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Group graded basic Morita equivalences
and the Harris—Knorr correspondence

Andrei Marcus

Communicated by Britta Spith

Abstract. Let G be a finite group, let b be a G-invariant block with defect group Q of
the normal subgroup H of G, and let b’ € Z(ONg(Q)) be the Brauer correspondent
of b. We show that the bijection between the blocks of G covering b and the blocks of
Ng(Q) covering b’, induced by a G/H -graded basic Morita equivalence between the
block extensions @G and b’O Ng (Q), coincides with the Harris—Knorr correspondence.

1 Introduction

The Clifford theoretical approach to Broué’s abelian defect group conjecture in-
volves group graded categorical equivalences between block extensions, which oc-
cur by taking a normal subgroup of the finite group G, and a G-invariant block b
of the group algebra @ H, where G = G/H and O is a complete discrete valuation
ring. Let O < H be a defect group of b, and let b’ be the Brauer correspondent
in OH', where H' = Ny (Q). A very useful situation is when an equivalence
between the block algebras b H and b’ H' can be lifted to an equivalence be-
tween the block extensions hOG and b’OG’, where G’ = Ng(Q), induced by
(complexes of) G-graded bimodules. Then such a G-graded equivalence induces
a bijection between the blocks of b G and those of b’'OG’.

On the other hand, a well-known result of M. E. Harris and R. Knorr [11] states
that the Brauer correspondence induces a bijection between the blocks of OG
covering b and the blocks of O Ng(Q) covering b’. 1t is natural to ask what the
relationship is between these two correspondences.

Another motivation comes from the work of Britta Spith on reduction methods
for local-global conjectures, presented in the surveys [19,20]. One of the important
tools is the relation >, between character triples (see [19, Definition 3.2] and [20,
Definition 4.2]), which also involves the Harris—Kn&rr correspondence.

We prove in Corollary 4.4 that the bijection induced by a G-graded Morita
equivalence between bO G and b’ O G’ (see [4-7]) coincides with the Harris—Knorr
correspondence.
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To this end, we use the stabilizer G [b] of b H regarded as a bimodule, and the
Clifford extension of the block b, introduced by E.C. Dade in [8,9]. Recall that
the Clifford extension of b, denoted here by C, is the centralizer Cpog(hOH)
modulo its G-graded Jacobson radical. This is invariant under G-graded Morita
equivalence, and Dade [9] gives a bijective correspondence between the blocks
of G covering b and the G-conjugacy classes of blocks of C, and he also proves
that the blocks » and b’ have isomorphic Clifford extensions C and C’ , this iso-
morphism being induced by the Brauer map.

In Section 2, we introduce our notation, and we recall the necessary facts on
basic Morita equivalences. In Section 3, we discuss the Harris—Knorr correspon-
dence in terms of isomorphism of the Clifford extensions of the blocks b and b'.
Finally, our main result, Corollary 4.4, is a consequence of Theorem 4.3, which
says that the isomorphism C ~ C’ induced by the Brauer map is invariant under
G-graded basic Morita equivalences.

These results can be generalized to G-graded Rickard equivalences. We intend
to deal with this aspect in a subsequent paper, as well as with the precise relation-
ship with Spith’s relation >y, and with Turull’s approach [21] to character triple
isomorphisms.

2 Preliminaries and quoted results

Notation 2.1. Let O be a complete discrete valuation ring with residue field k of
characteristic p > 0. For the sake of simplicity, we assume that k is algebraically
closed.

Let H be a normal subgroup of the finite group G, and let b be a G-invariant
block of O N, that is, {b} is a point of G on O N. We denote

G :=G/H, A:=0Gbh, B:=0HD,
and we regard A as a G-graded @-algebra with identity component B.

2.2. Take a defect pointed group Py of Gyp). Then, by [12, Proposition 5.3], there
is a defect pointed group Qs of H{py on the H-interior algebra O H such that
Qs =< Py;in this case, we may assume that Q = P N H.

The Frattini argument implies that G = H Ng(Qg); hence

G =~ NG(Q)/Nu(Q) = N6(Q5)/Nu (Qs).

Leti € y and j € § be source idempotents such that j = ij = ji. Set

A, =iAi, Ag=jAj.  Bs=jBj. B, =IiBi.
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By [15, Proposition 3.2], both A5 and A,, are strongly G-graded ©-algebras, and
we have G-graded Morita equivalences between 4, Ag and A4,,.

2.3. Recall (see [13, §5.9]) that there is a maximal (H, b)-Brauer pair, denoted
(Q, bg), associated with Qg. Here bg is a block of kCg (Q) with defect group
Z(Q). It is well known that bg lifts uniquely to a block (still denoted by bg) of
OCg (Q) with defect group Z(Q), and that we have the equality

Nu(Qs) = Nu(Q. bs).
Moreover, by is also a block of @ Q Cy (Q) with defect group Q. We denote
A= ONg(Qs)bs. B:=ONu(Qs)bs,

and we will regard 4 as a G-graded algebra with 1-component .

Notation 2.4. Consider another finite group G’, and assume that w: G — G and
®': G’ — G are group epimorphisms with H = Kerw and H' = Ker’. Let b’
be a G’-invariant block of @ H’, and let

/ = (9(;/b,7 B/ = (9H,b,,

A’ as a G-graded G'-interior algebra with 1-component B’. We will use ’ to denote
the objects associated with b'.

Set G := (v x @) 1 (A(G)) and A := (b ® b')OG. In particular, any A-mod-
ule, is, by restriction of scalars, a (B, B’)-bimodule.

2.5. Basic Morita equivalences were introduced by Puig [16]; their local properties
have been further studied in [18], and these results have been generalized to block
extensions in [4—7]. According to [5, Definition 4.2], we say that A4 is G -graded
basic Morita equivalent to A’ if there is an _indecomposable A-module M with
vertex P < G and endopermutation source N such that there is an embedding

f:Ay—>S®A;/

of G-graded P-interior algebras, where S := Endg (N ) is a Dade IB—algebra. Re-
call that, in this situation, by [5, Proposition 4.1], the projections from G x G’
to G and G’ induce isomorphisms P ~ P ~ P’ sowecan again identify the ver-
tex P with the defect groups P and P’, and this identification gives the P -interior
algebra structure on S ® A;,/.

Note also that, by [5, Corollary 4.3], B and B’ are basic Morita equivalent
because the embedding f restricts to a Q-interior P-algebra embedding

fiBy — S ®Bj. @2.1)
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Now let R < P and R’ < P’ such that R’ corresponds to R via the identifica-
tion of P with P and P’. By applying the Brauer construction to (2.1), we obtain
the Np (R)-algebra embedding

f:By(R) > S(R) ® B}/ (R"). (2.2)

If R¢ is a local pointed subgroup of Py, then, by (2.2), there is a unique lo-
cal pointed group R, such that R, < P,,. We obtain in this way a bijection
Re <> R., between the local pointed groups included in P, and local pointed
groups included in P)ﬁ/. We will use this bijection in 2.6 and in Section 4, in the
particular case when R = Qg.

2.6. Finally, recall also that the G-graded basic Morita equivalence between A and
A’ induces a G-graded basic Morita equivalence between A = ONg(Qg)bs and
A’ = ONg/(Qs)bss, which is obtained as follows (see [5, Lemma 6.6 and 6.7]
and [7, Proof of Theorem 1.1]).

Let A = brg(y) and A’ = brg(y’). Then P} is a defect pointed group of bg in
NG (Qs), and Py, is a defect pointed group of by, in Ng/(Qj). It follows that A
is the source algebra of #, and #4, is the source algebra of A’.

Note that S(Q) is a Dade P -interior algebra. By applying the extended Brauer
construction [6, Section 4] to the embedding f, we get the embedding

Az — S(0) ® Ay

of G-graded P-interior algebras, which gives the G-graded basic Morita equiva-
lence between A and A’

3 Covering blocks and Clifford extensions

31.Let A =bOG, B=bOH, A=0ONg(Qs)bs and B = ONg(Qs)bs as in
Section 2, and let A" = B’ONg(Q), B' = b'ONg(Q), where b’ = Tr%’fjgg;) bs.

The Fong—Reynolds equivalence applied in this situation says that there is a G-
graded basic Morita equivalence between A’ and .

3.2. Consider the centralizer in A of the 1-component B,
C = C4(B) = (hOG)H |

We know that C is a G-graded G-algebra, which is not strongly graded in general.
To obtain a crossed product, we consider the stabilizer G [b] of B as a (B, B)-bi-
module, that is (see [9, Section 2.9]),

Gb) ={g € G| Az ~ B as (B, B)-bimodules} = {g € G | Az Az—1 = B}.
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Then G[b] is a normal subgroup of G, and
Com = D Ce
g<Glb]
is a strongly G[b]-graded G-acted subalgebra of C. Regarding the graded Jacob-
son radical (see [9, Lemma 3.3], [14, Section 1.5.A]), we know that

Ja©) = ( P Ce) PUalClB)):
g2€G\G[b]
hence
C = Ca(B) := C/Jg(C) ~ Cgpy/Ja(Cip))
as G[b]-graded G-acted algebras.
Recall also that Jo(C) € J(C). It follows from this isomorphism that the prim-
itive idempotents of C lie in Cé[b]; hence the G-invariant primitive idempotents

of C (that is, the blocks of b G) coincide with the G-invariant primitive idempo-
tents of Cé[b]-

3.3. In a similar way, we define the group G[b’] and the G-graded G-acted algebras
C':=Ca(B) = )'ONG(Q))"" @ and C'=Cy(B') =C'/Ju(C)),
respectively the group G [bs] and the G-graded G-algebras
€ =Cu(B) and € = Cu(B) =C/Ju(C).

By [14, Corollary 5.1.4], the G-g_raded Morita equivalence between A" and 4
induces the group isomorphism G[b’] >~ G[bs] and the following commutative

diagram:
C’ €
E E
G

Gy
J/ can l can
e

The main result of this section, which relates these algebras with the Brauer cor-
respondence, is due to T. Coconet [2], and originates from the work of E. C. Dade
[8,9]. For convenience, we include here a complete proof which does not depend
on the more general results from [3]. We need the following lemma.

12
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Lemma 3.4. Let Q < D < P. The Brauer homomorphism brg determines a bi-
Jection between the blocks of O G with defect group D and the blocks of O Ng(Q)
with defect group D. This correspondence coincides with the Brauer correspon-
dence determined by brp.

Proof. By [1, Proposition 1.5], applied to the appropriate restrictions of the Brauer
map, we obtain the commutative diagram

or§ briyG (@)

0GG —Q> kCG(Q)NG(Q) (Q— @NG(Q)NG(Q)
16 (©@)
brg P brgG(Q)
kCg(D)No(D)

of homomorphisms of Ng(Q)-algebras.

Let a be a block of @G with defect group D. Then, by the commutativity
of the above diagram, a := br(Q; (a) is a primitive idempotent (hence block) of
kCg(0)N6(Q) with defect group D. It is easy to see that @ lifts to a block a’ of
kNg(Q), still with defect group D, that verifies brgG(Q)(a’ ) = a. In this way, we
obtain the bijection determined by brg.

Now let a” denote the Brauer correspondent block of a in Ng(Q). This means
that a” belongs to O Ng(Q) and verifies brgG(Q)(a” ) = brg (a). On the other
hand, we get

brg (a) = brgG(Q)(brg (@) = brgG(Q)(brgG(Q)(a)) — brgG(Q)(a’).

Finally, @’ and a” must coincide since, otherwise, we have a’ - a” = 0, which
would imply brg (a) = 0, a contradiction. o

Remark 3.5. (a) Note that the statement of Lemma 3.4 is true under more general
assumptions. All we need is that D and Q are p-subgroups of G with Q <1 D and
NG (D) < Ng(Q).

(b) An immediate consequence of Lemma 3.4 is the main result of [11]: the
Brauer map brp determines a bijection between the blocks of b@G and those
of ’ONg(Q), and this correspondence coincides with the Brauer correspon-
dence between the covering blocks of b and of b’ respectively. Recall also that
any block a of @G covering b has a defect group D such that Q < D < P and
DNH=0.
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Remark 3.6. The Brauer quotient of C is
C(0) = ((b06)T)(0) = bOG) Q)N D = p'kCs(Q)N1(D),

Note that, since Q € H, C(Q) is a G—_graded G-algebra. The image of the re-
striction of bro to Cg;; is the strongly G[b]-graded G-subalgebra (CG[b])(Q) of
b/kCG(Q)NH(Q)_

Theorem 3.7. The Brauer homomorphism brg induces an isomorphism of G-
graded G-acted algebras between C[b] and C'. Furthermore, this induces a bi-
Jjection between the blocks of G covering b and the blocks of Ng(Q) covering b’,
which coincides with the Harris—Knorr correspondence.

Proof. Note that C' = b'OCg(Q)V#(2) @ S, where S consists of Nz (Q)-fixed
elements belonging to the radical of 5’0 N (Q). It follows that S = Pz C;
for some subset T of G \ G[b’]. We immediately deduce the equality

C'=b'0Cc (0N D + Ju(C);
hence the composition
9:C — C(Q) = (C(Q) + Jx(C)/Jx(C) = C'/ Jer(C)
is a well-defined epimorphism of G-graded G -algebras. Consider the diagram

br br
c ° C(0) ° c’

- - T <
br br

Cé[b] B— (Cé[b])(Q) — C/

G[p']
can l can
. @), = .
¢ T ') ¢

For any ¥ € G \ G[b], we have ¢(Cx) = 0 because, otherwise, Cx would contain
a homogeneous unit. If ¥ € G[b], then ¢(Cs) is the X-component of C’. Further-
more, ¢(J(C71)) = 0 since

(C'/Je(C)1 = C{/I(C)) =~ b'OCH(Q)N D ) J(B'OCH (Q)N (D).

This proves that the kernel Qf ¢ is Jg(C); hence ¢ is an isomorphism, and then
it also follows that G[b] >~ G[b’]. The commutativity of the remaining squares of
the diagram is easily checked.
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The isomorphism ¢ induces a bijection between the blocks of G covering b
and the blocks of NG (Q) covering b’ by lifting idempotents in the above diagram
via the canonical maps C — C and C’ — C’. The same bijection is obtained by
lifting idempotents via the composition

¢ C'— C(Q) = (C'(Q) + Ju(C))/ T(C).

By Lemma 3.4, this bijection coincides with the Brauer correspondence, so the
theorem is proved. |

The following statement immediately follows from 3.3 and Theorem 3.7.

Corollary 3.8. The composition of the Brauer map with the Fong—Reynolds equiv-
alence induces an isomorphism C ~ € of G[b]-graded G -acted algebras.

4 Morita invariance of the isomorphism C ~ €

4.1. Consider the G-graded algebras A = hOG and A’ = b’OG’ as in Section 2.
Assume that the (A, A’)-bimodule M and its @-dual M* induce a G-graded
Morita equivalence between A and A’. By [14, Corollary 5.1.4], there is an iso-
morphism

®:C = C4(B) —» C' = Cy/(B')

of G-graded G-acted algebras, which is defined as follows. By the second Morita
theorem [10, Theorem 12.12], there are G-graded bimodule isomorphisms

GM* QUM —> A, M@y M*— A
such that
U @ m¥)i = me(m* i)  forallm,ie M, m* € M*,
Gm* @ mya* = m*y(n @ i*) forallm*, i* e M*, me M.

Denote by M, M*, ¢ and ¢ the 1-components of M s M *, ¢ and & respectively.
Since M and M * induce a Morita equivalence between B and B’, there are finite
sets / and J and the elements m;‘, nfeM*andmj, nj e M,i €1,j € J such

that
@(Z m; ®p mj) = lp, lﬁ(znl ®p n,*) = lp.
jeJ iel
Then, for all ¢ € C4(B), we have that

®(c) = (Z)(Z mic ®p m]-).

jeJ
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4.2.In particular, we may take an idempotent i € y and the strongly G-graded
algebra A, = iAi in the place of A". Since AiA = A, there is a finite set J and
elements u;, v; € A such that Z jeg ujiv; = 14. Then we get the isomorphism

®:Cq(B) — Cjui(iBi), cr+ic =ci,

with inverse given by ¢’ = 3¢y u;c'v;, forall ¢’ € Ci4; (iBi).
This idea also applies in the case of the Morita equivalence between A and
S ® A, where S = M, (0O) is a matrix algebra.

Theorem 4.3. With the notations of Section 2, assume that there is a (_}_—gmc{ed ba-
sic Morita equivalence between A = bOG and A" = b'OG'. Denote C = C4(B),
C' = Cyq/(B), € = C4x(B) and € = C4/(B’). Then the diagram

/

~ ~

G +— O\
G — O

=
NN /
of G|b]-graded G-algebras is commutative, where the horizontal isomorphisms

are induced by the G-graded basic Morita equivalences given by the hypothesis
and by 2.6, while the vertical isomorphisms come from Corollary 3.8.

Proof. Assume that the basic Morita equivalence is induced by the G- -graded
(A, A’)-bimodule M. Let A, = iAi and Ay =i’'A'i’. Then i Mi’ induces a G-
graded Morita equivalence between A, and A y» Which is also given by an embed-
ding f:4, - S® A , of P-interior G graded algebras, as in 2.5.

We also use the G- graded basic Morita equivalence between A = O Ng(Qs)bs
and A’ = ONg/(Qs)bj, as recalled in 2.6. Let 4 be the source algebra of s,
and A’/ the source algebra of A’.

Now, consider the following diagram, in which all the maps are isomorphisms
of G[b]-graded G -algebras.

Ca, (By) Ca;,(By)
R
€ ‘é’/
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On the top face and the bottom face of the diagram, the maps come from the
Morita equivalences A ~ A’, A ~ A’ and the embedding of the respective source
algebras, as in 4.2; it follows immediately that the top face and the bottom face are
commutative.

On the right face and the left face, the horizontal maps come from the embed-
dings of the source algebras as in 4.2, while the vertical maps are induced by the
Brauer map brg, according to Theorem 3.7; hence the right face and the left face
are commutative as well.

Recall that by [6, Section 3 and Remark 4.5.2], the extended Brauer quotient of
A, can be obtained by applying the usual Brauer construction to

Ay ® O(NG(Py)/Cr(P)).

By 4.2 and the above remarks, we deduce that the back face is commutative.
Consequently, the front face is also commutative. o

We are mainly interested in the particular case when G’ = Ng(Q) asin 3.1, in
order to connect the above theorem with the Harris—Knorr correspondence.

Corollary 4.4. Let G' = Ng(Q), H = Ny (Q), and let b’ € Z(OH') be the
Brauer correspondent of b. Assume that M induces a G-graded basic Morita
equivalences between A and A'. Then the bijection between the blocks of A and
the block of A’ coincides with the Harris—Kndrr correspondence.

Proof. Observe that our assumptions imply that A = A’ = bsO Ng(Qjs). By The-
orem 3.7, Corollary 3.8 and Theorem 4.3, we have the commutative diagram

of isomorphisms of G[b]-graded G-acted algebras, where the maps ® and @' are
induced by the given Morita equivalence. More precisely, ®’ is induced by the
Fong-Reynolds equivalence between A’ and +, and a G-graded basic Morita auto-
equivalence of 4. By [17, Lemma 4.5] (see also [4, Remark 9.6]), it follows that
this auto-equivalence is the identity functor. Consequently, @' is the identity map
of C’; hence the isomorphism @ is given by the Brauer map brg. |
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