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Strong indecomposability of the outer
automorphism groups of nonabelian
free profinite groups

Arata Minamide* and Shota Tsujimura

Communicated by Timothy C. Burness

Abstract. In this paper, we prove that the outer automorphism groups of nonabelian topo-
logically finitely generated free profinite groups are strongly indecomposable. This means
that no open subgroup has a nontrivial direct product decomposition.

1 Introduction

One of the most fundamental objects in the category of infinite nonabelian profinite
groups is the free profinite group F;, of rank m > 2. With regard to the noncom-
mutativity of F,, the following fact [1, Proposition 8] is well known.

Fact 1. The center of Fy, is trivial.

Here, we note that the “discrete analogue” of Fact 1 (i.e., the center-freeness of
free discrete groups of rank m) is relatively easy to prove using explicit descrip-
tions of elements as “words”’. However, since elements of F;,, cannot be described
in terms of “words” (of finite length) in a useful way, one cannot simply mod-
ify the proof used in the discrete setting to prove Fact 1. In fact, in the proof of
[1, Proposition 8], cohomology theory of free pro-p groups is applied. This sit-
uation suggests that, in general, the study of free profinite groups is much more
difficult than the study of free discrete groups.

In this paper, we study the group structure of the outer (continuous) automor-
phism group Out(F},), which is much more complicated than F,,. We recall that
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Out(F;,) admits a natural structure of profinite group; see [14, Corollary 4.4.4].
Here, we note that, although F;, is topologically finitely generated, Out(Fy,) is
not topologically finitely generated; see [14, Theorem 4.4.9]. This fact lies in stark
contrast to the fact that the outer automorphism group of a free discrete group of
rank m is finitely generated; see [7, §3.5, Theorem N1]. One of the most interesting
aspects of our work is that, in our study of Out(Fj,), we apply results in anabelian
geometry for hyperbolic curves over number fields or finite fields. In fact, by ap-
plying a result in anabelian geometry for hyperbolic curves over finitely generated
fields of characteristic O, the following fact (which concerns the noncommutativity
of Out(F;;,)) has been proved by Tamagawa [17, Theorem 7.4].

Fact 2. The center of Out(Fy,) is trivial.

In the following, let Q be an algebraic closure of the field of rational num-
bers Q, K € Q a number field, and Z a hyperbolic curve of genus 0 over K. Write
Gk = Gal(Q/K), VAo) £ Z xk Q, and IT Zg for the étale fundamental group of
Zq relative to a suitable choice of basepoint. We recall that 1z is a nonabelian
free profinite group; see [16, Corollary 4.6.11]. Write P for the set of prime num-
bers. For a profinite group G and a nonempty subset & C P, write G* for the

maximal pro-¥ quotient of G. For every nonempty subset ¥ C P, write
p%: Gg — Out(HE@)

for the natural pro-3 outer Galois representation; see Definition 4.1. We are now
ready to state our main results, also concerning the noncommutativity of Out(Fy,).

Theorem 1.1. Let X C P be a subset such that either || = 1 or |P\ X| is finite.
Let G C Out(Hg@) be a closed subgroup such that
e G contains an open subgroup of p? (Gg),

e there exists a prime number | € X such that the image of G via the natural
morphism
I
¢1:0u(I13_) — Out(n{Z}@),

which is necessarily surjective by [14, Proposition 4.5.4 (b)], is slim, i.e., the
center of every open subgroup of ¢;(G) is trivial.

Then G is strongly indecomposable, i.e., no open subgroup of G has a nontrivial
direct product decomposition.

We recall that, for every integer m > 2 and every nonempty subset ¥ C P, F,,),:
is a free pro-X group of rank m.
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Corollary 1.2. Let m > 2 be an integer and X C P a subset such that either
|Z| = 1 or |P\ 3| is finite. Then Aut(F,2) and Out(F,>) are strongly indecom-
posable.

We recall that, for an arbitrary nonempty subset ¥ C P, the group Fnzj itself
is strongly indecomposable; see [14, Theorems 3.6.2, 8.6.5]. It is not clear to the
authors at the time of writing whether or not the assumption that || = 1 or [P\ X|
is finite can be dropped; compare with Remark 4.5.

Finally, we add the following remark. In light of a well known injectivity re-
sult of Belyi [5, Theorem C] and Remark 5.2 below, Theorem 1.1 has the fol-
lowing immediate applications, arising from the special case where ¥ = P and
Z = IP’Il< \ {0, 1, oo}, the projective line minus three points.

(i) The profinite Grothendieck—Teichmiiller group GT , introduced in [3] and con-
sidered in [11, Remark 1.11.1], is strongly indecomposable.

(i1) The absolute Galois groups of number fields are strongly indecomposable.

Assertion (i) gives an affirmative answer to an open problem posed by the first
author in [8]. Assertion (ii) is a special case of the fact that the absolute Galois
groups of Hilbertian fields are strongly indecomposable — which follows immedi-
ately from a theorem of Haran—Jarden [4, Corollary 2.5].

2 Notation and conventions

Rings and schemes

Let A be a commutative (unitary) ring. Then we shall write char(A4) for the char-
acteristic of A. We shall write A* for the group of units of 4. Let F be a perfect
field and F an algebraic closure of F. Then we shall write G f e Gal(F/F).

Let S be a scheme. Then we shall write Aut(.S) for the group of automorphisms
of S. Let K be a field, K C L a field extension, and S a scheme over K. Then
we shall write Sy, £S5 x x L. We shall write Autg (S) for the group of automor-
phisms of S over K and P Il< for the projective line over K.

Let S be a connected locally Noetherian scheme. Then we shall write ITg for
the étale fundamental group of S relative to a suitable choice of basepoint. Note
that, for any perfect field F, [Tgpec(F) = GF.

Profinite groups

Write P for the set of prime numbers. Let ¥ € P be a nonempty subset. Then
we shall say that an integer n € Z>1 is a Z-integer if every prime factor of n is
contained in X. Let G a profinite group. Then we shall write G* for the maximal
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pro-% quotient of G. We shall write G for the abelianization of G (i.e., the quo-
tient of G by the closure of the commutator subgroup of G), Aut(G) for the group
of automorphisms of G (in the category of profinite groups), Inn(G) € Aut(G)
for the group of inner automorphisms of G, and Out(G) o Aut(G)/Inn(G). If p
is a prime number, then we shall also write G? £GP} and G E GP\MPY If
D is a discrete group, then we shall write D? for the pro-p completion of D.

Suppose that G is topologically finitely generated. Then G admits a basis of
characteristic open subgroups; see [14, Proposition 2.5.1 (b)]. Such a basis in-
duces a profinite topology on the groups Aut(G) and Out(G). Let H C G be
a closed subgroup. Then we shall write Aut’ (G) € Aut(G) for the subgroup of
Aut(G) consisting of elements that induce automorphisms of H. We shall write
Inn* (G) € Aut?! (G) for the image of H via the natural surjection G — Inn(G).
Let J be a profinite group. Then we shall refer to a continuous homomorphism
J — Aut? (G)/Inn! (G) as an H -outer action of J on G.

3 Preliminaries

In this section, we recall some basic notions concerning profinite groups and hy-
perbolic curves, and we establish Lemmas 3.4 and 3.8 which will be applied in
Section 5.

First, from [12, Notations and Conventions] and [12, Definition 3.1], we recall
basic notions concerning profinite groups.

Definition 3.1. Let G be a profinite group and H C G a closed subgroup of G.

(i) We shall write Z g (H ) for the centralizer of H in G, i.e., the closed subgroup

def

{ge€G|ghg ' =hforanyh € H},and Z(G) = Zg(G).
(i1) We shall say that G is slim if Zg(U) = {1} for every open subgroup U of
G, or, equivalently, Z(U) = {1} for every open subgroup U of G.

(iii) We shall say that G is decomposable if there exist nontrivial normal closed
subgroups H1 € G and H, C G such that G = H;| x H,. We shall say that G
is indecomposable if G is not decomposable. We shall say that G is strongly
indecomposable if every open subgroup of G is indecomposable.

Remark 3.2. Let G be a slim profinite group. From [12, §0] and [8, Lemma 1.6],
we recall the following well known facts.
(i) Every finite normal closed subgroup of G is trivial.

(i) Let H € G be an open subgroup and & € Aut(G). Suppose that o induces the
identity automorphism on H . Then « is the identity automorphism on G.
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For completeness, we prove a basic lemma which will be applied in Section 5.

Lemma 3.3. Let G be a profinite group and {G;};e a directed subset of the set of
characteristic open subgroups of G, where j > i < G; C G, such that

(G =1{1}.

iel

Write ¢;: Out(G) — Out(G/ G;) for the natural homomorphism. Then

() Ker(¢) = {1}.

i€l
Proof. We consider o € [);c; Ker(¢;) € Out(G) and a lifting 6 € Aut(G). For
each i € I, write 6; € Aut(G/G;) for the automorphism induced by &. Then,
since o € Ker(¢;), the automorphism &; is inner. Let y; € G/G; be an element
which induces 6; via conjugation. Write C; o vi - Z(G/Gi) € G/G;. Here, we
note that if iy > ia (i1,i2 € 1), then the natural surjection G/G;, — G/G,, in-
duces a map C;; — Cj,. Observe that, since C; (i € 1) is a finite nonempty set,
the inverse limit LiLnieI C; is nonempty; see [14, Corollary 1.1.6]. Then & is the
inner automorphism given by any element y € 1(i_llll.€ J Ci (S l<ir_nl.e / G/G; = G).
This completes the proof of Lemma 3.3. i

Lemma 3.4. Let G be a topologically finitely generated profinite group and S C P
a finite subset. Then the natural homomorphism

Out(G) — l_[ Out(G ")
peP\S

is injective.

Proof. Since G is topologically finitely generated, there exists a directed subset
{Gi}ier of the set of characteristic open subgroups of G, where j >i & G; C G,
such that ();c; G; = {1}; see [14, Proposition 2.5.1 (b)]. Fix such a family. For
eachi € I, let p; € P\ S be such that p; does not divide the order of the finite
group G/G;. Then the natural surjection G — G/G; factors through the natural
surjection G — G (71’ Thus, Lemma 3.4 follows from Lemma 3.3. o

Next, we recall basic notions concerning hyperbolic curves.

Definition 3.5. Let k be a field, k an algebraic closure of k, and X a smooth curve
(i.e., a one-dimensional, smooth, separated, finite-type, geometrically_connected
scheme) over k. Write X for the smooth compactification of Xz over k. Then we
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shall refer to any element of the underlying set of X \ X% as a cusp of Xz. We
shall say that X is a smooth curve of type (g, r) over k if the genus of X7 is g, and
the cardinality of the set of cusps of Xg is r. If X is a smooth curve of type (g,r)
over k,and 2g — 2 4+ r > 0, then we shall say that X is a hyperbolic curve over k.

Definition 3.6. Let k be an algebraically closed field, Z a hyperbolic curve over k,
Q aprofinite group, and ¢: [1z — Q an epimorphism (in the category of profinite
groups).

(i) Write Z for the smooth compactification of Z over k, K for the function field
of Z, K for the maximal Galois extension of K that is unramified over Z
within a fixed separable closure K*P, Z for the normalization of Z in K,
and S for the inverse image of S e Z \ Z in Z. Note that we have a natural
action of [Ty =~ Gal(l? /K) on Z. Then, for each point z € S, we shall refer
to the stabilizer subgroup C I1z of any point in S lying over z as a cuspidal
inertia subgroup of I1z associated to z. We shall refer to the image under ¢
of any such cuspidal inertia subgroup of 1z as a cuspidal inertia subgroup of
0 associated to z.

(i1) In the set-up of (i), we shall write
Out®(Q) C Out(Q) (respectively, Outlcl(Q) C Out(Q))

for the subgroup of outer automorphisms of Q that induce permutations (re-
spectively, the identity permutation) on the set of the conjugacy classes of
cuspidal inertia subgroups of Q.

We conclude with a lemma concerning outer actions on certain quotients of the
group I1z. In its proof, we employ methods that are similar to those used in the
proof of [18, Lemma 1.2].

Definition 3.7. Let G be a profinite group, IT a topologically finitely generated
profinite group such that Z(IT) = {1}, and G — Out(IT) a continuous homomor-
phism. Then we shall write

%G £ Aut(I) xoum G-
Lemma 3.8. Let k be an algebraically closed field, Z a hyperbolic curve over k,
Q a profinite group, and q: 1z — Q an epimorphism. Suppose that Q is topo-
logically finitely generated and slim. Let J < Out®(Q) be a closed subgroup and
V € Q an open subgroup. In particular, g~ (V) € I1z may be naturally identi-
fied with the étale fundamental group of a hyperbolic curve over k. Write

ov:Aut(V) — Out(V), ¢p:Aut(Q) — Out(Q)
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for the natural surjections. Then, for any sufficiently small open subgroup M C J,

out
there exist an outer action of M on V and an open injection V.x M — Q x J
such that

(a) the outer action of M preserves and induces permutations on the set of the
conjugacy classes of cuspidal inertia subgroups of 'V,

(b) the outer action of M on V extends uniquely (by the slimness of Q) to a V-
outer action on Q that is compatible with the outer action of J (2 M) on Q,

(c) the injection V M — 0 S0 J is the injection determined by the inclusions
V C Qand M C J, together with the V -outer actions on V and Q.

Proof. Write n € Z> for the index of V' in Q. Write
Aul”1(0) € Aur(0)

for the subgroup of Aut(Q) consisting of elements that induce automorphisms
of V, and moreover, induce permutations on the set of the conjugacy classes of
cuspidal inertia subgroups of V. First, we note that, since V is an open subgroup
of 0, Inn¥ (Q) is an open subgroup of Inn(Q). In particular, there exists an open
subgroup M; € Aut(Q) such that M; N Inn(Q) = InnV(Q). Next, we consider
the set
@, = {all open subgroups of Q of index n}.

Here, observe that, since Q is topologically finitely generated, @, is a finite set;
see [14, Proposition 2.5.1 (a)]. Thus, if we write Sym(&;,) for the group of permu-
tations on Q,, then the kernel of the natural homomorphism Aut(Q) — Sym(@;,)
is an open subgroup of Aut(Q). Write

M3 = Ker(Aut(Q) — Sym(@y)) (S Aut(Q)).
In particular, it is easy to see from the relevant definitions that
Mau = My 0 Mo 05" () (S Au(Q))
is an open subgroup of ¢§1 (/) satisfying the following conditions:

(i) May NInn(Q) € Inn"(Q),
(ii) Mau € Autl1(0).

Write
My & Im(Maw 22 Aul”1(0) — Aut(V) 2% ou(vy),
M & Im(Maw — Autl’](0) = Aut(0) 22 out(0)),

def

My au Z In(May = Aut”1(Q) — Au”1(0)/mn" (0)).
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Then we have a commutative diagram of profinite groups

Aut(V) «— Aut1(Q) ———— Aut(Q)

Jon | Joo

Out(V) «—— Aut[V](Q)/InnV(Q) —— Out(Q) (*)

| I |

MV D — MV,Allt — M’

where the horizontal arrows in the third line are surjective; see the definitions of
My, M, My ay. Now we verify the following assertion.

Claim 3.8.A. The horizontal arrows in the third line of diagram (x) are bijective.

Indeed, we note that, in light of our assumption that Q is slim, the natural mor-
phism Aut!”1(Q) — Aut(V) is injective; see Remark 3.2 (ii). Then it follows from
the commutativity of the diagram

1 ﬂ Aut(V) ——— Out(V) —— 1

| I

l — V — Aut[V](Q) — Aut[V](Q)/InnV(Q) — 1

that Aut!”1(Q)/Inn" (Q) — Out(V) is injective, hence that My aw — My is bi-
jective. On the other hand, it is easy to see from the above condition (i) that
My aw — M is injective. This completes the proof of Claim 3.8.A.

In light of Claim 3.8.A, we obtain a natural outer action

M5 My au = My — Out(V).

Then, since the natural morphism Iﬁu}? M — A(}L}tt(V) factors through Aut[V](Q),
we have a natural open injection V' x M < Q x J. Finally, it is easy to see from
the relevant definitions that the morphisms M < Out(V') and V SM— 0 %J
satisfy conditions (a), (b), (c). This completes the proof of Lemma 3.8. O

4 Computations of various Galois centralizers

In this section, by applying highly nontrivial “Grothendieck Conjecture-type re-
sults” [9, Theorem A] and [15, Theorem D] in anabelian geometry, we compute
various Galois centralizers. These computations will be applied in Section 5.
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Definition 4.1. Let k be a field, k an algebraic closure of k, and Z a hyperbolic
curve over k. Then we have an exact sequence of profinite groups

1> Mz >z - G — 1.

We shall write pz: Gy — Out(I1z;) for the outer representation determined by
the above exact sequence. Let X C P be a nonempty subset. Then we shall write

p%: G, — Out(HEE)

for the outer representation induced by pz, and

]

z
57 £ Nz /Ker(Mz, — 03,).
Let p be a prime number. If ¥ = {p}, then we shall also write pg e p?.

Lemma 4.2. Let | be a prime number and ¥ C P a subset such that | € X. Let
n € Zs1 be a E-integer, K C @anumberﬁeld, and Z C IP’11< \ {0, 1, 0o} an open
subscheme obtained by forming the complement of a finite subset of K-rational
points of IP’II< \ {0, 1, oo}. In particular, Z is a hyperbolic curve of genus 0 over K.
Write (Pé D) Yg — Zg (S Pé) for the finite étale Galois covering of Zg of
degree n determined by t — t", and

def

0=
Then the following hold.

N7 /Ker(My, — M_).

(1) We have a natural homomorphism
out'“l(TZ_) — out(Q).

(i1) Write p for the composite of natural homomorphisms

o=
Gk —> outl“l(1%) — oul“(Q);
recall our assumption that all cusps of Z are K-rational. Then
Zoui“l()(Im(p)) = {1}.

(i) Let G C Outl®! (Q) be a closed subgroup such that G contains an open sub-
group of Im(p). Then G is slim.

Proof. We begin by observing that the normal open subgroup

b) z
Mys < Mz
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(determined by the finite étale Galois covering Yg — Zg) may be characterized
as the normal open subgroup topologically generated by the cuspidal inertia sub-
groups of HZ@ that is not associated to the cusps 0, oo, and the unique closed
subgroups of the cuspidal inertia subgroups of HE@ associated to the cusps 0, oo,
of index n. Then it is easy to see from the relevant definitions that any element
in Out‘cl(HE@) induces an element in Out'cl(Q). This completes the proof of
assertion (i).

Next, we verify assertion (ii). Let 0 € Zoydcl(g)(Im(p)). Then it follows from
the above observation that any lifting in Aut(Q) of ¢ induces an automorphism of
Hé,@. Let & € Aut(Q) be a lifting of o such that the automorphism

&l € Au(ITh,)

induced by & preserves the H conjugacy class of cuspidal inertia subgroups
of HIY associated to the cusp 1 Here, we note that, since o preserves the Q-
conjugacy class of cuspidal inertia subgroups of Q associated to the cusp O (re-
spectively, 0o), and the finite étale Galois covering Yg — Zg is totally ramified
over the cusp 0 (respectively, 00), it follows that o|n/ preserves the I @-COI’IJU—
gacy class of cuspidal inertia subgroups of atl Yo assoc1ated to the cusp 0 (respec-
tively, 0o). Write
oy: My = M

for the outer automorphism determined by

6|Hl € Aut(H )

Observe that, since the outer action of Gk, together with Uy, on Hl preserves
the IT4 @—Conjugacy class of cuspidal inertia subgroups of H assocmted to the
cusp 1, it follows from our assumption that

0 € Zoul()(Im(p))

that oy commutes with the outer action of Gg on HlYf. Then it follows from
the Grothendieck Conjecture [9, Theorem A] that oy arises from a unique iso-
morphism f: Yg = Yg of schemes over Q. Note that, since o|m}__ induces the
identity permutatlon on the set of the IT @—conjugacy classes of cusp1da1 inertia
subgroups of H Yo associated to the cusps 0, 1, oo, it follows that f induces the
identity permutation on the subset {0, 1, oo} C Pé. In particular, we conclude that
£ is the identity automorphism, hence that oy is the identity outer automorphism.
Recall that the automorphism

5l € Au(TTy)
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is the restriction of 6 € Aut(Q). Thus, since Q is slim by [12, Proposition 1.4], it
follows from Remark 3.2 (ii) that & is an inner automorphism, hence that o is the
identity outer automorphism. This completes the proof of assertion (ii).

Finally, we verify assertion (iii). Since every open subgroup of G contains an
open subgroup of Im(p), to verify (iii), it suffices to show that Z(G) = {1}. But
this follows from assertion (ii). This completes the proof of assertion (iii), hence
of Lemma 4.2. O

The following notion plays an important role in our work.

Definition 4.3. Let / be a prime number. We shall say that a profinite group G
is almost 7 if there exists an open subgroup H C G such that H is isomorphic
toZ;.

Lemma 4.4. Let p be a prime number, > C P a nonempty subset such that p ¢ %,
and k a finite field of characteristic p. In the notation of Definition 4.1, suppose
that Z is a hyperbolic curve of genus 0 over k such that all cusps of Z are k-
rational. Write p “ p?. Then the following hold.

(1) Suppose that |P \ X| is finite. Then the natural homomorphism
Aut(Z) — Ouy(I1%,)
determines an isomorphism
Aut(Zg) = Zouwmz ) (p(Gr))-
(ii) Suppose that either || = 1 or |P \ X| is finite. Then, if we write
yz:outll(Z ) — (2%)*

for the pro-% cyclotomic character, which is obtained by considering the ac-
tions on the cuspidal inertia subgroups of HEF then the natural composite

X
Zowlel(mz,)(p(Gy)) < Oul(mZ ) =

(Z%)*
is injective.

(iii) Let [ be a prime number # p. Then Zouw(11., 7)(p(Gk)) is almost Z.;.

Proof. First, we verify assertion (i). Write Outg, (H[ ]) for the group of HE,—
outer automorphisms of H[ ] that lie over Gy; see Definition 4.1. Then, smce
HEE is center-free by [12, Proposition 1.4], it is well known that the natural homo-
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morphism
Outg, (15 — Zowaz ) (p(Gr)

is an isomorphism; see [17, Lemma 7.1]. On the other hand, since Gy is abelian, it
follows from [15, Theorem D], together with the definition of Outg, (H[ZE]), that

_ ~ P>
Aut(Zg/Z) 5 Outg, (Y,

where Aut(Zz/Z) C Aut(Zy) denotes the subgroup consisting of automorphisms
of Z% that induce automorphisms of Z compatible with the natural morphism
7y —> 7.

Next, we verify the following assertion.

Claim 4.4.A. The inclusion Aut(Zz/Z) C Aut(Zy) is bijective.

Indeed, let @ € Aut(Z%) and 0 € Gy (— Aut(Z%)). Then, since Gy is abelian,

it follows that _
yEooaoo toa ! € Autg(Z%).

Next, we note that y induces the identity permutation on the set of cusps of Z.
Thus, we conclude that y = 1, hence that « induces a unique automorphism in
Aut(Z) compatible with the natural morphism Zz — Z. This completes the proof
of Claim 4.4.A.

Thus, by applying Claim 4.4.A, we obtain a natural isomorphism

¢: Aut(Zg) = Zouwmz ) (p(Gr))-

This completes the proof of assertion (i).

Next, we verify assertion (ii). If |X| = 1, then the desired conclusion follows
from the latter half of the proof of [13, Proposition 2.2.4]. Thus, we may assume
without loss of generality that [P\ X| is finite. Write Aut'l(Zz) € Aut(ZF) for
the subgroup of automorphisms of Zj that induce the identity permutation on the
set of cusps of Z. Then ¢ induces a composite

Awl(Zg) > Zoweimz,) (p(Gr)) € Outl(TTZ ) 25 (2.
Observe that this composite factors as the composite of the natural injection
Autll(Zg) < G,

with the pro-X cyclotomic character Gy, — (ZE)X. Thus, since this character is
injective by [2, Théoreme 1], we conclude that the natural composite

Zoweimz,) (p(Gr)) € OulCl(MZ ) 25 (2%)”

is injective. This completes the proof of assertion (ii).
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Finally, we verify assertion (iii). We begin by observing that, since the image of
the /-adic cyclotomic character G — Zf is infinite, it follows from [10, Corol-
lary 2.7 (i)] that

Zowt, )(p(Gr)) = Zoucl, ) (P(Gr))-
Moreover, we observe that, since
Outlcl(HlZE) is open in OutC(HlZE),
it follows that
Zowl, ) (p(Gy)) is open in Zowc (1}, ) (0(Gi))-
Thus, to verify assertion (iii), it suffices to show that
ZOutlcl(HlZE)(p(Gk)) is almost Z;.

On the other hand, since p(Gy) is an infinite abelian group by [8, Lemma 4.2 (iv)],
we conclude from assertion (ii) that

Zoui“l(mt, )(p(Gi)) is almost Z;,

as desired. This completes the proof of assertion (iii), hence of Lemma 4.4. o
Remark 4.5. It is natural to pose the following question.

Question. In the notation of Lemma 4.4 (i) (respectively, Lemma 4.4 (ii)), can
the assumption that |P \ X| is finite (respectively, |X| = 1 or [P\ X| is finite) be
dropped?

However, at the time of writing, the authors do not know whether the answer to
this question is affirmative or not.

Lemma 4.6. Let | be a prime number and K € Q a number field. In the notation
of Definition 4.1, suppose that k = K, and Z is a hyperbolic curve over K. Then
every open subgroup U C Im(,olZ) is nonabelian.

Proof. Recall that, since the image of the /-adic cyclotomic character Gg — Zf
is infinite, it follows that Im(plZ) is infinite [8, Lemma 4.2 (iv)]. In particular, U
is infinite. Write K’ C Q for the finite extension of K determined by U. Suppose
that U is abelian. Then, since

UcC ZOut(HlZ@) (U) 5

the centralizer
Zou(11 @)(U)
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is infinite. However, since Autg/(Zg) is finite, this contradicts the Grothendieck
Conjecture for hyperbolic curves over number fields [9, Theorem A]. Thus, we
conclude that U is nonabelian. This completes the proof of Lemma 4.6. |

S Strong indecomposability of the outer automorphism groups
of nonabelian free profinite groups

In this section, by applying the results obtained in Sections 4 and 5, we prove
Theorem 1.1 and Corollary 1.2.

Lemma 5.1. Let = C P be a nonempty subset and K € Q a number field. In the
notation of Definition 4.1, suppose that k = K, and Z is a hyperbolic curve of
genus 0 over K. Let

G C Out(ng@)
be a closed subgroup such that
e G contains an open subgroup of ,o% (Gg),

e there exists a prime number | € X such that the image of G via the natural
morphism
. D) I
dr: Out(HZ@) —> Out(HZ@),

which is necessarily surjective by [14, Proposition 4.5.4 (b)], is slim,
e there exist normal closed subgroups G1 C G, G, C G suchthat G = Gy X G».
Then either
@ ¢1(G1) = {1} and Gy < OulI(T1Z ), or
(b) ¢1(Ga) = {1} and G € Ou'“l(TIZ ).
Proof. First, by replacing K by a finite extension of K, we may assume without

loss of generality that p% (Gk) < G, and all cusps of Z are K-rational. Let p be
a maximal ideal of the ring of integers of K such that

* the characteristic of the residue field at p is not equal to /, and

¢ Z has good reduction at p.

Let F € Gk be alifting of the Frobenius element at p. We shall write,
e foreachi = 1,2, pr;: G — G; for the natural projection,

e J C Gk for the closed subgroup topologically generated by F, where we note
that J is isomorphic to Z,
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« I =p3(J) S,
e L Epr(Dx{1} S G xGy =G, I, = {1} xpr,(I) € G, x G2 = G.
Here, we note that, since [ is abelian, it follows that

I ClixISZg(l),

hence that

d1(I) S (1) - p1(12) € Zg,6)(p1(1)) € Zow(rt @)(@(1))-

Moreover, we note that, since Z has good reduction at p, it follows from the the-
ory of specialization isomorphism, together with Lemma 4.4 (iii), and [8, Lem-
ma 4.2 (iv)] that

* Zow(! @)(dn(l)) is almost Z;, and
e ¢;(1) is infinite.

In particular, either ¢; (/1) is infinite, or ¢; (/2) is infinite. We may assume without
loss of generality that ¢;(/2) is infinite. Observe that, since Zouy(r’ @)(g{)l(l ))
is almost Z;, it follows that ¢;(12) N ¢;(1) < ¢; (1) is an open subgroup. Then,
since G1 € Zg (1), there exists an open subgroup 1 < I such that

¢1(G1) € Zou(rt! @)(d)l (F1)).

Now suppose that ¢; (G1) is infinite. Then, since

$1(I) S Zow(m! @)(¢1 (F1)).
and moreover, by Lemma 4.4 (iii),
Zown, (91 (1)) is almost Z;,

it follows that ¢;(G1) N ¢;(I) < ¢;(I) is an open subgroup. On the other hand,
since G, € Zg(G1), there exists an open subgroup 7 € 77 (C I) such that

¢1(G2) S Zouwmt, ) (¢ (*1)).

In summary, we have

Pz(Gk) = $1(p7(GK)) € $1(G) = $1(G1) - $1(G2) € Zoway, ) (1 (F1)).

Then, since Zou(11t )(qﬁ] *1)) is almost Z; by Lemma 4.4 (iii), it follows that
there exists an open subgroup U C pZ (Gk) such that U is abelian, a contradic-
tion; see Lemma 4.6. Thus, we conclude that ¢;(G1) is finite. Therefore, since
¢1(G1) € ¢;(G) is a finite normal subgroup, it follows from our assumption that
¢;(G) is slim that ¢; (G1) = {1}; see Remark 3.2 (i).
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Finally, we verify the inclusion G; C Outlc‘(HE@). Write
1 Outlcl(HE@) — LY

for the /-adic cyclotomic character, which is obtained by considering the actions
on the cuspidal inertia subgroups of HZ@. Then, since y; (/) is infinite, it follows
from [10, Corollary 2.7 (i)] that

I x Ir € Zowm)(I) € Out(TZ).

In particular, since ¢; (1) € ¢;(G1) = {1}, we have I; C Out‘cl(HE@); see [10,
Proposition 1.2 (i)]. Thus, we obtain an inclusion

1< nx (< oulNmE)).

where we write ,
¥ = oo my,).

Here, observe that, since y; factors through the restriction of ¢; on Out/® (Hgf),
Q
it follows that

2D < (I (€ zy),

hence that y; (1 2‘C|) is infinite. Therefore, we conclude from [10, Corollary 2.7 (1)]
that
C
G1 € Zowm,) (1) € OuC(I1Z,).

In particular, since ¢;(G1) = {1}, we have G C Outlcl(HE@); see [10, Proposi-
tion 1.2 (i)]. This completes the proof of Lemma 5.1. O

Remark 5.2. In the notation of Lemma 5.1, suppose that
ICl 72
G C Out™(I1 Z@).

Then the second assumption on G (concerning the slimness of ¢;(G)) follows
automatically from the first assumption on G. Indeed, to verify the slimness of
¢1(G), by replacing K by a finite extension of K, we may assume without loss
of generality that Z is an open subscheme of ]P’Il( \ {0, 1, oo} obtained by forming
the complement of a finite subset of K-rational points of P Il( \ {0, 1, co}. Then the
slimness of ¢;(G) follows from Lemma 4.2 (iii).

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. We begin by observing that every open subgroup I' of G
contains an open subgroup of p% (Gk), and moreover, ¢;(I") is slim. In particular,
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to verify Theorem 1.1, it suffices to prove that G is indecomposable. If |X| = 1,
then the indecomposability of G follows from Lemma 5.1. Thus, we may assume
without loss of generality that |P\ X| is finite. Next, by replacing K by a finite
extension of K, we may assume without loss of generality that p§ (Gg) € G, and
all cusps of Z are K-rational. Moreover, we may assume without loss of gen-
erality that Z is an open subscheme of IP}I< \ {0, 1, co} obtained by forming the
complement of a finite subset of K-rational points of ]P’Il< \ {0, 1, c0}.
Suppose that there exist normal closed subgroups G; € G and G, € G such
that G = G1 x G,. We shall write,
« for each S-integer n € Zx1, (PG 2) "Yg — Zg (C Pg) for the finite étale
Galois covering of Zg of degree n determined by ¢ — t",
© 0 = = TZ_/Ker(Tl7y, — H,QYQ)
* Gny: Out'Cl(HE@) — Out'c‘(Qn,l) for the natural homomorphism; see Lem-
ma 4.2 (i).
Note that ! Yg = Zg, and 0y = le@.
Next, let us observe that, by applying Lemma 5.1, we may assume without loss
of generality that

$1(G1) = {1} and Gy < Oull(mZ).
In particular, we have a direct product decomposition
G = Gy x 6y (c oullmiZ ).
where we write GI€l £ G N Outlcl(H ) and G|2CI £6G,N Outlc‘(l'%@).

Next, we verify the following assertlon.

Claim 1.1.A. For any X-integer n € Z>1, ¢, 1(G1) = {1}.

Indeed, since HE, is slim by [12, Proposition 1.4], it follows from Lemma 3.8
that we have normal open subgroups H C G|C| H; € Gy,and H, C G| | such
that

e H=Hi X Hp,
e there exists an injection H — Out/®! (H )

e there exists an injection

out out

HnY X H — H % GI©
that is compatible with the inclusions between respective subgroups
H,,Y@ c H

and quotients H C G'c.
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Then it follows from Lemma 5.1, Remark 5.2, together with [12, Proposition 1.4],
that ¢, ;(H1) = {1} or ¢, ;(H2) = {1}. Suppose that ¢,, ;(H2) = {1}. Here, we
note that, since Ql > lef it follows that ¢; factors as the composite of ¢, ;
with the natural homomorphlsm

out'l(Q, ;) — out!l(rl,).

In particular, ¢; (H2) = {1}. Then our assumption that ¢; (G1) = {1} implies that
¢1(G1 x Hp) = {1}, hence that ¢, (p% (Gk)) (€ ¢;(G)) is finite. This is a con-
tradiction; see [8, Lemma 4.2 (iv)]. Thus, we conclude that ¢,, ; (H1) = {1}, hence
that ¢,, ; (G1) is finite. Therefore, since ¢, ;(G1) € ¢, ;(G) is a finite normal sub-
group, and moreover, ¢, ;(G) is slim by Lemma 4.2 (iii), we get ¢, ;(G1) = {1};
see Remark 3.2 (i). This completes the proof of Claim 1.1.A.

Write yx: Out|c|(1'[§@) — (ZZ)X for the pro-X cyclotomic character, which
is obtained by considering the actions on the cuspidal inertia subgroups of HZ@.
Then it follows from Claim 1.1.A that

x=(G1) ={1}.
For each p € X, write
=
dpy: Out(HE@) —> Out(Hng})
for the natural surjection.

Next, we verify the following assertion.

Claim 1.1.B. There exists a finite subset S C X such that, for each p € ¥\ S,
dpy (G1) = {1}.
Indeed, let p be a maximal ideal of the ring of integers of K such that

e the characteristic, which we denote by p, of the residue field at p is contained
in X, and

e Z has good reduction at p.
Let F' € Gk be a lifting of the Frobenius element at p. We shall write,
e foreachi = 1,2, pr;: G — G; for the natural projection,

* J S G for the closed subgroup topologically generated by F', where we note
that J is isomorphic to Z,

def E(J) c G|C|
_prl(l)x{l}gGlelzc‘=G|C‘,12E{1}xpr2(1)CG1xGlCl GIcl,

Then, since [ is abelian,

1 C Iy x1I, C Zgie(l).
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Then it follows from Lemma 4.4 (ii), together with the theory of specialization
isomorphism, that our assumption that yx (/1) € y=(G1) = {1} implies that

by (1) = {1}.

In particular, ¢,y (1) € ¢(py (12). Thus, since y=(G1) = {1},and G1 € Zg(12),
we conclude from Lemma 4.4 (ii), together with the theory of specialization iso-
morphism, that ¢,y (G1) = {1}. Observe that there exists a finite subset § C X
such that Z has good reduction at any maximal ideal of the ring of integers of K
that lies over a prime number in ¥ \ S. Therefore, we obtain the desired conclu-
sion. This completes the proof of Claim 1.1.B.

Write ¥’ £ P\ 2. Note that, by Lemma 3.4 and the finiteness of | <’ U S|, the
composite

N~ b
owmZ, )~ [ ouwmi)®) 3 [] Out(nz}afl’})
DEP\(Z'US) peET\S

is injective. Thus, we conclude from Claim 1.1.B that G; = {1}, hence that G is
indecomposable. This completes the proof of Theorem 1.1. |

Remark 5.3. It is natural to pose the following question.

Question. In the notation of Theorem 1.1, can the assumption that |X| =1 or
[P\ X is finite be dropped?

However, at the time of writing, the authors do not know whether the answer to
this question is affirmative or not.

out

Corollary 5.4. In the notation of Theorem 1.1, suppose G is slim. Then HE@ x G
is strongly indecomposable.

Proof. First, since HE@ is center-free by [12, Proposition 1.4], we have an exact
sequence of profinite groups

1> M5, > Tz %G — G — 1.

Thus, since G is infinite, we conclude from Theorem 1.1, together with [8, Propo-
sition 1.8 (i)] and [12, Propositions 1.4, 3.2], that M2 %G is strongly indecom-
posable. This completes the proof of Corollary 5.4. o

Lemma 5.5. Let m > 2 be an integer, ¥ C P a nonempty subset, and Fy, a free
profinite group of rank m. Then Out(F,E) is slim.
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Proof. First, we consider the case where m = 2. In this case, we claim the follow-
ing assertion.

Claim 5.5.A. There exists a closed subgroup
Hy C Out(F,,?) (respectively, Hy C Out(F,E))
such that, for every open subgroup H{ € Hj (respectively, Hy, € H>),
ZOut(F,E)(H{) >~ @3 (respectively, ZOut(F,E)(Hé) ~ 7./27),
where we write ©3 for the symmetric group on 3 letters.

Indeed, write Cy for the projective line minus {0, 1, co} over a number field
K C @ Let (E, {0}) be an elliptic curve, where o is the origin of E, over a num-
ber field K, € Q such that the j-invariant of (E, {o}) is not equal to 0 or 1728.
Write C; for the hyperbolic curve over K5 obtained by removing {0} from E. In
particular, as is well known, for any finite extension K1 C L; (S Q) (respectively,
K> € L3 (€ Q)), we have

Autz, ((C1)L,) = ©3 (respectively, Auty,((C2)r,) = Z/27).

Thus, since, by applying the Grothendieck Conjecture for hyperbolic curves over
number fields [9, Theorem A], we have a natural isomorphism

Aut, ((C1)r,) = Zow(n(’ﬂcl)@)(,og1 (GL)))
(respectively, Autz, (C2)L,) = ZowmE.,, )(p¢,(GL,))).
we conclude that the image of pgl (Gk,) (respectively, pgz (Gk,)) via any isomor-
phism
Out(l'[(zcl)@) 3 Out(FZ)  (respectively, Out(chz)@) 3 Out(F2))
determines the desired subgroup. This completes the proof of Claim 5.5.A.
Let us recall that, to verify Lemma 5.5, it suffices to show that, for every normal

open subgroup N C Out(F,%), we have Zouw(FZ)(N) = {1}. Now suppose that
Zouw(FZ)(N) # {1}. Then, since

Zow(F>)(N) € ZowrZ)(H1 N N) N Zowrs)(H2 N N)
C Zowwrz)(H2NN) = Z/27
by Claim 5.5.A, we have
Zouw(FE)(N) = ZowrE)(Hi N N) N Zow(rg)(H2 N N)
= Zow(Fr>)(Hy N N) = Z/27.
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Thus, since Zou(r,Z)(N) is normal in Out(F,E) by our assumption that N is nor-
mal in Out(F,E), we conclude that Zou(r, ) (H1 N N), which is isomorphic to &3
by Claim 5.5.A, admits a normal subgroup of order 2, a contradiction. Therefore,
we have Zoy(FZ)(N) = {1}. This completes the proof of Lemma 5.5 in the case
where m = 2.

Next, we consider the case where m = 3. In this case, we claim the following
assertion.

Claim 5.5.B. There exists a closed subgroup
H, C Out(F”),:) (respectively, Hy C Out(F,E))
satisfying the following conditions.
* For every open subgroup H|{ C Hj (respectively, Hy, C H3),
ZOHt(F%)(H{) =~ Z7/27 x 7]27
(respectively, ZOut(F,E)(Hﬁ) ~ 7./27).

* Forany | € X, every nontrivial element ay € Zow(r2)(H{) (respectively, the
unique nontrivial element az € Zow(F%) (H})) induces a Z;-automorphism oy
(respectively, o) of (F,f1)ab such that the rank of the Zj-submodule of (F,ln)ab
consisting of elements in (F,l,,)ab fixed by o (respectively, o) is 1 (respec-
tively, 0).

Indeed, write C; for the projective line minus {0, 1, 3, oo} over a number field
K1 € Q. Let (E, {0}) be an elliptic curve over a number field K» € Q such that
the j-invariant of (E,{o}) is not equal to 0 or 1728, and that £ has a non-4-
torsion Kj-rational point x. Write C, for the hyperbolic curve over K, obtained
by removing {x, —x} from E. Observe that the Q-automorphism “[—1]” of Egy (of
order 2) preserves the set {x, —x}, and that if a nontrivial element f € Autg(Eg)
satisfies f(x) = x, then f coincides with the map

ZH>2x—z

on the set of Q-rational points of Eg, so f (=x) # —x. In particular, as is easily
verified, for any finite extension K1 C L; (€ Q) (respectively, K» C L, (€ Q)),
we have

Auty,, ((C1)L,) = Z/2Z x Z/2Z (respectively, Auty,((C2)r,) = Z/27).

Let o1 be a nontrivial element in Autz,, ((C1)r,) that induces a permutation s
on the set of cusps {0, 1, 3, co}. Here, we note that s may be written as the product
of the transposition of two distinct elements in {0, 1, 3, oo} and the transposition of
the other two distinct elements in {0, 1, 3, oo}. Write a5 for the unique nontrivial
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element in Autz, ((C2)L,). Then it follows from the well known structure of the
étale fundamental group of a smooth curve over an algebraically closed field of
characteristic 0 that if we identify (l'Iécl)@)ab (respectively, (Hicz)@)ab) with the
free Z;-module

({ag.a1,a3,a00 | ag + a1 + az + doo = 0)))®

(respectively, ((b, ¢, dx,d—x | dc + d—y = 0))®),

where a, (respectively, do) corresponds to the cusp o € {0, 1, 3, oo} (respectively,
o € {x,—x}), b corresponds to a meridian of the “complex torus E(C)”, and ¢
corresponds to a longitude of E(C), then «; (respectively, o) induces the Z;-
automorphism
= . I b ~ l b
o1 (e )™ = Miepg)™
ap — as(o), ay = as(l), as — as(3), doo H> as(oo)
(respectively, @»: (1‘[1( Cz)@)ab ~ (Hécz)@)ab,

b —b,ct+— —c,dy > d_x, d—x — dy).
Now one verifies easily that the rank of the Z;-submodule of

(Hécl)@)ab (respectively, (Hl(cz)@)ab)

consisting of elements in

(Hicl)@)ab (respectively, (HI(CZ)@)ab)

fixed by o (respectively, op) is 1 (respectively, 0). Thus, Claim 5.5.B follows
from a similar argument to the argument applied in the final portion of the proof
of Claim 5.5.A.

In light of Claim 5.5.B, for every open subgroup N € Out(F,>), we have

Zow(FZ)(N) € Zowrz)(H1 N N) N ZowrZ)(H2 N N) = {1}.

This completes the proof of Lemma 5.5 in the case where m = 3.

Finally, we consider the case where m > 4. In this case, by considering the
hyperbolic curve C over a number field K € Q obtained by removing m 4+ 1 dis-
tinct Q-rational points from [P Il( such that Autg(Cg) = {1}, the next claim follows
from a similar argument to the argument applied in the final portion of the proof
of Claim 5.5.A.

Claim 5.5.C. There exists a closed subgroup H C Out(F,E) such that, for every
open subgroup H' € H, Zowrz)(H') = {1}.
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It is easy to see from Claim 5.5.C that Out(F,E) (where m > 4) is slim. This
completes the proof of Lemma 5.5. o

Remark 5.6. Lemma 5.5 in the case where m > 4 also follows from [6, Theo-
rem A].

Finally, we prove Corollary 1.2.

Proof of Corollary 1.2. The strong indecomposability of Out(F,f) follows from
Theorem 1.1 and Lemma 5.5. The strong indecomposability of Aut(F,E) follows
from Corollary 5.4 and Lemma 5.5. This completes the proof of Corollary 1.2. O
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