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Abstract: The inexact Newton method developed earlier for computing deflating subspaces associated with
separated groups of finite eigenvalues of regular linear large sparse non-Hermitian matrix pencils is special-
ized to solve eigenproblems arising in the hydrodynamic temporal stability analysis. To this end, for linear
systems to be solved at each step of the Newton method, a new efficient MLILU2 preconditioner based on the
multilevel 2nd order incomplete LU-factorization is proposed. A special variant of Krylov subspace method
IDR2with right preconditioning is developed. In comparisonwithGMRES it requiresmuch smallerworkspace
while may converge considerably faster than BiCGStab. The effectiveness of the proposed methods is illus-
trated with matrix pencils of order up to 3.1 ⋅ 106 arising in the temporal linear stability analysis of a typical
hydrodinamic flow.
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ity analysis, inexact Newton method, inverse subspace iteration, generalized Sylvester equation, GMRES,
BiCGStab, IDR(s), right preconditioning, multilevel incomplete LU-factorization, 2nd order LU-factorization
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1 Introduction
To solve the partial eigenvalue problem Ax = λBx for the linear matrix pencil A − λB with large sparse non-
Hermitian matrices A and B the following three methods are widely used: Arnoldi, non-symmetric Lanczos,
and Jacobi–Davidson [2, 9, 21, 22, 34]. To compute an eigenvalue using the Arnoldi or Lanczos method, the
above problem for the linearmatrix pencil is usually reduced to the ordinary onewith thematrix (A−σB)−1B,
where σ is a given complex value close to the eigenvalue to be found.Multiplication of thematrix (A−σB)−1 by
a vector is then replaced by a high accuracy solution of the systemwithmatrix A−σB. If the systemdimension
is too large to solve it sufficiently fast with a direct method (e.g. LU-factorization [19]), then preconditioned
iterative methods can be used to reduce the computational costs. Using the Jacobi–Davidson method one
needs to solve a linear system at every iteration, though with a lower accuracy, but in the subspace which is
orthogonal complement to the latest approximation of the desired eigenvector. To compute a group of eigen-
values it is necessary to use block variants of the above methods or a deflation procedure [2]. This results in
a considerable increase in computational cost and the methods become considerably more complicated.

This explains why many researchers still use the inverse subspace iteration, which converges starting
with an almost arbitrary initial guess and is much simpler than the above mentioned methods. Over the past
few years certain economical variants of the inverse subspace iterationwere proposed [16, 41], namely, the so-

*Corresponding author: Kirill V. Demyanko,Marchuk Institute of Numerical Mathematics, Russian Academy of Sciences,
Gubkina st. 8, 119333 Moscow, Russia; Keldysh Institute of Applied Mathematics, Russian Academy of Sciences, Miusskaya
sq., 4, 125047 Moscow, Russia. Email: kirill.demyanko@yandex.ru
Igor E. Kaporin, Dorodnicyn Computing Center RAS of the Federal Research Center ‘Computer Science and Control’ RAS, Vavilov
st. 40, 119333 Moscow, Russia.
Yuri M. Nechepurenko,Marchuk Institute of Numerical Mathematics, Russian Academy of Sciences, Gubkin st. 8, 119333
Moscow, Russia.



Journal of Numerical Mathematics is a journal devoted to the publication of high quality papers featuring contemporary research in all 
areas of Numerical Mathematics. This includes the development, analysis and implementation of new and innovative methods in Numerical Linear 
Algebra, Numerical Analysis, Optimal Control/Optimization, and Scientific Computing. The journal will also publish applications-oriented papers 
related to problems in engineering, finance, and life sciences.

All information regarding notes for contributors, subscriptions, Open access, back volumes and orders is available online at www.degruyter.com/jnum.

ABSTRACTED/INDEXED IN   Baidu Scholar · Cabell's Whitelist · CNKI Scholar (China National Knowledge Infrastructure) · CNPIEC: cnpLIN-
Ker · DBLP Computer Science Bibliography · Dimensions · EBSCO (relevant databases) · EBSCO Discovery Service · Engineering Village · Gale/
Cengage ·Genamics JournalSeek ·Google Scholar ·Japan Science and Technology Agency (JST) · J-Gate · Journal Citation Reports/Science Edition · 
JournalGuide · JournalTOCs · KESLI-NDSL (Korean National Discovery for Science Leaders) · Mathematical Reviews (MathSciNet) · Microsoft 
Academic · MyScienceWork · Naver Academic · Naviga (Softweco) · Primo Central (ExLibris) · ProQuest (relevant databases) · Publons · QOAM 
(Quality Open Access Market) · ReadCube · SCImago (SJR) · SCOPUS · Semantic Scholar · Sherpa/RoMEO · Summon (ProQuest) · TDNet · Ulrich's 
Periodicals Directory/ulrichsweb ·WanFang Data ·Web of Science: Current Contents/Physical, Chemical and Earth Sciences; Science Citation Index 
Expanded · WorldCat (OCLC) · Zentralblatt Math (zbMATH).

ISSN 1570-2820 · e-ISSN 1569-3953 · CODEN JNMOAM 

RESPONSIBLE EDITOR  Ronald Hoppe, Institute of Mathematics, University of Augsburg, Universitätsstr. 14, 86159 Augsburg, Germany. 
E-Mail: hoppe@math.uni-augsburg.de

Yuri A. Kuznetsov, Department of Mathematics, University of Houston, Houston, TX 77204-3008, USA. 
E-Mail: kuz@math.uh.edu

Publisher: Walter de Gruyter GmbH, Berlin/Boston, Genthiner Straße 13, 10785 Berlin, Germany

JOURNAL MANAGER  Juliane Herzer, De Gruyter, Genthiner Straße 13, 10785 Berlin, Germany, 
Tel.: +49 (0)30 260 05 283, Fax: +49 (0)30 260 05 250, E-Mail: juliane.herzer@degruyter.com

RESPONSIBLE FOR ADVERTISEMENTS  Juliane Herzer, De Gruyter, Genthiner Straße 13, 10785 Berlin, Germany. 
Tel.: +49 (0)30 260 05 170, Fax: +49 (0)30 260 05 250, E-Mail: juliane.herzer@degruyter.com

© 2021 Walter de Gruyter GmbH, Berlin/Boston

PRINTING  Franz X. Stückle Druck und Verlag e.K., Ettenheim, Germany 



� J. Numer. Math.   2021 | Volume 29 | Issue 2

Contents

Vivette Girault, Beatrice Riviere, and Loic Cappanera
A finite element method for degenerate two-phase flow 
in porous media. Part I: Well-posedness  81

Francisco Guillén-González, M. Victoria Redondo-Neble, 
and J. Rafael Rodríguez-Galván
Numerical analysis of a stable discontinuous Galerkin 
scheme for the hydrostatic Stokes problem  103

Stefano Maset
Relative error analysis of matrix exponential 
approximations for numerical integration  119

Jie Shen, Jia-Tong Li, Fang-Fang Guo, and Na Xu
A redistributed bundle algorithm based on local 
convexification models for nonlinear nonsmooth DC 
programming  159


