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Abstract: Consider a parabolic equation which is degenerate on the boundary. By the degeneracy, to assure the
well-posedness of the solutions, only a partial boundary condition is generally necessary. When 1 <« < p — 1, the
existence of the local BV solution is proved. By choosing some kinds of test functions, the stability of the solutions
based on a partial boundary condition is established.
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1 Introduction and the main results

Yin-Wang [1] first studied the equation
u; = div(p®|Vu|?2Vu), (x.1) € Or = 2 x (0, 7). )

where Q is a bounded domain in RV with appropriately smooth boundary, p(x) = dist(x,dQ), p > 1, > 0. An
obvious character of the equation is that, the diffusion coefficient depends on the distance to the boundary. Since the
diffusion coefficient vanishes on the boundary, it seems that there is no heat flux across the boundary. However, Yin-
Wang [1] showed that the fact might not coincide with what we image. In fact, the exponent «, which characterizes
the vanishing ratio of the diffusion coefficient near the boundary, does determine the behavior of the heat transfer
near the boundary. One may refer to [1] for the details.

In our paper, we will consider the following equation

N
u; = div(p®|Vu|?2Vu) + Z

i=1

ab; (u)
axl’

. (1) e Or. )

The convection term vazl % not only brings the difference on operational skills, but more essentially, it makes
1

the nature of boundary condition change. The equation (2) had been originally studied by the authors in [2, 3]. Instead
of the whole boundary condition
u(x,t) =0, (x,t)€dx(0,T), 3)

only a partial boundary condition
u(x,t) =0, (x,1)e X, x(0,7), “)

matching equation (2) is considered. Here, denoting {n;(x)} as the unit inner normal vector of 92, when
bi’(0)n;(x) < 0, Vx € 0Q, then £, = 9Q. But generally, it is just a portion of 2. However, we don’t need
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to pay too much attention to its explicit formula, we only need to remember it is just a subset of d€2. Certainly, the
initial value is always necessary,

u(x,0) = ug(x). ©)

In [2, 3], we said a bounded domain €2 has the integral non-singularity, if the constants «, p, satisfy

_ 2«x
p r2dx <c.
Q

We assumed that there are constants 8, ¢ such that
1bi ()] < cls'F2L [p'i(9)] < els” ©)

If p > 2, we had obtained the existence of the solution of equation (2) with the initial boundary values (4)-(5), and
if ¥, = 02, we also had obtained the stability of the weak solutions. In our paper, we will promote the existence of
the solution without the condition (6) but limiting that > 1. The most innovation of our paper is that the stability
of the weak solutions can be obtained only based on the partial boundary condition (4). Comparing with the case of
that ¥, = 0Q in[2,3] or ¥, = @ in [1] (When o > p — 1), how to obtain the stability of the weak solutions only
based on the partial boundary condition (4) seems very difficult.

Let us give the basic definitions and the main results as following.

Definition 1.1. A function u(x,t) is said to be a local BV solution of equation (2) with the initial value (5), if

u e BV(Qra) [ | L®(Qr), p*|Vu|” € L'(Q7),

and for any function ¢ € CS°(Qr), the following integral equivalence holds

N
// (—u@s + p*|Vu|?"2Vu - Vo + Z bi (u) - ¢y, )dxdt = 0. 7
or i=1

The initial value is satisfied in the sense of

tlimO/ |u(x,t) —uo(x)|dx = 0. ®)
Q

Here, Q1) = {(x,t) € Q1 : p(x) = dist(x, ) > A} for small enough A > 0.

Definition 1.2. A function u(x,t) is said to be a local BV solution of equation (2) with the initial boundary values
(4)-(5), if u satisfies Definition 1.1, and it satisfies the partial boundary condition (4) in the sense of the trace.

Definition 1.3. Ifu is a local BV solution of equation (2), satisfies that
lu(x,0)] < ep(x), [Vu| < cp™(x), €
when x is near 0$2, then we say u is a regular solution.
Remark 1.4. If b; (s) = 0, we had proved that the solution of equation (1) is regular in [4].
Theorem 1.5. Ler1 < p, 1 <a < p—1, b;j(s) € C2(RY). If
uo(x) € C§° (), (10)
then equation (2) with initial boundary values (4)-(5) has a local BV solution u, and u; € L°°(Qr).

Theorem 1.6. Let o < p — 1, u and v be two local BV solutions of equation (1) with the same partial homogeneous
boundary value

uls,x©.7) =0 ="v|s,%0.7) (11)
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and with the different initial values u(x,0) = v(x, 0) respectively. If b; (s) is a Lipschitz function, and moreover
[Vu| < ep™%(x),|Vv| < cp™%(x) 12)

then

/|u(x,l)—v(x,t)|dx S/|uo—v0|dx+c/|u—v|d2
Q Q =)

13)
+ lim sup gn(u—v)lu—v|dX, Vtel0,T).
n—oo
=,
Here, n > 0 is a nature number, the details of the definition and the properties of the function g, (s) is in Section 3,
in particular, | g, (s)s |< c.

Theorem 1.7. Let « > p — 1, and u,v be two local BV solutions of (1) with the initial values uo(x), vo(x)
respectively. If u and v are regular, and

|bi (u) — bi (v)] < clu —v]*T2, (14)

then
/ | u(x,t) —v(x, 1) | dx < c/ | uog —vo |? dx.a.e.t € (0,T). (15)
Q Q

The most important character of Theorem 1.7 is in that we obtain the stability (15) without any boundary value
condition. However, since the solutions considered in the theorem are regular, we can easily obtain the conclusion
(15) in a similar way as in [1]. So we omit the details of the proof of the theorem in our paper.
Recently, the author has been interested in the initial-boundary value problem of the following strongly
degenerate parabolic equation
ou d

. 9
= (@ (u,x, ) ) +
ox;

u 0b; (u, x,t)
o 0x;

P . (x,1) € Or. (16)
Xi

The stability of the solutions based on a partial boundary condition (4) has been established in [5-7] et. al.
Actually, many mathematicians have been interested in the problem, and have obtained many important results
of the the stability of the solutions based on a partial boundary condition, one may see the Refs. [§—11]. Unlike the
equation (16), to the best knowledge of the authors, considering the parabolic equation related to the p—Laplacian,
our paper is the first one to study the stability of the solutions based on a partial boundary condition (4). Of course,
whether the condition (12) in Theorem 1.6 and the assumption that u, v are regular in Theorem 1.7 are necessary
or not? This is a very interesting problem to be studied in the future. Some other related references, one can refer
to Refs. [12—-16]. The paper is arranged as following. In Section 1, we have introduced the problem and given the
main results of the paper. In Section 2, we prove the existence of the local BV solution. In Section 3, only based on
a partial boundary condition, we prove the Theorem 1.6.

2 The local BV solution

To study equation (2), we consider the following regularized problem

N
. =2
uer — div(p (|Vue|* + )2 Vueg) —

i=1

0b; (us)
0x;

=0,(x,1) € Or, a7)

Ue(x,2) =0, (x,1) €02 x (0,T), (18)
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Ug(x,0) = up(x), x € Q. (19)

where p; = p * 8z + &, € > 0, § is the mollifier as usual. It is well-known that the above problem has a unique
classical solution [17, 18]. Hence, for any ¢ € C§°(Q 1), u. satisfies

J[ uen + o1Vl 20 v + S by 1) - Yt = 0. (20)
or i=1
Lemma 2.1. Ifug € C$°(2), a > 1, then the solution ue of the initial boundary value problem (17)-(19) converges

locally in BV(QT), and its limit function u is the local BV solution of equation (2) with the initial value (5).

Proof. By the maximum principle, there is a constant ¢ only dependent on ||uo|| ;. (£2) but independent on ¢, such
that

”uS”LOO(QT) < c. (21)

Multiplying (17) by u. and integrating it over Q 7, we have

N
1 -2 ob; (u 1
E/ugdx+//pg(|vue|2+g)pz |Vu€|2dxdt+// Ug .E_l: (;)(Cie)dxdz = Efu%dx.
or or = 2

Q

By the fact

// Z db; (“S)d dt = Z// a”«Sb, (ug)dxdr = lé!aizsbi(s)dsdx =0,

then
1 _
5[ugdx + f/ p% (|Vue|? + )" |Vug|2dxdr < c. (22)
2 or
For small enough A > 0, let 2 = {x € Q : dist(x, d2) > A}. Since p > 1, by (22),

T T
//|Vu8|dxdt§c //|Vu8|pdxdt <c(). (23)

0 2, 0 2,

Differentiating (17) with ¢, and denoting w = ug, then

w p—4 p=2
= (p—2)pg‘(|Vug|2 +68) 2 Ux Uy, Wxpx; + pg(|Vu8|2 +&) 2 wy,x
+(p = 2)VpZ - Vue(|Vue? + 6) T ug ws, + Vo2 (Vuel> +6)°% - Vw
+(p - 2)(p - 4)Pg(|vua|2 + 8)%1'{)@‘ uxinuxi kauxk
-4
+(p — 2)p§‘(|Vus|2 +8) 7 (U Uy o Waege = Uiy U x; Wy = Uy Ui e Wy )
+b7 () ux; w + bl (u)wy;,

rewriting it as
8w 0%w
— =ajj
ot Ax;0x; j

+ Z £ Gt wywy, + bY ()i, w

where
aij = p%(|Vue> + )7 (51/ + (p —2)(|Vuel® + &) luyux,)).
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p=4 p=2
fix.tw) = (p=2Vpg - Vus(IVue|* + )2 ux; + (Vuel> + )2 (0)x,
o 2 p=6
+(p - 2)(]7 - 4)/)8 (|Vu8| + 8) 2 qu ”X/(Xj ”xkux;
—4
+(p— Z)P?(IVMSIZ + g)pT (U Ucgxe; + U U + U U xg) + b,{ (u),
Clearly, w satisfies that
w(x,t) =0,(x,t) € 9Q x[0,T),

Pilwo) o
3x,~

p—2
2

w(x,0) = div(,og(|Vuo|2 +¢) 2 Vug) +

Denoting that
2 r=2
a=(Vue|"+¢) 2,

then
min{p — 1, 1}al€|* < a;; &£ < max{p— 1, 1}al£|>.

By the maximum principle, due to & > 1, we have

—_ ab
sup uer| < sup|div(p® (Vo +6) %7 + 2L - o 24)
2x(0.7T) Q 0x;
By (23)-(24), we know that u, € BV(Q7), and
T T
/ f |Vugldxdt <c, / / |ugsldxdt < c. (25)
0 2, 0 2,

Then by Kolmogoroff’s theorem, there exists a subsequence (still denoted as u¢) of u., which is strongly convergent
tou € BV(Qrx). In particular, by the arbitrary of A, u, — u a.e.in Q7.
—
Hence, by (22), (25), there exists a function u and n—dimensional vector function { = ({1,---, {,) satisfying
that

ue BV \L®(©0r). [T]eLr1(0r).

and
ugs — *u, in L°°(07),

Vug — Vu in Lﬁ)C(QT),
— = . _p_
Pl |Vue|P2Vue — ¢ in L77T(Q7).
In order to prove u satisfies equation (2), we notice that for any function ¢ € C5°(Qr),

N
—2
[ e+ 02V 4 7 Ve Vgt 3 bt -yt = 26)
or =1

and u, — u is almost everywhere convergent, so b; (ug) — b; (u) is true. Then

N
ou .
// (G0 &Yoo+ 3 bilw)- gy )dxd = 0, 27)
or =1
Now, if we can prove that
o p—2 e
0% |Vu| Vu - Vodxdr = ¢ - Vedxdr. (28)
or or

for any function ¢ € C§°(Qr), then u satisfies equation (2).
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Let0 < ¥ € C§°(Qr) and ¥ = 1in suppg. Letv € BV(Qrz) N L®(Q71), p¥|Vv|” € LYQr). 1tis
well-known that

/ V% (|Vue | >Vug — |[Vu|?72Vv) - (Vue — Vo)dxds = 0. (29)

or
By choosing ¢ = Yu, in (26), we can obtain

/ 1//p?(|Vu€|2+8)pTi2|Vu€|2dxdt // YruZdxdr — //pgug(|Vu€|2+8) Vu - Viyrdxde
or or

(30
- Z// b; (ua)(usx,‘/f‘F”sWx,)dde
l—l
Noticing that when p > 2,
—2
(Vuel +) "2 |Vue|* = [Vue |,
—2 _
(Vuel + )2 [Vue| < ((Vue|”~ + 1),
and when 1 < p < 2,
(IVuel? + )2 |Vug|2>(|Vu P+ —g% 31)
(Vuel? + )7 |Vue| < (Vuel? + )7
then in both cases, by (29), we have
// 1/f,u2dxdt // Py e (|Vug|? —l—a) Vug Vyrdxdr — Z//b (Ue)(Uex; ¥ + UugPy; )dxdt
or or (32)
+8%C(Q) - // P2V |Vue|P~2VuVodxdt — // P2y |Vu|P 2V (e — v)dxdt > 0.
or or
Thus
// w,u dxdr — //p8u€(|Vug| —l—e) Vug Vydxde — Z[/b (Ue)(Uex; ¥ + Uy, )dxde
or or i=lg
—I—agc(ﬂ) — // P2V |Vue|P~2VuVodxdt —/ Yo% Vo2V - (Vug — Vo)dxdr (33)
or
+ // 1//(p°‘—p2‘)|Vv|p_2Vv - (Vug — Vv)dxdr = 0.
Noticing
// ¥ (0% —p®)|Vu|P 2V - (Vug — V)dxds
or
< sup M[/ p%IVu? ! Vue — Vol dxdr 34)
(x.1)eQr
< sup v (* _p8)|(// |Vv|pdxdt+// V|27 [Vug| dxdr)
(x.1)eQr
and

(|Vu€|2+8)pT_2Vug = |Vug —l—es)pT_‘ldsVug
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then,

24 Ss)pTAdsVung/ugdxdt =0. (35)

e—0

By Holder inequality, there holds

// PV ?~ V] drdr < (// (" 90|71y dxdr) /5 (/f (0" [Vue)? dxdn) /7,
or or or

where m = w, n=2% 5= 27 Dueto p*|Vul”, p¥|Vv|” e L'(Q7), then

// |Vv|pdxdt+[/ XV |P ! | Vug| dxdr < c.

Let ¢ — 01in (33). It converges to 0.
Thus, we have

%[/ w,uzdxdt—[f W - Vidxds — i/f Bi () (¥ + ura, dde
or or =15

re o p—2
- ¥ ¢ - Vodxdr — Yo% |Vl Vv - (Vug — Vov)dxdt = 0.
or or

Let ¢ = Yu in (2), we get

Q/[ VT - Vudxdr — ;Q/[ W2y dxde +Q/[ U - Vipdxde +égf[ bi (u) (g, ¥ + wipr, )dxdt = 0.

Thus
— _
[f w(¢ — p¥|Vu|PT2Vv) - (Vu — Vv)dxdr = 0. (36)

Letv=u—Ap,A > 0,90 € C§°(Q7), then

o p—2
Y(& —p%|V(u — Ae)| V(u — Ag)) - Vodxdt = 0,
or
If A — 0, then
o p—2
(¢ — p%|Vu| Vu) - Vodxdt = 0.
or

Moreover, if A < 0, similarly we can get

/ W(—C) — p%|Vu|?72Vu) - Vodxdr < 0.
or
Thus
e o p—2
[ ¥@ = 1907290 - Vparar =0,
or

Noticing that ¥ = 1 on suppg, (28) holds. At the same time, we can prove (5) as in [19], we omit the details here.
The lemma is proved. O



DE GRUYTER OPEN The BV solution of the parabolic equation with degeneracy on the boundary =—— 279

Corollary 2.2. Ifug € C§°(R2), a > 1, there exists a local BV solution u of equation (2) with the initial value (5),
such thatuy; € L°°(Qr).

Lemma 2.3. Ifa < p — 1, u is a weak solution of equation (1) (also equation (2)) with the initial value (5). Then u
has trace on the boundary 0S2.

Lemma 2.3 had been proved in [1, 2]. Clearly, Theorem 1.5 is the directly corollary of Lemma 2.1-2.3.

Remark 2.4. The condition o > 1 is only used to prove that |ugs| < c, which implies that me |ugs|dxdt < c.
Maybe one can prove the later conclusion directly. ug € C§°(S2) is the simplest condition, but it is not the most
general condition. However, we mainly concern with how the degeneracy of diffusion coefficient p* affects the
boundary value condition.

3 The stability whena < p —1

Proof of Theorem 1.6. For a small positive constant A > 0, let
Qy ={x €Q:plx)=dist(x,02) > A},

and let
1, if x € Qoy,

P(x) =4 1 (p(x) — 1), x €Qx\ Q2 (37)
0, if xeQ\Q,.

For any given positive integer 7, let g, (s) be an odd function, and

1 s>
— ’ n’
gl’l(s) - nzszel_nzsz’ O S s S % (38)
Clearly,
lim g, (s) = sgn(s),s € (—o0, +00), (39)
n—0
and
, c 1
0<g,(s) <—,0<s<—, (40)
K n

where ¢ is independent of 7.
By a process of limit, we can choose g, (¢ (1 — v)) as the test function, then

[ entot— ™ D ax s [ (97 Vu = 90177290 6V - vigdx
Q Q
-i-/,o‘]‘(|Vu|p_2 Vu — |Vu|? 72 Vv) - Vo (u — v)gldx @)
Q
N N
+ 3 [@i0 b)) v gppdx + 3 [ b = b)) by u = v)gpdx =0,
i=1g i=1q
Thus
. . ou—v) ,  d B
nli>moo Alglo gn(p(u— U))de =1 llu —vlly . (42)
Q
~/‘,o°‘(|Vu|‘D_2 Vu — |Vu|? 2 V) - V(u —v)g,¢(x)dx > 0. 43)

Q
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By L’Hospital rule,

o, S@@—v)u—vydx [P g (@ —v)(u—v)dTdE
lim = lim

A—0 A A—0 A
= Jim [ gw—nw-vaz= [ gea-mu-nz
o=2A o
= /g,/,,(u—v)(u—v)dE.
=
Since we assume that p|Vu|? < oo, p|Vv|? < oo, we have
Jim | / P*(\Vul? 2 Vi — [Vo[P 72 Vo) - Ve (u — v)g;, (¢ (u — v))dx|
Q
= i *(|Vul?~2 Vu — |Vu|” 72 Vv) - Volu — v|g, —v))d
Jim [V = (901772 V) - Vgl vlg) (b — v)dx] )
23\ 222
/
(u—v))(u —v)dx
< ¢ lim Ja\a,, &n(@ N( ) _ /g;,(u—v)(u—u)dE.
A—0 A

=,
While,

[ 010 = biengy G = —vgs mdx = [ 100 - bl vies G- ) Sdx. @0
Q

Qa\Q2,

By |b; (u) — b; (v)| < c|u — v|, and by (40), according to the definition of the trace, we have

Jim | [ 0100 =i = o) = vy, x| < fim [ o= 0P = v) S
Q Q\ Q22

:c/|u—v|2gn/((u—v))dE§c/|u—v|dZ:c/|u—v|d2.
a0 aQ =),

Moreover,

47

Jim | f (bi () = bi (v)gn" (P — v)) (U — ), P(x)dx]|
Q

.y / [b1 ) — bi (0))gn’ (ot — v)(ut — v)., dx|
{xeQ:lu—vi<ly

by (u) — b;
sc [ 1w v fax "

{xeQ:lu—vi<iy

_abij(u)—b;(v o
= [ s e

{xeQ:lu—vl<i}

o by (1) — by _
R N e L AR B T (PRI
{XGQ:Iu—v|<%} {XEQ:Iu—v|<%}

Sincea < p—1,

u—
{XGQZ|M—U|<%} 2

/ (=5 i =biv) _[l’)"(”) NPT dx < c/p—ﬁdx <e. (49)



DE GRUYTER OPEN The BV solution of the parabolic equation with degeneracy on the boundary =—— 281

In (47),letn — oco. If {x € Q : |u — v| = 0} is a set with 0 measure, then

lim / p P Tdx = / p~ 7 Tdx = 0. (50)

n—o0
{xeQ:lu—vi<i} {xeQ:lu—v|=0}

If the set {x € Q : |[u — v| = 0} has a positive measure, then,

lim / P4 V(u —v)|Pdx = / p%|V(u —v)|Pdx = 0. (51)
n—oo
{xeQ:lu—vl<iy {xeQ:|lu—v|=0}

Therefore, in both cases, we have

tim T [ (5:0) = b 0) '@l = ) = w1, p () = 0. (52

n—oo0 A—0
Q
Now, after letting A — 0, let n — oo in (41). Then

d
—u—vlly <c [ lu—v|dE +1lim sup gn(u—v)ju —v|dX.
dt n—oo

=, =)

It implies that

/|u(x,t)—v(x,l)|dx$/|u0—vo|dx—|—c/ |lu —v|dZ + lim sup gn(u—v)lu—v|dX, Vr€[0,T).
n—
Q Q pIA OOE;,

Theorem 1.6 is proved. O
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