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Abstract: In this note we correct the proof of [2, Theorem 2.1].
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Unless otherwise stated, Q is a C* bounded domain of IR? so that its boundary T is the union of two disjoint
closed subsets with nonempty interior, I' = 'y U T'5.

We considered in [2] the stability issue for the problem of determining the boundary coefficient g,
appearing in the BVP

Au=0 inQ,
ou+qu=0 only, (1)
ou=f onl,,

from the boundary measurement uy,, where y, is an open subset of I';.

Our proof of [2, Theorem 2.1] is partially incorrect. We rectify here this proof. We precisely establish a sta-
bility estimate of logarithmic type for the inverse problem described above. Contrary to the result announced
in [2, Theorem 2.1], we do not know whether Lipschitz stability, even around a particular unknown coef-
ficient, is true. Note that Lipschitz stability around an arbitrary unknown boundary coefficient is false in
general as the following counter-example shows. Let Q = {3 < |x| < 1}, T1 = {|x| = 3}, T2 = {|x| = 1} and let,
in polar coordinates (r, 6),

1+Inr,

u+ 27525 + r % cos(kB), k> 1.

u

Uk

By straightforward computations we check that u and uy are the solutions of the BVP (1) respectively when

2
1-1n2’
2 + k71 (272k+1 _ 2) sin(k6)

= = s ]_1’
1= = T+ k22 7+ Dsinkf)’ =

q:

and f = 1.

By simple calculations, we get |lu — ukllz2(r,) = 0(27%k=2), while llg - gkllz2r,) = O(k™).

To our knowledge, the only case where Lipschitz stability holds is when g is assumed to be a priori piece-
wise constant. We refer to [6] for more details.
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Throughout, the unit ball of a Banach space X is denoted by Bx and
L%(D) = {h € LP(D) : supp(h) c K}, 1<p<oo.

The characteristic function of a set A is denoted by y 4.
Fix go € L*(I';) nonnegative and nonidentically equal to zero and let f € L?(I',) be nonidentically equal
to zero. Denote by ug € H3/2(Q) the solution of the BVP

Au=0 inQ,
oyu+qou=0 only,
oyu=f onrl,.
As it is observed in [2],
I'o={xeTl1:uop(x)+0} )

is an open dense subset of T'y.
For (@1, ¢,) € L?(T'1) @ L*(T,), define L(¢1, @,) := y, where y € H>/2(Q) is the unique weak solution of

the BVP
Ay=0 inQ,

oy +qoy=¢1 only,
oy =¢> onT,.

An application of Green’s formula leads to
J IVy|? dx + J qoy® do = J p1ydo+ J @2y do < 1(p1, @)l rer2 @) 1Yl (Q)- 3)
Q F1 rl rZ

Using that
1/2
h— ( J VA2 dx + I doh? do)

Q I,
defines an equivalent norm on H(Q), we derive from (3) that
IVl Q) < kol(@1, @2)lr2r)eL2(r,)

for some constant ko depending only on Q, q¢ and f.
As y is also the solution of the BVP

Ay=0 in Q,
oy+y=(1-qo)y+¢®1 only,
0y =@ onTl>,

we get from the usual a priori estimates for nonhomogenous BVPs (see [5]) that there exists a constant k1,
depending only on Q, go and f, so that

IVlm32) < K1l(@1, @2)2@)er2m,)-
In other words, we have proved that L € Z(L%(T'1) & L%(T5), H*/2(Q)) and
ILIl := Ll z(z2(r oLz (ry), H32(Q)) < K1-
For g € L?(T'1), define the operator H, as follows:
Hg : HY?(Q) —» H*(Q), Hy(w) = L(-quyr,, 0).
If x is the norm of the trace operator

h e H*2(Q) - hyr, € C(T'1),
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then
Hgll 2320y < kILIGNL2(ry)-

Whence, for any g € U = (2k|| L)' Br2(r,), I - H, is invertible and
I(I - Hy) Mgz <2, g€l (4)
Define, for ¢ € Uand (¢, @) € L>(T1) ® L(T>),
Ug(p1, 92) = (I - Hy) ' L1, 92).

In light of the identity
ug(@1, ¢2) = L(-quir, + @1, @2),
we derive that ug(¢1, ¢2) € H*?(Q) is the solution of the BVP
Au=0 in Q,
oyu+(qo+qu=¢; only,
oyu=¢; onl,.
Note that according to (4),
lug(@1, @2)llm32(0) < 2K1[1(@1, P2 12(r)eL2(T,)- (5)

Set ug = uq(0, f). That is, uy is the solution of the BVP

Au=0 inQ,
oyu+(go+qu=0 only,
ou=f onl,.

Observe that (5) yields
lugligsry < 2x1lfllz2(r,)-

Let K be a compact subset of 'y with nonempty interior so that I'; \ K # 6. We can mimic the proof
of [2, Propoistion 2.1] to show that the mapping
®:qeUNLg(T1) - xr,[0vugix] € Li(T1)

is continuously Fréchet differentiable and ®'(0) = N. Here, for p € L12<(1"1), Np = xr, [0vVp k], where v), is the

solution of the BVP
Av=0 in Q,

oyv+qov=-p onlq,
o,v=0 onTl>.

Similarly to the proof of [2, Lemma 2.1], we prove that N is an isomorphism. Therefore, by the Implicit
Function Theorem, there exists U ¢ U so that @1 is Lipschitz continuous on V = ®Un L(T'1)) with
Lipschitz constant less than or equal to 2|[N~!||. That is,

g1 — g2ll2r,y < 2INM10vug, — Ovuug, 2y, g1, g2 € UNLE(TY). (6)
Let k be a positive integer, s € R, 1 < r < co and consider the vector space
Bs(RY) := {w € 7" (R) : (1 +18°)"?w e L' (RY)},

where .7’ (RK) is the space of temperated distributions on R¥ and W is the Fourier transform of w. Equipped
with the norm

IWllg,, @) = 11+ 1E2)* 2 Wl ey
Bs,,(R¥) is a Banach space. Note that Bs > (IR¥) is merely the Sobolev space H*(R¥). Using local charts and
a partition of unity, we construct B ;(I'1) from Bs ,(R) similarly as H5(I'1) is built from H*(R).
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Fixm > 0.If f € H3/2(I';) and q € mBg,,, ,(r,), then by [1, Theorem 2.3], u, € H>(Q) and

lugllms ) < Co. (7)
Here and henceforth, Cy is a constant depending only on Q, f and m. In dimension two, H>(Q) is continuously
embedded in C2(Q). Whence, estimate (7) entails

"uq ”CZ(E) < CO'

Let
¥(p) =lnp| ™2 +p, p>o0,

be extended by continuity at 0 by setting ¥(0) = 0.
Let y, be a nonempty open subset of T'. According to [3, Proposition 2.7], there exists a constant C > O,
depending only on Q, f, m and y», so that
lovug, — dvug, 2@y < C¥(llug, — ug,llmiy,))- (8)
Set
s@m = mBBm‘l(rl) nNuUN L12<(1"1).
Note that .2,, # 0 if m is chosen sufficiently large.

We can now combine (6) and (8) in order to obtain

lg1 — q2llr2ryy < C¥(lug, — ug,lm¢y,))> 91,92 € Zm.

We sum up our analysis in the following theorem, where we use the fact that H>/2(T,) is continuously
embedded in C2(T>),

Theorem 1. Letf € H3/2(T,),f # 0,0 < qo € L®(T'1), qo % 0, let K be a compact subset of T, given by (2), with
nonempty interior so that T \ K # 0 and let y, be a nonempty open subset of T',. There exists a neighborhood U
of qo in L*(T'1), depending on f, Q and K with the property that, if m > 0 is chosen in such a way that

Dm =mBg,, ) NUNLE(T1) #0,
we find a constant C > 0, depending on f, m, Q, qo, K and y,, so that

lg1 — q2lz2ryy < C¥(lug, — ug,lmgy))> 91,92 € Zm.

Observe that, as in [2], the last theorem can be extended to the case where o'y N oI, # 0. Also, for the
most general case, in dimensions two and three, we can prove a stability estimate of triple logarithmic type
(see [3, Theorem 4.9]).

Remark 1. Note that, in general, I'g given by (2) is strictly contained in I'; for an arbitrary qo. However, we
can construct an example of go for which I'y = T';. To this end, fix 0 < @ < 1 and, for 0 < f € C1%(T',), denote
by w(f) € C>%(Q) the solution of the BVP
Aw =0 inQ,
w=0 onlq,
oyw=f onTl,.
According to strong maximum principle’s and Hopf’s lemma (see for instance [4]), d,w < O on T;. Let

qo = -0yw(f)r,(> 0) and set up = 1 + w. Then it is straightforward to check that ug is the unique solution of
the BVP

Au=0 inQ,
oyu+qou=0 onTly,
oyu=f onTl,.

We see that for this particular choice of go, we have I'y = T';.
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