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Abstract: Airborne gravimetry is an efficient and reliable
method to obtain information on the gravity field, funda-
mental to gravity field modelling, geoid determination,
and flood risk mapping. In evaluation and utilization
of gravity estimates, two measures are of fundamental
importance, namely the accuracy and spatial resolution.
These measures are related to one another through the
filtering required to suppress observational noise. As strap-
down inertial measurement units (IMUs) are increasingly
deployed for airborne gravity surveys, the Kalman filter
estimation method is routinely used for gravity determi-
nation. Since filtering is not applied directly to the
observations in Kalman filtering, it is not straightfor-
ward to associate the derived gravity estimates with a
measure of spatial resolution. This investigation pre-
sents a method for deriving spatial resolution by evalu-
ating the transfer function formed after applying a delta
function to the observed accelerations. The method is
applied to Kalman-filter-derived gravity estimates from an
airborne strapdown IMU system, yielding a full-wave-
length spatial resolution of 5.5 km at an accuracy of
0.6 mGal. These results are consistent with a comparison
with upward continued terrestrial gravity observations.

Keywords: airborne gravimetry, Kalman filtering, spatial
resolution, strapdown IMU

1 Introduction

Airborne gravity observations became an operational
procedure in the 1990s with the advent of the Global
Positioning System (Brozena 1992). Since then, the tech-
nique has proven itself reliable in mapping large areas of
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the Earth’s gravity field efficiently and inexpensively
(Gumert et al. 1991, Forsberg et al. 2001, Hwang et al.
2007, Fauzi Nordin et al. 2016, Scheinert et al. 2016,
Huang et al. 2017). As with any other digital instrument,
observations are not taken instantaneously and continu-
ously, but at discrete sampling intervals. The spatial reso-
lution of the derived gravity estimates is thus dependent
on the aircraft’s speed. Moreover, as the observations
contain noise originating from both instrument and air-
craft dynamics, the final resolution depends also on the
amount of filtering required to suppress the observational
noise. For this reason, the spatial resolution of airborne
gravity estimates does not equal that of point-wise terres-
trial observations, which can be spaced sufficiently close
together at the cost of increased operational effort.

Marine gravimetry is similarly capable of efficiently
mapping wide areas of the Earth’s gravity field and gen-
erally results in superior accuracy and resolution due
to the slower movement of the vehicle (Vanicek and
Kingdon 2015, Lu et al. 2019). At sea, the gravimeter is
much closer to the surface of the Earth, meaning that the
possible resolution is not limited by the attenuation of the
gravity field with altitude. Airborne observations are,
however, not constrained to oceanic areas and are cap-
able of mapping remote or inaccessible areas far from
civilization. Moreover, airborne gravimetry is currently
the only technique capable of mapping the coastal areas
not accessible from either land or sea. Since knowledge of
the gravity field is necessary to determine flooding risk
and most of the Earth’s population is situated along
coastal areas, airborne gravimetry is an important com-
ponent in modern infrastructure (Forsberg et al. 2000,
Novak et al. 2003, National Research Council of the
National Academies 2009, Muis et al. 2017).

Satellite observations are capable of mapping the
entire surface of the Earth with a uniform resolution.
However, the spatial resolution of these gravity estimates
is limited by the attenuation of gravity at orbit altitude.
Airborne gravimetry thus covers an important gap, not
only in terms of spatial coverage but also in terms of
spatial resolution. One might figuratively say that air-
borne gravimetry provides the glue for merging terrestrial
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and space-borne gravity observations (Sproule et al.
2001, Kern et al. 2003, Forsberg et al. 2015).

The usefulness of airborne gravity estimates is thus
determined not only by their accuracy but also by their
spatial resolution. Since the signal-to-noise ratio can be
thousands or more, the filtering of airborne observations
is essential to obtain useful gravity estimates (Hammada
1996, Bruton 1997, Childers et al. 1999, Zhou and Cai 2013,
Stepanov et al. 2015). Because the accuracy often improves
with harder filtering, the gravity estimates are essentially
a trade-off between accuracy and spatial resolution.
Determining the spatial resolution of derived gravity esti-
mates is thus equally important as determining the accu-
racy. This investigation presents a method of deriving the
spatial resolution by considering the transfer function
after applying a delta impulse to the observed accelera-
tions. Such a method can be employed even when the
convolution filter is unknown, e.g. as is the case in
Kalman-filter-derived gravity estimates.

2 Airborne gravity estimates and
spatial resolution

A modern airborne gravity system essentially consists of
a gravimeter and a Global Navigation Satellite System
(GNSS) receiver/antenna pair. Since the gravimeter is
basically an accelerometer, the gravimeter on board an
aircraft will sense specific force, f, representing both
gravity and kinematic accelerations originating from
movement. Gravity estimates are derived from these
observations as follows:

g:i:_Cf, (1)

where ¥ is the kinematic acceleration derived from GNSS
position estimates and C is a rotation operator that pro-
jects the observed specific force onto the axes of a refer-
ence system with known orientation (Schwarz and Li
1997). In practice, the transformation can be accom-
plished either mechanically or computationally. The
mechanical approach has been to place the gravimeter
on a stabilizing platform that keeps the sensitive axis of
the gravimeter aligned with the plumb line. The computa-
tional approach usually involves an inertial measurement
unit (IMU) that is rigidly attached to the aircraft, which is
denoted as a strapdown configuration. Since the IMU con-
tains a triad of gyroscopes and accelerometers, the orien-
tation of the observed specific force can be solved for post-
mission through the integration of the observed angular
rates. This latter approach is commonly denoted as
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strapdown airborne gravimetry (SAG) and represents the
airborne system used in this investigation.

2.1 Filtering and spatial resolution

To subsequently filter the noise in equation (1), we have
routinely used a cascaded time-domain implementation
of a second-order Butterworth filter at the National Space
Institute (DTU Space), part of the Technical University of
Denmark (Forsberg et al. 2001). This means that the filter
is applied both forwards and backwards in time, resulting
in a zero-phase filter with no time lag. Typically, we apply
the filter forwards and backwards three times, which we
denote as a third stage multipass, second-order Butter-
worth filter.

The width of the Butterworth filter is defined by a filter
time constant (ftc). In order to have a consistent comparison
with other filters, the Full-Width-Half-Maximum (FWHM)
or Half-Width-Half-Maximum (HWHM) of the curve is
often used. However, this can be defined in both tem-
poral and spectral domains. The temporal domain defi-
nition is illustrated to the left in Figure 1. In this case,
the filter can be applied to a discrete delta function time
series (black), resulting in a weight curve with a width
that depends on the ftc (red, blue, and yellow). The
FWHM or HWHM of the normalized weight curve defines
the time-domain resolution of the filter.

In the frequency domain, the transfer function, H(f),
can be derived experimentally as follows:

So(f) _ 17Gp)l _ abs(fft(y,))
S(f)  1FO)I abs(fft(y)’

where y; denotes the input (delta) function, y, denotes the
filtered output, S;(f) and S,(f) denote the power spectral
densities thereof, and fft denote the fast Fourier transform
(the right-most part imitates the numerical implementa-
tion). In this case, the half-transmission point, f;, can be
read on the curve as illustrated to the right in Figure 1. The
half-transmission point can be converted from the fre-
quency domain to the time domain as follows:

)

IH(P)I =

FWHM = 2 - HWHM = — 3)

Zf%

In either case, the resolution can be expressed as the
FWHM or HWHM, defining the along-track resolution in
units of time. The along-track spatial resolution, Agwgm Or
Auwnwm, of the resulting gravity estimates is proportional
to the along-track velocity of the aircraft, v, as follows:
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Figure 1: Illustration of third-stage, second-order Butterworth filter with three different time constants of 90, 120, and 150 s applied to a
delta function. (Left) Normalized convolution filters. (Right) Transfer functions (more specifically frequency response functions). Note the

units of frequency at the bottom and time at the top.

AFWHM =V- FWHM,

4
AHWHM =v .- HWHM. ( )

An example is illustrated in Figure 1. A third-stage,
second-order Butterworth filter with a filter time constant
of 120 s is applied to a delta function. If the time-domain
approach is pursued (left figure), the FWHM temporal
resolution is 89 s. At an along-track velocity of 67 m/s,
this results in a full-wavelength spatial resolution of
6.0 km and a half-wavelength resolution of 3.0 km. If
the spectral-domain approach is pursued (right figure),
the half-transmission point is f; = 0.00595 Hz, leading to
an FWHM temporal resolution of 84 s. An along-track
velocity of 67 m/s results in a full-wavelength spatial
resolution of 5.6 km and a half-wavelength resolution
of 2.8 km.

It should be noted that the frequency-domain approach
does not generally result in a lower resolution for any
filter and time constant. For the remainder of this inves-
tigation, the frequency-domain approach is used.

2.2 Processing methodology in strapdown
airborne gravimetry

The angular rates and accelerations measured by the
IMU will contain systematic errors, such as bias, scale
factor, and cross-coupling. For this reason, the IMU

observations are usually combined with GNSS observa-
tions using a Kalman filter approach. The angular rates are
integrated for attitude and the accelerations for velocity
and position, whereas independent estimates of position
(and possibly velocity) are derived from GNSS observa-
tions. These estimates are combined in a statistically
optimal fashion within the Kalman filter framework by
modelling the temporal evolution of an error covariance
matrix representing a set of states chosen for the system.
The most fundamental states are attitude, velocity, and
position along with gyroscope and accelerometer biases
(Jekeli 2001, Titterton and Weston 2004, Groves 2013).

The attitude estimates derived from the Kalman filter
framework are then used to form the rotation operator in
equation (1). This approach to deriving gravity estimates
has been denoted as the direct or cascaded approach
(Jekeli and Garcia 1997). However, since the measured
IMU accelerations are compensated for gravity before
integration, it is possible to add additional states, repre-
senting the error on the applied gravity field model, to the
Kalman filter state vector. In this way, estimates of the
gravity vector can be derived directly from the Kalman
filter. This approach is sometimes denoted as the indirect
or centralized approach. Both methods have been applied
with similar results (Johann et al. 2019).

Using the direct approach, it is straightforward to
derive the spatial resolution from the half-transmission
point of the applied filter. Using the indirect approach,
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the degree of filtering is controlled by modelling the
variation in the gravity field as a stochastic process.
The derived gravity estimates are a result of stochastic
modelling and weighting observations in a way that
depends on the physical circumstances. It is, therefore,
not straightforward to derive the spatial resolution,
which may not even be uniform along the survey.

2.3 Spatial resolution from Kalman filter
estimates

The spatial resolution of gravity estimates originating
from the indirect approach can be estimated similarly
to the method described earlier by applying a delta func-
tion and forming the frequency response, |H(f)|. One
approach for experimentally deriving the transfer func-
tion is described further.

Figure 2 shows two profiles of vertical gravity distur-
bance estimates along an airborne gravity survey. The
first profile (blue — not visible below the red curve) repre-
sents Kalman filter estimates using IMU and GNSS obser-
vations with no modifications. The second profile (red) is
derived using the exact same processing but with a delta
function of 1 mGal amplitude over a single 300 Hz sam-
pling interval applied to the vertical accelerations (after
the accelerations have been rotated into a local-level
system). Also shown is the difference between the two
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profiles having a peak of approximately 4 x 10 mGal
centred around the delta function.

In order to derive the transfer function as described
previously, we need to use the input and output functions
from the filter. In this case, a delta function time series of
1 mGal amplitude and 300 Hz sampling interval repre-
sents the input function, y;. The difference between the
two gravity profiles in Figure 2 represents the output
function, y,. Using these two time series, it is possible
to derive the transfer function using equation (2). The
associated convolution filter and transfer function is illu-
strated in Figure 3. By reading off the half-transmission
point, the spatial resolution can be derived from the
along-track velocity using equations (3) and (4).

3 Survey and data

The data used in this investigation represent two sources:
(1) a gravity database consisting of ground and shipborne
gravity observations collected through many years and
(2) new airborne gravity observations collected on April
25th 2016 during a test flight of the iNAT-RQH navigation-
grade IMU from iMAR navigation.

An overview of the database and flight track is
shown in Figure 4. The survey was initiated from Ros-
kilde Airport (RKE) and consisted of a single flight line
flown twice. The line was arranged such that the profile
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Figure 2: Illustration of vertical gravity estimates with and without applying a delta function of 1 mGal amplitude to the vertical channel of
acceleration. The dashed line illustrates where the delta function was applied. (Top) Gravity disturbance estimates with and without
applying a delta function (difference not visible — red curve is on top of the blue curve). (Bottom) Difference between the two estimated

gravity profiles.
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Figure 3: Illustration of the normalized weight function and transfer function derived from the differences shown in Figure 2. Also shown are
the curves derived from a third-stage, second-order Butterworth filter with a time constant of 115 s. (Left) Normalized convolution filter.
(Right) Transfer function.
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Figure 4: Overview of the survey. The ground track (black) is illustrated along with gravity anomalies measured across the region. Also
shown is Roskilde Airport (RKE), the two waypoints defining the flight line and some relevant locations along the line.

crosses over the Silkeborg gravity high and the Danish are approximately 300 km apart, and the profile was
Salt Dome Province in northwestern Jutland (Madirazza flown at an altitude of around 600 m (2,000 ft.) and a
et al. 1990, Ramberg and Lind 1968). The two waypoints ground speed of 67 m/s (130 kts).
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3.1 Upward continuation of ground
observations

To compare the database gravity values with airborne
estimates, the ground gravity anomalies, Ag, are con-
verted to gravity disturbances, g, as follows:

6g = Ag + N - 0.3086 mGal/m, (5)

where N is the geoidal undulation. Using the GRAVSOFT
software package, the gravity disturbances are inter-
polated onto a 0.005° x 0.01° grid using least squares
collocation, with the covariance modelled as a second-
order Gauss—Markov model having a correlation length
of 25 km. Afterwards, the grid is upward continued
to an altitude of 600 m using the fast Fourier trans-
form and interpolated onto the flight trajectory
(Schwarz et al. 1990). The resulting gravity profile
is illustrated together with the airborne estimates in
Figure 5.

3.2 Airborne gravity processing

For the airborne survey, the IMU was installed together
with a JAVAD DELTA GNSS receiver and some batteries
on the back seat of a Cessna 182T Skylane aircraft. A
NovAtel ANT-532-C dual frequency GNSS antenna was
attached to the rear windscreen of the aircraft using
tape and connected to the GNSS receiver.
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Using the Hexagon | NovAtel Waypoint software suite,
a PPP solution was derived from the GNSS observations
together with final satellite ephemeride products made
available by the International GNSS Service. A tempera-
ture drift correction as described by Becker et al. (2015)
was applied to the vertical accelerometer readings of the
IMU. The accelerations and angular rates observed by the
IMU were then integrated for attitude, velocity, and posi-
tion and combined with GNSS position estimates using an
extended Kalman Filter approach as described in the study
of Jensen & Forsberg (2018). An overview of the stochastic
models used in the Kalman filter is given in Table 1.

The along-track variation in gravity disturbance was
modelled as a third order Gauss—Markov process, and tie
values were introduced before and after take-off as mea-
surement updates. The spatial parameters were trans-
formed into the time domain using combined GNSS/IMU
along-track velocity estimates. Finally, the navigation esti-
mates were smoothed by combining navigation profiles
processed forward and backward in time using an imple-
mentation of the Rauch-Tung-Striebel algorithm (Gelb,
2013, Chapter 5). The resulting vertical gravity disturbance
estimates are shown in Figure 5.

4 Results

The spatial resolution of the airborne gravity estimates
derived using Kalman filtering is estimated using two
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Figure 5: Gravity and topography along the profile. (Top) Gravity disturbance from the first and second flight pass. Blue lines are upward
continued ground observations; red lines are airborne gravity estimates; (Bottom) Along-track topography from the 30 arc second Shuttle
Radar Topography Mission (SRTM30) data product (Farr and Kobrick 2011).
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Table 1: Overview of error states modelled in the extended Kalman filter

Error state Model

Initial uncertainty System noise

Attitude Random walk
Velocity Random walk
Position None

Random constant
Random walk
Third order Gauss—Markov model

Gyroscope bias
Accelerometer bias
Gravity disturbance

[1,1,5]° 0.2 arcsec/A/s

0.5m/s 5 x 107 m/s//s

[1,1,5] m 0 m/Js

0.001°/h 0°/h//s

30 mGal 0.01 mGal//s

0.03 mGal o = [11.66, 5.05, 13.62] mGal

1B = [5790, 9470, 7210] m

methods: (1) The resolution is estimated based on a com-
parison with the upward continued terrestrial observa-
tions; (2) The resolution is estimated using the method
proposed earlier by applying a delta function to the
observed accelerations and forming the transfer function.

4.1 Comparing airborne and ground
observations

The gravity database and airborne gravity estimates repre-
sent two independent sources of information that can be
compared. By forming the difference between the two pro-
files, the mean, minimum, maximum, standard deviation
(STD), root-mean-square (RMS) and root-mean-square-
error (RMSE = RMS/+2) measures can be derived from
the residuals. These are shown in the first two rows of
Table 2.

Comparing airborne gravity estimates from the first
and second pass of the profile represents an internal vali-
dation of the airborne estimates. This is shown in the
third row of Table 2, whereas the fourth row represents
statistical variables derived from the difference between
upward continued gravity values interpolated to the first
and second pass, respectively. In this case, the deviation
originates purely from differences in position, since the
trajectories differ slightly.

By assuming that the upward continued database
profile resembles the actual non-smoothed gravity field

at flight altitude, we can use the profile to estimate the
spatial resolution of the airborne gravity estimates. If we
pretend that the airborne gravity estimates were filtered
using a third-stage, second-order Butterworth filter, we
can apply this filter with varying filter time constants, in
order to find the smoothed profile that best resembles the
airborne gravity estimates. Figure 6 illustrates the STD
and RMS of the residuals between database and airborne
estimates, formed after applying an along-track filter to
the upward continued database profile. It is noted that
the residuals are formed using only that part of the profile
which is on the surveyed line segment.

Comparison of the difference between smoothed
database and airborne estimates indicates the best agree-
ment between the two profiles using a filter time constant
of 115 s. A third-stage, second-order Butterworth filter with
a 115 s filter time constant has a half-transmission point at
0.00621 Hz, which can be converted to a full-wavelength
resolution of 5.39 km at an along-track velocity of 67 m/s
using equation (4).

4.2 Estimating the spatial resolution of
gravity estimates

A delta function of 1 mGal amplitude at 300 Hz sampling
rate was added to the vertical accelerations during the
processing of airborne data. By comparing the resulting
gravity estimates with the unperturbed estimates, the

Table 2: Statistical variables derived from differences between gravity profiles (profile 1 minus profile 2)

Profile 1 Profile 2 Mean Min Max STD RMS RMSE

First pass database First pass airborne 2.5 0.6 5.5 0.9 2.7 1.9 mGal
Second pass database Second pass airborne 3.0 0.9 5.0 0.7 3.0 2.2 mGal
First pass airborne Second pass airborne 0.4 -1.2 2.8 0.7 0.8 0.6 mGal
First pass database Second pass database 0.0 -0.6 0.6 0.2 0.2 0.1 mGal

RMS refers to the root-mean-square and RMSE = RMS/+/2 to the root-mean-square-error. There are two data sources and the line profile

was flown twice, resulting in four possible combinations.
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Figure 6: STD and RMS of the difference between database and
airborne gravity estimates after applying a third-stage, second-
order Butterworth filter of varying filter time constant to the upward
continued database profile. The residuals are formed only for that
part of the profile which is on the surveyed line segment.

spatial resolution was derived according to the method
described in Section 2.3. This procedure was repeated
57 times at approximately 120 s intervals, adding only a
single delta function at each processing iteration. The
derived spatial resolution along the two passes of the
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line is shown in Figure 7. The mean value of 5.54 km
has an STD of 0.14 km.

5 Discussion

From the results presented in the previous section, it is
evident that the method proposed in this investigation
yields results consistent with the database comparison,
namely a full-wavelength spatial resolution of approxi-
mately 5.5 km.

Inspecting Figure 7 there is also evidence that the
spatial resolution is not constant throughout the profile.
This is consistent with expectations as argued previously.
The average spatial resolution for the first pass of the
profile is 5.49 km, whereas the average for the second
pass is 5.59 km, indicating that spatial resolution is
dependent on physical circumstances such as weather
conditions, flight dynamics and GNSS observability.

Comparing database and airborne estimates in Table 2,
the mean value indicates an offset between the two
datasets. Since the IMU was not strictly fixated on the
aircraft during this test flight, this bias could easily
originate from a physical movement of the sensor.
When interpreting the results, we should also keep in
mind that long-wavelength errors mainly arise from
the long-term instability of the accelerometers.

Comparing the two datasets in terms of STD, which
takes into account a mean difference, the second pass
yields results superior to the first pass. This could be
due to a difference in filtering since the second pass
seems to be subject to more severe filtering, which
could result in better accuracy (at the cost of spatial
resolution).
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In terms of the internal validation by comparing
airborne estimates from the first and second flight
passes, a mean difference of 0.4 mGal is observed.
This is consistent with the 0.5 mGal difference when
comparing the first and second passes with the database
and represents some long-term errors in the gravity esti-
mates, possibly originating from uncompensated drift of
the accelerometers.

The estimated accuracy derived by internal valida-
tion is 0.6 mGal in terms of the RMSE measure and
0.7 mGal in terms of the STD. When compared with
the database, the values are 1.9-2.2 and 0.7-0.9 mGal,
respectively. Based on the comparison of database values
between the two passes, around 0.1-0.2 mGal originate
from the difference in flight trajectory, i.e. comparing
gravity estimates at two different locations.

6 Conclusion

This investigation presented a method for deriving spa-
tial resolution of airborne gravity estimates by applying a
delta function to the observed accelerations and evalu-
ating the resulting transfer function. The method yields
a full-wavelength spatial resolution of approximately
5.5 km at an accuracy of 0.6 mGal, consistent with a
comparison with terrestrial observations (ignoring the
offset between the datasets).
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