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Abstract:
The double diffusivity model proposed earlier by Aifantis and co-workers was applied in this work for mod-
elling the diffusion of metals in sandy aquifers, as well as chloride diffusion in concrete specimens. The theo-
retical predictions are in very good agreement with the measured concentrations in all cases, showing that the
model is capable of dealing with a large variety of double diffusivity problems.
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1 Introduction

A double diffusivity model was initially proposed by Aifantis [1] and elaborated upon later by Aifantis and
co-workers [2], [3], [4], [5], [6] to interpret diffusion processes in the presence of high-diffusivity paths. The
double diffusivity model is a continuum model based on the assumption of two local non-equilibrium con-
centration fields obeying separate mass and momentum balance equations, with a linear constitutive equation
for the mass exchange term between them. The aforementioned diffusion paths are the bulk or grain diffu-
sion obeying Fick’s second law where the logarithm of concentration c varies linearly with the square of the
penetration depth x, and the surface diffusion taking place in internal surfaces, e.g. grain boundaries and triple
junctions. Double diffusion manifests itself in semi-logarithmic plots of diffusive matter concentration vs. pene-
tration depth through distinct regions of data forming lines with different slopes, from which the two diffusion
coefficients are calculated. In certain cases, surface diffusion is several orders of magnitude larger than in the
bulk. The double diffusion concept was extended to formulate a double diffusivity continuum model by Kon-
stantinidis and Aifantis [6] and Kalampakas and Aifantis [7].

For media with different transport paths, Hughes and Sahimi [8] proposed a model for transport in het-
erogeneous solids and porous media which contain N distinct families of transport paths (with N ≥ 2). The
model is relevant to transport in metals, polycrystals, porous catalysts, coalbed methane reservoirs and geo-
logical systems with fractures and pores. Klein and Peszynska [9] used a double-diffusion model to simulate
slightly compressible fluid flow in periodic porous media as a macro-model in place of the original highly het-
erogeneous micro-model. They presented an adaptive two-grid numerical finite-element discretisation of the
double-diffusion system and performed a comparison between the micro- and macro-models.

For novel and nanostructured materials, Konstantinidis et al. [10] proposed a continuum double diffusiv-
ity model for the interpretation of experimental results on oxygen self-diffusion through grain boundaries of
YBa2Cu3O7−x superconductors. The agreement between theory and experiment was very satisfactory. Recently,
Aifantis [11], for the case of nanopolycrystals proposed that the grain boundaries may be viewed either as
sources/sinks of “effective” mass and internal force or as a separate phase, interacting with the bulk phase
that it surrounds, and supporting its own fields, balance laws and constitutive equations reflecting this interac-
tion. In either view, a further common assumption introduced is that the constitutive interaction between bulk
and “interface” phases enters in the form of higher order gradient terms, independently of the details of the
underlying physical mechanisms that bring these terms about. The effectiveness of the approach is shown by
considering certain benchmark problems for nanoelasticity, nanoplasticity and nanodiffusion for which stan-
dard continuum mechanics theory fails to model the observed behaviour.

Based on similar ideas, an extensive work can be found on the theory of molecular physiology and bio-
physics [12], [13], where one of the most dominant methods assumed for a large class of cellular processes is
the reaction (or binding) diffusion kinetics, which are controlled by kinetic constants such as diffusion coeffi-
cients and on/off binding rate constants.

Avraam A. Konstantinidis is the corresponding author.
©2018 Walter de Gruyter GmbH, Berlin/Boston.
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In the next section the methodology of the double-diffusivity formulation is described, and in Section 3 its
application in various cases, while further developments on the application of double-diffusivity models in
various processes and materials can be found in [14], [15], [16], [17], [18], [19], [20], [21].

2 Methodology

The double diffusivity model [6] assumes two diffusion paths, namely the lattice and the dislocation or grain
boundary one, designated by the indices “1” and “2”, respectively, which are viewed as continuously dis-
tributed in space and time.

Let c1 and c2 denote the concentrations of the diffusing species in paths “1” and “2”, and j1 and j2 their
diffusion fluxes. Assuming that Fick’s law holds for each path separately, and that mass exchange takes place
between the two types of diffusion paths, then the equation of mass concentration ∂ca/∂t + divja = qa, leads to
the following constitutive equations

𝜕𝑐1
𝜕𝑡 = 𝐷1∇2𝑐1 − 𝜅1𝑐1 + 𝜅2𝑐2,

𝜕𝑐2
𝜕𝑡 = 𝐷2∇2𝑐2 + 𝜅1𝑐1 − 𝜅2𝑐2, (1)

where D1, D2 are the diffusion coefficients for each path separately and κ1, κ2 are the “reaction” constants
designating the interaction between paths.

We consider Eqs. (1) as the fundamental differential equations which describe simultaneous diffusion
through high-diffusivity and regular diffusion paths, or simultaneous diffusion of vacancies. The diffusing
species concentrations coming from Eqs. (1) for the case of a one-dimensional semi-infinite medium extending
in the x direction are given by

𝑐1(𝑥, 𝑡) = 𝑒−𝜅1𝑡ℎ1(𝑥, 𝐷1𝑡) +
√𝜅2𝑒𝜆𝑡

𝐷1 − 𝐷2

𝐷1𝑡
∫

𝐷2𝑡
𝑒−𝜇𝜉

⎧{
⎨{⎩

√𝜅1
𝜉 − 𝐷2𝑡
𝐷1𝑡 − 𝜉 𝐼1(𝜂)ℎ1(𝑥, 𝜉) + √𝜅2I0(𝜂)ℎ2(𝑥, 𝜉)

⎫}
⎬}⎭

𝑑𝜉, (2)

𝑐2(𝑥, 𝑡) = 𝑒−𝜅2𝑡ℎ2(𝑥, 𝐷2𝑡) +
√𝜅1𝑒𝜆𝑡

𝐷1 − 𝐷2

𝐷1𝑡
∫

𝐷2𝑡
𝑒−𝜇𝜉

⎧{
⎨{⎩

√𝜅2
𝐷1𝑡 − 𝜉
𝜉 − 𝐷2𝑡

𝐼1(𝜂)ℎ2(𝑥, 𝜉) + √𝜅1I0(𝜂)ℎ1(𝑥, 𝜉)
⎫}
⎬}⎭

𝑑𝜉, (3)

where I0,1 denote modified Bessel functions and the remaining quantities (λ, μ, η) are given by λ = (κ1D2–
κ2D1)/(D1–D2), μ = (κ1–κ2)/(D1–D2), 𝜂 = 2√𝜅1𝜅2(𝐷1𝑡 − 𝜉)(𝜉 − 𝐷2𝑡)/(𝐷1 − 𝐷2). The functions h1(x, t) and h2(x,
t), are the unique solutions of the “classical” diffusion equation ∂h/∂t = ∇2h.

Furthermore, we suppose that for a semi-infinite medium with finite source of diffusing substance placed
at the origin (“thin film” initial condition), the functions h1, h2 have the following form

ℎ1(𝑥, 𝑡) = 𝑀1

2√𝜋𝑡
𝑒−𝑥2/4𝑡, ℎ2(𝑥, 𝑡) = 𝑀2

2√𝜋𝑡
𝑒−𝑥2/4𝑡, (4)

where M1, M2 denote the initial amounts of diffusing substances in the form of a thin film in contact with the
specimen’s surface occupied simultaneously by the two types of diffusion paths. Then total concentration of
the diffusing species in both paths is calculated by addition of Eqs. (2) and (3), to obtain

𝑐(𝑥, 𝑡) = 𝑐1(𝑥, 𝑡) + 𝑐2(𝑥, 𝑡) (5)

The formulation presented in this section is applied in various diffusion problems and the theoretical predic-
tions are compared with simulation results as well as experimental measurements.

3 Applications and results

3.1 Reactive transport of metals in sandy aquifers

Organic carbon introduction in soil to initiate remedial measures, nitrate infiltration due to agricultural prac-
tices or sulfate intrusion owing to industrial usage can influence the redox conditions and pH, thus affecting the
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mobility of heavy metals in soil and groundwater. Satyawall et al. [22] reported the fate of Zn and Cd in sandy
aquifers under a variety of plausible in-situ redox conditions that were induced by introduction of carbon and
various electron acceptors in four column experiments. Up to 100% Zn and Cd removal (from the liquid phase)
was observed in all four columns, however the mechanisms were different. Metal removal in column K1 (con-
taining sulfate), was attributed to biological sulfate reduction and subsequent metal precipitation (as sulfides).
In the presence of both nitrate and sulfate (K2), the former dominated the process, precipitating the heavy met-
als as hydroxides and/or carbonates. In the presence of sulfate, nitrate and supplemental iron [Fe(OH)3] (K3),
metal removal was also due to precipitation as hydroxides and/or carbonates. In abiotic column, K4, [with
supplemental iron (Fe(OH)3), but no nitrate], cation exchange with soil led to metal removal.

3.1.1 Zn and Cd removal profile with pH variation in K4 after 61 days

The simulation results [22] for this case, shown in Figure 1A, were modelled through Eq. (5), with the various
model parameters given in Table 1, while the comparison with the theoretical predictions is shown in Figure
1B.

Figure 1: (A) Zn and Cd removal profile with pH variation in K4 after 61 days. (B) Comparison between theoretical pre-
dictions and simulation results.

Table 1: Parameter values for Zn and Cd removal profile with pH variation in K4 after 61 days.

κ1 (s−1) κ2 (s−1) t (s) D1 (m2/s) D2 (m2/s) M1 M2

Zn 9 10−9 12 10−13 5,270,400 7 10−10 4 10−1 0.2 0.12
Cd 9 10−9 12 10−13 5,270,400 8 10−10 4 10−1 0.24 0.12

3.1.2 Zn removal profile after 100 d in case of carbon/sulfate/nitrate intrusion

The removal of heavy metals in case of carbon intrusion after application of 10 mg/l (0.17 mm) acetate [in the
presence of 60 mg/l (0.62 mm) sulfate] was much faster (due to sulfate reduction and metal precipitation as
sulfides). The simulation results [22] in this case are shown in Figure 2A, and the comparison between them
and the theoretical predictions of Eq. (5), where the various model parameters are given in Table 2, is shown
in Figure 2B. Analogous comparisons in the cases of sulfate and nitrate intrusion are provided in Table 3 and
Figure 3, and Table 4 and Figure 4, respectively.
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Figure 2: (A) Zn removal profile after 100 days in case of carbon source intrusion (bioremediation condition). Assumed:
60 mg/l sulfate. (B) Comparison between theoretical predictions and simulation results [22].

Table 2: Parameter values for Zn removal profile in case of carbon intrusion after 100 days.

Accecate κ1 (s−1) κ2 (s−1) t (s) D1 (m2/s) D2 (m2/s) M1 M2

0 mg/l 9 10−9 12 10−9 8,640,000 10 10−10 4 10−1 0.36 0.12
10 mg/l 9 10−9 12 10−9 8,640,000 9 10−10 4 10−1 0.32 0.12
20 mg/l 8 10−9 12 10−9 8,640,000 6 10−10 4 10−1 0.25 0.12
50 mg/l 5 10−9 12 10−9 8,640,000 5 10−10 4 10−1 0.22 0.12

Table 3: Parameter values for Zn removal profile in case of sulfate intrusion after 100 days.

Sulfate κ1 (s−1) κ2 (s−1) t (s) D1 (m2/s) D2 (m2/s) M1 M2

0 mg/l 8 10−9 12 10−9 8,640,000 10 10−10 4 10−1 0.35 0.12
10 mg/l 8 10−9 12 10−9 8,640,000 8 10−10 4 10−1 0.3 0.12
20 mg/l 9 10−9 12 10−9 8,640,000 6 10−10 4 10−1 0.26 0.12
100 mg/l 5 10−9 12 10−9 8,640,000 4.5 10−10 4 10−1 0.22 0.12

Figure 3: (A) Zn removal profile after 100 days in case of sulfate intrusion. (B) Comparison between theoretical predic-
tions and simulation results [22].

Table 4: Parameter values for Zn removal profile in case of nitrate intrusion after 100 days.

Nitrate κ1 (s−1) κ2 (s−1) t (s) D1 (m2/s) D2 (m2/s) M1 M2

0 mg/l 10 10−9 12 10−9 8,640,000 9 10−10 4 10−1 0.32 0.12
10 mg/l 9 10−9 12 10−9 8,640,000 9 10−10 4 10−1 0.32 0.12
20 mg/l 10 10−9 12 10−9 8,640,000 9 10−10 4 10−1 0.26 0.12
100 mg/l 8 10−9 12 10−9 8,640,000 8 10−10 4 10−1 0.24 0.12
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Figure 4: (A) Zn removal profile after 100 days in case of nitrate intrusion. (B) Comparison between theoretical predic-
tions and simulation results [22].

3.2 Chloride diffusion in concrete containing nano-TiO2

The advantage of concrete containing nano-TiO2 in resisting the coupled effects of chloride diffusion and scour-
ing with respect to pure concrete was studied in the work of Li et al. [23]. Because of the movement in exposed
concrete surface induced by scouring and the deterioration in concrete microstructure caused by chloride salt
accumulation, an increasing mutual accelerative effect between the chloride diffusion and the scouring abra-
sion was experimentally observed, which agreed with the theoretical simulation results. Benefited from the
improvement in microstructure and porosity compared with the pure concrete, concrete samples containing
1% nano-TiO2 in the weight of cement showed a better impermeability as well as abradability. Correspond-
ingly, a better performance in resisting the coupled effects of chloride diffusion and scouring was found for the
concrete containing nano-TiO2 compared to the pure concrete, and this advantage increased upon time.

Again, Eq. (5) was used for modeling the chloride concentrations in pure concrete shown in Figure 5A [23],
as well as concrete containing nano-TiO2 shown in Figure 6A [23], with the respective model parameters given
in Table 5 and Table 6, respectively.

Figure 5: (A) Chloride concentrations of pure concrete as a function of depth under pure diffusion (PD) and diffusion
coupled scouring (DCS). (B) Comparison between theoretical predictions and simulation results [23].

Figure 6: (A) Chloride concentrations of pure concrete as a function of depth in powdered concrete (PC) and nano-TiO2
on cement (NC). (B) Comparison between theoretical predictions and simulation results [23].
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Table 5: Parameter values for chloride concentrations of pure concrete under PD after 2 days.

2 days κ1 (d−1) κ2 (d−1) t (d) D1 (mm2/d) D2 (mm2/d) M1 M2

Pd 8 10−6 2 10−1 2 4 102 1.935 0.138 0.047
DCS 8 10−6 2 10−1 2 4 102 3.2267 0.101 0.086

Table 6: Parameter values for chloride concentrations of pure concrete under PD after 2 days.

2 days κ1 (d−1) κ2 (d−1) t (d) D1 (mm2/d) D2 (mm2/d) M1 M2

PC 8 10−6 2 10−1 2 4 102 2.935 0.166 0.055
NC 8 10−6 2 10−1 2 7.6 102 2.2267 0.128 0.115

3.3 Probabilistic considerations on the effect of specimen size on the critical chloride content in
reinforced concrete

The durability of reinforced concrete structures is impacted by the chloride penetration and susceptibility of
the reinforcement to chloride-induced corrosion when larger metal areas are exposed to air. Once the chlo-
ride content at the reinforcement reaches a threshold value and enough oxygen and moisture are present, the
reinforcement corrosion will be initiated. Chloride penetration may result in the accumulation of chloride con-
tent at reinforcement to such a level that the high alkaline environment is destroyed and then the passivated
film on the steel surface is disrupted. Corrosion products then accumulate in the concrete-steel interface transi-
tion zone cause crack initiation and propagation. The chloride concentration increases with increasing the area
of exposed metal surface. The entire chloride-induced reinforcement corrosion process of reinforced concrete
structures was modeled in [24] with a probabilistic model, which predicts the critical chloride content (Ccrit)
for reinforcement corrosion as a function of specimen size.

The simulation results [24] for this case, shown in Figure 7A, were modelled through Eq. (5), with the various
model parameters given in Table 7, while the comparison with the theoretical predictions is shown in Figure
7B.

Figure 7: (A) Predicted mean value of Ccrit as a function of specimen size which is expressed in rebar length [24]. (B)
Comparison between theoretical predictions and simulation results [24].

Table 7: Parameter values for Ccrit. chloride concentrations of reinforced concrete.

κ1 (s−1) κ2 (s−1) t (s) D1 (m2/s) D2 (m2/s) M1 M2

Breit 16 10−9 12 10−13 3228 1592.69 10−6 1.26 10−6 1.330 0.024
Zimmermann 16 10−9 12 10−13 3228 892.69 10−6 2.06 10−6 1.290 0.104
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4 Discussion

A double diffusivity model by Aifantis and co-workers which was applied earlier for modelling diffusion prob-
lems in novel and nanostructured materials as well as nanopolycrystals, was applied herein for modelling dif-
fusion of metals in sandy aquifers, as well as chloride diffusion in concrete specimens, providing predictions
in very good agreement with experiments, showing that the model is capable of dealing with a large variety of
double diffusivity problems.
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