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Abstract: This study demonstrates that absolute (geocen-
tric) and relative sea level trends, sea level acceleration,
low frequency sea level variations and linear trends in ver-
tical crustal movements experienced at a tide gauge sta-
tion can be estimated simultaneously using conflated satel-
lite altimetry and tide gauge measurements without the
aid of GPS measurements. The formulation is the first of
its kind in sea level studies and its effectiveness is exem-
plified using tide gauge, and satellite altimetry measure-
ments carried out in the vicinity of a tide gauge station.
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1 Introduction

Tide gauge, TG, and satellite altimetry, SA, measurements
are primary technologies for monitoring, analyzing and
modelling sea level variations. While SA measurements
are intrinsically absolute, i.e. geocentric, TG measure-
ments are relative as they are referenced to the earth’s
crust that may be affected by vertical crustal movements,
VCM. Today SA measurements are ubiquitous, yet they
span only 24 years. However, although TG stations are
limited in number globally, and sample only coastal ar-
eas, TG records can be century long thereby better suited
for detecting and quantifying relative sea level trends and
low frequency sea level variations that confound detect-
ing and estimating sea level trends and accelerations us-
ing SA measurements. The best of the two worlds is there-
fore their conflation. To achieve this end, one can estimate
relative sea level trend and acceleration using TG measure-
ments and correct the estimated relative trend using global
positioning system, GPS, measurements for the effect of
the VCM. Currently, this approach is limited due to lack
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of sufficiently long GPS measurements at TG stations or
in their vicinities. However, SA measurements are geocen-
tric, and their time span are longer than the GPS measure-
ments, thereby they can be used to provide information
about VCM.

The use of TG and SA measurements and geological
data to estimate VCM is not a new idea. Fadil et al., (2013)
offers an exhaustive review of studies in this area. More re-
cently, Iz, et al., (2017), and Iz et al. (2019) introduced and
demonstrated optimal mathematical and statistical meth-
ods to achieve this end. This study, however, differs from the
previous ones in terms of both mathematical and statistical
models, which enable simultaneous estimation of absolute
and relative sea level trends and acceleration, low frequency
sea level variations and VCM experienced at a TG station
using conflated SA and TG measurements without the aid of
geological information or GPS measurements.

In the following sections, first, we describe monthly
SA altimetry records nearby a TG station, namely, Atlantic
City, USA used in this study. We then estimate relative sea
level trend and acceleration using monthly TG data, and
absolute sea level trend and acceleration using SA data.
The difference between the estimated relative and abso-
lute sea level trends gives the linear rate of VCM experi-
enced at the TG station. These results are used as baseline
estimates for the subsequent solution. In what follows, we
estimate all the aforementioned model parameters simul-
taneously using a conflation model with restricted Least
Squares for a comparison. The estimated VCM of the con-
flation model is then contrasted against the VCM obtained
using GPS measurements carried out in the vicinity of the
tide gauge station for verification.

2 Atlantic City, USA, Tide Gauge
and Satellite Altimetry Data

Atlantic City, USA, TG station was selected for the numeri-
cal demonstration of the models to be discussed in the fol-
lowing sections. The TG measurements at this location ex-
hibits various low frequency sea level variations and also
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experience significant VCM as revealed by GPS measure-
ments at this locality (16 km away from the TG station).

TG time series were downloaded from the Perma-
nent Mean Sea Level (PSMSL) repository (PSMSL, 2018) as
shown in Figure 1. TG time series are referenced to the Re-
vised Local Reference (RLR). Because no corrections for
the post glacial rebound (PGR) or local vertical movements
were applied to the data, they represent relative sea level
changes with respect to the Earth’s crust.

Although the SA measurements are already corrected
for the effect of atmospheric pressure, TG measurements
are not. In this study, ERA-Interim (Dee et al., 2011) and
NOAA-CIRES 20th Century Reanalysis V2c (Compo et al.,
2006) monthly averaged surface pressure product were
used for computing inverted barometer, IB, correction. The
ERA-Interim dataset for the Key West TG station was down-
loaded from European Centre for Medium-Range Weather
Forecasts archive (ECMWF, 2019, Berrisford et al., 2011).
The data reflect the monthly averaged surface pressure
on a regular 0.75° x 0.75° longitude/latitude grid for the
period from Jan 1979 to Oct 2018. Because ERA-Interim
does not provide the data before 1979, we downloaded
NOAA-CIRES Reanalysis surface pressure dataset as well
from NOAA ESRL Physical Sciences Division archive. The
monthly mean surface pressure data for Jan 1851 to Dec
2014 are presented by 2° x 2° longitude/latitude grid. The
mean of differences between ERA-Interim and NOAA Re-
analysis are computed using overlapping period of two
dataset at each station, and then added to the ERA-Interim
data. TG measurements shown in Figure 1 are corrected for
the IB effect.

The sea level around the Atlantic City, USA, TG sta-
tion was also surveyed by various SA for geocentric mean
sea level, MSL, variations/anomalies. We used SA sea level
anomaly data produced by the NASA’s MEaSURe’s pro-
gram, which were downloaded on January 2019 for the
region 24°N, 82°W -25°N, 81°W for the period Dec 1992
- Jun 2017 (Figure 1). The time series includes data from
TOPEX/Poseidon (T/P), Jason-1, Ocean Surface Topogra-
phy Mission/Jason-2 (OSTM) and Jason-3 primary mission
series (TPJAOS) (Zlotnicki et al., 2016).

3 Generic kinematic and statistical
trend models for satellite
altimetry and tide gauge records

Iz (2014, 2015) developed a kinematic model consisting
of a secular trend, acceleration, and statistically signif-
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Fig. 1. Overlapping Atlantic City TG (in blue) and SA monthly sea
level measurements used in this study. Each time series refers to its
own datum.

icant and globally prevalent specific low frequency sea
level variations that are due to the coupling of astronom-
ical forcing of luni-solar origin, in tandem with other nat-
ural broadband internal ocean—-atmosphere interactions,
including atmospheric and thermosteric contributions.
Their interaction produces signatures at multi-decadal
time scales known as sub and super harmonics (ibid.)
shown in Figure 2.

With this a priori understanding about the underlying
sea level variations, the kinematic and statistical model for
both SA and TG time series reads as,

ht =ht0 + V(t - to) + g(t - to)z

+ i {ak sin Ki—:) (t- to)}

k=0

4y cOS [(%’Z) (t- fo)} } e W

In this model, monthly averaged tide gauge data,h;,
are observed at t = tgiqyt - - - tgng- The epochs of the mea-
surements are shifted to the middle of the series, to for
shorter time offsets to improve the numerical stability of
the solution. The unknown sea level reference height h;,is
defined at the middle epoch of the measurements. The ini-
tial velocity is v, and a is the acceleration or deceleration
in sea level. The initial velocity is a relative trend if the
measurements were conducted at TG stations, or geocen-
tric (or absolute) if SA measurements are under considera-
tion. Therefore, the above formulation is valid for both TG
and SA time series with a different realization of the under-
lying sea level trend.

The unknown parameters a; an dy; are the harmonic
components to be estimated and used to calculate the am-
plitudes and the phase angles of the periodicities stated
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above. The summation is carried over for all the harmon-
ics m, listed in Figure 2. In addition, a study by Iz (2015)
detected and quantified that tide gauge stations located at
the West Atlantic coast were also affected by a multitude
of periodic changes at decadal scales including a statisti-
cally significant (p < 0.05) periodicity within the 12-14 yr.
range that can be attributed to wind driven currents and
atmospheric pressure variations. This effect is also incor-
porated into the model given by eq (1).

The randomvariable ¢; represents the lump-sum effect
of an underlying first order autoregressive, AR1) process,
and instrument errors or other random effects in sea level
changes, i.e., disturbances u;. The autoregressive error &;
is expressed as,

g =p&-1+u t=..,-2,-1, 0, 1, 2,... )

In this expression, -1 < p < 1 is the unknown auto-
correlation coefficient of AR1) process. Furthermore, the
stochastic process for the random noise u;, has the follow-
ing assumed distributional properties,

E(u) =0 E(uf) =0y E(ueurq)=0
(¢ =/l) >3y = diagonal(oﬁ) 3)

The properties of the random variable u; in eq. (3)
can be abbreviated as independent and identically dis-
tributed random variable, u, ~ iid(0, o), where 0% is the
variance of the random variable.

In the following section, we will first describe the sea
level data collected at a TG station namely, Atlantic City,
USA and the SA data in its vicinity. Two sets of model
parameters are then estimated independently using data
from each technology for the same area.

Periodinyaars

Fig. 2. Low frequency sea level variations experienced at globally
distributed TG stations (Iz, 2014).
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3.1 Single Model Solutions for TG and SA at
the Atlantic City

We used the model described by eq. (1) — eq. (3) to estimate
the trends for both SA and TG time series using Hildreth-
Lu procedure (Hildreth and Lu, 1960), which accounts for
the effect of AR(1) disturbances. The estimated absolute
and relative sea level trends and their uncertainties, i.e.
standard errors, SE, are shown in Table 1. Both sea level
trends and acceleration are statistically significant at 95 %
confidence level, CL!. Some of the parameters are either
not estimable because of the high variance inflation fac-
tors, VIF?, leading to harmful collinearity, or they were not
statistically significant. The amplitudes of strongly domi-
nant harmonics, such as annual sea level variations were
replicated by the TG and SA measurements. The other es-
timated amplitudes estimates differ because TG samples
sea level variations at a locality whereas SA is an averaged
value of sea level variations over an area (0.75° x 0.75° grid)
in the vicinity of the TG station and they are the final prod-
uct of several SA missions.

The difference of the two velocity estimates calculated
using SA and TG measurements quantifies the rate of VCM
at the TG station to be —0.66+0.63 /yr. Although the mag-
nitude of the estimated VCM rate is large so is its SE, which
suggests that the null-hypothesis Hy : VCMg4 - VCM7pg =
0 cannot be rejected. However, GPS measurements reveal
statistically significant VCM within the vicinity of the TG
station (-1.31+0.14 /yr). Note that because the GPS station
is not colocated at the TG station (16 km away), they may
experience different local subsidence, which are unknown
to us.

One of the several reasons for the TG and SA measure-
ments failing to detect a statistically significant VCM in-
cludes the difficulty of modelling low frequency sea level
variations for short SA records as evidenced in Table 1. An-
other reason is the omission of the correlation between
the estimates in single model solutions, which may inflate
the error of the estimated VCM rate. In the following sec-
tion, these deficiencies will be ameliorated by conflating
SA measurements and TG measurements with long records
under a single model—the confluence model.

1 We used 95 % confidence level throughout the study.
2 VIFs are calculated by regressing each one the parameter over the
others.
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Table 1. Statistically significant (95 % CL) SA and TG solution pa-
rameters. Trend and acceleration estimates and their 1 o standard
errors (SE) are in mm/yr and mm/yr?. The amplitudes of the period-
icities (yr) and their SE are in mm. NA: Not Available.

Amplitude  SE Amplitude  SE

Parameter
TG SA
Trend 3.96 0.09 3.31 0.61
Acceleration 0.016 0.005 NA NA
75 13.71 5.54 NA NA
56 19.10 5.68 NA NA
22 9.77 3.03 17.69 6.37
18.6 10.16 4.17 13.34 4.69
12.4 15.02 2.93 NA NA
11 8.09 2.84 NA NA
9 NA NA 10.61 4.93
5 10.00 2.85 NA NA
3 NA NA 10.38 4.69
2.6 8.64 2.84 NA NA
2 NA NA 12.73 4.61
Chandler 8.12 2.76 NA NA
Annual 64.38 3.86 65.38 5.83
Semi Annual 27.73 3.51 NA NA
Trimestral NA NA 4.93 2.25

3.2 The confluence model

Stacking the two models for the SA and TG records using
the generic equation given by eq. (1) should be the next
step for solving periodicities, absolute and relative sea
level trend parameters. Nonetheless, such an approach
fails to resolve the issues discussed in the previous sec-
tion. Because SA records are short and located at the end
of the TG time series, they unduly influence the estimates,
an effect known as, data with high leverage (Belsley et al.,
1980). Moreover, such an approach would still require es-
timation of the VCM as another step. Alternatively, one
can difference SA and truncated TG series, thereby elim-
inating common periodic sea level variations. But such an
approach still fails because SA and truncated TG series
are not sufficiently long to account for the effect of low
frequency sea level changes. Another approach demon-
strated by Iz et al. (2019) successfully estimates VCM using
SA and TG measurements via “Condition equations with
unknown parameters.” Nonetheless this approach will re-
quire another step to calculate absolute and relative sea
level trends through variance propagation with full V/C
matrices. The following kinematics conflation model re-
solves both problems by modelling the relative linear sea
level trend in TG record as a function of SA trend and VCM
trend, and the geocentric SA sea level trend as a function
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of TG trend and VCM trend in SA records,

hT6 =htToG + yVEM({TG _ 4TG) | [ SA((TG _ TGy
1 - 2m
16 _ TG . 6 _ TG
+ az(t - 00y + Z {aksm ka> (t -t )}
k=0
+ yj cos {<E> (tTG - tgG)} } + etTG (4)
Py
KA =hf(;4 _ YVEM(fSA _ (TGY | | TG(SA _ (TG

1 - . 2n
+ az(tSA —t36)? & Z {ak sin Kp—k) (tSA - tgG)}

k=0
+ Y cos [(z—ﬂ) (tSA - tgG)} } +esh (5)
Py
el = proetq +ui® 0<lprg| <1 u{® ~iid(0, 0}re)
(6)

sA SA | SA SA . 2
e =psaciytui” 0<|psa| <1 uy® ~iid(0, 0ys4)

@

In the above formulations, the relative and absolute
(geocentric) velocities are linked to each other through the
following constraint,

VVCM + VTG _ VSA =0 (8)

We will outline the Least Squares Solution, LSS, to be
used in estimating the model parameters in the following
section.

4 Restricted least squares

The observation equations discussed in the previous sec-
tion can be arranged in the following matrix/vector for-
mats,

vre = Argx“O +erg 9)

Vsa = Asax“ONF + gy

xCONF _ ¢

C (10)

In these expressions, ¢ is the 1 x u constraint vec-
tor arranged by considering eq. (8) and the coefficients
of the harmonics in eq. (4) and eq.(5) where u is the to-
tal number of unknown parameters in the vector x‘ONF
and nrg, ngy are the number of records for the TG and SA
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measurements respectively. The vectors yrg, and ysy re-
fer to the corresponding observations with design matrices
A7, and Agy,. Denoting,

y=Ax‘M ey Ve e:= | 676
Vsa €sa
ATG
A:= ASA (11)

we observe that the design matrix A is not full column rank
because the two trends that appear in each observation
equation based on eq.(1) — eq.(3) are collinear. But aug-
menting A with the constraint vector ¢, removes the rank
deficiency?,

rank=(A)=i-1, rank= <‘:> =u (12)

Asbefore, both records are autocorrelated as discussed be-
fore,

TG TG TG TG
£ trg trg—1 +u
‘ <1 trg=1...nr¢
&S AgSA, 1+ uSA (13)
tSA tsa-1

0<

‘<1 tSA 1...nSA

The corresponding variance/covariance, V/C, matrix
of the autocorrelated disturbances for any one of the time
series can be written as (iz and Chen, 1999, Kendall, 1968),

1 p pz ces pn_l
= 0 . . . = O- *
pn—l pn—z pn—3 1
(14)

where P is the corresponding nyg x nyg or ngs x ngaweight
matrix depending upon which records are in consideration
and o?is the variance of the disturbances, €. Implicit in
this expression is the assumption that measurements are
equally spaced in time. The correlation decreases for in-
creasing time lag because |p| < 1. The above patterned V/C

3 One of the reviewers identified this requirement as orthogonal bor-
dering discussed in Bjerhammar (1973, Chap. 9), which requires that
the row vector cin the constraint to be orthogonal to all rows in matrix
A to increase the rank from u - 1 to u for the exact solution to hold. It
may also be possible to eliminate one of the trend parameters from the
observation equations and calculate the eliminated parameter using
adjusted estimates via full V/C propagation in a two-steps procedure.
This approach however created instability in inverting the resulting
normal equations.
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matrix has an analytical inverse, and is given by (ibid.),

o

1= P
1-p2
1 -p 0 0 0 ]
-p 1+p> —p 0 0
0 —-p 1+p? 0 0
= . . . . . . (15)
0 0 0 1+p%> —p
) 0 0o - —-p 1 ]

Assuming SA and TG measurements are uncorrelated,
we obtain,
-2
()
1-pr6? Prg 0

0 % _p
T-psa?” SA

>t= (16)

At this point another difficulty arises because the solu-
tion of the corresponding normal equations involves an in-
version without the constraint (Uotila, 1988), which is not
possible. Fortunately, Toutenburg (1982, pgs. 33-36) offers
the following alternative formulation®,

~CONF T T T y-1
X =(Ar¢ PrgArc+Asa PsaAgs+c ©)

(Arc"Preyr6+Asa’ Psaysa) (17)
ZiCDNF = a'(z)(ATGTPTGATG+ASATPSAASA+CTC)71
(A7 ProATc+AsaTPsaAsy) (18)
(A ProAc+AsaTPssAsa+cl )
AT A
&(2) _ £ Pe (19)

nSA +nl6 —y -1
In this expression, the residuals are calculated
through the following expression,

(20)

We used this formulation to estimate the model pa-
rameters for the Annapolis TG station using TG and SA
records in the following section.

5 Solution

The solution residuals for the SA and TG records are dis-
played in Figure 3. The circular clusters are indicative of

4 Note that this is derivation is not an exact replica of the derivation
given in Toutenburg (1982) but a variant of it derived by splitting the
design matrix A in two parts Arg and As,, and assuming that the SA
and TG measurements are not correlated.
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Fig. 3. TG and SA solution residuals calculated using the conflation
model.

random variations (Figure 4). Theoretically, the expected
value of the Durbin-Watson (DW) statistic is 2 for random
distributions. In this solution the calculated DW = 2.00 for
the SA residuals, and DW =1.95 for the TG residuals. The
estimated parameters for the absolute and relative trends
and VCM rates are listed in the third row of Table 2. All the
trend estimates are statistically significant. All three esti-
mated linear velocities for absolute and relative sea levels
and VCM are consistent in relation to each other and they
are statistically well defined. The estimated sea level accel-
eration coon to the SA and TG measurements in the con-
flation model is statistically significant, which is not the
case when it is estimated from SA records only. More im-
portantly, the null hypothesis for the estimated VCM rate:
Hpy : VCMgy — VCM7s = 0 is now rejected, i.e., the linear
rate of VCM is statistically significant. Although the mag-
nitude of the estimated rate of the VCM is almost 50 %
smaller than the one estimated from GPS measurements,
the VCM trend estimate based on the conflation model is
likely to be more reliable because it is based on 24 years
of data span as compared to the VCM trend estimate using
9 years of GPS records. Again as noted before, because the
GPS station is not colocated at the TG station (16 km away),
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Fig. 4. Atlantic City TG and SA solution residuals plotted against
their adjusted records. Circular clusters are indicative of randomly
distributed residuals.

they may experience different local subsidence, which are
unknown to us.

6 Conclusion

In this study, we demonstrated that SA and sufficiently
long TG records can be used effectively for all TG stations
at coastal areas in quantifying absolute and relative sea
level trends and acceleration, together with linear rate of
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Table 2. Estimated trends and acceleration. N/S: Not Significant at 95% CL. SE of the estimates are 10.
Parameter Velocity SA /yr  Velocity TG /yr Acceleration Acceleration TG/yr? VCM /yr VCM GPS /yr
/Model ySniy VIS spyr v y v
Single 3.3010.62 3.96+0.09 N/S 0.016+0.005 -0.6610.63 -1.31+0.14
Conflated 2.71+0.52 3.44+0.27 0.015+0.006 0.015+0.006 -0.74+0.26 -1.31+0.14

change in VCMs accurately. It is not always evident that
SA will provide better results for estimating VCM than
GNSS when combined with TG. However, if the local SA
measurements are reliable, this approach will provide
better estimates for the linear rate of changes in VCMs
at TG stations at coastal areas around the globe than
those that would be obtained from GPS measurements
because such evaluations will always be based on longer
SA records than those based on GPS records. This out-
come, however, does not mean that GPS measurements
are redundant. SA is not a replacement for a co-located
assessment. GPS will always be needed as consilience
values or can be incorporated into the conflation model as
additional information. It is also possible to incorporate
GPS measurements if available into the demonstrated
kinematic and statistical models as prior information
about VCM once they are verified to be compatible with
the indirectly available VCM information via SA.

Acknowledgments: We thank an anonymous reviewer for
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manuscript.
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