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Abstract: Basic fluid mechanics equations are studied and
revised under the prism of fractional continuum mechan-
ics (FCM), a very promising research field that satisfies both
experimental and theoretical demands. The geometry of
the fractional differential has been clarified corrected and
the geometry of the fractional tangent spaces of a manifold
has been studied in Lazopoulos and Lazopoulos (Lazopou-
los KA, Lazopoulos AK. Progr. Fract. Differ. Appl. 2016, 2,
85-104), providing the bases of the missing fractional dif-
ferential geometry. Therefore, a lot can be contributed to
fractional hydrodynamics: the basic fractional fluid equa-
tions (Navier Stokes, Euler and Bernoulli) are derived and
fractional Darcy’s flow in porous media is studied.

Keywords: fractional continuum mechanics; fractional
Darcy flow; fractional derivative; fractional fluid mechan-
ics; fractional geometry; fractional Navier Stokes equa-
tions; fractional Newtonian fluids.

1 Introduction

Fractional derivatives and integrals [1-5] have been
applied in many fields, since they are considered as more
advanced mathematical tools for formulating more real-
istic responses in various scientific problems in physics
and engineering [6—8]. Especially in mechanics, research-
ers working in disordered (non-homogeneous) materials
with microstructure, Vardoulakis et al. [9], Wyss et al.
[10], have used fractional analysis for better description
of mechanics of porous materials, colloidal aggregates,
ceramics etc., since major factors in determining materials
deformation are microcracks, voids, and material phases.
Further viscoelasticity problems have been recently for-
mulated applying fractional analysis.

Generally, those problems demand non-local theo-
ries. Just to satisfy that requirement, gradient strain
theories appeared, Toupin [11], Mindlin [12], Aifantis [13],
Eringen [14]. In these theories, the authors introduced
intrinsic material lengths that accompany the higher
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order derivatives of the strain. Many problems have been
solved employing those theories concerning size effects,
lifting of various singularities, porous materials, Aifantis
[13, 15, 16], Askes and Aifantis [17], Lazopoulos [18, 19].
Another non-local approach was introduced by Kunin
[20, 21].

There are many studies considering fractional elas-
ticity theory, introducing fractional strain, Drapaca and
Sivaloganathan [22], Carpinteri et al. [23, 24], Di Paola
et al. [25], Atanackovic and Stankovic [26], Agrawal [27],
Sumelka [28]. Baleanu and his co-workers [29-31] has
presented a long list of publications concerning various
applications of fractional calculus in physics, in control
theory in solving differential equations and numerical
solutions. In addition Tarasov [32, 33] has presented a
fractional vector fields theory with applications.

Lazopoulos [34] introduced fractional derivatives
of the strain in the strain energy density function in an
attempt to introduce non-locality in the elastic response of
materials. Fractional calculus was used by many research-
ers, not only in the field of mechanics but mainly in physics
and especially in quantum mechanics, to develop the idea
of introducing non-locality through. In fact, the history
of fractional calculus is dated since 17th century. Particle
physics, electromagnetics, mechanics of materials, hydro-
dynamics, fluid flow, rheology, viscoelasticity, optics, elec-
trochemistry and corrosion, chemical physics are some
fields where fractional calculus has been introduced.

Nevertheless, the formulation of the various physi-
cal problems, into the context of fractional mathematical
analysis, follows a procedure that might be questionable.
In fact, although the various laws in physics have been
derived through differentials, this is not the case for the
well known fractional derivatives which are not related to
differentials. Simple substitution of the conventional dif-
ferentials to fractional ones is not able to express realistic
behavior of the various physical problems.

Lazopoulos [35] introduced Leibnitz (L-fractional)
derivative corresponding to fractional differential. Fur-
thermore, the L-fractional derivative was improved in Laz-
opoulos and Lazopoulos [36], applying it to continuum
mechanics. Lazopoulos and Lazopoulos [36, 37] have pre-
sented the application of the L-fractional derivative into
the fractional differential geometry, fractional vector field
theory and fractional continuum mechanics. Recently,
Lazopoulos et al. [38] have presented application of the
L-fractional derivative into the viscoelastic problems.
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The present work deals with the study of fractional
fluid flows, introducing the L-fractional derivative into the
various flows concerning the fractional Navier-Stokes equa-
tions and the fractional Euler and Bernoulli ones. Further
the fractional flows are introduced to Darcy’s flows, just to
study the flows through porous media. There exists a long
list of works concerning fractional fluid dynamics [39-41].
However, the use of fractional derivatives, into conventional
fluid flow laws, exhibit the handicap of having no-differen-
tials. After a brief introduction of the L-fractional derivative
and fractional vector field theory, the fractional fluid flows
are studied using the L-fractional derivative, trying to intro-
duce non-local fluid mechanics both in time and space con-
sidering in homogeneities, porous, cracks, etc.

2 Basic properties of fractional
calculus

Fractional calculus has recently become a branch of pure
mathematics, with many applications in physics and
engineering, Tarasov [32, 33]. Many definitions of frac-
tional derivatives exist. In fact, fractional calculus origi-
nated by Leibniz, looking for the possibility of defining

N 1 .
the derivative when n= 3 The various types of the

ax"
fractional derivatives exhibit some advantages over the
others. Nevertheless they are almost all non local, con-
trary to the conventional ones.

The detailed properties of fractional derivatives may
be found in Kilbas et al. [42], Podlubny [43] and Samko
et al. [2]. Starting from Cauchy formula for the n-fold inte-
gral of a primitive function f(x)

rfe0=[ fls)asy =fax, fax, [ dx, ... r0x)ax, @)

expressed by

aI:f(X)—( 1)l_[(x s)'f(s)ds, x>0,neN Q)
and

drf(x)= n 1)'j(s x)"" f(s)ds, x>0, neN 3)

the left and right fractional integral of f are defined as:

f(s)

LIO= )J(x g

(4)

DE GRUYTER

J‘ f(S)

I'f(x)= )

[(a) (

In Egs. (4, 5) we assume that « is the order of frac-
tional integrals with O<a <1, considering I'(x)=(x-1)!
with I'(«) Euler’s Gamma function.

Thus the left and right Riemann-Liouville (R-L) deriva-
tives are defined by:

D)= (1 () (6)

and

D)= 17 () @)

Pointing out that the R-L derivatives of a constant ¢
are non zero, Caputo’s derivative has been introduced,
yielding zero for any constant. Thus, it is considered as
more suitable in the description of physical systems.

In fact Caputo’s derivative is defined by:

epe f (S)

D= a)j TESI ®
and

CMaF(uy f(S)

Df)=- ra- a)-[(s X) ©)

Evaluating Caputo’s derivatives for functions of the

type:
fx)=(x—-a)"or f(x) = (b - x)" we get:
D(x-a) _F(—a+v+1)(x a)’™, (10)

and for the corresponding right Caputo’s derivative:

T(v+1)

Da _ v__ N
Dy (b=x) I'(—a+v+1)

(b _ X)v—a

Likewise, Caputo’s derivatives are zero for constant
functions:

f(x)=c.
Finally, Jumarie’s derivatives are defined by,

(S)—f(a)ds

(x—9)*

(€5))

J na _ 1 ixf
D= dx-!.

and
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b F(s)— dx = ¢Dx(dx)"
IDZf(X)=— 1 iJ’f(s) f(b)ds o (dx) (15)
X Frl-a)dx? (s—x)°
x hence
o . « D)
Although those derivatives are accompanied by some d*f(x)= D d (16)
X

derivation rules that are not valid, the derivatives them-
selves are valid and according to our opinion are better
than Caputo’s, since they accept functions less smooth
than the ones for Caputo. Also Jumarie’s derivative is
zero for constant functions, basic property, advantage, of
Caputo derivative. Nevertheless, Caputo’s derivative will
be employed in the present work, having in mind that
Jumarie’s derivative may serve better our purpose.

3 The geometry of fractional
differential

It is reminded, the n-fold integral of the primitive function
f), Eq. (1), is

I'f() =] f(s)(ds)" (12)

which is real for any positive or negative increment ds.
Passing to the fractional integral

()= f(s)(ds)” (13)

the integer n is simply substituted by the fractional
number «. Nevertheless, that substitution is not at all
straightforward. The major difference between passing
from Eq. (11) to Eq. (12) is that although (ds)" is real
for negative values of ds, (ds)“ is complex. Therefore,
the fractional integral, Eq. (13), is not compact for any
increment ds. Hence the integral of Eq. (13) is mislead-
ing. In other words, the differential, necessary for the
existence of the fractional integral, Eq. (13), is wrong.
Hence, a new fractional differential, real and valid for
positive and negative values of the increment ds, should
be established.

It is reminded that the a-fractional differential of a
function f(x) is defined by Adda [44]:

d°f(x)= DIF()(dx)" (14)
It is evident that the fractional differential, defined by Eq.
(14), is valid for positive incremental dx, whereas for nega-
tive ones, that differential might be complex. Hence con-
sidering for the moment that the increment dx is positive,
and recalling that ‘D?x #1, the a-fractional differential of
the variable x is:

It is evident that df(x) is a non-linear function of dx,
although it is a linear function of d°x. That fact suggests
the consideration of the fractional tangent space that we
propose. Now the definition of fractional differential, Eq.
(16), is imposed either for positive or negative variable dif-
ferentials d*x. In addition the proposed L-fractional (in
honour of Leibniz) derivative :D;’ f(x) is defined by,

d°f(x) = LD F(0d"x a7
with the Leibniz L-fractional derivative,
. Df(x)
IDIf(x)= CD{ . (18)

Hence only Leibniz’s derivative has any geometrical of
physical meaning.

In addition, Eq. 3, is deceiving and the correct form of
Eg. (3) should be substituted by,

fO)-f(a)= jI;‘(jD;’f(X))
J(S a)l “ LDuf(S)dS

)laa X

F(a)F(Z a)) (19)

It should be pointed out that the correct forms are
defined for the fractional differential by Eq. (17), the
Leibniz derivative, Eq. (18) and the fractional integral by
Eq. (19). All the other forms are misleading.

Configurating the fractional differential, along with
the first fractional differential space (fractional tangent
space), the function y=£(x) has been drawn in Figure 1,

%)

t
X, X, + dx

Figure 1: The non-linear differential of f(x).
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with the corresponding first differential space at a point x,

according to Adda’s definition, Eq. (14).

The tangent space, according to [44] definition, Eq.
(14), is configurated by the nonlinear curve d“f(x) versus
dx. Nevertheless, there are some questions concerning
the correct picture of the configuration, Figure 1, concern-
ing the fractional differential presented by Adda [44].
Indeed,

a. The tangent space should be linear. There is not con-
ceivable reason for the nonlinear tangent spaces.

b. The differential should be configured for positive and
negative increments dx. However, the tangent spaces,
in the present case, do not exist for negative incre-
ments dx.

c. The axis d“f(x), in Figure 1, presents the fractional dif-
ferential of the function f(x), however dx denotes the
conventional differential of the variable x. It is evident
that both axes along x and f(x) should correspond to
differentials of the same order.

Therefore, the tangent space (first differential space),
should be configured in the coordinate system with axes
(d“x, d“f(x)). Hence, the fractional differential, defined by
Eq. (17), is configured in the plane (d“x, d*f(x)) by a line, as
it is shown in Figure 2.

It is evident that the differential space is not tangent
(in the conventional sense) to the function at x,, but inter-
sects the figure y =f(x) at least at one point x. This space,
we introduce, is the tangent space. Likewise, the normal is
perpendicular to the line of the fractional tangent. Hence
we are able to establish fractional differential geometry of
curves and surfaces with the fractional field theory. Con-
sequently when a=1, the tangent spaces, we propose,
coincide with the conventional tangent spaces. As a last
comment concerning the proposed L-fractional derivative,
the physical dimensions of the various quantities remain
unaltered from the conventional to any order fractional
calculus.

Af(x,)

I gerx

Figure 2: The virtual tangent space of the fix) at the point x=x.
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4 Fractional vector calculus

For Cartesian coordinates, fractional generalizations
of the gradient, divergence and rotation operators are
defined by (see Lazopoulos and Lazopoulos [36]):

(A) Grad“® F(x)

‘D¢
DI f(x) e
‘Dix. !

a i

VOF(x)= grad ”f(x)=V\"f (x)e, =

=.Dif(x)e, (20)

where ‘DY are Caputo’s fractional derivatives of order
« and the sub line meaning no contraction.
(B) Div® F(x)

°DF (x)

VI F ()= divF(0) =2 == D[ (x) 1)
a k" k
where the sub-line denotes no contraction.
(C) Curl®F(x)
(| _ a~m n _ a
Curl F - elglmn :D;Xm - elglmn aLDmP;l (22)

Moreover the circulation and the fractional Gauss’
formula for a field are given by:

(D) Circulation
For a vector field

F(Xl’ Xy X3)=91F1(X1’ Xy X3)+92F2(X1, Xy X3)

+e F,(x,, x,, Xx,) (23)

where F(x,, x,, x,) are absolutely integrable, the circu-
lation is defined by:

COF)=(, 1, F)=_[(dL, F)= I (Fdx,)

L
+ 19, (Fdx)+ 17, (Fd“x,) (24)
(E) Fractional Gauss’ formula
For the conventional fields theory, let
F=eF, +eF,+eF, be a continuously differentiable
real-valued function in a domain W with boundary
JdW. Then the conventional divergence Gauss’ theorem
is expressed by,

[[F-ds={[[aivFav. 25)
ow w
Since
(@) a o o a o o
d S=ed“x,d'x,+e,d"x,d"x, +edx d"x, (26)
where d“x. i=1, 2, 3 is expressed by:
d“V =d“x,dx,d’x, (27)
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Furthermore
‘DF (x
div B = DX 5 ipep () (28)
a k”m

The fractional Gauss divergence theorem becomes:

(@ (g _ @ - (g @)

a_”ade S= H div“Fd“V (29)
Remember that the differential d*S =n*d“S, where n*is the
unit normal of the fractional tangent space as it has been
defined in Section 3.

5 Fractional stresses

In a fractional tangent space the fractional normal vector
n“ does not coincide with the conventional normal vector
n (Lazopoulos and Lazopoulos [36]). Hence we should
expect the stresses and consequently the stress tensor to
differ from the conventional ones not only in the values
but in the directions as well.

If a°P is a contact force acting on the deformed area
d“a=n“d“a, lying on the fractional tangent plane where n*
is the unit outer normal to the element of area d“a, then
the a-fractional stress vector is defined by:

t“=lim a'p
d“a->0 daa

(30)

However, the a-fractional stress vector does not have
any connection with the conventional one:

t=1im ap
da->0 da

€3]
since the conventional tangent plane has different orien-
tation from the a-fractional tangent plane and the corre-
sponding normal vectors too.

Following similar procedures as the conventional ones
we may establish Cauchy’s fundamental theorem, see [45].

If t*(n®) is a continuous function of the transplace-
ment vector y, there is an a-fractional Cauchy stress
tensor field.

T =[7?] (32

ij
For a Newtonian fluid the following relations apply:
Tl = AVOV+2u 'Diu
* =AV9OV+2utDY
)44 a 'y
Tl = AVOV+2u ‘Diw
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a _..a __ L na L na
Txy_Tyx_lu[aneraDyu]

a __a __ Lna Lna
vl =10 =ul[;Diu+ Diw]

xz

7% =1° = u["Dw+ D]
yz zy a 'y az

(33)
where 1, u the Lamé constants and V the velocity array
(ui+vj+wk).

6 The balance principles

Almost all balance principles are based upon Reynold’s
transport theorem. Hence the modification of that theorem,
just to conform to fractional analysis is presented. The con-
ventional Reynold’s transport theorem is expressed by:

d dA
EyijdV:ijEdV +a{vAv"dS'

(34)
For a vector field A applied upon region W with boundary
oW and v, is the normal velocity of the boundary oW.
a. The balance of mass
The conventional balance of mass, expressing the
mass preservation is expressed by:

d
] pdv=0 (35)
w
In the fractional form it is given by:
d () .
o | pav=o0 (36)
oW
d
where dar is the total time derivative.
Recalling the fractional Reynold’s transport theorem,
we get:
d @ @
p [ pdv="[@p(x, t)+div[vpl)dV 37)
aV aV

Since Eq. (37) is valid for any volume V, the continuity
equation is:

9, p+div'[vp]=0. (38)

where, div* has already been defined by Eq. (28). That

is the continuity equation expressed in fractional form.
b. Balance of linear momentum principle

It is reminded that the conventional balance of linear

momentum is expressed in continuum mechanics by:

% [ pvov = [ t7ds+[ pbav (39)
Q 2Q Q
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where v is the velocity, t® is the traction on the bound-
ary and b is the body force per unit mass. Likewise
that principle in fractional form is expressed by:

£ f pvd OV = j [pb +div*(T*)|d"“V

aQ

(40)

Hence the equation of linear motion, expressing the
balance of linear momentum is defined by,

dv
div'[T]+ pb—p—
v [T]+p P =0

(41)
In Eq. (40) we must introduce pressure in the term
T« This is done by adding the term —pl. Therefore Eq.
(40) becomes:

d
—pl]+pb—p—v=0 (42)

dive[T*

dt

It should be pointed out that div* has already been

defined by Eq. (28) and is different from the conven-
tional definition of the divergence.

Following similar steps as in the conventional case, the
balance of rotational momentum yields the symmetry of
Cauchy stress tensor.

7 First law of thermodynamics

This law occurs from Eq. (42). Firstly we replace T¢- pl
with X«

e T pl 3)

2% =[o.] (44)

ij

We then derive the equation of conservation of energy
from Eq. (42). This is accomplished by multiplying the
equation Eq. (42) with the velocity v, and the result is inte-
grated over the volume V:

dv; oy, _ Lpp . g@ (@)
J‘vaizd V—fv Dxad V+I pvbd VvV (45)
But the left side of Eq. 45 becomes:
d p’
a@y 46
Jopv dt “ath 2 (46)

which represents the time rate of change of the kinetic
energy K in the continuum.

DE GRUYTER

In Eq. (45) we can write (related to the right side):

v, :Df ; aLDf (wo,)-0, Efo v, = ij (o))
—(D,+V)o = ='p’ (vloﬂ) Do, (47)
In Eq. (47) we have:
'Dv, =D, +V,
where:
@ (@ 1 @ @
D=2(VVX+ va) V:z(vi—va) (48)

We consider that: Vgof 0, since it is a product of a sym-
metric times an antisymmetric tensor. Therefore Eq. (45)
with the help of Eq. (46) and Eq. (47) becomes:

d: pv’

dat’v 2
+J-pbivid(“)V

d(“’V+I Do d9vV ILD“ (v.o.)d PV

§oji i ji
(49)
The term J.iD;‘ (viaﬂ.)d(“)V in Eq. (49), due to the
v ]
Gauss theorem, takes the form:

(50)

i ji

j D! (v0,)d"V =[v,o,nd S
S

With the help of Eq. (50), Eq. (49) becomes:

d d(“)V+J D,0,d“V =[vo,nd”S+[ pbvd“V
dtvz i ji Sll]] Vll
(51)
In Eq. (51) J' pY d(“)V is the rate of change of

D.o.dV is

Ul )l

the kinetic energy of the system (jtKj

the rate of change of the internal energy (th), and

_[v ond®S +Ipbv d”V is the rate of work of the exter-

P00
S

nal forces in the system (th)

For a thermomechanical continuum it is customary to
express the time rate of change of internal energy by the
integral expression:

d a
EU—*J.,Ded( V= J.'D

a)V (52)

where e is called the specific internal energy. Moreover,
if the vector c, is defined as the heat flux per unit area per
unit time by conduction, and z is taken as the radiant heat



DE GRUYTER

constant per unit mass per unit time, the rate of increase
of total heat into the continuum is given by:

d a a
EQ = —Jcinid( 'S +J.V pzd vV (53)
S

Therefore the energy principle for a thermomechani-
cal continuum is given by:

£K+£U:£W+£Q

dt dt dt dt G4)

or, in terms of the energy integrals as:

2
AP ey, | A gy = [vo,nd@s+[ pbvdv
v 2 vt Y0 J P

+JV pzd“”V—.[cinid(“’S (55)
S

Converting the surface integrals in Eq. (55) to volume
integrals by the divergence theorem of Gauss, and again
the fact that V is arbitrary, leads to the local form of the
energy equation:

2
d (U+e)=1:Df (0.v.)+bivi—lLDﬂ.c.+Z (56)
pr p

Ez iji a” xi i

8 Navier-Stokes equations

The Navier-Stokes equations are consisted by the follow-
ing equations:
a) Balance of mass

£p+div“[Vp] =0

dt G7)

b) Balance of linear momentum
div“[T“—pI]+pb—p%v=0 (58)

c) First law of thermodynamics
jt(vzz+e)=;§ij (0,v)+by, —%aLDfici +z (59)

d) Constitutive equations

¢ =AVV+2ulDiu

a
xx
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a _..a __ L na Lna
txy—tyx—u[aDXv+aDyu]
a

¢ =7° =yl Diu+ Dw]

xz

T =10 = y[iD;‘w+ LDv] (60)
e) The kinetic equation of state:
p=p(p, T) (61)
f) The Fourier law of heat conduction:
c=—kV'“T (62)
g) The caloric equation of state:
e=e(p, T) (63)

The system of these 16 equations contains 16 unknowns
therefore it is determinate. Usually the studies concerning
the Newtonian fluid, are restricted to the equations of con-
servation of mass (57), linear momentum (58) and consti-
tutive equations (60).

9 The Euler and Bernoulli equations

The Euler equations occur from Eq. (27) for non-viscous
fluid, for which T#=0. This holds because the Lamé con-
stants A, u are considered zero in this case. Therefore, Eq.
(49) takes the form:

p£v=pb—div“[pl]

d (64)

Lets assume a barotropic condition p=p(p). A pres-
sure function may be defined:

)= [ L7

Po

(65)

Moreover, the body force may be described by a poten-
tial function:

b= _V(a)Q (66)
With these two conditions Eq. (42) becomes:
'Dly =-V“/(Q+P) (67)

If Eq. (67) is integrated along a streamline, the result
is the Bernoulli equation in the fractional form:

Q+P+U—Z+J£vd"x =C(t) (68)
2 Jddt v
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10 Darcy’s law

Consider a viscous fluid, flowing in a straight pipe of a
constant circular cross section of inner radius R and cross
section of A=mR?with perimeter I'=27R. If L is the length
of the considered segment of the pipe defined by positions
x=caand x=b, thenL=b-a.

Denoting Q(x, t) the discharge of the fluid, continu-
ity of flow demands that Q(x, t) be the same at any cross
section of the pipe segment, depending only upon time

Qx, t)=Q(t) (69)

The cross sectional velocity of the flow may be com-
puted by:

Q

V="=oDu®) (70)

Due to the fluid’s internal friction, shear stresses 7
are developed, between the fluid and the inner pipe-wall.
Similarly to fractional viscoelasticity, the interface friction
shear stress in circular pipes is equal to:

4u 4u
— fy— f
T—?V—T(I)“Dtyu(t)

(71)
where u, is fluid viscosity.
The friction stresses may be substituted by a fictitious

body force per unit length of the pipe,
f,=7-V=8uu, :Du(t) (72)

The conservation of linear momentum equation
yields:

_%Adx—fbdx=pfAv=pfAéDZ (o Dju(®) (73)
or
2 (D
D e, D7 (Du(0) )

Since, according to Poiseille’s law, fis proportional to
the mean flow-velocity

f=cV=c!D u(t) (75)

Furthermore the coefficient c of viscous friction is pro-
portional to the fluid viscosity and inversely proportional
to the square of the pipe radius:

My
‘R

c=m (76)

Thus we obtain the differential equation:
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_al — Ly (Lny Ly
o =p; D] (,D'u(t))+c D! u(t) 77)
Considering:
J()=p, ;D7 (D/u(t) +c D! u(t) (78)
The governing Eq. (77) becomes:
0
-P_je) (79)
ox

For the case that J(t)=J (constant) between the seg-
ments x=« and x=b, the fluid velocity is defined by:

P, éDty(éDtyu(t)) +cLD'u(t)=J = constant (80)
Solution of fractional D.E:

In case Ap is the pressure drop from the one end to the
other of the pipe segment with:

Ap=p(b)-p(a)<0 (81a)
Then the total discharge is defined by:
a-av=-[4]2r 1)
c/) L

Eq. (81b) is the famous Darcy’s law.

11 Fractional flow in porous media

Considering the difference Ap to the hydrostatic we get:

Ap=-p,gAh (82)
Then we may assume that for the wetted area A (The
area of the voids), Darcy’s law may be applied with:

Qz_(AV]Ap

c/) L (83)

Assuming that the surface porosity ®, is equal to
volume porosity @ we get:

AV
(I) =V = V= q)
ATy (84)
And thus:
A=®-A (85)
For the specific fluid discharge:
_Q
=", (86)
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we get:
Q QA _g¢
A aa o 1 (87)
Hence Darcy’s law becomes:
Q Ap
=—=-K— 88
a=", i (88)
with K= ¢
c
Finally, Darcy’s law may be generalized by:
q:—la—p Wheref:& (89)
fox’ K

with p: The pore fluid pressure.
q: The specific fluid discharge.
K: The permeability of the porous medium.
s The viscosity of the fluid.

12 Fractional flow in elastic tubes

Consider a thin elastic tube, at its (unstressed) reference
placement, with its inner radius R and its thickness d < R.
The elastic tube is considered into the context of linear
elasticity with modulus E. Loading the tube with pressure
p, its radius increases by AR. Hence its cross-sectional
area becomes:

A=m-(R+AR)’ (90)
and its current radius r=R+ AR is given by:
r=R+AR=R+ iy P (91)
E-0

Restricting to the linear elasticity where the changes
of the radius are infinitesimal, we get:

(92)

A=A +AA=A4|142T0P
- 0+ — % + E-§

Therefore the relation between the variable cross-
section area and the fluid pressure and cross-section area:

) 2‘R
A=A |1+~ |, k=="+
. ( + /cj K o (93)
Since mass balance is expressed by:
0A dQ
Zi+=-0 9%
ot  dx G4
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Recalling Darcy’s law with:

__[Ap o
or
A op
B nzyf ox (96)
Eliminating the discharge Q, we end up to:
Bpj
al A=
JA_ 1 ( ox (97)
ot mu, Ox
Since:
OA_oAdp _A,dp
ot odpot K ox 8)
Consequently, Eq. (97) yields:
2
op 1 (ap) azp]
9% _ 2.kl | a6 22 99
ot nzﬂf[ ax) T ©9)

However, for small changes in pressure, the linear
problem is considered, resulting in:

op ap
—=c —= 100
at P ox? (100)
where:
A, -k 2-R°
c = (101)

= 5 =
P au, mouE0

Solution of parabolic equation.
Following just the same procedure, but for the frac-
tional time derivative fields, we get the fractional para-

bolic equation,
Lna,, azp

WOP=6 50

(102)
Furthermore, the initial condition expresses the con-
stant pressure value,

t=0: p=p,, Vxe0, L]. (103)

Further, at the time =0*, the pressure at the entry point
of the tube is increased by Ap, keeping constant the pres-
sure value at the exit point of the tube. Consequently the

boundary conditions for ¢ >0 become,
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x=0,p=p =p,+Ap (104)

x=L,p=p, (105)
Nondimensionaling the variables we get:

P :p%, x" :% (0<x"<1), and :éwhere t :CL:. (106)

Omitting the upper-stars the non dimensional governing
equation of the fractional flow become,

o 0
soip=2t (107)
with the initial condition,
x=0; p=1, Vx 0, 1] (108)
and the boundary conditions,
A
x:O,p:p1:1+/1,/1:—p (109)
b,
x=1,p=p,=1
at P ox?

The initial condition for the pressure

t=0:p=p,, Vx €[0, L] (110)

At t=0, the pressure at the entry point is increased
by Ap with constant pressure at the exit point. Hence the
boundary conditions for ¢ >0 become:

x=0,p=p1ip0+Ap (111)
x=L,p=p,
Non-dimensional variables become:
2
p =£, x'=X (0<x"<1),and t _t where t, =L—. (112)
b, L t c,
The non-dimensional equation becomes:
2
dp_Jp (113)
ot ox?
With the initial conditions.
t=0: p=1, Vxel0, L] (114)

And boundary conditions:
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x=0,p=pli1+l,l=&

0

(115)

x=1,p=p,=1

Considering first the steady solution:

. o’p .
oDip=0 S5=0 p=p=p+p-p)x  (116)
And introducing a renormalized pressure:
p=L"P (117)
b, —b,
From the above formulas occurs:
op 9°p
_—=— 0<x<1 118
ot 9x? (118)
The initial condition is:
p=h(x)=x-1,t=0,0< (119)
And the boundary conditions are:
p=h(x)=x-1,t=0, 0<x<1 (120)
And the boundary conditions:
p=0,t>0,x=0andx=1 (121)

Applying the separation of variables technique for the
fractional diffusion equation we get:

plx, )=X(X)T(t) (122)

Following the conventional procedure for the diffusion
equation we get:

DT X

)  X(x) (123)

—A? =constant

Due to appendix, the solution to the equation (101) is
given by:

plx, t)= Z; b sin(nx)®“(—(nx)’, t). (124)
where:
. N e F(K+1—a).........t"
O, 0=y Y e G
(125)
For h=x -1, (see Appendix)
b= —% Z;%sin(nnxmf((nn)z, t). (126)
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13 Conclusion

Since the preliminary elements have been defined
(Leibniz fractional derivative, fractional gradient, frac-
tional rotation, fractional divergence, fractional circula-
tion and fractional Gauss’ theorem), the basic equations
of fluid mechanics are reinstated and analyzed. Further,
Fractional Darcy’s flow was studied as an application of
the fractional flows into porous media. The main issue
in our case is experimental validation of the occurring
equations.

Appendix

The fractional diffusion equation

The conventional diffusion equation is:

op_9°p
oo (1)
with the initial conditions
p=h(x)=x-1,t=0, 0<x<1 (A.2)
And the boundary conditions:
A
x=0, p=p+4i, 1="2 (A3)
P,
x=1, p=p,=1
Application of variables technique gives:
p(x, t)=f(x)g(t) (A4)
Therefore, the diffusion equation yields:
fr+n’f=0
Dig(t)+n’g=0 (A5)

Taking under consideration the boundary conditions the
solution is expressed by:

Plx, t)= 2::1 b sin(nsx)exp(-n’m’t’) (A.6)
The fractional diffusion equation is:
«_0°p(x, t)
(I;Dt p: axz (A'7)

With its initial and boundary conditions the same as
the conventional ones stated above.

The solution:
p(x, t)=X(X)T(t) is defined by the solutions the system:
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LDRp(t)+ Ap(t) =0 (A.8)

Looking for the solution of ¢(f) into the power series of
expansions of t we get:
After substituting into the Eq. (A.8) the relation:

= T+ DIQ2-a) ia Pl wl Kk
SVt +A ZK:Oth =0

I'k+1-a) (A.9)

Equating the coefficients of the same power of ¢ to zero,
we have:

, Tlk+1-a) y
Ik+DIrQR-a) **
a2y INk+1-a)...T(k—u+1-a)

y,=—A

Ve = A D e gt DIy Ve
Y PAYAS! F(K+1—a)....
R P e PATERL (A.10)
Therefore, it occurs:
y, =A%,
e 2-a
Y, =(-4%) TJ’O
_(_p2y B-0)2-a)
y,=(-4%) 5 Y,
a2y (4=a)(3-a)2-aq)
y,=(=4A%) 288 Y, (A1)
and
— < _ 12\« F(IC+1—(,Z)“..
Yo 2 oy Tramay A2
and
p(x, )= b sin(nzx)
“ o ow  Lk+l-a)... .
2 () T(k+1)...TQ2-a)" (A.13)

If we define:

(Da((nﬂ)z,t):Z::I(_(nn)z)fc INk+1-a)...I'3-a) "

I(k+1)...I'Gre-a)"

(A14)
Then we have:
p= 2; b sin(nmx)®“((n7)’, t) (A15)
For h(x)=Y'" b,sin(nzx), 0<x<1 (A.16)
b = 2j:h(x)sin(nnx)dx (A.17)

With h=x -1 we get:
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1 1
-1 i d =——
.fo(x )sin(nzx)dx - (A.18)
hence
2 <« sin(nzx)
h(x)=-2Y " ZEE
W=="2, (A.19)
and
N 2« 1 . « 2
pz—;znﬂ;sm(nnx)@ ((nz)’, t) (A.20)
where

INk+1-a)..T3-a) .
I'(k+1)...ITG)IQ2-a)!

(A.21)

(), )=, (~(nx))"
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