formal fuzzy logic. Apart from their logical interest, residuated lattices have interesting algebraic properties and
include two important classes of algebras: BL-algebras and M V-algebras. In order to study the basic logic framework
of fuzzy set system, based on continuous triangle module and under the theoretical framework of residuated lattices
theory, Hajek [1] proposed a new fuzzy logic system—BL-system and the corresponding logic algebraic system—BL-
algebra. MV-algebras were introduced by Chang [2] in order to give an algebraic proof of the completeness theorem
of Lukasiewice system of many valued logic.

The notion of ideals has been introduced in many algebraic structures such as lattices, rings, MV-algebras. Ideals
theory is a very effective tool for studying various algebraic and logical systems. In the theory of MV-algebras the
notion of ideals is at the center and deductive systems and ideals are dual notions, while in BL-algebra, with the
lack of a suitable algebraic addition, the focus is shifted to deductive systems also called filters. So the notion of
ideals is missing in BL-algebras. To fill this gap the paper [3] introduced the notion of ideals in BL-algebras, which

Yu Xi Zou: College of Mathematics, Northwest University, Xi’an, 710127, PR. China

*Corresponding Author: Xiao Long Xin: College of Mathematics, Northwest University, Xi’an, 710127, PR. China,
E-mail: xIxin@nwu.edu.cn

Peng Fei He: School of Mathematics and Information Science, Shaanxi Normal University, Xi’an, 710119, PR. China

[COZAT=TE|© 2016 Zou et al., published by De Gruyter Open.
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.



DE GRUYTER OPEN On annihilators in BL-algebras =—— 325

generalized in a natural sense the existing notion in MV-algebras and subsequently all the results about ideals in
MV-algebras. The paper also constructed some examples to show that, unlike in MV-algebras, ideals and filters are
dual but behave quite differently in BL-algebra. So the notion of ideal from a purely algebraic point of view has a
proper meaning in BL-algebras.

A lot of work has been done with respect to the co-annihilators and the annihilators. For example, in [4], Davery
studied the relationship between minimal prime ideals conditions and annihilators conditions on distributive lattices.
Turunen [5] defined co-annihilator of a non-empty set X of L and proved some of its properties on BL-algebras.
They got AL as a prime filter if and only if A is linear and A # {1}. Also, in [6] B. A.Laurentiu Leustean introduced
the notion of the co-annihilator relative to F on pseudo-BL-algebras, which is a generalization of the co-annihilator,
and they also extended some results obtained in [4]. Moreover, in [7], B. L. Meng et al. defined the generalized
co-annihilator of BL-algebras as a generalization of co-annihilator on BL-algebras. In [8] W.H. Cornish defined
the notion of a-ideals in distributive lattices, where an ideal [ is an a-ideal if / = I. Since the notion of ideals
in BL-algebras has been defined in paper [3], we think it is a new direction to study the ideals by the concept of
annihilators, which will enrich and develop the theory of ideals in BL-algebras.

This paper is organized as follows: In Section 2, we review some basic definitions and results about BL-algebras.
In Section 3, we introduce the notion of the annihilators of BL-algebras and the notion of the annihilators of a
nonempty subset X with respect to an ideal /. Also, we investigate the homomorphism image of annihilators. In
section 4, we introduce the notion of «-ideals and give a notation E (/). Then we focus on the algebraic structures
of the set (E(I(L)).

2 Preliminaries

Definition 2.1 ([1]). An algebra structure (L, A,V,®,—,0,1) of type (2,2,2,2,0,0) is called a BL-algebra, if it
satisfies the following conditions: forall x,y,z € L

BL1 (L,A,V,0,1) is a bounded lattice relative to the order <;

BL2 (L,®,1) is a commutative monoid;

BL3 x©Oy <zifandonlyifx <y — z;

BL4 x Ay =x0(x—Yy),

BLS (x> y)v(y—>x)=1

In what follows, by L we denote the universe of a BL-algebra (L, A, V,®,—,0, 1). For any x € L and a natural
number 7, we define¥ = x — 0,Xx = (x), x% = land x" = x"" ! @ x forn > 1.

Proposition 2.2 ([1]). Let L be a BL-algebra. For all x,y,z € L, the followings hold:
(1) xO0x—y) =<y,

2) xOy<xAy=<xVy,

(B)x=y <= x—>y=1

) x—>(—-2)=(xQy)—>z=y—(x > 2),

(5) x <yimpliesz >x<z—>y,y—>z<x—>zandx©z=<y0Oz,
(6) y>x=(z—>y)—>(—>x),

(7)) x >y<(y—2z)—>x—2),

8) xvy=(x—>y)=>y) Ay >x)—>x),

(9) (x—>y)—>z<x—>(y—2),

(I10) 1 >x=x,x—>x=1x—>1=1,

(11) 1=0,0=1,1=1,0=0,

(I12) XVYy=XAYy, XAYy=XVY,

(13) x >y <x0z—>y0z

(149 x=>y=x—7J,
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(15 X=y =37,
(16) (L, A, V) is a distributive lattice.

For every x, y € L,we adopt the notation: x @ y =X — y.

Proposition 2.3 ([3]). In every BL-algebra L, the following holds:

(1) The operation @ is associative, that is, for every x,y,z € L, x Q y) @z =x @ (y @ z2);

(2) The operation @ is compatible with the order, that is, for every x,y,z,t € L, such that x <y and z < t, then
XQz=<yot.

Remark 2.4 ([3]). If L is a BL-algebra that is not an MV-algebra, then there is an element x € L such that X # x.
Hence x @ 0 # 0 @ x and we conclude that the operation @ is not commutative in general. The associative and
noncommutative operation @ will be called the pseudo-addition of the BL-algebra.

Definition 2.5 ([9]). Let L and M be two BL-algebras. A mapping f : L — M is said to be a homomorphism, if
forany x,y € L, we have (1) f(x © y) = f(x) © f(»): (2) f(x = y) = f(x) = f(»): (3) f(0) =0.If f isan

injection (a surjection), then f is said to be an injective (a surjection) homomorphism. If f is a bijection, then f is
said to be an isomorphism.

Let L, M be two BL-algebras, and f : L — M be a homomorphism. Then for any x,y € L, (1) f(x A y) =
FEANf() @) fxvy) = fx)V f(y).

Theorem 2.6 ([9]). Let (L, A, V) be a lattice and let f : L — L be a closure. Then Imf is a lattice in which the
lattice operations are given by inf{a,b} = a A b, sup{a,b} = f(a Vv b).

Definition 2.7 ([9]). Let L be a BL-algebra and I be a nonempty subset of L. We say that I is an ideal of L if it
satisfies:

I1: foreveryx,y € L,ifx <yandy €I, thenx € I;

I2: foreveryx,y eI, xQy € I.

Proposition 2.8 ([3]). Let L be a BL-algebra and I be an ideal of L. Then for every x,y € I, we have x vV y € I
andx Ny € 1.

We recall that the smallest ideal containing A4 in L is called the ideal generated by the subset A in L and it is denoted
by (A). It is also the intersection of all the ideals containing A.

Proposition 2.9. [3] For every subset A of a BL-algebra L, we have
(1) If A is empty, then (A) = {0};
(2) If A is not empty, then (A) ={ae€ L |a<x1@x2Q - @ Xp;X1,X2, X € A}.

Definition 2.10 ([3]). Let L be a BL-algebra and P be an ideal of L. We say P is a prime ideal if it satisfies for
everyx,ye L, x >yePory —>x¢€P.

Proposition 2.11 ([3]). An ideal P of a BL-algebra L is prime if and only if for any x,y € L, x Ay € P implies
thatx € Pory € P.

3 Annihilators in BL-algebras

Definition 3.1. Let A be a non-void subset of a BL-algebra L, then we call the set A~ = {x € L | a A x = 0 for
all a € A} is an annihilator of A.
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Example 3.2. Let L = {0,a,b,c,d, 1} be a set, where 0 <a <b <1,0<a <d <land0 <c <d < 1. The
Cayley tables are as follows:

-0 8 o0
cococoo oo
TN O™ o™
U o 8 oo
_]y N N O
S/ >0 A=
S S DN e b | Qe
R e e RN e | R
e e e e e el B

a6 6 oo o0

QR oo oo
=6 8 o)
QO = =Y
Q= ]/ =

Then (L, A,V,®,—,0, 1) is a BL-algebra. Now, we consider A = {0, a}, it is easy to check that A+ = {0, c}.

Proposition 3.3. Let L be a BL-algebra and A be a subset of L, then A' is an ideal of L. Moreover, if A # {0},
then AL is proper:

Proof. Foreverya € A, wehave a A 0 = 0, hence 0 € A, which implies A~ is nonempty.

I1: Assume that y € AL x < y,since foralla € A, x Aa <y Aa =0, then we have x € AL,

I2: Assume that x € A+, y € AL. Leta € A, thena A (X — y)=a O (a - (X - y))=a O (¥ — (a —
MM<a@E0a—->ad(a@—y)=a0(¥x0a) = (@ry)=a0 (X Oa) = 0)=a O (x - a)<a © (@ —
X)<a © (@ — X=a A ¥=a Ax=0.Hence x @ y = ¥ — y € AL, which implies AL is an ideal.

If A # {0}, then there is a € A such thata # 0,50 1 Aa = a # 0, then we have 1 ¢ AL. Therefore, A~ is
proper. O

Proposition 3.4. Let L be a BL-algebra. Then the following conclusions hold: for all x,a,b € L,
(D {1+ = {0} {0} = L;

(2)ifa < b, then {by*" < {a}*;

(3){a} = N (b}t = {a v b},

(4) {a} U b}t S {a nb}t;

(5)ifx € {a}’, thena < X and x < @.

Proof. (1)Forall x € {I}X, x = x A1 =0, so x = 0, which implies {1}~ = {0}. Forall x € L, since x A 0 = 0,
we have L C {0}, and evidently, {0}~ € L, so {0} = L.

(2) For all x e{b}i,wehavea/\x <bAx=0,s0a Ax =0,sowehave x € {a}i.

B)x efay-N{p}tiff x € {a}- and x € (b} iff x Aa = 0and x Ab = 0iff x A (@ vV b) = 0 iff
x €favbt.

@Ifx € fay-U{b}t, thenx € {a} - orx € {b}t,soxAa =0orx Ab=0,andsox AaAb =0,
therefore, x € {a A b}.

B Ifx e {a}L,thenx/\a =0,sowehavea © x < x Aa = 0, thena © x = 0, therefore, a < X and

x <a. O

Example 3.5. Let L be the BL-algebra in Example 3.2. We have a~ = {0, ¢}, ¢+ = {0,a,b}, anda A ¢ = 0, so
atUct =1{0,a,b,c}. Hence 0- = L & a- U c. Therefore, we do not have the equation for Proposition 3.4(4).

Proposition 3.6. Let L be a BL-algebra. Then the following conclusions hold: for all x, y,a,b € L,
(ifx efa}’, yefavbyt thenx Ay € {a nb}t-;

(2)ifx efalt, y ef{a — by thenx Ay € {a nbY-;

(3)ifx e{adt, ye{byt thenx © y,x Vy,x Ay € {a Anb}t.

Proof. (1) Since y € {a v b} and b < a v b, by Proposition 3.4 (2), we have {a Vv b} C {b}*,s0 y € {b}+,
since {b} is a down set, we get x A y € {b} C {a A b},
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(2) Since y € {a — b} and b < a — b, by Proposition 3.4 (2), we get {a — b}~ C {b}-, 50y € {b}*.
Since {b}= is a down set, we get x A y € {b}- C {a A b} .

(3) Since x € {a}’, y € {b} and a A b < a,b, by Proposition 3.4 (2), we have {a}- C {a A b}+,
by c{anbit,sox,y e {anb}t, andsox Vv y € {a A b}L+. Moreover, since {a A b}~ is a down set, we get
XOy,x Ay €{anbit. O

Proposition 3.7. Forany® # X C L, (X) N X+ = {0}.

Proof. Assume thata € (X)ﬂXJ-,thenwehavea <X1 QX200 Qxpx; € X,andanx; =0i =1,2,---n.

Now we prove thata A (x] QX2 Q-+ Qxy) <(@aAX1)@@AX2) Q-+ (aAxp). Firstly,a A (x @ y) >
((anx)o(any))<anx — ((a rx) = (@ry))=(arx)O(@Arx)) — (arny)=0 - (ary) = 1,50an(x@y) <
(anx)@(any). Then assume that whenk = n,a A (X1 @x2 @ @ x5) <(@AX1)Q@AX2) Q- @ (aAxp)
holds. Whenk = n+ 1, a A (x] @X2 Q- @ Xy @Xp4+1) < (@A (X1 Qx20Q - Qxp) @ (a A xpg1) <
(@anx1)Q@AX2) @@ (@Anxp) @(@AXn41) -

Considering the above we have a A (x] @ X2 @ - @ xp) < (@A X1) @ (@A Xx2)@---@ (a A Xxp). Then
anNa<an(xX1Q0x20-Qxp) <@AXx1)Q@AX2)Q--@(arxy) =000 -0 = 0. Therefore,
(X)n X+ = {0} O

Proposition 3.8. Let A be an ideal of L and A be linear(which means that A is totally ordered). Then AL is a prime
ideal.

Proof. Assume that A is an ideal which is linear, and a A b € AL buta,b ¢ AL. Then there are x’, x” € A, such
thata Ax” #0,and b A x”" #0.Set x = x’ v x”. Then x € A as A is anideal. Clearly,a Ax =a A (x' vx") =
(anx’)yVv(anx")#0.Similarly, we have b A x # 0. Sincea Ax < x,b Ax < x,weconcludea Ax,bAx € A.
As A is linear, we may assume thata A x < b AX.Now,0 = (@aAb)Ax=aAr(bAx)>an(a@arnx)=aAx,
which contradicts the fact @ A x # 0, which implies that a € A+ or b € A~ Therefore, A~ is prime. O

Proposition 3.9. Let L be a BL- algebra, if X CY C L, then Y+ C X+;

Proof. Ifz € Y, wehavez Ay = 0. Thenforany x € X C Y,z Ax =0,andso z € Nyex {x} = X . This
means that Y+ € X+, O

Proposition 3.10. Let L be a BL- algebra, for any @ # X C L, the following hold:
(1) X+ = Nxex{x}t;

4) X+ = (x)+.

Proof. (1)a e Xl forallx e X,arnx=0<forallx e X,aex+<ac ﬂxex{x}J-.

(2) By the definition of annihilator, we have X+ = {a € L |aAx = 0 forall x € X}.Soforall x € X,
ifbe X,thenb Ax =0, hence b € X1,

(3) By (2) taking X = X+ wehave X1+ < x4+, Conversely, by (1) and Proposition 3.8, we have ) Gl
X, therefore, X+ = x1++-+.

(4) Since X C (X), by Proposition 3.9, we have (X)1 € X Now we prove X+ C (X)1.Lety € X1, so
forany x € X, wehave x Ay = 0. For any z € (X), there are x1,x2,--- X, € X,suchthatz < x; @x2 @+ @ xp,.
SoOYyAZ<YAX1 QX2 Q QX)X VAX1) QO AX) Q@ - QY AX)=000@ -0 = 0. Hence
y € (X)L, thatis, X~ C (X)L Therefore, X+ = (X)-. O

Proposition 3.11. Let L be a BL-algebra, and X,Y < L. Then
(1) L+ = {0}
2) X nx+ = {0}
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B)xuy)t=xtny+t;
(4)Xtuytcxny)t

Proof. (1)Ifthereisa € L suchthata # Oanda € Lt thenl Aa =a # 0, this is a contradiction, so a = 0.

) If x € X+ n XL, by the definition of annihilator, we have x = x Ax = 0,s0 XL N X+ c 0.
Conversely, since for every Y C L thereis0 € Y+, weget0 € XL and0 € X1, 500 € X1 n X, finally
Xttnxt =0

(3)Since X CXUYandY C XUY,wehave (X UY)L C Xt and (X UY)- Cc YL so(XUY)LC
XL+ Ny, conversely, foranya € X~ NYL, wehavea € X anda € Y, ie. forany x € X,y € Y, we have
arx=0andaAy=0.Soforanyt € X UY, wealwayshavea At = 0, hencea € (X U Y)" .

@SinceXNY CXandXNY CY,wehave X-Cc(XNY)tandYLt c (X NY)-,soX+-uytc
X Nyt O

Example 3.12. Let L be the BL-algebra in Example 3.2. Take X = {a,c}, Y = {c,b}, then X N Y = {c}, so we
have X- = {0}, Y+ = {0}, and (X N Y)L = {0,a,b}. Hence (X NY) & XU Y. Therefore, we do not have
the equation for Proposition 3.11(4)

Proposition 3.13. Let L be a BL-algebra, and @ # X,Y C L. Foralla,b € L, ifa € XLb e Yt then (1)
anbe(XUY) (2)avbe(XNnY)L

Proof. (NIfae X+, beYL thenanbe XLt andanbeYL soanbeXtnyLt=Xuy)L.
QIfaeXt,beYt thenae Xt c(XnY)tandbeY+-c(XNnY)t soavbe(XNY)*. O

Proposition 3.14. Let L be a BL-algebra, X,Y C L. Then X~ N YL = {0} if and only if X+ € Y+ and

Proof. = Foralla € X+, b e Y1+, wehavea Ab € X NYL, since X~ NYL = {0}, wegeta nb =0,by

definition of annihilator, we geta € Y-+ and b € X1+, so X+t c YLt and Y1 c x++.
—IfXxtcytltandyt c Xt then Xt nvyt yiinyl = {0}, so XL NnYL C {0}. Clearly,

(orcxtnyt soxtnyt ={o. O

Proposition 3.15. Let L be a BL-algebra, I be a non-empty subset of L. Then there isa X C L, satisfied I = X+
if and only if I is a down set, and [+ =1, I N X1+ = {03, X+t nit={o.

Proof. = If I = X', itisclearthat  isadownset, /- = X+++ = X+ =71 1nxt+ = x+tnx1++ = {0}
Then we have X+ N I+ = X1+ N XL = {0} by Proposition 3.11 (2).

<= Since I N X+ = {0}, foranyi € I,forany x € X--+ theni Ax € I N X+L ={0},s0i ¢ X+1-+.
We have already known X -1 = X1 so /] € XL Since X N I+ = {0}, then similarly, we get X+ < /1=,
since I1+1+ = I,WegetXJ- C I. Therefore, I = X+. O

Proposition 3.16. Let L be a BL-algebra, if an ideal I which is linear contains an element x # 0 and x VX = 1,
then x is the largest element of 1.

Proof. By x VX = I, wehave YAX =0.Sox AX <XAx=0.Letaec I,thena=anl= an(xvx) =
(a A x) Vv (a AX), where the last equation follows by the distributive of L. Since I is linear, by Proposition 3.8, we
have I is a prime ideal. Since x AX = 0 € I, either x € I-orX € I-. As x A x = x # 0, we necessarily
have X € I--. Hence for any a € I, we have a A X = 0, which implies that a = a A x, thus a < x. Therefore, x is
the largest element of /. O

Proposition 3.17. Let L be a BL-algebra. Then the ideal lattice 1(L) is pseudo-complemented and for any ideal 1
of L, its pseudo-complement is I+
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Proof. By Proposition 3.7, we have I N I~ = {0}. Let G be an ideal of L such that I N G = {0}, we shall prove
that G € I1. Leta € G,forany x € I, thenwehave x Aa <xel,xrhna<aeG,soxAnaeclNG={0}
Hence x A a = 0 for any x € I, then we have a € I--. So I is the largest ideal such that / N G = {0}. It follows
that /1 is the pseudo-complement of /. O

Let An(L) = {X | X C L} be the set of annihilators of L. Since X = (X)), we get that An(L) = {I+- | I <
I(L)}. Hence An(L) is the set of pseudo-complements of the pseudo-complemented lattice 7(L).

Proposition 3.18. Let L be a BL-algebra, I,J € I(L). Then
(1){0}, L € An(L);

2)1 € An(L) <= I++ =1;

(3) L1: X - X1+ isaclosure map;
GHIndNnhHt=InJ+;

(5) (1 o) J)J_J_ i SIS JJ_J_’.

(6)1,J € An(L), then I AgpryJ =1NJ;
7VIvHEt=1tnJt;

(8)ifI,J € An(L), then I NV ap(ry J = (I+- N JH)L

Proof. (1) By Propositions 3.4 and 3.11.

(2) Assume that I € An(L), then there exists X C L such that X+ =1,s0we get [+ =xt4tdt = xt =
I. The converse is clear.

(3) By Propositions 3.9, we know the function f : X — X is isotone and by Propositions 3.10, we get that
f = f2>idy.So, X — X1 is a closure map.

(4) Since (I N J) N (I N J)~ = {0}, by Proposition 3.17, we get I N (I N J)~ € JL- andso I N (I N
J)y- cInJL Conversely, by INJ C J,wegetJ- C (INJ)-, sol NJ+ C In(NJ)L Therefore,
IndniHt=1rnJ+.

(5)Since INJ € I,J,weget(INJ)rt c 1+ n gL Conversely, I NJ)yn (I nJ)t = {0}=
InUnnHtcit=yttsr1rnsjttnuannt == J+nudnntcrt=1-+1=
I nJjttnannt=0=1ttnsttcunstt soweget 1 N J)H =1L n gt

(6) By (3) and Proposition 2.6, we have I Agqp) J =1NJ.

(DSince I,J € IvJ,weget{vI)-cItnjt =1ty =g+t ngb)LtL Conversely,
I c It c gt nJyb)t, similarly, we have J € J+L c U+t nJbH)Lt,s0o7 vJ € (I N JH)L, hence
I+ nJHtL cd v i)t Therefore, I v J)t =(U+-nJHtt =Lttt =yt

(8) By (3) and Proposition 2.6, we have I V) J = (I v J)++, then by (7) we have I Vy,) J =
(I+nJhHt O

Theorem 3.19. Let L be a BL-algebra. Then (An(L); N,V 4n(r), L, {0}, L) is a Boolean algebra.

Proof. Firstly, we show that An(L) is distributive, it suffices to prove that: forall I, J, H € An(L), H N ({ Van(L)
J) S (HNI)Vanwy (HNJ). Now, let K = (HNI)Vany (HNJ), then HNI € K = K-+ gives
HNINKL ={0andso H N K+ C It Similarly, H N K+ < J- and therefore H N K+ C I+ nJ+ =
(ItnJL)yLt+ Tt follows that HNKL-N(I+-NJ+L)L = {0} andhence HN(I VanryJ) = HNI+NJH)+
Kt =K=HNI) Van) (HNJ).

Secondly, we show that An(L) is complemented, observe that L = {0}- € An(L) and {0} = L+ € An(L).
Since for every I € An(L) we have I N I+ = {0} and / VAn(L) I+t =+t nrtt)Lt = {0 = L. So the
complement of I € An(L) is . Therefore, An(L) is a Boolean algebra. O

N

Definition 3.20. Ler L be a BL-algebra, @ # X C L, I be an ideal of L and f be an endomorphism. We define the
annihilator of X with respect to I to be the set XIJ'f ={ael| fla)rxel,Vx e X}.

L
Iff=idL,wedenoteXIJ- =X, ‘L =f{aeL|anxel VxeX)
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Example 3.21. Let L = {0,a,b,c, 1} be a set, where 0 < a <c¢ < 1and0 < b < ¢ < 1. The Cayley tables are as
Sollows:

-a ™8 o0
cooco o
* ! o8 o
S A I
6 6 8 @6
—_0 ™R D
-6 o8 ol
coR S mo
QR Q==
SN b O | N
O ek ek ek [
ek [k

Then (L, A, V,®,—,0,1) is a BL-algebra. Now we define a map f as follows: f(0) =0, f(a) = b, f(b) = q,
f(c) = ¢, f(1) = 1, then we can check that f is an endomorphism. Let X = {a,c}, and I = {0, a}, then we get
X;7 =1{0,b}.

Example 3.22. Let L = {0,a,b, 1} be a set, where 0 < a,b < 1. The Cayley tables are as follows:

@0 a b 1 -0 a b 1
0,0 0 0 O 0 |1 1 1 1
a |0 a 0 a a b 1 b 1
b |0 0 b b b |la a 1 1
1/0 a b 1 1 /0 a b 1

Then (L, A,V,®,—,0,1) is a BL-algebra. Let X = {0,b}, and I = {0, a}, then we get XIJ‘ ={0,a}.

Proposition 3.23. Let L be a BL-algebra, @ # X C L, I be an ideal of L and f be an endomorphism. Then XIJ'f
is an ideal of L.

Proof. Clearly, 0 € XIL’/ |, 50 XIL’/ " is nonempty.

Il: Leta € X,J"" and b € L such that b < a. Then f(b) < f(a). It follows that f(b) A x < f(a) A x. Since
f(a) Ax € I,wehave f(b) Ax € I, which implies b € XIJ'f;

12:Leta,b € Xlif,then f(a)arx € I'and f(b)Ax € I forallx € X.Since f(a@b)Ax = (f(a) f(b))Ax <
(fla) Ax)@ (f(b) Ax),wehave f(a @b) Ax € I,thatis,a @b € X,J'f. O

Proposition 3.24. Let L be a BL-algebra, [ be an endomorphism, I,J € I(L) and 9 # X, X " C L. Then we
have:

(1) I € J implies X;' < X7 ;

(2) X € X implies (X');" < X;/;

(3) (UAEAX)L);_f = n/\eA(XA);_ff

(4) Xlif _ meXx;‘f.).

Ls Ly
(5) X5 1, = NaenX;”;
€ €L
(6) <X)If — If;
1y 1,
(7) Ker(f)< X{Oé’ L{Of} =Ker(f).

Proof. (1)Let] € J anda € XIJ'f.Then f@) Ax el forall x € X.So we have f(a) Ax € J forall x € X,
thatis,a € X Jif . Therefore, X]Lf C XJif.

(2)Let X € X anda € (X/)f/.Then f@)Anx el forallx e X'. Hence f(a) Ax €I forall x € X, which
implies a € XIJ'f . Therefore, (X /);'f C XIJ'f .

(3) By (2) we have (U,\eAX;L)ILf - (X)L)lif for all A € A, so we get (U)LeAX;L)IL/ - ﬂ,\eA(X,x)IL/'.
Conversely, leta € ﬂ,\gA(X,\);'f, we have a € (X)L)j'f forall A € A.Hence f(a) Axy € [ forall x) € X, and
A € A, which implies a € (Uyea X2)7” . Therefore, (Upea X2)77 = Naea(X1)7 .
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(4) It is clear by (3).

(5) We have a € X%‘;ﬂu if and only if f(a) A x € Npealy forall x € X, and if and only if f(a) A x € I
forall x € X and A € A, which is equivalenttoa € X;/ forall A € A, thatis, a € Nzea X

(6) Since X C (X), by (2) we get (X)[Lf C XIL’ Conversely, leta € XIL/' and z € (X). Then f(a) Ax el
for all x € X. Since z € (X), then there exist x1,x2,--+ ,X; € X suchthatz < x; @ x2 @ --- @ xp,. It follows that
f@nz= fla)A(x1@x2@--@xp) = (fl@) Ax1) @ (f(@) Ax2) @@ (f(a) Axp),since f(a) Ax; €1
forall 1 <i <n,weget f(a) Az € I, which implies thata € (X);‘f. Therefore, (X);‘f = XIJ'f.

(7) Let a € Ker(f), we have f(a) = 0,then f(a) Ax = Oforall x € X, thatis,a € X{Log , hence Ker(f)C X{LO';.
Leta € ijf}, then f(a)Ax = Oforall x € L. In particular, taking x = f(a), we have f(a) = 0, which impliesa €

Ker(f). Hence L, CKer(f). Conversely, by Ker()C X}, forany # # X C L. taking X = L. so Ker()< Lig)-
Therefore, L{Lof} =Ker(f). O

Proposition 3.25. Ler I be an ideal of a BL-algebra L, f be an endomorphism and a,b € L. Then (I)a < b
implies bIL/V - ali"; (2)(av b)li" = aILf N blif.

Proof. (1) Letx € bff, then f(x) Ab € I and f(x) Aa < f(x) A b, since a < b. It follows that f(x) Aa € I,
that is, x € a;'f;

(2) Since a, b < a Vv b, by (1) we have that (a v b),i" c a[if , bIL", so (a Vv b)IL" c a[if N bIL". Conversely,
letx € a;”’ Nby”  thatis,a A f(x),b A f(x) € I, itfollows f(x) A (aVb) = (f(x) Aa)V (f(x) Ab) € I,as
I is an ideal of L, and L is a distributive lattice. Therefore, x € (a Vv b)]i/ - O

Proposition 3.26. Let L be a BL-algebra,  # X C L, I be an ideal of L. Then
(1)1 < Xi
(2) Xi = L ifand only if X C I.

Proof. (1)Leti € I,theni Ax <i €[ forall x € X, hence i € Xj-, thatis, I C Xj-;
2) IfX,J- = L,thenl e X,J-,soforallx € X we have x = x A 1 € I. Conversely, if X C I, then for any
aeLandforallxeXwehavea/\x§x€1,soaGXIJ-.Thatis,LgXf-,whichimpliesthatXIJ-=L. O

Proposition 3.27. Let L be a BL-algebra, I, J, H € I(L). Then we have:
(HJinJcl;
(2)JNH C Iifandonlyif H C J;-.

Proof. (1)Letx € J;- N J,thenx € Jj- andx € J,sowe get x = x Ax € [. Thatis, J;-NJ C I;
2)IfJNH CIandx € H,thenforany y € J, wehave x Ay € J N H, it follows that x A y € . Hence
x € Ji-, thatis H € Jj-. Conversely, let H € J;-, by (1), wehave JN H € J N Ji- < 1. O

Theorem 3.28. Ler L be a BL-algebra, 1,J € I(L). Then J IJ' is the relative pseudo-complement of J with respect
to I in the lattice (I(L), C).

Proof. We have already known J ,J- is an ideal, and by Proposition 3.27 (1), we have J ,J- N J < I.Now we show
that JIJ- is the greatest ideal of L such that H N J C [, where H € I(L). Assume that H is an ideal of L such that
HNJ ClI,Ifae H,thena Ax <a,x forall x € J. Since J and H are ideals of L, we havea Ax € J N H,
Hencea Ax € [ forall x € J, thatis,a € J IL Therefore, J f is the relative pseudo-complement of J with respect
to I in the lattice (/(L), ©). O

Proposition 3.29. Let L, M be two BL-algebras, f : L — M be a homomorphism, @ # A C L. Then f(AL1) C
(f(An*-.
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Proof. Forall x € f(AL), thereisay € AL, such that x = f(y). Forall z € f(A), thereisat € A, such that
z= f(t).Sowehave x Az = f(y) A f(t) = f(y At) = f(0) = 0, therefore, x € (f(A))T. O

The next example shows the following: let L, M be two BL-algebras, f : L — M be ahomomorphism,? # A C L,
then f(A~) may not be an annihilator of a subset of M.

Example 3.30. Let L be the BL-algebra of Example 3.22.

Let M = {0, %, 1}, such that 0 < % < 1. The Cayley tables are as follows:

-S| O
[ I — I —) ]
Ni= © O N=
- [
Ll Sl —] l
SN = S
Nl ko [Nt
el e

Then (M,A,V,®,—,0,1) is a BL-algebra. Let f(1) = f(a) =1, f(0) = f(b) =0,then f : L - M isa
homomorphism. Let A = {b}, then A+ = {0,a}, f(A+) = {0,1}, clearly {0, 1}is not a down set, so there is no
B C M, such that f(A+) = BL.

Proposition 3.31. Let L, M be two BL-algebras, f : L — M be a surjective homomorphism, § # B C M. Then
(fT'B)Y*F < N Bh.

Proof. For all x € (f~1(B))*, and forall b € B, thereisaa € L, such that b = f(a), so x Aa = 0, then
Fx)Ab = f(x)A f(a) = f(x Aa) = f(0) = 0. Therefore, f(x) € B, which implies that x € f~1(B1). O

The next example shows the following: let L, M be two BL-algebras, f : L — M be a surjective homomorphism,
@ # B C M, then £~ (B') may not be an annihilator of a subset of L.

Example 3.32. Let L = {0,a,b,c,d, 1}, where0 <a <c <1,0<b<d <1and0 <b < c < 1. The Cayley
tables are as follows:

|0 a b ¢ d 1 - |0 a b ¢ d 1
0o,0 0 0 0 O0 O 0 1 1 1 1 1 1
a |0 a 0 a 0 a a d 1 d 1 d 1
b |0 0 b b b b b a a 1 1 1 1
c |0 a b ¢ b c c 0 a d 1 d 1
d |0 0 b b d d d |a a ¢ ¢ 1 1
1|0 a b ¢ d 1 1 0 a b ¢ d 1
Then (L, A,V,®,—,0,1) is a BL-algebra.
Let M = {0, 1}. The Cayley tables are as follows:

@0 1 -0 1

00 O 0 1 1

10 1 1 0 1

Then (M, A,V,®,—,0,1) is a BL-algebra. Let f(0) = f(b) = f(d) =0, f(a) = f(c) = f(1) = 1, then
f L = M is a homomorphism. Let B = {1}. Then B+ = {0}, f~'(B1) = f~1(0) = {0,b,d}, we can check
that there is no A C L, such that f ~1(B1) = A+

Theorem 3.33. Let L, M be two BL-algebras, f : L — M be a homomorphism, @ # A C L. Then f(A1) =
(S (A" ifand only if (f(AT)) = = f(AL) and (f(A)F N (f(AF)+ = {0}.
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Proof. = If f(A1) = (f(A)L, then (f(AL)EE = (f(A)E = (f(A)L = f(A4D), (f(A)tn
(f(ANE = (fF(AaNt n(f(A)H = {0}

<= By Proposition 3.27, we have f(A1) < (f(4))L. Now we prove that f(4+) 2 (f(A))L. Since
(f(A) N (f(A1)E = {0}, we have (f(A) T S (f(A1)F+ = f(AL). Therefore, f(AL) = (f(ANt. O

Theorem 3.34. Let L, M be two BL-algebras, f : L — M be a surjective homomorphism, @ # B C M. Then
(fTYB)*F = 7B ifand only if f~1(BT) N (f T (B) = {0},

Proof. == 1f (f~"(B))* = f~1(BL), then f~'(BHN (/BN = (/1 BYN(HB)Y L = (o)

& Firstly, if x € f~1(B1), y € L, such that y < x, then f(y) < f(x), since f(x) € BL, we get f(y) €
BL,s0y € f~1(B1), and so we have f~1(B1) is a down set. Since f~1(BL) N (f~1(B))++ = {0}, we get
F~YBY) c (f~UB)L = (f~1(B))"*, by Proposition 3.29, we already have (f~1(B))t < f~1(B).
Therefore, (f~1(B))L = f~1(BY). O

Theorem 3.35. Let L, M be two BL-algebras, f : L — M be an isomorphism, 8 # A C L, @ # B C M. Then
fAL) = (f(A)* and (f 71 (B)* = f~1(BL).

Proof. (1) By Proposition 3.29, we have already known f(AL) € (f(A))L, we now prove f(ALX) D (f(A))~*.
For any y € (f(A))', since f is surjective, there is a x € L, such that f(x) = y. For any a € A, we have
fa) € f(A),s0 f(x Aa) = f(x) A f(a) =y A f(a) = 0. Since f is injective, we get x Aa = 0,50 x € AL,
thatis y € f(AL). Therefore, f(A+) 2 (f(A))L.

(2) By Proposition 3.31, we have already known (f~'(B))* < f~1(B1), we now prove (f~1(B))"+
f~Y(BL).Forany x € f~1(B1),then f(x) € B~.Foralla € f~1(B),so f(a) € B, f(xra) = f(x)A f(a)
0, since f is injective, we get x Aa = 0, so x € (f ~1(B))L. Therefore, f ~1(B+)  (f~1(B))*.

O

4 a—ideals in BL-algebras
Definition 4.1. An ideal I of a BL-algebra L is said to be an a-ideal if i C I, foralli € I.

Example 4.2. Let L be the BL-algebra of Example 3.22. Consider I = {0, a}, since 0+ = 0 € I and a-
{0,a} C I, so I is an a-ideal.

Let I be an ideal of a BL-algebra L, we define E(/) = {x e L |3i € I,i+ < x1}.

Example 4.3. Let L = {0,a,b,c,d, 1}, where0 <a <c <1,0<b<d <1and0 <b < c <1, The Cayley
tables are as follows:

- 86 8 2|0
(=R — IR ]
NS IS IS SR N S
US> O
-] N O
-6 o8 ol
S oSO8 =IO
SO R e |
Qe R e e | R
ko [k

Q {8 / R o 98
O 6 8 o0
QR QK Q==
S S N S

Then (L, A, V,®,—,0,1) is a BL-algebra. Consider I = {0,a}, then E(I) = L.
Theorem 4.4. Let L be a BL-algebra, then E(I) is the smallest o« — ideal containing I, for any ideal I of L.

Proof. Clearly, I € E(I).
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I1: Assume that x < y and y € E([). Since y € E(I), we get thereis ai € I such that i+ c yJ-. And since
x <y, wegetylt Cxt soit Cyl cxl, finally we get x € E(1).

12: Assume that x, y € E(I). Since x, y € E(I), we get there are i, j € I such that i~ C x~ and j+ < yL.
Foranyt € (i @ j)L, wehavet A(f @ j) =0,s0t Ai =0andt A j =0, Since i~ C x+ and j - C y+- we
deduce thatf Ax =O0andt Ay =0.Sincet A(x Q) < (tAX)Q(tAY)=000=0,50f € (x @ y)’, s0
(i @ j)*t < (x @ y)L. Since I is an ideal, we have i @ j € I, therefore x @ y € E(I).

By Il and 12 we get E(]) is an ideal.

Now we prove E(I) is an a-ideal. For any x € E(I), we get there is a i € I such that i~ € x=. For any
t e xtL, by Proposition 3.9 we have xt = x4 c it soit € xt < ¢l it follows that ¢ € E(I), which
implies that x-- € E(I). Therefore, E(I) is an a-ideal.

Next we prove E(I) is the smallest «-ideal containing /. Let K be an «-ideal such that / € K. For any
x € E(I), we get there is i € I such that i C x-. Then by Propositions 3.9 and 3.10, we have x € (x) C
(x)J-J- = x1+ c i1l C K. Therefore, E(I) C K. O

Proposition 4.5. Let L be a BL-algebra, then the following hold:

(1) E(I) is the intersection of all a-ideal containing I, for any ideal I of L;

(2) For any ideal I of L, I is an a-ideal if and only if E(I) = I;

(3) NI |lisana —ideal of L} = {0};

(4) Let 11 and 1> are ideals of L. Then E(I11) = E(I2) ifand only if Iy C E(I2) and I, € E(Iy).

Proof. (1) and (2) By Theorem 4.4, they are clear.

(3) Clearly, since {0} is an «-ideal.

@)= Let E(I1) = E(Iz),s0 1} C E(Iy) = E(Iz),and I» C E(Iz) = E(1}).

<« Since E (1) is the smallest «-ideal containing I, by I1 € E(I2) we get E(I1) € E(Iz) and by I> C E(Iy)
we get E(I2) € E(I1). Therefore, E(I1) = E(I2). O

Proposition 4.6. Let I and J be ideals of BL-algebras L and M, respectively. Then E(I x J) = E(I) x E(J).

Proof. Let x € L and y € M, we define (x,y)~ = x* x y+. Then E( x J) = {(x,y) | Ia.b) € I x J :
(@b <.yt ={y) Fael3bet: atcxtbtCyty={(xy)|xeEU),yecEJ)=

E(I) x E(J). O

Proposition 4.7. If I are ideals of BL-algebras L, forall A € A, then E([]cp 13)
= [lxea EU).

Proof. Clearly, by Proposition 4.6.
O

Proposition 4.8. Let L be a BL-algebra, f : L — M be an isomorphism and I be an ideal of L. Then E(f(I)) =
JE)).

Proof. Letz € E(f(I)). Then there is a € f(I) such that a~ € z--. Hence there exists ag € I, zg € L such that
a = f(ap)and z = f(z0). By Proposition 3.35, we have f(a(J)-) = (f(ag))t =at Czt = (f(z0))*+ = f(zé-).
Soag C zy. Which means zg € E(I) and so z = f(z0) € f(E(])).

Conversely, let z € f(E(I)). Then z = f(z¢), for some zg € E(I). Then we have there exists ag € I such
that a(J)- c Zd‘, so (f(ap))* = f(a(J)-) c f(z(J)-) = (f(20))* = zt. It follows that z € E(f(I)). O

Theorem 4.9. Let L be a BL-algebra, I and J be ideals of BL-chain or a finite product of BL-chains. Then E(I N
JY=EU)NE().
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Proof. Firstly, we note that if / is an ideal of the BL-chain L then E(/) = L or E(I) = {0}. If I # {0},
then there exists 0 # a € I. Since L is a BL-chain, we get a~ = {0} and so E(]) = L. If I = {0}, then
E()={x |0t cxt}={x|xt=L}={0}

Now, we show that if 7 and J are ideals of BL-chain L, then E(/NJ) = E(I)NE(J).If I # {0}and J # {0},
then I N J # {0}. Then there exist 0 % @ € I and 0 # b € J and since L is a BL-chain we have a < b or b < a.
Assume thata < b,then0 #ac INJ.SoE(INJ)=L, E(I)=Land E(J) =L.IfI = {0} or J = {0},
then I N J = {0}. Then E(I) = {0} or E(J) = {0} and E(I N J) = {0}. Therefore, E(I N J) = E(I) N E(J).

Let 7 and J be ideals of ]_[;’:1 L;, where L; are BL-chain forall 1 <i < n, so we have [ = ]_[?:1 I; and
J =T1/=, Ji, where I; and J; are ideals of L;, forall 1 <i <n.So E(INJ) = E([i=; L N1/~ Ji) =
E(Ti=1(: 7)) = TT{=1(EU) N EU)) = [Ti=1 EA) N [Ti=y EU) = E(Ti=1 1) 0 E(Ti=1 Ji) =
E(I)NE(J). O

Proposition 4.10. Let L be a BL-algebra, for any I, J € I(L), the following hold:
() It isana —ideal;

(2) E(E(I)) = E(I);

(3)EAH) =1+;

(4)If I € J, then E(I) C E(J).

Proof. (1) For any a € I1, we have I+ C a1, then we get att c 1+ = 1+ 50 11 is an a-ideal.
(2) and (3) By Proposition 4.4 and (1), we can easily prove them.
(4) Clearly, by the definition of E (/). O

We denote E(I(L)) = {E(I) | I € I(L)}. And we know that the set of all ideals of L is a complete lattice and for
every family { F;}; s of ideals of L we have: Ajes F; = Njer Fj and Vier Fi = (Ujer Fj).

Theorem 4.11. (E(I(L)),Ag,VE, E(0), E(L)) is a complete Brouwerian lattice, where E(I)Ag E(J) = E(IN
JYand E(I)VE E(J) = E(I v J) and L is a BL-chain or a finite product of BL-chains.

Proof. By Theorem 4.9, we have E(I N J) = E(I) N E(J). Hence E(I1) A E(J) = E(I) N E(J). Since
1,J C IV J,byProposition 4.10, we have E(I), E(J) € E(I v J). This means that E(/ v J) is an upper bound
of E(I), E(J).Now let E(I), E(J) € E(K), forsome K € I(L). Then I,J € E(K),hence I vV J C E(K) and
so E(I vJ) < E(E(K)) = E(K), therefore E(I Vv J) is the least upper bound of E(/) and E(J).

Now we prove that for any family of ideals G;, i € I, we have that V g (E(G;)) = E(V(G;)). Since E(G;) C
E(v(Gy)), we get E(v(G;)) is an upper bound of E(G;), forall i € I. Also if E(G;) € E(K), foralli € I,
then G; € E(K). Then V(G;) € E(K), hence E(V(G;)) € E(E(K)) = E(K). Therefore VE(E(G;)) is
the least upper bound of E(G;), foralli € I.So (E(I(L)),A,VE, E(0), E(L))is a complete lattice. Then we
have VE(E(I) A E(Gi)) = VE(E(I) N E(G;)) = VE(E(I N G;)) = E(VUI N Gy)) = EUI N (V(G)))) =
E(I) A E(V(Gy)) = E(I) A (VE(E(G)))).

Therefore, (E(I(L)), AE,VE, E(0), E(L)) is a complete Brouwerian lattice. O

Theorem 4.12. The lattice (E(I(L)), Ag,VE, E(0), E(L)) is pseudo-complemented, where L is a BL-chain or a
finite product of BL-chains.

Proof. Let1,J € I(L),we get E(I) Ap E(IY) = E(I N I1) = E(0). Now let E(I) g E(K) = E(0) = {0},
by Propositions 3.17, 4.10, E(K) € (E(I))t € I+ = E(I), so for every ideal E(I), its pseudo-complement is
E(I1). Therefore, (E(I(L)), Ax,VE, E(0), E(L)) is pseudo-complemented. O

Theorem 4.13. The lattice (E(I(L)), Ag,VE, E(0), E(L)) is an algebraic lattice, where L is a BL-chain or a
finite product of BL-chains.

Proof. Firstly, we show E({z)) is a compact element in the lattice E(I/(L)). Assume that E({z)) C Vg E(G;),
where i € I and G; € I(L). Then z € E({z)) C VEE(G;), so there is a € V;c;G;, such that a~ C z-, this
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means that there exists x; € G; (1 <i <n)suchthata < x; @x2 @--- @ xp. Consider X = {G1,G2,---,G,} <
UierGi, 0 (x1 QX2 @ --- @ xn)J- Cagl czl,s0z € E(vG;exGi), so we get (z) € E(VG;exG;), and
E({(z)) € E(E(VG,exGi)) = E(VG,exGi) = E(G1) VE E(G2) VE -+ VE E(Gy). Therefore E((z)) is a
compact element in the lattice (E(I(L)). Now consider E(I) € E(I(L)). Since I = Vgeyr{a). we get E(I) =
E(Vger{a)) = VE{E({a)) | a € I}. Therefore, (E(I(L)), Ag,VE, E(0), E(L)) is an algebraic lattice. O

5 Conclusions

In this paper, motivating by the previous research on co-annihilators and ideals in BL-algebras, we introduce the
concept of annihilators to BL-algebras. We conclude that the ideal lattice (I/(L), C) is pseudo-complemented, and
for any ideal I, its pseudo-complement is /. Also, using the notion of the annihilator of a nonempty set X with
respect to an ideal 7, we show that J IJ- is the relative pseudo-complement of J with respect to [ in the ideal lattice
(I(L), ©). Moreover, we give the necessary and sufficient condition under which the homomorphism image and the
homomorphism preimage of annihilator become an annihilator. Finally, we introduce the notion of E(/), and we
get that (E(I(L)), AE,VE, E(0), E(L) is a pseudo-complemented lattice, a complete Brouwerian lattice and an
algebraic lattice, when L is a BL-chain or a finite product of BL-chains.
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