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1 Introduction

1

. i
i=1

B = B(xo,rp) denote the ball with the center xo and radius rp. For a given measurable set £, we also denote

n 2
Let R” be the n—dimensional Euclidean space of points x = (xi, ..., x;) with norm |x| = (Z x.2> . Let

the Lebesgue measure of E by |E|. For any given 2 € R” and 0 < p < oo, denote by L, (£2) the spaces of all

functions f satisfying
1

1z, @) = (n | f (x)|pdx) < 00.

Let 77! = {x e R” : |x| = 1} denote the unit sphere on R” (n > 2) equipped with the normalized Lebesgue
measure do (x’), where x” denotes the unit vector in the direction of x.
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To study the existence and regularity results for an elliptic differential operator, i.e.
D = .
Z i Bxl-f)xj
i,j=1
with constant coefficients {a;_;}, among some other estimates, one needs to study the singular integral operator 7'
with a convolution kernel K (see [1] or [2]) satisfying
(a) K (tx1,...,txp) =t "K (x), for any ¢t > 0;
(b) K e C= (R"\ {0});

(¢) [ K(&')do(x)=0.
Sn—1
Similarly, for the heat operator

) - 02
b= 0x1 j; 8sz’
the corresponding singular integral operator 7' has a kernel K satisfying
(@) K (t2x1,....tx,) =t7""1K (x),  foranyt > 0;
(b)) K € C= (R" \ {0});

() [ KO Qi 425+ 4 27) do ) = 0.
Sn—
To study the regularity results for a more general parabolic differential operator with constant coefficients, in

1966, Fabes and Riviére [3] introduced the following parabolic singular integral operator

—P
71w = po. [ KOV - dy
R”
with K satisfying
n
() K@% xy,....t%x,) =t “K (x1,...,x),t >0, x 0,0 = Y aj;
i=1
(ii) K € C°°(R"\ {0});
(iii) [ K(&')J (x')do(x') =0,wherea; >1( =1,...,n)and J (x') = oclxiz + .ot apx.
Sn—1
Letp e (0,00)and 0 < ¢,—1 <27,0<¢; <m,i =1,...,n—2. Forany x € R”, set
x1 = p¥! cos @] ...COS @y—2COSPp—1,

X3 = p¥2cos ] ...COS@p—2COSPp—1,

Xn—1 = p*"~1 cos ¢ sings,
Xp = p¥" singy.
n
Then dx = p*~1J (x')dpdo(x’), where @ = Y a;, x’ € S"~!, do is the element of area of S”~! and p*~1J
i=1
is the Jacobian of the above transform. In [3] Fabes and Riviére have pointed out that J (x’) is a C°° function
on S" Vand1 < J (x") < M, where M is a constant independent of x’. Without loss of generality, in this

paper we may assume oy > on—1 > --- > «] > 1. Notice that the above condition (i) can be written as (i’)
1 0
K (A:x) = |det(A,)|_1 K (x), where A; = diag [t¥',...,t%] = is a diagonal matrix.
0 tén
Note that for each fixed x = (x1,...,x,) € R”, the function

no 2

X?
F(X,,O) = Z pZi)l,‘

i=1

is a strictly decreasing function of p > 0. Hence, there exists an unique ¢ such that F (x,¢) = 1. It has been proved
in [3] that if we set p (0) = 0 and p (x) = ¢ such that F (x,¢) = 1, then p is a metric on R”, and (R”,p) is called
the mixed homogeneity space related to {o; }7—;.
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Remark 1.1. Many works have been done for parabolic singular integral operators, including the weak type
estimates and L, (strong (p, p)) boundedness. For example, one can see references [4—6] for details.

Let P be a real n x n matrix, whose all the eigenvalues have positive real part. Let A, = ¥ (+ > 0), and set
y = trP. Then, there exists a quasi-distance p associated with P such that (see [7])

(1—=1)p(Arx) =tp(x),t > 0, for every x € R",

(1-=2)p0)=0,p(x—y)=p(y—x)>0,andp(x —y) <k (p(x —2) + p(y —2)),

(1-=3)dx = p”~'do (w)dp, where p = p(x), w = Ap—1x and do (w) is a measure on the unit ellipsoid
{w:pw) =1}

Then, {R", p,dx} becomes a space of homogeneous type in the sense of Coifman-Weiss (see [7]) and a
homogeneous group in the sense of Folland-Stein (see [8]). Moreover, we always assume that there hold the
following properties of the quasi-distance p:

(1 —4) For every x,

e x| = p(x) e |x|* if p(x) = I

e3]x|*? < p(x) < ca|x|™ ifp(x) <1,

and
p(Bx) <p(x) for0 <0 <1,

with some positive constants ¢; and ¢; (i = 1,...,4). Similar properties also hold for the quasimetric p™ associated
with the adjoint matrix P *.

The following are some important examples of the above defined matrices P and distances p:

1. Let (Px,x) > (x,x) (x € R"). In this case, p (x) is defined by the unique solution of |4,—1x| = 1, and
k = 1. This is the case studied by Calderén and Torchinsky in [9].

2. Let P be a diagonal matrix with positive diagonal entries, and let = p (x), x € R” be the unique solution
of [A;—1x]| = 1.

a) When all diagonal entries are greater than or equal to 1, Besov et al. in [10] and Fabes and Riviére in [3] have
studied the weak (1.1) and L, (strong (p, p)) estimates of the singular integral operators on this space.

b) If there are diagonal entries smaller than 1, then p satisfies the above (1 — 1) — (1 — 4) with k > 1.

It is a simple matter to check that p (x — y) defines a distance between any two points x, y € R”. Thus R”,
endowed with the metric p, defines a homogeneous metric space [3, 10]. Denote by E (x,r) the ellipsoid with
center at x and radius r, more precisely, E (x,r) = {y € R" : p(x — y) < r}. For k > 0, we denote kE (x,r) =
{y e R" : p(x —y) < kr}. Moreover, by the property of p and the polar coordinates transform above, we have

|E (x.r)| = f dy = vpr® T = 1,
o(x—y)<r

where | E(x, r)| stands for the Lebesgue measure of E(x,r) and v, is the volume of the unit ellipsoid on R”.
By E€ (x,r) = R"\ E (x,r), we denote the complement of E (x, ). Moreover, in the standard parabolic case
Py =diagll,...,1,2] we have

2 4
X/ 4+ V12" 4 xZ
2 ,

p(x) = x = (x",xpn).
Note that we deal not exactly with the parabolic metric, but with a general anisotropic metric p of generalized
homogeneity, the parabolic metric being its particular case, but we keep the term parabolic in the title and text of the
paper, the above existing tradition, see for instance [9].

Suppose that 2 (x) is a real-valued and measurable function defined on R”. Suppose that S~ ! is the unit
sphere on R” (n > 2) equipped with the normalized Lebesgue surface measure do.

Let Q € Ly(S" 1)y with1 < s < oo be homogeneous of degree zero with respect to A; (2 (x) is A;-
homogeneous of degree zero). We define s = =5 for any s > 1. Suppose that Tgf represents a parabolic linear or
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a parabolic sublinear operator, which satisfies that for any f € L (R") with compact support and x & suppf

- )|

P |2 (x
T8 f(0l < COR[ s Dy, ()

)Y

where cg is independent of f and x.

We point out that the condition (1) in the case 2 = 1 and P = [ was first introduced by Soria and Weiss
in [11] . The condition (1) is satisfied by many interesting operators in harmonic analysis, such as the parabolic
Calder6n—Zygmund operators, parabolic Carleson’s maximal operator, parabolic Hardy-Littlewood maximal op-
erator, parabolic C. Fefferman’s singular multipliers, parabolic R. Fefferman’s singular integrals, parabolic Ricci—
Stein’s oscillatory singular integrals, parabolic the Bochner—Riesz means and so on (see [11, 12] for details).

Let Q € Lg(S" ') with 1 < s < oo be homogeneous of degree zero with respect to A; (2 (x) is A;-
homogeneous of degree zero), that is,

Q(Arx) = Q(x),

for any ¢ > 0, x € R” and satisfies the cancellation(vanishing) condition

/ Q(x")J (x")do(x") =0,
Sn—1

X
[x]

Let f € L!°¢(R™). The parabolic homogeneous singular integral operator Té and the parabolic maximal
operator Mé) by with rough kernels are defined by

where x’ = X for any x # 0.

=P Q(x—y)
T f(x)=pw. ﬁf()’)dy, 2
R[ p(x—y)

ME F) = sup Bl [ 12 =117 0lay.
= E(x.t)
satisfy condition (1). » »
It is obvious that when Q@ = 1, T, = T and MSI; = M?" are the parabolic singular operator and the
parabolic maximal operator, respectively. If P = I, then MSI2 = Mg is the Hardy-Littlewood maximal operator

with rough kernel, and T;z = T q is the homogeneous singular integral operator. It is well known that the parabolic
maximal and singular operators play an important role in harmonic analysis (see [8, 9] and [13, 14]). In particular,
the boundedness of TQ on Lebesgue spaces has been obtained.

Theorem 1.2. Suppose that Q@ € Lg(S"1), 1 < s < 00, is Ar-homogeneous of degree zero having,}mean value
zeroon SV Ifs' < p or p < s, then the operator TQ is bounded on L, (R™). Also, the operator TQ is bounded
from L1(R"™) to WL (R™). Moreover, we have for p > 1

[Tar], =ciflL,.

and for p =1
< .
H7 QfHW - Cllflz,

Corollary 1.3. Under the assumptions of Theorem 1.2, the operator M gI; is bounded on L, (R™). Also, the operator
MEI; is bounded from L1(R"™) to WL1(R"). Moreover, we have for p > 1

|u&r), <cifiL,.

and for p =1
P H < ’
[MEr|,, =Cifl,
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Proof. 1t suffices to refer to the known fact that
=P
MEf(x)<CTqf (x), Cy =1[E(0.1)].
O

Note that in the isotropic case P = I Theorem 1.2 has been proved in [15].
Let b be a locally integrable function on R”, then we define commutators generated by parabolic maximal and
singular integral operators with rough kernels and b as follows, respectively.

Mgg,b(f)(X)=tSE%IE(X»t)I_1 / b:(x) =b M2 (x =) f()ldy,

E(x.1)
0. T61/0) = BTG () = To®N@ = po. [0 -bIS 2% )y, )

2 p(x—y)”
If we take @y = -+ =, = 1 and P = I, then obviously p (x) = |x| = (i xlz) ,y =n,(R", p) = R", |,

Er(x,r) = B(x,r), Ay = tI and J (x”) = 1. In this case, Té defined as in (2) is the classical singular integral
operator with rough kernel of convolution type whose boundedness in various function spaces has been well-studied
by many authors (see [16-20], and so on). And also, in this case, [b, TS] defined as in (3) is the classical commutator
of singular integral operator with rough kernel of convolution type whose boundedness in various function spaces
has also been well-studied by many authors (see [16-20], and so on).

The classical Morrey spaces L, , have been introduced by Morrey in [21] to study the local behavior of
solutions of second order elliptic partial differential equations(PDEs). In recent years there has been an explosion of
interest in the study of the boundedness of operators on Morrey-type spaces. It has been shown that many properties
of solutions to PDEs are concerned with the boundedness of some operators on Morrey-type spaces. In fact, better
inclusion between Morrey and Holder spaces allows to obtain higher regularity of the solutions to different elliptic
and parabolic boundary problems.

Morrey has stated that many properties of solutions to PDEs can be attributed to the boundedness of some
operators on Morrey spaces. For the boundedness of the Hardy—Littlewood maximal operator, the fractional integral
operator and the Calderén—Zygmund singular integral operator on these spaces, we refer the readers to [22-24].
For the properties and applications of classical Morrey spaces, see [25-28] and references therein. The generalized
Morrey spaces M, , are obtained by replacing r* with a function ¢ () in the definition of the Morrey space.
During the last decades various classical operators, such as maximal, singular and potential operators have been
widely investigated in classical and generalized Morrey spaces.

We define the parabolic Morrey spaces L, . p (R”) via the norm

_A
1z, = suwp  r 2lfllL,(Ex.r) <o,
XER, r>0

where f € Lﬁ,OC(R”),O <A<yandl < p < oo.

Note that L, 0.p = Lp(R")and Ly 5, p = Loo(R?). If A <0or A > y, then L, ) = ©, where O is the set
of all functions equivalent to 0 on R”.

We also denote by WL, . p = WL, o p(R") the weak parabolic Morrey space of all functions f €
WLL¢ (R™) for which

_a
I wepsr =W lwe, s peny = sup 1 2 fllwL,Ex.r) < oo,
X€R?, r>0

where WL, (E(x,r)) denotes the weak L ,-space of measurable functions f for which
1A wL, e =1 ewn W, @)

=yguyemxm:vwn>m“”

1 *
= sup 117 (fXE(x,r)) (1) < oo,
O<t<|E(x.r)|
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where g™ denotes the non-increasing rearrangement of a function g.
Note that WL, (R") = WL, 0. p (R"),

Lpa.p(®") C WLy p@®)and | fllwr, , , <1/l , ,-

If P=1,then L, 5 ;j(R") = L, »(R") is the classical Morrey space.
It is known that the parabolic maximal operator M © is also bounded on L pa.pforalll < p < oo and
0 < A <y (see, e.g. [29]), whose isotropic counterpart has been proved by Chiarenza and Frasca [23].
In this paper, we prove the boundedness of the parabolic sublinear operators with rough kernel TSI; satisfying
condition (1) generated by parabolic Calderén-Zygmund operators with rough kernel from one parabolic generalized
{xo}

local Morrey space LM p{ffff, p to another one LM ;Xg p»1 < p <00, and from the space LM|" )’  to the weak

space WLM l{ﬁz}, p-Inthe case of b € LC ;;O)L} _p (parabolic local Campanato space) and [b, TSIZD ] is a sublinear
operator, we find the sufficient conditions on the pair (¢1, ¢2) which ensures the boundedness of the commutator
P {xo} {xo0} 1 _ 1 1 1
operators [b, T | from LM,/ pto LM, " .1 < p < oo, 5 =5 T p;and0 = A< 7
By A < B we mean that A < CB with some positive constant C independent of appropriate quantities. If

A < Band B < A, we write A ~ B and say that A and B are equivalent.

2 Parabolic generalized local Morrey spaces

Let us define the parabolic generalized Morrey spaces as follows.

Definition 2.1 (parabolic generalized Morrey space). Let ¢(x, r) be a positive measurable function on R x (0, 00)
and 1 < p < oco. We denote by Mp . p = Mp. . p (R") the parabolic generalized Morrey space, the space of all
Sfunctions [ € Léoc (R™) with finite quasinorm

— _1
1A IMpyr = sup @) THE@ D77 fllL, 20 < 00
xX€R"”,r>0
Also by WMy, o p = WMy . p(R"™) we denote the weak parabolic generalized Morrey space of all functions
fe WL;,"C (R™) for which

-1 _1
Ifllwsypr = sup  @.r) [EQX 2 fllwL,Ec.r) < oo
XER", r>0

According to this definition, we recover the parabolic Morrey space L, 3, p and the weak parabolic Morrey space
A—
WL, ».p under the choice ¢(x,r) = P

Lpap=Mpoy.p| A=y, WLpap=WMpy.pl izy -
ox.r)y=r P ox.r)=r 7

Inspired by the above Definition 2.1, [16] and the Ph.D. thesis of Gurbuz [17], we introduce the parabolic generalized
local Morrey spaces LM p{ig.}P by the following definition.

Definition 2.2 (parabolic generalized local Morrey space). Let ¢(x,r) be a positive measurable function on R x
(0,00)and 1 < p < oc. For any fixed xo € R" we denote by LM;;Z?,}P = LMp{i/?,}P (R™) the parabolic generalized
local Morrey space, the space of all functions f € Lﬁ,""’ (R™) with finite quasinorm

-1 —1
170, pptx0r = sup @(x0, 1) [ECxo. I 7L f L, (E(xo.r)) < 00
p.o.P r>0

Also by WLM;?C(E,}P = WLM ;fig’}P (R™) we denote the weak parabolic generalized local Morrey space of all

Sfunctions [ € WLIPOC (R™) for which

-1 _1
/1 txor = sup @(xo, )" |E(xo, I 7 | flwL,(Exo.r) <00
WLM, Y, r>0 p(E(xo0.r



306 —— F. Gurbuz DE GRUYTER OPEN

According to this definition, we recover the local parabolic Morrey space LL;X/.O\} p and weak local parabolic Morrey

A—
space WLL;XK} p under the choice ¢(xo,r) = r 5

{xo} _ {xo} {xo} _ {x0}
LLp,)O\,P = LMp,(g,P | A=y, WLL[),K,P = WLM;’(;”‘P | A=y -

o(xp.r)=r P

o(xp.r)=r 7

Furthermore, we have the following embeddings:

s
Mpo.p C LM X0} oy = M ,
o, F T V) BRIy T

{xo}
WMp.p.p CWLMy G o 1y ppvor = 1F WMy
pP.o.

In [30] the following statement has been proved for parabolic singular operators with rough kernel Tg , containing
the result in [31-33].

Theorem 2.3. Suppose that Q € Lg(S"™1), 1 <5 < 00, is A;-homogeneous of degree zero and has mean value

zeroon S" L Letl1 <5’ < p < (s’ = ﬁ) and ¢(x, r) satisfies conditions

c_l(p(x,r) < @(x,t) <ce(x,r) 4)

whenever r <t < 2r, where ¢ (> 1) does not depend on t, r, x € R" and

o0

/fp(x,t)”? < Co(x,r)?, 5)

p
where C does not depend on x and r. Then the operator Tg is bounded on Mp o, p.
The results of [31-33] imply the following statement.

Theorem 2.4. Let 1 < p < oo and ¢(x,t) satisfies conditions (4) and (5). Then the operators M ¥ and TP are
bounded on My, . p for p > 1 and from My o, p to WM1 o, p and for p = 1.

The following statement, containing the results obtained in [31-33] has been proved in [34, 35] (see also [36-39] and
[40, 41]).

Theorem 2.5. Let | < p < oo and the pair (¢1, ¢2) satisfies the condition

o0

d
/q)l (0% < Coaen), ©)

r

=P
where C does not depend on x and r. Then the operator T is bounded from My o, p to Mp o, p for p > 1 and
from My o, . p to WMy o, p for p = 1.

Finally, inspired by the Definition 2.2, [16] and the Ph.D. thesis of Gurbuz [17] in this paper we consider the
boundedness of parabolic sublinear operators with rough kernel on the parabolic generalized local Morrey spaces
and give the parabolic local Campanato space estimates for their commutators.
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3 Parabolic sublinear operators with rough kernel generated by

parabolic Calderon-Zygmund operators on the spaces LMIEX(;’}P

In this section, we will prove the boundedness of the operator TEI; on the parabolic generalized local Morrey spaces
LM ;ig!} p by using the following statement on the boundedness of the weighted Hardy operator
o0
H,g(t) = /g(s)a)(s)ds, 0<t<oo,
t

where w is a fixed non-negative function and measurable on (0, c0).

Theorem 3.1 ([16, 17, 42]). Let vy, v2 and w be positive almost everywhere and measurable functions on (0, 00).
The inequality

ess supva(t)Hy, g(t) < Cess supvy(t)g(t) @)
>0 >0
holds for some C > 0 for all non-negative and non-decreasing functions g on (0, o) if and only if
d
B := sup va(t) w(s)ds

>0 ess sup v1(7)
1 s<t<00

®)

Moreover, the value C = B is the best constant for (7).
We first prove the following Theorem 3.2.

Theorem 3.2. Let xg € R”, 1 < p < coand Q € Ly(S"™1), 1 <5 < 00, be A;-homogeneous of degree zero. Let
TSI; be a parabolic sublinear operator satisfying condition (1), bounded on L,(R") for p > 1, and bounded from
L1(R"™) to WL (R").

If p > 1lands’ < p, then the inequality

o0

ya _1_1
<r¥ / Tl By 41
2kr

|78 1

Lp(E(x0.7))

holds for any ellipsoid E (xq, r) and for all f € Léoc (R™).
If p > 1 and p < s, then the inequality

|71

Y_v v_v_4
<r5i f TS N B o 4t
2kr

Lp(E(x0.7))

holds for any ellipsoid E (xo,r) and for all f € Lﬁ,oc (R™).
Moreover, for s > 1 the inequality

(e}

X ” <rY / vl dt 9
L) . 1o ©)
2kr

holds for any ellipsoid E (xq, r) and for all f € L['l”‘“ (R™).

Proof. Letl < p <ooands’ < p.Set E = E (xg, r) for the parabolic ball (ellipsoid) centered at xo and of radius
rand 2kE = E (xq,2kr). We represent f as

f=hn+fa Si) =1 ) xeke (), f2 (Y)=f(y)X(2kE)C O, r>0
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and have

T8 = 17811
H e/ Ly(E) — 172 Y Ly(E)
Since f1 € Lp (R"), Té’ f1 € Lp (R") and from the boundedness of Tsé) on L, (R™) (see Theorem 1.2) it follows

that:

i e, .
2L, E)

I&a], =& n|, . =ClAlL e =Clf e

where constant C > 0 is independent of f.
Itisclearthat x € E, y € (2kE)€ implies ﬁp(xo —¥y)<plx—-y)=< %p(xo — ). We get
Q(x —
FoleE=l,

Lp(E) Lp(®R")

g pw| e |

p(xo—y)”
(RkE)€
By the Fubini’s theorem, we have
If DR (x = p)l T
y xX—y t
dy ~ Q(x — —d
[ LOREEI s [ ironee-nl [
(2KE)€ (KE)€ p(x0—y)
o0

d
<[ [ ronee-nay

2kr 2kr<p(xo—y)=<t

o0
dt
<[ [ rolee-magg
2kr E(xqo.t)

Applying the Holder’s inequality, we get
/ ISR &=y,
y

- pxo—y)
KkE)€
o
—1_1 dt
S I Lo 12 (= Ly B 1B (Yo D77 (10)
2kr

For x € E (xo,t), notice that  is A,-homogenous of degree zero and Q € Ly(S”!), s > 1. Then, we obtain

1 1
s s

[ wa-pra| | [ eere

(x0.1) E(x—x0.1)

IA

12 ()| dz

E(0.1+]x—x0l)

IA

/ |2 (2)|° dz

E(0.21)

G

= t| (z’)|s do (z')r""tdr
e

C 191, (sn1y 1 E (x0.20)] . (11)

Thus, by (11), it follows that:

o>
dt
P -
‘TQ f2 (X)‘ 5 / ”f”Lp(E(xo,l)) PN
D
2kr !
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Moreover, for all p € [1, 00) the inequality

o0
v dt
T ’ <rv o 12
78 2], = [ V1o 25 (12)
2kr
is valid. Thus, we obtain
T d
Y t
L < » —.
7871,y S0 Vs 475 [ U Nepcsonn 55
2kr
On the other hand, we have
v dt
1Az, cxey =7 1 f L, ke / pEaney
tr
2kr
T d
b2 t
<r» / 1f 2,200 EESE (13)
2kr
By combining the above inequalities, we obtain
T d
v t
7L ’ <r» e
7871, 5% [ W Iepcom 5
2kr

Let I < p < s. Similarly to (11), when y € B (xg, ), it is true that
1

1
s

5 (14)

3
Ry | =ClRlL s ‘E (xO, ,t)
E (x0.7)
By the Fubini’s theorem, the Minkowski inequality and (14), we get
N 2N
<\ [|] [ vonee-ma| d
X — — X
Lp(E) ~ Y T

E Rkr E(xo.t)
oo

175 7|

dt
=[] ronRe=l,ed i

2kr E(xo.t)

1_1 d
|E (x0,7)|7 [ / |f(Y)|||Q('_y)”LS(E)dy[y%

2kr E(xq.t)

T 3
Yy_v
re-s / “f”Ll(E(xo.l))’E (XO’QI)

2kr
co

Y_Y_
/ts 2N Ny (E (xour)) 42
2kr

IA

Y=

dt
v+l

A

Yy_ v
re.s

A

Let p = 1 < s < oo. From the weak (1, 1) boundedness of Té) and (13) it follows that:

78 Al 1y, = 7841

< n
WLI(E) — ~ ”fl”Ll(]R )

WL (R™")
oo
<.y dt
=1/, ekey ST 1L, 2o e (15)

2kr

Then from (12) and (15) we get the inequality (9), which completes the proof. O
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In the following theorem (our main result), we get the boundedness of the operator TSI; satisfying condition (1) on

the parabolic generalized local Morrey spaces L M ;xq? }P

Theorem 3.3. Letxg e R, 1 < p <ocoand Q € Lg(S*™1), 1 <5 < 00, be A;-homogeneous of degree zero. Let
TéJ be a parabolic sublinear operator satisfying condition (1), bounded on L, (R™) for p > 1, and bounded from
Li(R™) to WL (R™). Let also, for s’ < p, p # 1, the pair (91, ¢2) satisfies the condition

o essmf gol(xo,r)tﬂ
[ == dt = C ga(x0.7). (16)

(pt1
.

and for 1 < p < s the pair (¢1, ¢2) satisfies the condition
Y
F2

dt < C ga(x0,1)r s, (I7)

o essinf ©1(x0,7)T
/t<t

1_,_’_1
r

where C does not depend on r.
Then the operator TSI; is bounded from LM{XO‘ p fo LM{xO} pforp > 1 and from LMI{);?; p fo

WLMl{)f;z‘ p for p = 1. Moreover, we have for p > 1

T H N . 18
|78 1 pgor, S0 e, (18)
and for p =1
1L H w1 19
“ o f wLm{Y "~ ”f”LMl{,«?l,p >

Proof. Let1 < p < oo and s* < p. By Theorem 3.2 and Theorem 3.1 with vy (r) = ¢2 (xo,r)_l, v =

-1 =X Y 1
o1 (0. )T TR w () =T and g (1) = 1 £l (. WE have

dt
18 1], e S 500020007 [ 17 crcom 7
H LMy p ™ o p(EC0-1) - Zg
-1 =X
S sup g1 (o, 7) 2 1l By = A1 0y
r=0 LMﬁ,tﬂl‘P

where the condition (8) is equivalent to (16), then we obtain (18).

Let 1 <p<s By Theorem 3.2 and Theorem 3.1 with v (r) = @2 (x0.7) "%, v1 = @1 (x0.7) ! r_%"'%,
—L42_]
wr)=r"»Ts andg(r) = I/ N2, (E(xo.r))> We have
dt
P —1,
HTQ fH < sup @2 (xo,7) /”f”L,,(E(xO D) TTy
{xo} r>0
p.¢2.P
< sup @i (xo,r) 1 rTE 1A N2, 2oy = ”f”LM'XO” ,
r>0
where the condition (8) is equivalent to (17). Thus, we obtain (18).
Also, for p = 1 we have
dt
Tr H <s X0, T _1/ —_—
17873y prprr, = 52020007 [ 1AV sczcvam
< su x0.r) "' Y = x
r>%§01 (x0,7) ”f”L](E(xo,r)) ”f”LMl{,«?l},P
Hence, the proof is completed. O

In the case of s = oo from Theorem 3.3, we get
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Corollary 3.4. Let xg € R, 1 < p < oo and the pair (1, ¢2) satisfies condition (16). Then the operators M P

and T~ are bounded from LM;i;?]},P to LM:C(SZ}’Pfor p > 1 and from LMl{f/?l}.P to WLMI{’X(EZ’Pforp =1

Corollary 3.5. Let xg e R", 1 < p <ocoand Q € Lg(S" 1), 1 < 5 < o0, be A;-homogeneous of degree zero.
Fors’ < p, p # 1, the pair (¢1, goz)igatisﬁes condition (16) and for 1 < p < s the pair (@1, ¢2) satisfies condition
(17). Then the operators Mg; and TQ are bounded from LM{XO}!P to LM{XO},P for p > 1 and from LMI{,);)I},P

0} p.o1 pP.¢2
to WLM "2’ p for p = 1.

Corollary 3.6. Let xo e R", 1 < p < coand Q € Lg(S" 1), 1 < s < oo, is homogeneous of degree zero. Let
Tsé) be a parabolic sublinear operator satisfying condition (1), bounded on L,(R") for p > 1, and bounded from
L1 (R™) to WL (R™). Let also, for s’ < p, p # 1, the pair (¢1, ¢2) satisfies the condition

©° essinf wl(XO’f)f%
/ 1<T<00 dt < C ¢a(x0,71),

B

7

and for 1 < p < s the pair (¢1, ¢2) satisfies the condition

T dt < C gy(x0.7)r .

oo : z
essinf @1 (xg, T)T”
[ 1<t<00
tr

r

where C does not depend on r.
Then the operator TL is bounded from LM;?C(EI}!P to LMp{xo},P for p > 1 and from LM{XO}P to

.02 L1,
WLMI{,)S;)Z},P for p = 1. Moreover, we have for p > 1

0 Te f HLM;?Z\P < ”f”LM/{»iZ)]},P '
and for p =1

178 71 argro, <10,
Remark 3.7. Note that, in the case of P = I Corollary 3.6 has been proved in [16, 17]. Also, in the case of P = 1
and s = oo Corollary 3.6 has been proved in [16, 17].

Corollary 3.8. Letr 1 < p < coand Q € Ly(S"™1), 1 < s < o0, be A;-homogeneous of degree zero. Let Tsé) be
a parabolic sublinear operator satisfying condition (1), bounded on L,(R") for p > 1, and bounded from L1(R™)
to WL1(R™). Let also, for s’ < p, p # 1, the pair (91, ¢2) satisfies the condition

% essinf gol(x,r)t%
/ [=r=oco dt < C ga(x,r), (20)

A
:

and for 1 < p < s the pair (¢1, ¢2) satisfies the condition

Y
K

% essinf (pl(x,r)r%
f f=r<co dt <Ca(x,r)rs, 21)

P !
v
where C does not depend on x and r.
Then the operator Tsé) is bounded from Mp o, p to Mp o, p for p > 1 and from My o, p to WM o, p for
p = 1. Moreover, we have for p > 1
87| < ,
Hgf%%anme

and for p =1
|7 7]

<
WMl‘wz,P ~ ”f”Ml‘wl'P N
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In the case of s = oo from Corollary 3.8, we get

Corollary 3.9. Let 1 < p < oo and the pair (¢1, 2) satisfies condition (20). Then the operators M P and TP are
bounded from Mp, o, . p to Mp o, p for p > 1 and from My 4, p to WM o, p for p = 1.

Corollary 3.10. Let1 < p <ocoand Q2 € Lg (S”_l), 1 <5 < 00, be As-homogeneous of degree zero. Let also,
fors’ < p, p # 1, the pair (@1, ¢2) satisfies condition (20) and for 1 < p < q the pair (@1, ¢2) satisfies condition
(21). Then the operators Mg and T o are bounded from My, o, to My, for p > 1 and from My 4, to WM 4,
forp=1.

Remark 3.11. Condition (20) in Corollary 3.8 is weaker than condition (6) in Theorem 2.5. Indeed, if condition (6)
holds, then

° essinf wl(x,f)f% N dt
/ t<‘L’<(><>Z—‘r_1 dt < /wl(x,[)f, re (0,00)7
tp !

r r

so condition (20) holds.
On the other hand, the functions

o1(r) = :

AL
=B

_ goz(r):r_%(l—i—rﬁ), O<,B<Z
X(1.00) (r) T )4

satisfy condition (20) but do not satisfy condition (6) (see [41, 43]).

Corollary 3.12. Let1 < p < ooand Q € Lg(S"™1), 1 < s < 00, be homogeneous of degree zero. Let TSI; be a
parabolic sublinear operator satisfying condition (1), bounded on L, (R™) for p > 1, and bounded from L1 (R") to
WL (R™). Let also, for s’ < p, p # 1, the pair (91, ¢2) satisfies the condition

°° essinf wl(x,r)r%
/t<‘L’<OO d[ SC(pz(x,r),

(BT

r

and for 1 < p < s the pair (¢1, ¢2) satisfies the condition

dt < C ga(x,r)rs,

o0 . n
essinf ¢1(x,7)T”?
/ 1<T<00

5Tl

r

where C does not depend on x and r.
Then the operator TSI; is bounded from Mp o, p to Mp o, p for p > 1 and from My o, p to WM o, p for
p = 1. Moreover, we have for p > 1

81 g S
E2) P T I

and for p =1
TP H < '
H o f WMig,p 1A a6,

Remark 3.13. Note that, in the case of P = I Corollary 3.12 has been proved in [16-18]. Also, in the case of
P =1 and s = oo Corollary 3.12 has been proved in [16—18] and [41, 43].
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4 Commutators of parabolic linear operators with rough kernel
generated by parabolic Calderén-Zygmund operators and

parabolic local Campanato functions on the spaces LMIE’;’}P

In this section, we will prove the boundedness of the operators [b, Tg ] with b € LC ;;OA} _p on the parabolic

generalized local Morrey spaces LM ;fig,}P by using the following weighted Hardy operator

H,g(r) ::/(1 +ln§) eo(t)dt,  re(0,00),

where w is a weight function.
Let T be a linear operator. For a locally integrable function b on R, we define the commutator [, T'] by

(b, T1f(x) = b(x) Tf(x) = T(bf)(x)

for any suitable function f. Let T be a Calderén-Zygmund operator. A well known result of Coifman et al. [44]
states that when K (x) = Slz)g’l‘;,/ ) and 2 is smooth, the commutator [b,T)f =bTf—T(bf)isboundedon L,(R"),

1 < p < oo, if and only if b € BMO(R").
Since BMO(R") Cc ) LC;XIQ}(R"), if we only assume b € LCP{X}),}(R”), or more generally b €
p>1 ’ ’

LC p{’x)?f p(R™), then [b, T] may not be a bounded operator on L,(R"), 1 < p < oo. However, it has some
boundedness properties on other spaces. As a matter of fact, Grafakos et al. [45, 46] have considered the commutator

with b € LC;?CIO}(]R”) on Herz spaces for the first time. Morever, in [16, 17] and [19, 46], they have considered

the commutators with b € LC p{ﬁ),} 7 (R"). The commutator of Calderén—Zygmund operators plays an important role
in studying the regularity of solutions of elliptic partial differential equations of second order (see, for example,
[25-27]). The boundedness of the commutator has been generalized to other contexts and important applications to
some non-linear PDEs have been given by Coifman et al. [47].

We introduce the parabolic local Campanato space LC ;f()?,}P following the known ideas of defining local

Campanato space (see [16, 17, 42] etc).

Definition 4.1. Let 1 < p <ocand0 <A < % A function [ € Llpoc (R™) is said to belong to the LC;?C/{)}P (R™)
(parabolic local Campanato space), if

1

! P
LA, oy, = sUP | 7 / FO) = fExon| dy | <oo, (22)
el T 0 |E(x0,r)|1+ApE( ){ (x0.7]
X0,
where
froan = o | F0d
EC0n = 1E (xo, )| v)dy.
E(x0.r)
Define

{xo} ! .
LO, (") = |f € LI ()5 1F1 oty <o)
Remark 4.2. If two functions which differ by a constant are regarded as a function in the space LC ;ﬁ"}P (R™),
then ch{fc)?,}P (R™) becomes a Banach space. The space LCP{?C/{),}P (R™) when A = 0 is just the LC;?C}Q} (R™).
Apparently, (22) is equivalent to the following condition:
1
4
1
sup inf | ——M ———— / [f () —c|Pdy| < oo.

r>0¢<C\ |E (xo.n)' 47 )
0-
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In [48], Lu and Yang have introduced the central BMO space CBM O, (R") = LCIE?O}, 7 (R™). Also the space

CBMOPX 0} (R") = LCI{,)S’.}I(R”) has been considered in other denotes in [49]. The space LC;;’XI‘l} (R™) can be
regarded as a local version of BMO(R"), the space of parabolic bounded mean oscillation, at the origin. But,
they have quite different properties. The classical John-Nirenberg inequality shows that functions in BM O (R'") are
locally exponentially integrable. This implies that, for any 1 < p < oo, the functions in BM O(R") (parabolic

BM O) can be described by means of the condition:

1

/ () = fE(e.n|Pdy | < oo,

E(x.,r)

1
sup _
XER”,r>0 |E(x’r)|

where B denotes an arbitrary ball in R”. However, the space LC;‘;’)}(R”) depends on p. If p; < po, then
LC p{;f)}}; R" & LC ;ff),}, (R™). Therefore, there is no analogy of the famous John-Nirenberg inequality of
BMO(R") for the space LC ;f‘;;}(R”). One can imagine that the behavior of LC ;’XI‘;} (R*) may be quite different
from that of BM O(R").

Theorem 4.3 ([16, 17, 42]). Let vy, vo and w be weigths on (0, 00) and vy (t) be bounded outside a neighbourhood
of the origin. The inequality
ess supv2(r)Hey, g(r) < Cess supvy(r)g(r) (23)
r>0 r>0

holds for some C > 0 for all non-negative and non-decreasing functions g on (0, 00) if and only if

o
t
B := sup va(r) (1 +1In - (24)
r

r>0 r

) w(t)dt

ess supv1(s)
t<s<oo

Moreover, the value C = B is the best constant for (23).
Remark 4.4. In (23) and (24) it is assumed that é =0and0-00 =0.

Lemma 4.5. Let b be function in LC;‘X)‘L’.}P R"),1<p<o000<A< % and ry, rp > 0. Then

1

.
/ b () —bEorn|” dy 56(1+1né) 15|
E(xo.r1)

1

—_— (25)
|E (x0.r1)|' T*7

s 1
WX0s
LCp.A.P

where C > 0 is independent of b, r1 and r».
From this inequality (25), we have

ry
|bE(xo.r) = DEGor| = C (1 +In *) |E (xo0,r1)* 181, -txo3 - (26)
r2 PAP

and it is easy to see that

Y Z4va
b—b <C(|l+In—)r» b [ 27
b=l =€ (1417 ) P55 10l e

In [30] the following statemegts have been proved for the parabolic commutators of parabolic singular integral
operators with rough kernel TQ , containing the result in [31-33].

Theorem 4.6. Suppose that @ € Lg(S"™1), 1 <5 < 00, is A;-homogeneous of degree zero and b € BM O (R™).
Letl <s' < p<o0 (s’ = ﬁ) and ¢(x, r) satisfies the conditions (4) and (5). If the commutator operator [b, TQ]
is bounded on L, (R™), then the operator [b, TS] is bounded on My, o, p.

Theorem 4.7. Let 1 < p < 0o, b € BMO(R") and ¢(x,t) satisfies conditions (4) and (5). Then the operators
le and [b,TP] are bounded on Mp, o p.
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As in the proof of Theorem 3.3, it suffices to prove the following Theorem 4.8.

Theorem 4.8. Let xo € R, 1 < p < coand Q € Lg(S"™ 1), 1 < s < 00, be A;-homogeneous of degree zero.

Let TSI; be a parabolic linear operator satisfying condition (1), bounded on L,(R") for 1 < p < oo. Let also,

{xo0} 1 1 _ 1 1

b ELsz.A.P(Rn),OSA< ;and; = E‘*—E
Then, for s’ < p, the inequality

o0

S0l cea 5 [ (140 AT, g 4
Lp(E(x0.1)) LCI’Z./\.P r P1 0,
2kr

[b.7811]

holds for any ellipsoid E (xq, r) and for all f € Lfl,ol" (R™).

Also, for p1 < s, the inequality

. 78517

o0
Y_v t A—2Y +Y
<|b y rp s l+In— )V "2 s dt
o snry S Wlcior 575 [ (14m) 1 iy B0
kr

2

holds for any ellipsoid E (xq, r) and for all f € Lﬁ,‘?c (R™).

Proof. Letl < p <o00,b € LCP{;C,OA}’P (R™) and % = % + i Set E = E (xo, r) for the parabolic ball (ellipsoid)

centered at xo and of radius r and 2kE = E (xo, 2kr). We represent f as

f=hn+/r2 ) =10 xeke ). LD =fWxorpye ). >0

and have

b.TEf () = (b (x) —bE) TE fi (x) = TE (b () —bE) fi) (¥)
+ B x)=bE)TE o (x) = TE (b ()= bE) ) (x)
=J1+J2+ J3+ Js.

Hence we get

[0 7817 = W, + 12l + 3l + 14l -

Lp(E)

By the Holder’s inequality, the boundedness of Tg‘; on Lp, (R™) (see Theorem 1.2) it follows that:

il < |60 -5 TE 70

Lp(R")

SIGO)=be)lz,, @ ’ngfl (')”L

oy R

Z=+vA
< ol rr2 P il @y

s
{xo}
chz.A,P
oo

P4 ¥ gy —r
= [bll, ptxor 7720 1AL, ckE) /f Pidt
P2 AP
2kr

o0
2 I\ ya—2t—1
s ”b”LC,‘sz(i}Prp / (1 +1n;)t 1 ”f”Lp](E(Xo.l)) dl
2kr

Using the the boundedness of Té) on L, (R™) (see Theorem 1.2), by the Holder’s inequality for J> we have

e = 60 -b0
120, ey = | T (0 () =bE) fi Ly (R")

SNG G =bE) fillL,@
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RO RES bE||L,,2(Rn) /1 ||L,,1 (®R")

oo
2

—}-L—i-yk —1-Xx
SIBN, cior 77 TS L, ki f TP
Po.A,

2kr

o0
§2 t yA—2L—1
ol o [ (1608 A T ey e .
P2
2kr

For J3, itis knownthatx € E, y € (2kE)€, which implies ﬁp(xo —y)<plx—-y)=< %p(xo - ).
When s/ < py, by the Fubini’s theorem, the Holder’s inequality and (11) we have

ol

gm0 [ Ru-n-t2s

QkE)€

o0
~ [ [ 1Q (= DI 1f )] dye~" 7 dr
2kr 2kr<p(xo—y)<t
o0

s[ [ 19— I 1f O dyt=' 71
2kr E(xo.t)

o
1—1L_1 —1—
< / ||f||L,,1(E(xo,z)) 12 (x =) 2s(Exo.tn |1E (X0, )| 71 5t Ydt
2kr

oo
—1—-Xx
S T
2kr

Hence, we get

13l = |0 O =) TE 200

Lp(®?)
o0
—1-X
SICO) =)L,y | ¢ " I lL,, (B 4t
2kr
o0
a —1—-Xx
SIGC) =bE)L,,@myr t - S, (Eo.n 4t
2kr

o
PANRYY t P
5 ”b”LC[f;(:\}P rpe / (1 + In ;)t 1 ”f”L/’I (E(x0.1)) dt
2kr

(oo}
v I\ ya—2t—1
5 ||b||LC;;(3\}Prp / (] +1n ;)t P1 ”f”Lp](E(Xo.l)) dl
2kr

When p; < s, by the Fubini’s theorem, the Minkowski inequality, the Holder’s inequality and from (27), (14) we
get

p >
T dt
sl = | [|[ [ 1 olb@-beliow-pid |

E Rkr E(x0.1)

< d
<[ [ FOHeO-b02C=Dl,wmd i

2kr E(xq.t)
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dt
<[ OO bElL e 196~ ey Ay
2kr E(xq.t)
T d
+yA 1 _1 t
S0l o 2 HETE [ [ 0N =Dl by
. 2kr E(xo.0)
T 3\|F d
y_v s t
< p s TYA 2 o
Wt 75 [ oo [E (v0.3)| 5
2kr
o0
y_v t dt
< b r?—ﬁﬂf 1+1In- =
I ||LC§;%{P " ”f”L,,l(E(xo,t))lﬁ_%_i_l
2kr
o
r_v» t yrA—L Y
§||b||LClvo} reos / (14—111;)[ P S L, (E o 42

2kr

On the other hand, for J4, when s’ < p, for x € E, by the Fubini’s theorem, applying the Holder’s inequality and
from (26), (27), (11) we have
ITE @O =bp) LYW [ 1) =belIQ(x = )| 3L dy

QKkE)¢ .
s f C|b(y)—bE||Q(x—y)|%dy
(RKE)®
(o)
~ / J b (») —bel1Q (x =Y ()dy &5

2kr 2kr<p(xo—y)<t

S/ T PO —bEen| Q6= O)ldy

2kr E(xo.1)
+ f ‘bE(Xo r)_bE(xo t)| j |Q(x_)’)||f(Y)|dyty+1
2kr E(x0.1)

. —1_1
< f (0O =bEoD) Fl1, 2 0o.m 19 = DLy |E o' 77 2

11
‘bE(Xo n = bEcon | 112, (Eco.m 19 C =ML o |E (0. 0)[' TP Yy
.

2k
[ A
2]{ (o) =bExo.n ||Lp2(E(x0 oy WL, (Econt — P1dt
-
o0
—1—Z4ya
HIbI, vy [ O+ D) 1z, (Eont 71 dt
P2 AP 2kr
0 v
— Y 4ya
~ ”b”LC{Xo; f (1 +11’l )”f”Lp](E(Xo l‘))l 21 v d['
P2.AP 2k
Then, we have
J = HTP b()—b ‘
V4l £) @ () =DbE) f2 L)
o0
n 4 A—
< - )’
S0l oo #1400 ) AT, g

2kr
When p; < s, by the Minkowski inequality, applying the Holder’s inequality and from (26), (27), (14) we have
. Y
dt
1Vall2, ) < ’b ) - bE(XO,l)| [f DL (x =)l dYW dx
E Pkr E(xo.t)
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1
4 ?

oo
dt
| [ econ -beconl [ 1f0l@G=ldy| dx

E Rkr E(x0.1)

o0
dt
<[ b brnllf ONREDemanm s

2kr E(xo.t)
o0
dt
+ | |bE&o.m —bEGo.D] L O C =L, & 0.0 dyW
2kr E(xo.1)
o0
1_1 dt
SIE[P s b () = bEo.0| 1S DR =Dy E o dym
2kr E(xq.t)
o0
1_1 dt
+[E|7 s |bE(xo,r) - bE(xo,t)| [f O — y)”LS(E(xo,t)) dYW
2kr E(xo.1)
1
y_» 1—1 3\|¥ dt
Sres / (¢ —bE(xo,t))“L,,z(E(xO,t)) 1Nz, (£ exo.0n |E (o, O 7 |E (XO» 51) Y
2kr
T NE d
_r S t
+rp7s / bEo.m = bEGo0| 1L, (Exo.n ‘E (xo, EI) o
t”l
2kr
o0
y_v T\ ya—2L 421, .
< s — P s
Sre ||b||Lc§;g%P / (1 +1In r)z 1 1Nz, (oo d1-
2kr
Now combined by all the above estimates, we end the proof of this Theorem 4.8. O

Now we can give the following theorem (our main result).

Theorem 4.9. Let xg € R", 1 < p < coand @ € Lg(S" 1), 1 < s < oo, be A;-homogeneous of degree
zero. Let Tg‘; be a parabolic linear operator satisfying condition (1), bounded on L,(R™) for 1 < p < oo. Let

be LC;;;O;P R, 0<A< % and% = -+ 5 Letalso, for s’ < p the pair (91, ¢2) satisfies the condition
e y tessmf 01 (x0, )T I
<T<00
z <
[(1+mt) = o) 8)

and for p1 < s the pair (@1, ¢2) satisfies the condition

0 ¢ [e<s91nf (pl(xo,r)rf’l ,
1+1n- < 5 2
/( + nr) [%1_7+1 ” dt < C ga(xo,r)rs, (29)

where C does not depend on r.
Then the operator [b, Té) | is bounded from LM, {XO‘ ,.ploLM, {xo} ,.p- Moreover,

BTV, o SIBI, i cor - (30)
[ 7817 o, Sl et 10 e
Proof. Let p > I and s’ < P, By Theorem 4.8 and Theorem 4.3 with v2 (r) = ¢2 (x0.7) ' vy =
A—2L—1
@1 (x0.r) ! cwr)=r""7 land g (r) = ||f||Lp1(E(x0!r)), we have
oo

—1 t A—Y 1
H[b Tsz]f” oy S SUPp @2 (x0, 1) 1B Lt /(1 -HH*)ly N L, (E oy 4t
pP2.AP r
r

pw P r>0
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)

Y
S Bl tvos sup @1 (xo. )™ rT 2| S]] =12l xo3 NAI
chz,o)»},P r>0 Loy (EGo.r) LC’Z{Z&}J’ LM}?T?!ZLP
where the condition (24) is equivalent to (28), then we obtain (30).
Let p > 1 and p; < s. By Theorem 4.8 and Theorem 4.3 with v2 (r) = ¢2 (xo,r)_l, v =

-1 _L+Z )L_L+Z_1
o1 (xo,. 7)) F PITS w(r) = YA T TS and g (r) = ||f||Lp1(E(xO’r)),we have

o0
P -1 - t yA—L Y

H[vaQ]fH S sup @2 (x0,7) " 15 bl teoy /(1 +1H*)f N L, (B .y 41

Sxnt LC r Pl

L X0l r>0 Po.AP
p.¢3.P r
V4

< bl sup @1 (xo.r) " rT 7| f]] = [|5] 10, ) ot s
Lclf;g}tp r>0 Lo (B o.m) LC;;&}‘P LMpl(.)wl.P

where the condition (24) is equivalent to (29). Thus, we obtain (30).
Hence, the proof is completed. O

In the case of s = oo from Theorem 4.9, we get

Corollary 4.10. Let xo € R", 1 < p <00, b € LCSX} , ®"), 0= A <1, L =L 4 L undthe pair (¢1.¢2)

satisfies condition (28). Then the operators M bP and [b, TP] are bounded from LM P{T,O(ﬂ}l ploLM Iiigz}’ P
Corollary 4.11. Letxg e R, 1 < p < ocoand Q € Lg(S" 1), 1 < s < 00, be A;-homogeneous of degree zero.

{xo} n 1 1 _ 1 1
LetbeLC[ZZ,):,P(R )’0§A<7’5_H+E

and for p < s, the pair (91, ¢2) satisfies condition (29). Then the operators Mé) p, and [b,Tg] are bounded from

{xo0} {x0}
LMpl,tm,P to LMP,WLP'

. Let also, for s’ < p, the pair (91, ¢2) satisfies condition (28)

Corollary 4.12. Let xo € R*, 1 < p < coand Q € Lg(S" 1), 1 < s < oo, be homogeneous of degree
zero. Let TSI; be a parabolic linear operator satisfying condition (1), bounded on L,(R") for 1 < p < oo. Let

be LC;;:OA} p®),0<A<i % = i + i Let also, for s’ < p the pair (@1, ¢2) satisfies the condition
o p tessinf wl(xo,r)rﬁ
<r<oo
/ (1 + 1n;) S 1= Cton), (1)

and for p1 < s the pair (¢1, ¢2) satisfies the condition

o p tessinf (pl(xo,t)rl’il
<T<OO n
— < s
/(1+lnr) tzfl_%'i”l_”’\ dt < C ¢a(xo,r)rs,

where C does not depend on r.
Then the operator |b, Tslz) | is bounded from LM ziiow}l ploLM ;X(EZ} p- Moreover,

BTGV o S IO e ot
. 7817 Lt ST o Wy
Remark 4.13. Note that, in the case of P = I Corollary 4.12 has been proved in [16, 17]. Also, in the case of
P =1 and s = oo Corollary 4.12 has been proved in [16, 17].

Corollary 4.14. Let Q@ € Ly(S"1), 1 < s < 00, be A;-homogeneous of degree zero. Let TSI; be a parabolic
linear operator satisfying condition (1), bounded on L,(R") for1 < p < oo. Let1 < p < ooandb € BMO (R")
(parabolic bounded mean oscillation space). Let also, for s’ < p the pair (p1, ¢2) satisfies the condition

o0

¢ essinf (pl(x,r)r%
/(1 +lnf) <r<co dt < C ga(x.r). (32)
r [§+]

7
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and for p < s the pair (¢1, ¢2) satisfies the condition

o : essinf gol(x,r)r% ,
/ (1 + In 7) t<r<°f > dt < C @a(x,r)rs, (33)
r tp s Tl

where C does not depend on x and r.
Then the operator [b, Té)] is bounded from Mp, o, . p to Mp o, p. Moreover,

P
0780, < oo .-

In the case of s = oo from Corollary 4.14, we get

Corollary 4.15. Let 1 < p < 00, b € BMO (R") and the pair (@1, ¢2) satisfies condition (32). Then the operators
M[f) and [b,TP] are bounded from Mp o, p to Mp o, p.

Corollary 4.16. Ler Q@ € Lg(S" 1), 1 < s < 00, be A;-homogeneous of degree zero. Let 1 < p < oo and
b € BMO (R"). Let also, for s’ < p, the pair (91, ¢2) satisfies condition (32) and for p < s, the pair (91, ¢2)
satisfies condition (33). Then the operators Mé),b and [b, T o) are bounded from My, o, p to Mp. 4, p-

Corollary 4.17. Let @ € Ly(S"™1), 1 < s < oo, be homogeneous of degree zero. Let 1 < p < oo and b €
BMO (R"). Let also, for s’ < p the pair (@1, ¢2) satisfies the condition

o £\ essinf gol(x,r)r%
/(1 +1In 7) [st=co” dt < Cga(x,1),
r tptl

and for p < s the pair (@1, @2) satisfies the condition

o /\ essinf (pl(x,r)r% .
/ (1 +In 7) t<r<°ﬁ 5 dt <Ca(x,r)rs,
r tp— st

where C does not depend on x and r.
Then the operator [b, Tsé)] is bounded from Mp, o, . p to Mp o, p. Moreover,

P
080, oo T

Remark 4.18. Note that, in the case of P = I Corollary 4.17 has been proved in [16—18]. Also, in the case of
P =1 and s = oo Corollary 4.17 has been proved in [16—18] and [41, 43].

Now, we give the applications of Theorem 3.3 and Theorem 4.9 for the parabolic Marcinkiewicz operator.
Suppose that 2 (x) is a real-valued and measurable function defined on R” satisfying the following conditions:

(a) 2 (x) is homogeneous of degree zero with respect to A;, that is,
Q(A;x) = Q(x), forany ¢ > 0, x € R" \ {0};
(b) 2 (x) has mean zero on S"1 thatis,
/ Q(x")J (x")do(x") =0,
Ssn—1

where x” = |§—| for any x # 0.
(©)QeLy(s"1).
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Then the parabolic Marcinkiewicz integral of higher dimension l’«gz is defined by

oo 1/2
d
W ()) = f Fa (NP5 |
(0]
where o )
_ QG-
FasHw= [ e R (UL

p(x—y)=t

On the other hand, for a suitable function b, the commutator of the parabolic Marcinkiewicz integral ng is defined
by

o 1/2
d
b, 1)) (x) = / Fous(NOPS|
0
where o )
Fa.p(f)() = —E T b)) — b)) f()dy.
p(x—y)<t P (x B y)

o0
We consider the space H = {h : ||k = (({ |h(t)|2%)l/2 < 00}. Then, it is clear that ,u,lg’z(f)(x) =|Fq:(x)|.
By the Minkowski inequality and the conditions on €2, we get
1/

2
o0
|©2(x — y)I dt |S2(x — y)I
g (f)(x) 5/7),_1|f()0| = dy =C | ———1f(»)ldy.
p(x—1y) t- p(x—y)
R” x—y| R”
Thus, ,u?z satisfies the condition (1). When Q € L (S”_l) (s > 1), It is known that g is bounded on L, (R”?) for
p > 1, and bounded from L (R") to WL (R") for p = 1 (see [50]), then from Theorems 3.3, 4.9 we get

Corollary 4.19. Let xo € R", 1 < p < 00, Q € L (S"_l), 1 < s < oo. Let also, for s’ < p, p # 1, the
pair (1, @2) satisfies condition (16) and for 1 < p < s the pair (g1, ¢2) satisfies condition (17) and Q satisfies
conditions (a)—(c). Then the operator ;ng is bounded from LM;?C(},)]} to LM;?C(BZ} for p > 1 and from LM 4o

xo} fen
X0
WLM"0).

Corollary 4.20. Let 1 < p < 00, Q € Ly (S"™!), 1 <5 < co. Let also, for s’ < p, p # 1, the pair (¢1.¢2)
satisfies condition (20) and for 1 < p < s the pair (1, ¢2) satisfies condition (21) and 2 satisfies conditions (a)—(c).
Then the operator /Lé is bounded from Mp o, to Mp o, for p > 1 and from My o to WM o, for p = 1.

Corollary 4.21. Letxo € R", @ € Ly(S"™), 1 <5 < oo Letl < p <oo,be LCIY®RM, L = L 41
0<A< % Let also, for s’ < p the pair (91, 2) satisfies condition (28) and for p1 < s the pair (@1, ¢2) satisfies

condition (29) and Q satisfies conditions (a)—(c). Then, the operator [b, /L%’z] is bounded from LM Iif}}jl to LM ng(gz} .

Corollary 4.22. Let Q € Ly(S" 1), 1 <s <00, 1< p <ooandb € BMO (R"). Let also, for s' < p the pair
(@1, 92) satisfies condition (32) and for p < s the pair (¢1, ¢2) satisfies condition (33) and Q2 satisfies conditions
(a)—(c). Then, the operator [b, ué] is bounded from Mp, o, to Mp . p,.

1/2
n
Remark 4.23. Obviously, if we take ) = --- = o, = land P = I, then p (x) = |x| = (Z x.z) , Y =n,
i=1
R, p) = R, |-|), Ef(x,r) = B (x,r). In this case, /ng is just the classical Marcinkiewicz integral operator |1,
which was first defined by Stein in 1958. In [51], Stein has proved that if Q satisfies the Lipshitz condition of degree
of (0 <a < 1) on S"! and the conditions (a), (b) (obviously, in the case Ay = tI and J (x’) = 1), then ug
is both of the type (p, p) (1 < p <2) and the weak type (1.1). (See also [52] for the boundedness of the classical

Marcinkiewicz integral jLg.)



322 — F Gurbuz DE GRUYTER OPEN

Acknowledgement: The author would like to thank the Referees and Editors for carefully reading the manuscript
and making several useful suggestions.

References

(1]
[2]
(3]
4]
(3]

(6]
(7

8]

19

[10]
(1]
(2]
[13]
[14]

(18]

[16]

[17]
(18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
(28]
[29]
[30]

[31]

[32]

Calderén A.P. and Zygmund A., On the existence of certain singular integrals, Acta Math., 1952, 88, 85-139.

Calderén A.P. and Zygmund A., Singular integral operators and differential equations, Amer. J. Math., 1957, 79, 901-921.
Fabes E. and Riviére N., Singular integrals with mixed homogeneity, Stud. Math., 1966, 27, 19-38.

Hofmann S., A characterization of commutators of parabolic singular integrals, Fourier analysis and partial differential equations
(Miraflores de la Siera, 1992), Stud. Adv. Math. CRC, Boca Raton, FL 1995, 195-210.

Hofmann S., Parabolic singular integrals of Calderén-type, rough operators, and caloric layer potentials, Duke Math. J., 1997,
90(2), 209-259.

Tao T., The weak-type (1, 1) of L log L homogeneous convolution operators, Indiana Univ. Math. J., 1999, 48, 1547-1584.
Coifman R.R., Weiss G., Analyse harmonique non-commutative sur certains espaces homogénes, (French) Etude de certaines
intégrales singuliares, Lecture Notes in Mathematics, Vol. 242. Springer-Verlag, Berlin-New York, 1971.

Folland G.B., Stein E.M., Hardy Spaces on homogeneous groups, Math. Notes, 28, Princeton Univ. Press, Princeton, 1982.
Calderén A.P. and Torchinsky A., Parabolic maximal functions associated with a distribution, Adv. Math., 1975, 16, 1-64.

Besov O.V,, I'in V.P,, Lizorkin PI., The L ,-estimates of a certain class of non-isotropically singular integrals, (Russian) Dokl.
Akad. Nauk SSSR., 1966, 169, 1250-1253.

Soria F., Weiss G., A remark on singular integrals and power weights, Indiana Univ. Math. J., 1994, 43, 187-204.

Lu G., Lu S.Z., Yang D.C., Singular integrals and commutators on homogeneous groups, Anal. Math., 2002, 28, 103-134.
Palagachev D.K., Softova L., Singular integral operators, Morrey spaces and fine regularity of solutions to PDE’s, Potential Anal.,
2004, 20, 237-263.

Stein E.M., Harmonic Analysis: Real Variable Methods, Orthogonality and Oscillatory Integrals, Princeton Univ. Press, Princeton
NJ, 1993.

Muckenhoupt B. and Wheeden R.L., Weighted norm inequalities for singular and fractional integral. Trans. Amer. Math. Soc.,
1971, 161, 249-258.

Balakishiyev A.S., Guliyev V.S., Gurbuz F. and Serbetci A., Sublinear operators with rough kernel generated by Calderon-
Zygmund operators and their commutators on generalized local Morrey spaces, J. Inequal. Appl. 2015, 2015:61.
doi:10.1186/s13660-015-0582-y.

Gurbuz F., Boundedness of some potential type sublinear operators and their commutators with rough kernels on generalized
local Morrey spaces [Ph.D. thesis], Ankara University, Ankara, Turkey, 2015.

Gurbuz F., Some estimates on generalized Morrey spaces for certain sublinear operators with rough kernel generated by
Calderén-Zygmund operators and their commutators, submitted.

FuzZW, LinY. and Lu S.Z., A-Central BM O estimates for commutators of singular integral operators with rough kernel, Acta
Math. Sin. (Engl. Ser.), 2008, 24, 373-386.

Lu S.Z., Ding Y., Yan D.Y., Singular Integrals and Related Topics, World Scientific, Singapore, 2007.

Morrey C.B., On the solutions of quasi-linear elliptic partial differential equations, Trans. Amer. Math. Soc., 1938, 43, 126-166.
Adams D.R., A note on Riesz potentials, Duke Math. J., 1975, 42, 765-778.

Chiarenza F.,, Frasca M., Morrey spaces and Hardy-Littlewood maximal function, Rend. Mat., 1987, 7, 273-279.

Peetre J., On the theory of Mp,,\, J. Funct. Anal., 1969, 4, 71-87.

Chiarenza F., Frasca M., Longo P., Interior W?2-P _gstimates for nondivergence elliptic equations with discontinuous coefficients,
Ricerche Mat., 1991, 40, 149-168.

Chiarenza F.,, Frasca M., Longo P,, W2>p—solvability of Dirichlet problem for nondivergence elliptic equations with VMO
coefficients, Trans. Amer. Math. Soc., 1993, 336, 841-853.

Fazio G.Di, Ragusa M.A., Interior estimates in Morrey spaces for strong solutions to nondivergence form equations with
discontinuous coefficients, J. Funct. Anal., 1993, 112, 241-256.

Fazio G.Di, Palagachev D.K. and Ragusa M.A., Global Morrey regularity of strong solutions to the Dirichlet problem for elliptic
equations with discontinuous coefficients, J. Funct. Anal., 1999, 166, 179-196.

Meskhi A., Maximal functions, potentials and singular integrals in grand Morrey spaces, Complex Var. Elliptic Equ., 2011, 56,
1003-1019.

Ding VY., Yang D.C., Zhou Z. , Boundedness of sublinear operators and commutators on L?-® (R""), Yokohama Math. J., 1998,
46, 15-27.

Mizuhara T., Boundedness of some classical operators on generalized Morrey spaces, Harmonic Analysis (S. Igari, Editor), ICM
90 Satellite Proceedings, Springer - Verlag, Tokyo (1991), 183-189.

Nakai E., Hardy-Littlewood maximal operator, singular integral operators and Riesz potentials on generalized Morrey spaces,
Math. Nachr., 1994, 166, 95-103.



DE GRUYTER OPEN Parabolic sublinear operators with rough kernel =—— 323

[33]
[34]

(35]

(36]

[37]

(38]

[39]

[40]

[41]

[42]

[43]

(44]

[45]
[46]

[47]

(48]
[49]

[50]

[51]
[52]

Nakai E., The Campanato, Morrey and Holder spaces on spaces of homogeneous type, Studia Math., 2006, 176, 1, 1-19.
Guliyev V.S., Integral operators on function spaces on the homogeneous groups and on domains in R”. Doctor's degree
dissertation, Mat. Inst. Steklov, Moscow, 1994, 329 pp. (in Russian).

Guliyev V.S., Boundedness of the maximal, potential and singular operators in the generalized Morrey spaces, J. Inequal. Appl.
2009, Art. ID 503948, 20 pp.

Burenkov V.1, Guliyev H.V., Guliyev V.S., Necessary and sufficient conditions for boundedness of the fractional maximal operators
in the local Morrey-type spaces, J. Comput. Appl. Math., 2007, 208(1), 280-301.

Burenkov V.I., Guliyev V.S., Necessary and sufficient conditions for the boundedness of the Riesz potential in local Morrey-type
spaces, Potential Anal., 2009, 30(3), 211-249.

Burenkov V.I., Gogatishvili A., Guliyev V.S., Mustafayev R.Ch., Boundedness of the fractional maximal operator in local Morrey-
type spaces, Complex Var. Elliptic Equ., 2010, 55(8-10), 739-758.

Burenkov V.I., Gogatishvili A., Guliyev V.S., Mustafayev R.Ch., Boundedness of the Riesz potential in local Morrey-type spaces,
Potential Anal., 2011, 35(1), 67-87.

Guliyev V.S., Mustafayev R.Ch., Boundedness of the anisotropic maximal and anisotropic singular integral operators in
generalized Morrey spaces, Acta Math. Sin. (Engl. Ser.), 2011, 27(12), 2361-2370.

Guliyev V.S., Aliyev S.S., Karaman T., Shukurov P., Boundedness of sublinear operators and commutators on generalized Morrey
Space, Int. Eq. Op. Theory., 2011, 71(3), 327-355.

Guliyev V.S., Generalized local Morrey spaces and fractional integral operators with rough kernel, J. Math. Sci. (N.Y.), 2013,
193(2), 211-227.

Karaman T., Boundedness of some classes of sublinear operators on generalized weighted Morrey spaces and some applications
[Ph.D. thesis], Ankara University, Ankara, Turkey, 2012.

Coifman R.R., Rochberg R., Weiss G., Factorization theorems for Hardy spaces in several variables, Ann. Math., 1976, 103(3),
611-635.

Grafakos L., Li X.W., Yang D.C., Bilinear operators on Herz-type Hardy spaces. Trans. Amer. Math. Soc., 1998, 350, 1249-1275.
Tao X.X., Shi Y.L., Multilinear commutators of Calderén-Zygmund operator on A-central Morrey spaces, Adv. Math., 2011, 40,
47-59.

Coifman R.R., Lions P, Meyer Y., Semmes S., Compensated compactness and Hardy spaces. J. Math. Pures Appl., 1993, 72,
247-286.

Lu S.Z. and Yang D.C., The central BMO spaces and Littlewood-Paley operators, Approx. Theory Appl. (N.S.), 1995, 11, 72-94.
Rzaev R.M., On approximation of local summary functions by singular integrals in terms of mean oscillation and some applica-
tions, Preprint No. 1 of Inst. Physics of NAS of Azerb., 1992, pp. 1-43 (Russian).

Xue Q.Y., Ding Y. and Yabuta K., Parabolic Littlewood-Paley g-function with rough kernel, Acta Math. Sin. (Engl. Ser.), 2008,
24(12) 2049-2060.

Stein E.M., On the functions of Littlewood-Paley, Lusin, and Marcinkiewicz, Trans. Amer. Math. Soc., 1958, 88, 430-466.
Torchinsky A. and Wang S., A note on the Marcinkiewicz integral, Collog. Math., 1990, 60/61, 235-243.



	Parabolic sublinear operators with rough kernel generated by parabolic Calderón-Zygmund operators and parabolic local Campanato space estimates for their commutators on the parabolic generalized local Morrey spaces
	1 Introduction
	2 Parabolic generalized local Morrey spaces
	3 Parabolic sublinear operators with rough kernel generated by parabolic Calderón-Zygmund operators on the spaces LM_p,,P{x_0}
	4 Commutators of parabolic linear operators with rough kernel generated by parabolic Calderón-Zygmund operators and parabolic local Campanato functions on the spaces LM_p,,P{x_0}


