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Abstract: Some convergent sequences of the lower bounds of the minimum eigenvalue for the Hadamard product
of a nonsingular M -matrix B and the inverse of a nonsingular M -matrix A are given by using Brauer’s theorem.
It is proved that these sequences are monotone increasing, and numerical examples are given to show that these
sequences could reach the true value of the minimum eigenvalue in some cases. These results in this paper improve
some known results.
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1 Introduction

For a positive integer n, N denotes the set {1,2,--- ,n}, and R (C"*'") denotes the set of all n x n real (complex)
matrices throughout.

A matrix A = [a;;] € R is called a nonsingular M -matrix if a;; <0,i, j € N,i # j, A is nonsingular and
A7l >0 (see[1, p-133]). Denote by M), the set of all n x n nonsingular M -matrices.

If A is a nonsingular M -matrix, then there exists a positive eigenvalue of A equal to 7(4) = [p(A~1)]~!, where
(A1) is the perron eigenvalue of the nonnegative matrix A~ 1. It is easy to prove that 7(A4) = min{|A| : A € o (A4)},
where 0 (A) denotes the spectrum of 4 (see [2, p.357]).

A matrix A is called reducible if there exists a nonempty proper subset / C N such thata;; = 0,Vi € I,
V j & I.1f A is not reducible, then we call A irreducible (see [3, p.128]).

For two real matrices A = [a;;] and B = [b;;] of the same size, the Hadamard product of A and B is defined
as the matrix A o B = [a;;b;;]. If A and B are two nonsingular M -matrices, then it was proved in [4, Proposition
3] that A o B~ ! is also a nonsingular M -matrix.

Let A =[a;;] e R"*" a;; # 0.Fori, j,k € N, j # i, denote

> lajkl lajil + > lajkldk lajil + > lajklski
KAj ki , kA
di = —~"——— sj;i = , i =max{s;; }; uj; = , u; = max{u;;}.
lajjl lajjl J A laj;l J i

Recently, some lower bounds for the minimum eigenvalue of the Hadamard product of an M -matrix and its inverse
have been proposed. Let A = [a;;] € M}, it was proved in [5] that

0<t(AdoA ) <1.
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Subsequently, Fiedler and Markham [4] gave a lower bound on 7(4 o A™1),

1
t(AoA™ ) > =
n

and conjectured that
2
t(AoA™ ) > =,
n

Chen [6], Song [7] and Yong [8] have independently proved this conjecture.
In 2007, Li et al. improved the conjecture (4 o A7) > % when A~! is a doubly stochastic matrix and gave
the following result (i.e., [9, Theorem 3.1]): Let A = [a;;] € M), and A lbea doubly stochastic matrix. Then

J#i

1+ Z Sji
JFi

ey

i — S8 Z |ai_i|
‘L'(AOA_]) > min }
ieN

In 2013, Zhou et al. [10] also obtained (1) under the same condition.
In 2015, Chen gave the following result (i.e., [11, Theorem 3.2]): Let A = [a;;] € My, and A~! = [a;;] be a
doubly stochastic matrix. Then

1
(A OA_I) > min f{aiiaii +ajjaj;
i#j 2

1
- [(aiiaii —ajja;) + 4uz’uj06ii06jj( > |aki|)( > |akj|)]2}

k#i k#j

(@)

and they have obtained

D=

|

min %{an‘aii +ajjaj; — [(aiiaii —ajjaj;)? +4uiujaiiajj( > |aki|)( > |akj|)]
- k#i k#J

i
aij—Ssi .§'|aij|
> min { ——<F—3,
=N 1—}-];:{5,';

i.e., under this condition, the bound of (2) is better than the one of (1).
In this paper, we present some convergent sequences of the lower bounds of 7(B o A~ 1) and (4 0 A™1), which
improve (2). Numerical examples show that these sequences could reach the true value of (40 A~!) in some cases.

2 Some notations and lemmas

In this section, we first give the following notations, which will be useful in the following proofs.
Let A =[a;;] e R"" a;; #0.Fori, j,k e N,j #i,t =1,2,..., denote

—1
@il lajil+ X lajklskihi lajil+ ¥ lajrlvsi"
ai: ki k#Jj.i
h; = max ji ’ v}?) _ #J.i ’p](tl) _ FJ.i ’
i#i lajjlsji — X lajklski) - laj;l lajjl
kK#J.i
il lajil + Z lajilpgdng?
(0y 4ji (t
e
I # agilp$ = Y lajklp ajj
k#J.i

Lemma 2.1. [f A = [a;;] € R"™" is strictly row diagonally dominant, then, foralli,j € N, j #i,t =1,2,...,
(@ 1>d; >s],>M/in()>pﬂ)>v(1)>pﬂ)>v(2)> p(’)>v(’)z o> 0;

= Yji = Yji = i = "Jji
® 1>h; >0, 1>h" >0
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Proof. Since A is a strictly row diagonally dominant matrix, that is, |a;j;| > Y. lajk|.j € N, obviously,
k#Jj

1>d; >0, j € N.By the definitions of d;,s;;, we have 1 > d; > s;; > 0,j,i € N,j # i. And then, by

the definitions of s;;,u;;, we have s;; > u;;, j,i € N, j # i. Hence,

lajjlsji— > lajkldi

lail _ k#Jj.i
lajjlsji— > lajklski  lajjlsji— > lajklsci —
F .0 k#J.i
from the deﬁnition of h;, we have 0 < h; < 1,i € N. Furthermore, by the definitions of u;, vj(.(i)), we have
uj; > v j ieN,j#i.
R lajil .
Slnce hi = m;i)f { lajjlsji— > lajxlski }’l € N, we have
7 ki
@l lajil + > lajklskihi
aji . kF#J.i
P> A Jie., sjih; > Lt j(?),]leNjaél
lajjlsji —k#Z_ Najilski laj;
Jsl
From the definitions of v(?),pj(i), we have v(o) > p(l) >0,j,i e N,j #1.
Hence,
M _ (0)
|ajj|p > |a]k|v
|aji| k#j.i
1 (1) a1 _ (1)
|ajj|Pj(',')_ > |ajk|Pkl‘ |aj]|P > |ajk|Pk,'
k#Jj.i k#j.i
by the definition ofh(l) we have 0 < hlgl) <1,i e N.
Since h( ) — max{ - la,i] m},i € N, we have
Jj#i Uajjlpj; > lajklpg
k#Jj.i
il lajil + > lajk |pkl)h(1)
o aji My 5 k#J.i 1)
h; _ (1), .e p]h — ”,jzeNJ;zéz
lajjl
|au|1-7 > |ajk|P Jjj
k#J.i

By 0 < h(l) < 1,i € N, we have p(l) > v(l) >0,j,i € N,j # i. From the definitions of v(i),pﬁ),we obtain

(1) (2)
v,z p; 20, i €N, jF#IL
In the same way as above, we can also prove that

2) (2) ) (1) 1) .. . .
Pji >U Py v > >0, lzh,. >0,j,i e N,j#i,t=2,3,....

The proof is completed. O

Using the same technique as the proof of Lemma 2.2 in [11], we can obtain the following lemma.

Lemma 2.2. If A = [a;;] € M,, is a strictly row diagonally dominant matrix, then A~ = [a;;] exists, and

t
lajil + X lajxlvgy
k+#J.i .. . .
aj; < il Ol”—p§i+1)a,’i,],l6N,]#l,l‘=0,1,2,....
ajj
Lemma 2.3. [12] Let A = [a;;] € C"™" and x1,x2,+ , Xn be positive real numbers. Then all the eigenvalues of

A lie in the region

n

1 1
U zeC:lz—ajillz—aj;| < (x,' Z 7|aki|)<xj Z 7|akj|>
zl/:j k#i K k#j K
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3 Main results
In this section, we give several convergent sequences for 7(B o A1) and 7(4 0 A™1).
Theorem 3.1. Let A = [a;;], B = [bi;] € My, and A~" = [a;;). Then, fort = 1,2, ...,
1 1
t(BoA™") > min 7{05,‘[5,‘,‘ +ojib;;
i#j 2 T

- [(aiibii —ajjbij)? + 4P§”P§‘”O‘ii“ff( . |bki|)( 2 |bkj|)]%} =

kF#i k#J

(€)

Proof. 1t is evident that the result holds with equality forn = 1.
We next assume that n > 2. Since A € M,,, there exists a positive diagonal matrix D such that D lAD isa
strictly row diagonally dominant M -matrix, and

t(BoA™ Y)Y =t(D"' (BoA™)D)=1t(Bo (D '4AD)™").

Therefore, for convenience and without loss of generality, we assume that A is a strictly row diagonally dominant
matrix.

(a) First, we assume that A and B are irreducible matrices. Since 4 is irreducible, then 0 < pft) < 1,foranyi € N.
Let t(B o A=) = A. Since A is an eigenvalue of B o A™!, then 0 < A < b;; ;. By Lemma 2.2 and Lemma 2.3,
there is a pair (i, j) of positive integers with i # j such that

A = biiiil|]A = bjja;;| = (le > %lbkiakil)(Py) > %|bkj05kj|)

ki Pk k#; Pk
1 1
(t) 0) ® 0)
= (MY = lbripeiil) (P X —51bxs s )
k#i Pk k#j Pk @)
1 1
= (Y = lri i) (P 3 —5 bk P i)
k#i Pk k#j Pk
= (PP Y 1beil) (P sy D 1o ).
ki k+j
From inequality (4), we have
(A —=bijeii)(A=bjjaj;j) = P;t)Pj(-t)“ii“jj ( > |bki|)( > Ibk; |)~ )
ki kj
Thus, (5) is equivalent to
1 3
Az E{Wiibii +ajjbjj = [(al-,«b,-,- —ajbji)? + 4pf’)p§’)aiiajj( > |bki|)( > bk I)] }
ki Kk
that is
_ 1 1
t(BoA™) = E{aiibii +ajjbjj— [(Otiibii —ajibjj) + 4P,§I)Pj(‘l)aiiajj( > |bki|)( > |bkj|)] }
k#i kj
1 3
Z 5{“iibii +aybjj - [(“iibii —ajjbij) + 4P§I)p}”°‘ii"‘f'-/‘( > |b""')< > |b"-"|)] }
7 ki k#j

(b) Now, assume that one of A and B is reducible. It is well known that a matrix in Z, = {4 = [q;;] € R :
ajj <0,i # j}is anonsingular M -matrix if and only if all its leading principal minors are positive (see condition
(E17) of Theorem 6.2.3 of [1]). If we denote by C = [c;;] the n x n permutation matrix with cj2 = c23 = -+ =
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Cn—1,n = cu1 = 1, the remaining c;; zero, then both A —eC and B — ¢C are irreducible nonsingular M -matrices
for any chosen positive real number ¢, sufficiently small such that all the leading principal minors of both A — eC
and B — eC are positive. Now we substitute A —eC and B — ¢C for A and B, in the previous case, and then letting
& — 0, the result follows by continuity. O

Theorem 3.2. The sequence {Q;},t = 1,2, ... obtained from Theorem 3.1 is monotone increasing with an upper
bound t(B o A~V and, consequently, is convergent.

Proof. By Lemma 2.1, we have p}? > p](.l.+l) >0,j,i € N,j #i,t =1,2,..., so by the definiton of plgt), it

is easy to see that the sequence { plm} is monotone decreasing. Then {Q2;} is a monotonically increasing sequence
with an upper bound 7(B o A~!). Hence, the sequence is convergent. O

If B = A, according to Theorem 3.1, the following corollary is established.

Corollary 3.3. Let A = [a;;] € My, and A= = [;;]. Then, fort =1,2,...,
1 ]
(Ao A7) Zmlnf{aiiaii +ajiaj;
i#j2

1
2
- [(auau —ajja) + 4P§”Pj('t)0‘ii“jj( ) |“k"|)( > laj |)] } =T

ki k#J

(6)

Remark 3.4. We give a simple comparison between (2) and (6). According to Lemma 2.1, we know that uj; >

p](.tl.),j,i € N,j # i,t = 1,2,.... Furthermore, by the definitions of ui,plgt), we have u; > pE’),i e N,

t =1,2,.... Obviously, fort = 1,2, ..., the bounds in (6) are bigger than the bound in (2).

Similar to the proof of Theorem 3.1, Theorem 3.2 and Corollary 3.3, we can obtain Theorem 3.5, Theorem 3.6 and
Corollary 3.7, respectively.

Theorem 3.5. Let A = [a;;], B = [b;;] € My, and A~' = [a;;]. Then, fort =1,2,...,

1
(B o A_l) > min f{aiibii +ajib;;
i#j 2

biilpt) bicj P13
B I:(Oliibii — ;b)) +4SiSj05ii0(jj( Z |bri | Py )( Z |brj| Py )]2} — A,

S S
k=i K k#j k

Theorem 3.6. The sequence {A;},t = 1,2,... obtained from Theorem 3.5 is monotone increasing with an upper
bound (B o A~V and, consequently, is convergent.

Corollary 3.7. Let A = [a;;] € My, and A= = [a;;]. Then, fort =1,2,...,

1
7(Ao A™") > min *{Oliiaii tajjaj;
i#j 2

(@)

(1) . 1
ki ; lakj|pi;i\12
_ [(aiiaii —Oljjajj)z +4Si5j05ii05jj( Z laki|py; )( Z J 1Py )]2} =Ty.

S S
ki K k) k

Let L; = max{Y;, I';}. By Corollary 3.3 and Corollary 3.7, the following theorem is easily found.
Theorem 3.8. Let A = [a;;] € My, and A™" = [a;;]. Then, fort = 1,2,...,

(Ao A7) > L;.
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4 Numerical examples
In this section, several numerical examples are given to verify the theoretical results.

Example 4.1. Consider the following M -matrix:

[20—-1-2-3—-4—-1-1-3-2-27]
-118-3-1-1-4-2-1-3-1
-2-110-1-1-1 0-1-1-1
—-3-1 016-4-2-1-1-1-2
-1-3 0-215-1-1-1-2-3

A =
-3-2-1-1-112-2 0-1 0
-1-3-1-1 0-1 9 0-1 O
-3-1-1-4-1 0 012 0-1
-2—-4-1-1-1 0-1-314 0
l1-3—-1 0-1—-1—-1 0-1-2 11
Since Ae = eand ATe =e, e = [1,1,---, l]T, A~V s doubly stochastic. Numerical results are given in Table 1

for the total number of iterations T = 10. In fact, T(A o A™1) = 0.9678.

Table 1. The lower upper of (A o A~1)

Method t L¢
Corollary 2.5 of [13] 0.1401
Conjecture of [4] 0.2000
Theorem 3.1 of [9] 0.2519
Theorem 3.2 of [15] 0.4125
Theorem 3.1 of [14] 0.4471
Theorem 3.2 of [11] 0.4732
Corollary 3 of [16] 0.6064
Theorem 3.8 t=1 0.7388
t= 0.8553
t= 0.9059
t= 0.9261
t= 0.9346
t=6 0.9383
t= 0.9400
t= 0.9407
t= 0.9409
t =10 0.9409

Remark 4.2. Numerical results in Table 1 show that:

(a) Lower bounds obtained from Theorem 3.8 are bigger than these corresponding bounds in [4,9,11,13-16].
(b) Sequence obtained from Theorem 3.8 is monotone increasing.

(c) The sequence obtained from Theorem 3.8 can approximate effectively to the true value of T(A o A™V).

Example 4.3. A nonsingular M -matrix A = [a;;] € R™" whose inverse is doubly stochastic, is randomly
generated by Matlab 7.1 (with 0-1 average distribution).

The numerical results obtained for 7 = 500 are listed in Table 2, where T are defined in Example 4.1.

Remark 4.4. Numerical results in Table 2 show that it is effective by Theorem 3.8 to estimate T(A o A™V) for large
order matrices.
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Table 2. The lower upper of T(A o A~1)

Method t Li(n =200) L;{(n=500)
Theorem3.8 ¢t = 0.0319 0.0133
t =30 0.3953 0.1972
t =60 0.6065 0.3452
t =90 0.7293 0.4647
t =120 0.8016 0.5609
t =150 0.8428 0.6384
t =180 0.8647 0.7011
t =210 0.8773 0.7519
t =240 0.8844 0.7928
t =270 0.8885 0.8255
t =300 0.8909 0.8520
t =330 0.8923 0.8734
t =360 0.8930 0.8908
t =390 0.8935 0.9049
t =420 0.8937 0.9163
t =450 0.8938 0.9249
t =480 0.8939 0.9316
t =500 0.8940 0.9352
Example 4.5. Let A = [a;;] € R, where ayy = azp = -+ = app = 2, 12 = a23 = - = dp—1,n =
an,1 = —1,and a;; = 0 elsewhere.

It is easy to know that A is a nonsingular M -matrix. If we apply Theorem 3.8 for n = 10 and n = 100, we have
(Ao A1) > 0.7507 and (A0 A1) > 0.7500 when ¢ = 1, respectively. In fact, (Ao A~!) = 0.7507 forn = 10
and t(A o A=) = 0.7500 for n = 100.

Remark 4.6. Numerical results in Example 4.5 show that the lower bound obtained from Theorem 3.8 could reach
the true value of T(A o A™V) in some cases.

5 Conclusions

In this paper, we present a convergent sequence {L;},7 = 1,2, ... to approximate (4 o A~'). Although we do
not give the error analysis, i.e., how accurately these bounds can be computed, from the numerical experiments of
Example 4.3, we are pleased to see that the bounds are still on the increase with the increase of the number of
iterations. At present, it is very difficult for the authors to give the error analysis. Next, we will study this problem.
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