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Abstract: In this paper, we consider the Z-eigenpair of a tensor. A lower bound and an upper bound for the Z-spectral
radius of a weakly symmetric nonnegative irreducible tensor are presented. Furthermore, upper bounds of Z-spectral
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1 Introduction

We start with some preliminaries. First, denote [n] = {1,2,---,n}. A real mth order n-dimensional tensor
A = (ai,iy-i,,) consists of n’" real entries:

Aiyigeim € R,

where i; = 1,2,--- ,n for j € [m] [1-5]. It is obvious that a vector is an order 1 tensor and a matrix is an order

2 tensor. Moreover, a tensor A = (a;,...;,,) is called nonnegative (positive) if each entry is nonnegative (positive).

~im

A tensor A is said to be symmetric [6, 7] if its entries a;,,...;,, are invariant under any permutation of the indices.

m

We shall denote the set of all real mth order n-dimensional tensors by RY-1 and the set of all nonnegative mth
order n-dimensional tensors by R[f’"]. For an n-dimensional vector x = (x1,x2,---,Xp), real or complex, we
define the n-dimensional vector:

m—1 ._ L . .
Ax = E AijneipgXiy " Xip ,

and the n-dimensional vector:

xm=1 .= (xf"_l) o
I<i<n

The following two definitions were first introduced and studied by Qi and Lim [7, 8].

Definition 1.1 ([7, 8]). Ler A € RV A pair (A, x) € Cx(C"\{0}) is called an eigenvalue-eigenvector (or simply
eigenpair) of A if they satisfy the equation
Axm = axbm=t, (1)

We call (A, x) an H-eigenpair if they are both real.
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Definition 1.2 ([7, 8]). Let A € RV A pair (A, x) € Cx (C"\ {0}) is called an E-eigenvalue and E-eigenvector
(or simply E-eigenpair) of A if they satisfy the equation
Ax™m=1 = )x,

xTx=1. @

We call (A, x) a Z-eigenpair if they are both real.

The mth degree homogeneous polynomial of n variables f4(x) associated with an mth order n-dimensional tensor
A = (aj,iri,,) € RV can be represented as

falx) = AxX™ = D iyigeig Xiy Xip * Xigy

i1.02,....im€[n]

where x”" can be regarded as an mth order n-dimensional rank-one tensor with entries x;, ---x;, [2, 5, 9], and Ax""
is the inner product of A and x".

Following concept about weakly symmetric of tensors was first introduced and used by Chang, Pearson, and
Zhang [6] for studying the properties of Z-eigenvalue of nonnegative tensor.

Definition 1.3 ([6]). A tensor A = (a;,iy-i,,) € RV s called weakly symmetric, if the associated homogenous

of polynomial f4(x) satisfy
V fa(x) = mAxX™™, ¥x e R",

and the right-hand side is not identical to zero.

It should be noted for m = 2, symmetric matrices and weakly symmetric matrices are the same. However, it is shown
in [6] that a symmetric tensor is necessarily weakly symmetric for m > 2, but the converse is not true in general.
Thus, the results of this paper derived for weakly symmetric tensors, apply also for symmetric tensors.

In [8], the notion of irreducible tensors was introduced.

Definition 1.4 ([8]). A tensor A = (a;,iy-i,,) € R s called reducible if there exists a nonempty proper index
subset I C [n], such that
Aiiyeiy = 0, Vil (S ], Viz,--- ,im ¢ I,

otherwise, we say A is irreducible.
The Z-spectral radius of a tensor is defined as follows in [10].

Definition 1.5 ([10]). Let A € RU™™. We define the Z-spectrum of A, denoted o(A) to be the set of all Z-
eigenvalues of A. Assume o (A) # 0, then the Z-spectral radius of A, denoted o(A), is defined as

0(A) :=max{|A|: A € 0 (A)}.

Chang, Pearson and Zhang [10] studied the Z-eigenpair problem for nonnegative tensors and presented the following
Perron-Frobenius type theorem.

Lemma 1.6 ([10]). If A € ]Rz_n’n], then there exists a Z-eigenvalue Ao > 0 and a nonnegative Z-eigenvector xo # 0
of A such that Ax(')"_l = Aoxo, in particular, if A is irreducible, then the eigenvalue Ao and the eigenvector xq are
positive. Furthermore, if A € RH_’Z’"] is weakly symmetric irreducible, then the spectral radius o(A) is a positive

Z-eigenvalue with a positive Z-eigenvector.

Z-eigenvalues play a fundamental role in the symmetric best rank-one approximation which has numerous
applications in engineering and higher order statistics, such as Statistical Data Analysis [2, 5, 9]. The symmetric
best rank-one approximation of A = (a;,;,-i,,) is a rank-one tensor vx"”" = (vx; xj,---x;,), where v € R,
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x € R", ||x|l2 = 1 and | x|z is the Euclidean norm of x in R”, such that the Frobenius norm || A — vx™| r is
minimized. The Frobenius norm of the tensor A = (4;,;,...i,,) has the form

R 2
| AllF = Z Ailineip

i1,i2,....im€[n]

According to [11], vx" is a symmetric best rank-one approximation of A if and only if v is a Z-eigenvalue of A with
the largest absolute value, while x is a Z-eigenvector of A associated with the Z-eigenvalue v. In particular, when
Ae RT’”] is weakly symmetric irreducible, o(A)xg’ is a symmetric best rank-one approximation of .A, where xo
is a Z-eigenvector of A associated with Z-spectral radius o(A), i.e.,

min lA=vx" | F = A= o(A)xg | F = /IIAIF — o(A)2. 3)
VER,XER",||x|2=1

Thus, we obtain the quotient of the residual of a symmetric best rank-one approximation of tensor A and the
Frobenius norm of tensor A as follows:

IA—e(Axg'llr _ [ e(A)? @
Al 7 IAI%
min
VER, xR || x|l2=1

A=
o(A)xg'llF £ A= (W)X | £

v and MAZECDXENE i be obtained. It follows from [12-16] that the bound of 'A=04XENE gives o

By Equalities (3) and (4), if we give a bound of Z-spectral radius of A, then a bound of

convergence rate for the greedy rank-one update algorithm.

Recently, some H-spectral of matrices have been successfully extended to higher order tensors [17-19]. For the
Z-eigenpair case, Chang, Pearson and Zhang [10] discussed the variation principles of Z-eigenvalues of nonnegative
tensors, as a corollary of the main results, they presented a lower bound of the Z-spectral radius for weakly symmetric
nonnegative irreducible tensors as follows:

1 m—2
max { max d;;..;j, (— min E Ajjoni < o0(A). 5
o Piei (ﬁ) ie[n]i — iin-im o(A) (5)
2.5 lm

For a general tensor case, they also provided an upper bound for the Z-spectral radius:

o(A) < Vn max S Naiiyeipl- (6)
TS G e imeln)

Song and Qi [20] obtained the following upper bound for a general mth order n-dimensional tensor:

0(A) < max E iinemip |- @)
i€en] . -
iz, im€ln]

He and Huang [21] gave a bound for a weakly symmetric positive tensor:
0(A) = R(A) — I(A)(1 — 6(A)), ®)

where r; (A) = > Aijyeip, foralli € [n],

i2..im€ln]

R(A) = max r; (A),r(A) = min r; (A),
i€ln] i€[n]

rwf. ©)

A=, min i and 00 = (705

i1,
Since 6(A) < 1, it is easy to see that the bound (8) is smaller than those in (6) and (7) if the tensor is weakly
symmetric positive. Recently, Li, Liu and Vong [22] have given a lower bound and an upper bound for a weakly
symmetric nonnegative irreducible tensor:

m

dm.n < 0(A) = max {1 (A) + aiyj GA7 = D) (10)
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where
n’llI[l ]a,-j...j . .
1, j€E€ln m—1 4
B = L (" =y ) +y (), an
r(A)— min _a;j..;
i,j€ln]
R(A)— min a;j..;
y(A) = e (12)
r(A) - i._I/"neiI[]n]aijmj
and
1
d = i §(A)m —1 i
= T {“ T B iz i
(13)

+ i,,ze[rrrnli]l\l{l o Z ai1i2"'ik—li/cik+l"'imi|'
ix€ln]

They also proved that the upper bound (10) is smaller than that in (8). Furthermore, Li, Liu and Vong [22] obtained

the following upper bound for a general mth order n-dimensional tensor:

n

0(A) < min max Z |Gy i evi |- (14)

ke[lmliyeln] i=1.elml\ik}

In this paper, we continue this research on the Z-eigenpair and present some bounds as follows: for a weakly
symmetric nonnegative irreducible tensor, we present a bound for Z-spectral radius, which improves the bound
in (10). For a weakly symmetric nonnegative tensor, we give an upper bound for Z-spectral radius. Furthermore, for
a nonnegative tensor and a general tensor, an upper bound for Z-spectral radius is also provided, which is tighter
than the bound in (14) in some sense.

Our paper is organized as follows. In Section 2, an upper bound for the ratio of the largest and smallest values
of a Z-eigenvector is given. Also, a lower bound and an upper bound for the Z-spectral radius of a weakly symmetric
nonnegative irreducible tensor are presented. Moreover, an upper bound for the Z-spectral radius of a weakly
symmetric nonnegative tensor is provided. An upper bound for the Z-spectral radius of a nonnegative tensor and
an upper bound for the Z-spectral radius of a general tensor are obtained in section 3. Numerical examples are
presented in the final section.

We first add a comment on the notation that is used. For a tensor A, let |.A| denote the tensor whose (i1, - ,im)-
th entry is defined as |a;,...;,,, |. For a set S, |.S| denotes the number of elements of S. The function | x | indicates the
integer round-down of x. Denote

A(j;k) = U {(i2, ,im) 1ir = J, forallt € Sandi; # j, forallt ¢ S}
SCi2..m},
|SI=k

where j € [n],k=0,1,--- ,m—1.

2 Bounds for weakly symmetric nonnegative tensors

In this section, a lower bound and an upper bound for the Z-spectral radius of a weakly symmetric nonnegative
irreducible tensor are provided, which improves the bound (10). We first establish a lemma to estimate the ratio of
the largest and smallest values of a Z-eigenvector.

Lemma 2.1. Suppose that A = (a;,iy-i,,) € ]REI'_n’”] is an irreducible tensor. Then for any Z-eigenpair (Ag, X) of
A with a positive eigenvector x, we have

Xmax

> T(A)m, (15)

Xmin
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where Xpin = Min X;, Xmax = Max Xx;,
e

[n] ieln]
L3 1 m—k—1 k+1
> ("= DF B (A (@A) T —a(A) )
T(d) = =0 +a(A),

L5Z1-1
r(A— Y (") 0= DFBr(A)

Bi(A) = ; mil[ln]{a[iz...i,n (in, o im) € A(Jim—k — 1)},

VS
[Z2]-1
RA - Y ("N —DEBe(A)
a(A) = T (16)

rA = 2 (") = DR (A

Proof. Since (Ag, x) is a Z-eigenpair of A with x being positive, then

m—1 _
Ax = Aox, a7

xTx=1.

For simplicity, let X; = Xmax, Xs = Xmin, I'p(A) = _III?X] ri(A) = R(A), rq(A) = .m[in] ri (A) = r(A). Consider
Leln 1eln
the 7th equation of (17), we obtain

1

Aox; = Z Ajjnenipg Xin " Xipy = ail...lx;n_
iz, im€ln]
-2 —3..2
+ Z Ajiyeig X]T “Xg + Z Ajigeipg X 32 oo
(i, .im)EA(I:m—2) (2, im)EA(;m—3)
m—1%] 1%]-1 —i
+ Z Ajinei X 2 x5 2 + Z a,-,-z...imx;,"
@2, im)EA:m—LF]) m—4]—1
@iz, .im)e U A(l:Kk)
—1 —1 -2 —1
=i (x]" = xT ) + Z Ajigeig (X X5 — x50 )
(iz,.im)EA:m—2)
—-3..2 —1
+ > Aiigemiyy (X7 7725 = XG0 A
iz, im)eA(l;m—3)
m—%] |3]-1 -1 -1
+ Z Aijgemipg (X, 7 X572 —x") + i (AT
@iz, im)EATsm—LF )
LF1-1
—k—1_k —1 —1
= Z Z Ajiyeipy (X7 Xy = xPTH) 4+ (X (18)

k=0 (i2,.im)EAU;m—k—1)

Taking i = p in (18) and multiplying by x;l on the both sides of (18) gives

L51-1 m—k—1_k m—1 m—1
X X — X X
Ao > Z Apisim ( ! xs J ) + R(A) Sx
k=0 (iz2.~.im)EAU;m—k—1) p P
Lz1-1 -1 -1
—1 m m
> (m f )(n — D*Bi(A) (x,”""‘zxé‘ - XY) + R4S
XJ X7
k=0
L31-1 21 .
m—1 o m—1 xn
- ( . )(n — DR B (xRl (R - Y ( . )(n — D¥Br(A) le (19)
k=0 k=0
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Similarly, we have

1211
—k—1 _k -1 -1
Aox;i < Z Z Ao,y (X xp = x"T) (A
k=0 (i2.,.im)EA(s:m—k—1)

Taking i = q. By (20) and the similar technique to (19) we have

—1

L1211 L
o< Y (’"k_ ‘)<n—1)kﬂk(,4)x;"—k—2x5‘+ r(A) — (mlc_l)(n—l)"ﬂkm)

k=0 k=0

SN

Combining (19) with (21) together gives

L% 11

(mk— 1)(}1 _ 1)kﬁk(.,4)x;"_k_2xf + | R(A) — Z (mk_ 1) (n— l)k,Bk(A)

1% 11

k=0 k=0
L3 m—1 L3 m—1
< ( . )(n—l)kﬁk(A)x;"—k—zx,k+ rA- > ( . )(n—l)kﬁkuo
k=0 k=0
Multiplying xf,,”, t on the both sides of the above inequality yields
L71-1 m—k—1 L71-1
m—1 X m— 1
< L )(n—l)"ﬂkw(x’) +RA~ Y7 ( L )(n—l)"ﬂk(A)
k=0 $ k=0
15—t L1511

k=0

b

=0

Note that

Xs Xs

m—k—1 k+1
ﬂ) > (ﬁ) Jforallk = 0,1, , [ 2] — 1. Hence, by (22), we have

—

L2]—1
m RA— T (") m = DFBr(A
) == =)
Xg -

r(A) — (") (= DR B (A)
k=0

NF | >

. 1. . .
i.e. 3L > a(A)m, which together with (22) yields

m | _
L1511 m—k—1 k
m

o\ (") = DF B (A (@(A) —a(A) )
(71) = 4= + a(A) = t(A).

Xg LB]-1

r(A)— X (") 0= DFBr(A)

So the desired conclusion follows.

_ k+1 _
=Y (’"k l)m—l)kﬂku)()ﬁ) +r- 2 (’”k 1)(n—l)kﬂk(A) (jj

(20)

2y

) . (22)

O

We next compare the bounds (15) in Lemma 2.1 with the corresponding bounds in Theorem 3.1 of [22], in which

the authors presented the following bounds:

Xmax > §(A),
Xmin

where §(A) given as (11).

Lemma 2.2. Suppose that A = (a;,iy--i,,) € RET_"’n] is an irreducible tensor. Then
T(A) za(A) Zy(A) = 1,

and

T(A) = 8(A) = y(A) = 1.

(23)

24)

(25)
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Proof. Tt follows from Inequality (3.10) of Li, Liu and Vong [22] that §(A) > y(A) > 1. Hence, we only prove

t(A) = a(A) = y(A) (26)
and
7(A) > §(A). (27)
We have from Equality (16) that
L51-1
RA)— ¥ (") —1DF (A
a(A) = L;:T_Ol
A= B ()0 = DB (A)
_ R(A) = Bo(A)
~ (A = Bo(A)
R(.A) - min ajj..j
_ i.j€ln]
- r(A)— min a;j..;
i.j€ln]
= y(A). (28)

m—k—1
n

Note that w(A) ™ = > oz(A)krr#,for allk =0,1,---,[%] — 1, and

131-1

r(A) > Y (’"k_ l)m — D¥Br(A).

k=0
hence
7(A) > a(A),

which together with (28), yields Inequality (26).
From Equality (16), we obtain

L%1-1

(") (= DF B (A) @A) T — a(A) )
" === T +a(A)
A= B ()0 = DFB(A)
Bo(A)(a(A)"m — a(A)m) o)

- 131-1

r(A) = 2 (") = DFBr(A)

) _ei?]aij‘..j((x(A)m';] _05(-'4)%)
_ i nL 1 + a(A). (29)

8-
rA = 2 (") = DR (A

Since a(A) > y(A) > landm > 2,

m—1

a(A) T —a(A)m = p(A) T — (A,

which together with Inequality (29), yields
i etm

r(A) — min _a;j..;
i.j€ln]

T(A) >

(" =y ) + v () = (),

which implies Inequality (27) holds. The proof is completed. O



188 — Q.Liu, Y. Li DE GRUYTER OPEN

Remark 2.3. If A is a nonnegative irreducible tensor, Inequality (25) implies the bounds (15) are always larger
than the bounds (23).

Now we establish an upper and a lower bound for Z-spectral radius of a weakly symmetric nonnegative irreducible
tensor.

Theorem 2.4. Suppose that A = (a;,;y.-i,,) € ]RH_"’"] is an irreducible weakly symmetric tensor. Then

n(A) < o(A) < n(A), (30)
where

m—2
m—k—1

nA) = max {3 3 ity (TAT" T 1) 41 (A

LIET K20 (o i) €A m—k—1)

1
A) = max min (r A)ym —1) min iy inein tinie s
A ke[m]\{l}ile[n][ “) irelm\g1y RTIRS kIR

€1V}

+ min Ajrineir_tiviestir |
i relmNeLKY E i ik—11kik+1""Im

ix<€ln]

and ©(A) is given by Lemma 2.1.

Proof. Tt follows from Lemma 1.6 that there exists a positive Z-eigenvector x corresponding to o(.A). Taking the
similar technique of (18) we obtain

m—2

o(A)x; < Z Z iy XK =1y o (A (32)
k=0 (i2,.im)EA(ssm—Fk—1)

T

Since x* x = 1, we have xlm_l < x;, which together with (32) yields

m—2

—1 —k—1 _k —1 —1

oA < > > iy (8 T = XY 4 i (A
k=0 (i2, .im)EA(s;m—k—1)

Taking i = / and multiplying x 11 ~" on the both sides of the above inequality gives

m—2 xm—k—lxk _ xm—l
o) = Y > auz...i,n( L >+V1(A)

k=0 (i2,.im)EA(s:m—k—1)

m—2 x m—k—1
Z Z Aliyewip ((x;) — 1) +r;1(A)

k=0 (i2,.im)EA(s:m—k—1)

m—2

Z Z Aljneip, (‘C(.A)_mi’]’rl - 1) + ri1(A)

k=0 (i2,.im)EA(s:m—k—1)

IA

IA

m—2

max Z Z Ajjnemipg (‘L’(.A)_m_’ﬁ_l — 1) +ri(A)

BTN 20 (g i) A m—k—1)

IA

This proves the second Inequality (30). On the other hand, it is known from Theorem 3.3 of Li, Liu and Vong [22]
that for a weakly symmetric nonnegative irreducible tensor A, we have

X1 . .
oA = — -1 min Aginein1linat iy + min Z Aginein_1irix-ims
Xs irelm\(l Ky 2Tk ke tm irrem\LKy Stttk tm
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which together with (15) yields

o(A)

v

1

T(A)m — 1) min Agineip_1lipay-in T min Z Asineip_1irip-i

( i telm\{1,ky AT retm\eLey S Frtkm kR
ix€ln

v

. 1 . .

min (T(A)m - 1) min Ajineir_1iripst iy T min E Aiineip_1ivip i

i1€ln] igtelm\{1y RS HRIRTTI T eI\ _ 12 be—1bktkim | >
1775 n

which proves the first Inequality of (30). This proves the theorem. O

Remark 2.5. It follows from Inequality (25) that for the parameters n(A) and ju(A) given by (31) we have

DA = max {ri(4) + gy G~ D),
i.j€ln]
and

W(A) > dm .

This implies the bounds (30) are always better than the corresponding bounds (10).

Remark 2.6. For an irreducible weakly symmetric tensor A = (Qj,iy-i,,) € ]Rg_"’n], when m and n are very large,
the bounds in (30) need more computations than the bounds in (10). As stated in Section 1, by the bounds in (30), we

can obtain a more sharp bound of min A — vx™|| g, which plays an important role in the symmetric
VER,XER", || x|>2=1

best rank-one approximation [12—16]. This can be seen in the following example.
Example 2.7. Let A = (aj, 15i2i,) € Ry with entries defined as follows:

aji1 = 10, az222 = 20,a1122 = ai212 = az2112 = az121 = 0.25,a1221 = az211 = 0.3

and aj,i,izi, = 0.4, elsewhere.
It is not difficult see that A is a weakly symmetric nonnegative irreducible tensor, and
Al 7 = 22.3989.

By the bound (10), we have
0.6914 < g(A) < 22.2525,

2.5569 < min [A—vx" | = /A% — 0(A)? < 22.3882.
VER,xER,||x|l2=1

By the bound (30), we have

which implies

0.6937 < o(A) < 21.8479,

4.9374 < min [A—vx™| F = /I 4]% — 0(A)? < 22.3881.
veR,xeR”,||x|x=1

Before generalizing the upper bound (30) of Theorem 2.4 to weakly symmetric nonnegative tensor, which will be

which means

used in Section 4, we first give a lemma in [20].
Lemma 2.8 ([20]). Suppose that A € RE’,_"J’] is weakly symmetric. If 0 < A < B, then o(A) < o(B).
Theorem 2.9. Suppose that A RE{_”’"] is weakly symmetric. Then

o(A) = n(A), (33)

where 1n(.A) given by Theorem 2.4.
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Proof. If A is irreducible. Inequality (33) follows from Theorem 2.4. If A is reducible. Let A; = A + %8 , where
t =1,2,--- and & is a tensor with all entries being 1. Then {A4;} is a sequence of weakly symmetric and positive
tensors satisfying 0 < A < A;41 < A;. By Lemma 2.8, o(A;) is a monotone decreasing sequence with lower
bound o(.A) so that o(.A;) has a limit. Thus, by Theorem 2.4, we have

o(A) = o(Ar)
m—2 m—1

< max Z Z (aiiz"-im + ;) (T(At)—m*m"fl _ 1) +ri(A) + n : ’

i e
i,j€ln] k=0 (i2.,.im)EA(J :m—k—1)

letting ¢ — oo, note that t(A;) — 7(A), we obtain 9(A) < n(A). This yields the desired conclusion. O

3 Upper bound for nonnegative tensors

In this section, we present an upper bound for the Z-eigenvalue of a nonnegative tensor and an upper bound for the
Z-eigenvalue of a general tensor, which improves the bound (14). The following two lemmas will be used.

Lemma 3.1 ([6, 18]). Let A = (aj,ir--i,,) € RV and B = (b;,i,..1,)) € RV be given as follows:

biliZ"'i:n = Z ain(l)in(2)"'i7r(m) ’ (34)
meSymy
then B is symmetric and
m l m
Ax™ = —Bx™, (35)
m!

where Symy, is the set of all permutation in [m].

Lemma 3.2 ([10]). If A € R js weakly symmetric, then o(A) consists precisely of all critical values of
fa(x) = Ax™ on 8", where S"~ is the standard unit sphere in R".

Based on Lemma 3.2, we have the following lemma.
Lemma 3.3. Suppose that A is weakly symmetric. Then
o(A) = max{|Ax"|: xTx =1,x e R"}. (36)
Proof. Assume that A is a weakly symmetric tensor. By Lemma 3.2, we have
max{|Ax"|:xTx = 1,x € R"} < max{[A| : A € 6(A)} = 0(A). (37)

On the other hand, assume that A is a Z-eigenvalue of .4 with Z-eigenvector x. It follows from Equation (1.2) that
A = Ax", thus
o(A) = max{|A] : Ax" ! = Ax, xTx =1,x e R}
= max{|Ax"| : Ax"™ ! = Ax, xTx = 1,x e R"}

< max{|Ax"|: xTx =1,x e R"},

which together with (37), yields (36). The proof is completed. O

In the next theorem we have given an upper bound for the Z-eigenvalues of a nonnegative mth order n-dimensional
tensor.
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Theorem 3.4. Let A = (aj,iy-i,,) € RT’"J. Then for any Z-eigenvalue A, we have
1 1
Al = —o(B) < —n(B),
m! m!
where B given by (34) and 1n(B) defined as Theorem 2.4.

Proof. Assume that A is a Z-eigenvalue of A with Z-eigenvector x. It follows from Equation (1.2) that A = Ax™,
thus

A = {JAx"|: AX" 7 = Ax,xTx =1,x e R"}

max{|Ax"|: xTx =1,x e R"}

A

1
—'max{|me| xTx =1,x e R"}. (38)
m!
Note that B is a symmetric tensor, by Lemma 3.3, we have
max{|Bx"| : xTx = 1,x e R"} = o(B),
which together with Inequality (38), yields
1
Al = —o(B). (39)
m!

From A being nonnegative it follows that B is also nonnegative, furthermore, 5 is symmetric. By Theorem 2.9, we
obtain

o(B) = n(B),
which together with Inequality (39) , yields
1 1
[A] < ﬁQ(B) = *,TI(B)-
m! m!

The proof is completed. O

The following result gives an upper bound for the Z-eigenvalue of a general mth order n-dimensional tensor.
Theorem 3.5. Let A = (aj,iy-i,,) € R Then for any Z-eigenvalue A, we have
1 1
Al < —o(IBl) < —n(IBI), (40)
m! m!
where B given by (34), |B| = (1bi,iy-i,,|) € Rar_"’n] and n(|B|) defined as Theorem 2.4.

Proof. Assume that A is a Z-eigenvalue of A with Z-eigenvector x. It follows from Equation (1.2) that A = Ax™,
thus

A = {JAx"|: A" = Ax.xTx =1, x e R}

max{|Ax"|: xTx = 1,x e R"}

IA

1
—'max{|13xm| xTx=1,x eR"}
m!

IA

1
—'max{|B||x|m xTx=1,xeR"}
m!

IA

1
—'max{||B|xm| xTx=1,xeR"}. 41)
m!
Since |B| is a symmetric tensor, by Lemma 3.3, we obtain

max{||B|x"| : xTx = 1,x e R"} = o(|8)).
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which together with Inequality (41), yields
1
Al < —o(1B). (42)
m!
Obviously, |B] is a nonnegative symmetric tensor, by Theorem 2.9, we have
o(IB]) = n(IB)).
which together with Inequality (42) , yields
1 1
Al < —o(IB) < —n(IB)).
m! m!
The proof is completed. O

By means of the proof technique of Theorem 3.5, the following conclusions are obtained.

Corollary 3.6. Suppose that A = (a,iy-i,,) € RV is g symmetric tensor. Then for any Z-eigenvalue A, we have
1Al = o(lA]) = n(A]),

where |A| = (|aj,iy-i,,|) € R ana n(|.A|) defined as Theorem 2.4.
112°*Im +

Proof. Assume that A is a Z-eigenvalue of A with Z-eigenvector x. It follows from Equation (1.2) that A = Ax™,
thus

A = {JAx"|: Ax" = Ax,xTx =1,x e R?}
< max{|Ax"| : xTx = 1,x e R"}
< max{|A||x|" : xTx =1,x e R}
= max{[|A|x"] : xTx =1,x e R"}
= o(lA]
= n(A].
The proof is completed. O

4 Comparisons with existing bounds

In this section, we will give some comparisons between our bounds and existing bounds for the Z-spectral radius
for tensors. For a weakly symmetric nonnegative irreducible tensor, from Lemma 2.2, we obtain the bounds in (30),
which are always better than the ones in (10). In particular, for a weakly symmetric positive tensor, the upper bound
in (30) is always smaller than ones in (8).

The following example given in [10, 22] shows the efficiency of the new bound (30).

Example 4.1. Let A € RE"_"Z] be a symmetric tensor defined by

1
ann = 5,422 = 3, and aj,..;, = 3 elsewhere.

It follows from [10] that
o(A) ~ 3.1092.

By the bound (7), we have
o(A) <5.3333.

By the bound (8), we have
0(A) < 5.2846.
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By the bound (10), we have
0.7330 < o(A) < 5.1935.

By the bound (30), we have
0.7663 < o(A) < 4.5147.

This example shows that the bound (30) is the best.

For a general tensor, the following example shows that our bound in (40) is better than the bound in (14) for some
tensors.

Example 4.2. Randomly generate 1000 tensors of 4th order 3-dimensional tensor such that the elements of each
tensor are generated by uniform distribution (—0.05, 0.40). We compare the upper bounds of the Z-spectral radius
of general tensor in (14) and (40). The numerical results are showed in Fig. 1. The x-axis of Fig. 1 refers to the sth
random generated tensor. The plus symbol in blue color denotes the difference between the upper bound (14) and
(40). As observed from Fig. 1, there are 96.2% of cases above the x-axis.

Fig. 1. The randomly generated results for Example 4.2

1 T T T T

0.8f + +

0.6

The difference between the upper bound (14) and (40)

-0.4 !
0 200 1000
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