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Fibers of automorphic word maps and
an application to composition factors

Alexander Bors

Communicated by Timothy C. Burness

Abstract. In this paper, we study the fibers of “automorphic word maps”, a certain gener-
alization of word maps, on finite groups and on nonabelian finite simple groups in particu-
lar. As an application, we derive a structural restriction on finite groups G where, for some
fixed nonempty reduced word w in d variables and some fixed p € (0, 1], the word map
wg on G has a fiber of size at least p|G|¢: No sufficiently large alternating group and no
(classical) simple group of Lie type of sufficiently high rank can occur as a composition
factor of such a group G.

1 Introduction

1.1 Motivation and main result

Word maps on groups have been studied intensely in recent years, resulting in
substantial progress on interesting questions and a beautiful theory using tools
from various areas such as representation theory and algebraic geometry; inter-
ested readers are referred to the survey article [5].

Recall that a (reduced) word w in d variables X1, ..., X4 is an element of the
free group F(X1,..., Xz). Each such word gives, for each group G, rise to a word
map wg : G?% — G induced by substitution. Studying the fibers of wg means
studying the solution sets in G¢ to equations of the form w = w(X1,..., X4) = g
for g € G. By Larsen and Shalev’s result [3, Theorem 1.1], for fixed w, the maxi-
mum number of solutions to such an equation in a nonabelian finite simple group S
isino(|S]?) as | S| — oo. Hence for each fixed number p € (0, 1], for only finitely
many nonabelian finite simple groups S, wg has a fiber of size at least p|S |d.

Based on this, it is natural to ask what one can say more generally about the
nonabelian composition factors of a finite group G where the word map wg has
a fiber of size at least p|G|d. In order to be able to use [3, Theorem 1.1] for this,
it would be useful if one could somehow relate the maximum fiber size of wg
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with the maximum fiber sizes of the word maps associated with w over the com-
position factors of G. For example, it would be nice to have an inequality of the
form [Ty, (G) < [, (N) - 1, (G/N) for all finite groups G and all normal sub-
groups N of G, where I1,, denotes the function that maps each finite group G
to the maximum fiber size of wg. Unfortunately, this is not the case, even if we
assume that N is characteristic in G; consider, for example, G = D5,, the dihe-
dral group of order 20, for some odd integer 0 > 3, N the unique cyclic subgroup
ofindex 2in G, and w = Xlz.

In this paper, we will describe a way to circumvent these difficulties and provide
some strong restrictions on possible composition factors of a finite group G such
that TT,,(G) > p|G|? in the form of Theorem 1.1.2 below. First, we introduce
some constants:

Notation 1.1.1. Let w be a reduced word of length / > 1 in d distinct variables.
We introduce the following constant, depending only on w:

21+2 2143
B - K Qld+1)* -1
M =Md,l):= ];)(21(61 O = a1

Furthermore, we set M’ := M(/,1).

Our main result is the following (as usual, the “untwisted Lie rank™ of a Lie-type
group is the Lie rank of the corresponding untwisted group):

Theorem 1.1.2. Let w be a reduced word of length | > 1 in d distinct variables.
Then for all p € (0, 1] and all finite groups G such that the word map wg has
a fiber of size at least p|G|%, the following hold:

(1) No alternating group of order larger than
max{|_16ll6el6M/l_2-|!,p_16M/}

is a composition factor of G.

(2) No (classical) simple group of Lie type of untwisted Lie rank larger than

max{72(1 + D22\ 720 + 1)21210g2(p_1)}
is a composition factor of G.

In other words, the list of potential composition factors for such a group G con-
sists of cyclic groups of prime order, finitely many alternating groups, the sporadic
groups, and all simple Lie-type groups of bounded rank.
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1.2 Main ideas and overview of the paper

The main idea for proving Theorem 1.1.2 is to make up for the above mentioned
“flaw” of the function ITy, by replacing it by an evaluation-wise larger function
By which satisfies the inequality Ly, (G) < Ly (N) - By (G/N) at least when N
is characteristic in G and study L, instead. To this end, we generalize the notion
of a word map in a certain way.

Let us first fix some notation. For a fixed reduced word w in the d variables
X1,..., X4 and of length [, write

— 61“_ €/
w = X, X

where x1,...,x; € {X1,..., Xy} and €; = £1. Denote by ¢ the unique func-
tion{l,...,/} —{l,...,d}suchthatfori =1,..../,x; = X,(;). Thus for each
group G, the word map wg is just the map GY > G sending

(&1,---,84) & gf(ll) "'gf(ll)-
Definition 1.2.1. We introduce the following terminology and notation:

(1) With notation as above, let G be a group, and let «y,...,; be automor-
phisms of G. The automorphic word map w(Gal’ @) s the map G4 — G
sending (g1, ..., 8q) = o1(g,1))" -+~ ar(g. 1))

(2) By L, we denote the function that maps each finite group G to the maxi-

mum size of a fiber of one of the automorphic word maps w(GO‘1 e ), with
o1, ...,0; automorphisms of G.
Hence wg’“ o2 i like wga, except that in the i -th factor of the / factor prod-

uct as which the evaluation wg (g1, ..., gq) is defined, we additionally apply «;,
one of / automorphisms fixed beforehand. In particular, wgd’ ++>id)
The approach of studying fibers of automorphic word maps will actually allow

us to prove the following stronger form of Theorem 1.1.2:

= wg.

Theorem 1.2.2. Let w be a reduced word of length | > 1 in d distinct variables
and M = M (w) as in Notation 1.1.1. Then for all p € (0, 1] and all finite groups G
with By (G) > p|G|2, the following hold:

(1) No alternating group of order larger than
max{[16116616M/l—2‘|!’p—16M’}
is a composition factor of G.

(2) No (classical) simple group of Lie type of untwisted Lie rank larger than
max{n(z + D22, 720 + 1)2121og2(p—1)}

is a composition factor of G.
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We now give an overview of the rest of this paper:

(1) In Section 2, we prove our main lemma, Lemma 2.1, which includes the in-
equality Py (G) < By (N) - By (G/ N) for characteristic subgroups N of G.
It also includes the observation that the element of G having the largest fiber
size under any automorphic word map on G is the identity element of G.

(2) Having gained a basic understanding of automorphic word maps in Section 2,
the next goal is to extend, as far as necessary, Larsen and Shalev’s result
[3, Theorem 1.1] on fibers of word maps on nonabelian finite simple groups
mentioned above to fibers of automorphic word maps. This will be done in
Section 3, see Theorem 3.1.2.

(3) Section 4 consists of the proof of Theorem 1.2.2 based on the results devel-
oped so far.

(4) Finally, in Section 5, we give some concluding remarks concerning further
extensions of Larsen and Shalev’s techniques to automorphic word maps and
an interesting consequence thereof.

1.3 Notation

We denote by N the set of natural numbers (including 0) and by N the set of pos-
itive integers. Euler’s constant is denoted by e, which is to be distinguished from
the variable e. The image and preimage of a set M under a function f are denoted
by f[M] and f~'[M], respectively. When f; : X; — Y; fori = 1,...,n, then
we denote by f1 X --- X f, the product of the maps f;, i.e., the map

n n
l_[ X — l—[ Yi, (x1,....%0) = (f1(x1), ..., fu(xn)).
i=1 i=1
The n-fold product of a map f with itself is denoted by f). These last two
notations will be used in the proofs of Lemma 4.4 and of the implication “Conjec-
ture 5.2 = Conjecture 5.3” in Section 5.

For a group G and an element g € G, we denote by conj(g) the conjugation
by g on G, i.e., the inner automorphism of G of the form x > gxg~!. The auto-
morphism group of G is denoted by Aut(G), and the inner automorphism group
of G by Inn(G). For a finite set X, we denote by 8y the symmetric group on X;
for a positive integer 1, 8, and A, denote the symmetric and alternating group on
{1,...,n}, respectively.

For a prime power g, the finite field with ¢ elements is denoted by IF,;. For
n € N1 and a prime power ¢, Maty, (¢) denotes the ring of (nxn)-matrices over Fy.
For a vector space A over some field F', we denote by End g (A) the endomorphism
ring of A, i.e., the ring of F'-linear maps A — A.
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At some points in our arguments, we will not consider all possible automorphic
word maps wg’“’”"“l ) over some finite group G, but only those where the «;
are from a certain subset of Aut(G). Also, we sometimes want to talk about the
maximum fiber size of a particular element of G under an automorphic word map
or about the proportion of a fiber of an (automorphic) word map associated with
w within the entire argument set Gd, rather than the actual size of the fiber. We
therefore introduce the following notation that supplements the notation already

introduced:

Notation 1.3.1. Let G be a finite group, w a reduced word of length / in d distinct

variables, A C Aut(G).

(1) We set 7 (G) := I (G)/|G|% and py (G) := Pw(G)/|G|¢. Note that we
always have 1y, (G), pw (G) € (0, 1].

(2) We denote by SB&A)(G, g) the maximum size of the fiber of g under an auto-
morphic word map of the form w(G“l’“"“’), where o; € A fori =1,...,1,
and we set

B (G) := max PP (G, g)
geG
(so that BL"(G) = P, (G)).

(3) Moreover, we set

(4)
A)(G. o) — Pw (G, 2)
Py (G.g) Gl
and o
PBu " (G)
P(G) = g

2 Basic bounds for automorphic word maps

In this section, we prove the following lemma containing some basic bounds on
fiber sizes of automorphic word maps:

Lemma 2.1. Let w be a reduced word, G a finite group, A a subgroup of Aut(G)

containing Inn(G). Furthermore, let N be a characteristic subgroup of G, and

denote by

e ind(A) the subgroup of Aut(G/N) consisting of all automorphisms of G/N
induced by some automorphism from A,

e res(A) the subgroup of Aut(N) consisting of all restrictions of automorphisms
from Ato N,

e 7w : G — G/N the canonical projection.
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Then the following hold:
(1) Forall g € G,
BV (G.g) < PLUA(G/N. 7(9)) - BED (V. 1),
or in terms of proportions,
P’ (G.g) = pG(G/N. 7 (9)) - p W (V. 1),
(2) Forall g € G,
B (G.2) = BPG. 1),
or in terms of proportions,
P (G, g) < PP (G, ).
Hence BV (G, 1) = B2 (6).
(3) We have 4
BEV(G) = BPUAG/N) - B W),
or in terms of proportions,

pM(G) < pIsD)(G/N) - plindDI (N,

Proof. (1) As before, we write w = x}' - -x;’ with x1,...,x; € {X1,.... X4},
€ €{£l}yand:{1,...,/} = {1,...,d} such that x; = X,(;). Furthermore, fix
an [-tuple (a1, .. oe;) of elements of A such that the size of the fiber ® of g
under the map ng"" o) equals iBw (G g).Fori =1,...,[, denote by &; the
automorphism of G/ N induced by «;.

We will establish the inequality by a coset-wise counting argument. More pre-
cisely, we will show the following two assertions, which together imply the
inequality:

(i) The number of cosets of N4 in G¢ having nonempty intersection with @ is

at most R (G /N, 7 ().

(i) ® intersects each coset of N¢ in G¥ in at most P (N, 1) many ele-
ments.

For the first assertion, let (g1, ..., gq) € ®. In other words,
a1 (g, (g = g. 2.1
Applying 7 to both sides of formula (2.1) yields
a1 (m (&) - (7 (gury)) = 7(g),

and thus that (77(g1), ..., 7(gg)) lies in the fiber of 7(g) under w(Ga/ljil ~91) The
assertion follows immediately from this.
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For the second assertion, fix a coset C of N4 in G4, say C = N (g1.....84).
We want to show that |[C N ®| < %SeS(A))(N ,1). Of course, we may assume that
C N @ is nonempty, and without loss of generality even that the coset represen-
tative (g1, ..., gq) which we fixed lies in . Henz:e formula (2.1) holds. We now

O] yenny

characterize those (ny,...,ng4) € N4 such that Wg a’)(nlgl, o Ng8d) =&
as well, i.e., such that

g = a1(n,)&) " oy (ny &) =111, (2.2

where
f = {O‘i () ai(gi)), ife = +1,
o (gt(i))ei o (nz(i))ei , ife¢ = —1.
Note that under the assumed formula (2.1), formula (2.2) is equivalent to the fol-
lowing:

l=g-g ' =titr- 1 (gq) " aa(gu2) 2oi(ga) . (23)

We now transform the product expression on the right-hand side of formula (2.3)
without changing its value by removing, step by the step fori = /,/ —1,..., 1, the
factors o (g,(;)) and o; (g,(;)) ™€ (each of which occurs precisely once in the ex-
pression) and applying conj(e;(g,;))€’) to each of the factors between
them. This results in an expression of the form wl(\’?"""ﬂ’)(nl, ...,ng), where
each B; is the restriction to N of an element of A, namely of the composition
of some inner automorphism of G with ¢; .

(2) This follows by setting N := G in point (1) of this lemma.

(3) By points (1) and (2), we have

BLV(G) =806, 1) = B G/N, 7 (D) - B (V1
= B G/N) B W),

using the fact that ind(A) resp. res(A) contains Inn(G/N) resp. Inn(N). |

3 On fibers of automorphic word maps on nonabelian finite
simple groups

3.1 Larsen and Shalev’s result and the main result of this section

The following theorem is an equivalent reformulation of [3, Theorem 1.1]:

Theorem 3.1.1. For each nonempty and reduced word w in d distinct variables,
there exist constants N(w),n(w) > 0 such that for all nonabelian finite simple
groups S with |S| = N(w), the inequality T, (S) < |S|¢77™) holds.
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The proof of this theorem in [3] is split into three parts (note that the sporadic
groups can be ignored here, as the fiber size bound only needs to be shown for
large enough S):

« First, the bound is established for large enough alternating groups by means of
a certain combinatorial construction.

¢ Next, the bound is established for all simple Lie-type groups of sufficiently high
rank, where the lower bound on the rank is so large that only classical groups
need to be considered in this case. As Larsen and Shalev say themselves, the
argument is conceptually similar to the one for alternating groups.

* Finally, the simple Lie-type groups of bounded rank are treated by means of an
argument using results of algebraic geometry.

It turns out that Larsen and Shalev’s arguments in the first two cases can be
modified to prove the following, which is the main result of this section:

Theorem 3.1.2. Let w be a reduced word of length | > 1 in d distinct variables,
and M = M(w) as in Notation 1.1.1. Then the following hold:

(1) Foralln € Nt withn > 256116e16Md=2 "\, paye
Pu (An) < A, |47/,

(2) For all simple Lie-type groups S of untwisted Lie rank at least 72(d + 1)212,

we have
S‘Bw (S) < |S|d—l/(72(d+1)12)_

Whether such bounds can also be established for the simple Lie-type groups of
“small” rank is open; see Section 5 for some more remarks on this.

3.2 Reduction of Theorem 3.1.2 to Theorem 3.2.6

Similarly to [3], the main part of the argument for Theorem 3.1.2 will not pro-
vide upper bounds on Ly, (S) for the simple groups S in question directly,
but on iBg,A) (G), where G is a finite group “closely related with S” and A4 a certain
subgroup of Aut(G). That we can do this without loss of generality is justified by
the following lemma, a modification of [3, Lemma 2.1], which served the same

purpose:

Lemma 3.2.1. Let w be a nonempty reduced word in d distinct variables, § and
H infinite classes of finite groups, N,n > 0. Assume that for each H € H with
|H| > N, there is associated a subgroup A(H) < Aut(H) such that

PO < 1)
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(and note that this implies n < d ). Set € := n/(2(1+d —n)) > 0. Finally, assume
that there exists C > 0 such that for all G € § with |G| > C, the following exist:

e an H € H such that |H| < |G| ¢,

e characteristic subgroups K and L of H with K < L such that G = L/K (we
say that G is a characteristic section of H ) and such that every automorphism
of G can be induced by the restriction to L of a suitable automorphism of H
from A(H).

Then the following holds: For all G € § with |G| > max{N, C},
Pu(G) < |G|,

Proof. Let G € ¢ with |G| > max{N, C}. Fix H € # with |H| < |G|'™€ con-
taining characteristic subgroups K and L as described in the assumptions. We
assume without loss of generality that G = L/K (not Just 1som0rphlc) Note that
we have in particular that |H| > |G| > N, so that EBw (H) < |H|9" by

assumption.
We want to bound the fiber sizes of automorphic word maps over G. To this
end, fix automorphisms o7, ...,®; € Aut(G) and g € G such that the fiber size

of w(‘f"""‘f’) equals By, (G), fix h € L projecting onto g € G = L/K, and fix
ar, ..., € A(H) < Aut(H) such that forl =1,...,1, (@) induces &; on G.

Smce each fiber of the map w Ig 1--ns01) , and thus in partlcular each fiber of the
map w(("”)'L"' (f”)‘L), has size at most |H|d " and since the fiber of g under
the map w(“l’ ++9) can be expressed as the image under the canonical projection
L—G of a disjoint union of at most |G |€ many fibers of w(L(“l)'L""’(“’)‘L), we

get

B (G) = [T (g}
<|G|¢- |H|d n<|G|e+(1+e)(d n _ |G|d ?7/2

where the last equality is by the definition of €. o

Lemmata 3.2.3 and 3.2.5 below will allow us to reduce the proof of Theo-
rem 3.1.2 to the proof of a theorem concerning fibers of automorphic word maps
in slightly different classes of groups, Theorem 3.2.6. For example, for the alter-
nating groups, these “closely related” groups will be just the symmetric groups.
To make the formulations of the lemmata shorter, let us first introduce the follow-
ing terminology:

Definition 3.2.2. Let w be a nonempty reduced word in d distinct variables, and
let N, n > 0. Furthermore, let § be a class of finite groups and A a function that
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maps each G € g to a subgroup A(G) < Aut(G). We say that § is (A, N, n)-nice
Sfor w, or that (A, N, n) is a niceness tuple of § for w, if and only if forall G € §
with |G| > N, we have 8L (G) < |G|4—.

The following lemma allows us to reduce Theorem 3.1.2 (1) to the study of
automorphic word map fibers in symmetric groups:

Lemma 3.2.3. Let w be a nonempty reduced word in d distinct variables. Further,
assume that for some N € NT and some n > 0, the class of finite symmetric
groups is (Aut, N, n)-nice for w. Then the class of finite alternating groups is
(Aut, max{N, 22(+d=m/n+1\ /12y pnice for w.

Proof. Sete := n/(2(1 + d — n)). For proving the lemma, we want to apply Lem-
ma 3.2.1 with J the class of finite symmetric groups and § the class of finite alter-
nating groups. For all n € N, every automorphism of +4,, extends to an automor-
phism of 8,; hence it suffices to prove that for C := 21+2(+d=m/n — p1+1/e

|An| > C implies |8,| < |A,|' "¢, which is elementary. o

As for the classical groups of Lie type X(¢) with which we are concerned in
Theorem 3.1.2(2), the groups “closely related” with them which we will study
are, just as in [3, beginning of Section 3], the isometry groups of trivial, perfect
symmetric, perfect anti-symmetric or perfect Hermitian pairings (depending on
the case) of a vector space over either the field [F; or (only in the Hermitian case)
its degree 2 extension qu. Set £ := F;, and moreover, set I’ := E except in the
Hermitian case, where F := Iqu.

In the notation of Kleidman and Liebeck’s book [2, Section 2.1], the classical
simple Lie-type group X(g) is € and is the projective version of a subgroup £
of the associated isometry group, which is denoted by /. Note that 7, in turn,
is contained as a normal subgroup in some group A which (by its conjugation
action on /) may be viewed as a subgroup of Aut(/) and is just the group I' of
collineations over I except when I = GL,(¢q) is the isometry group of a trivial
form, in which case A is the subgroup of Aut(/) generated by I" and the inverse-
transpose automorphism of /. For later purposes, we set A(/) := A.

It follows from [2, Theorem 2.1.4] that if the untwisted Lie rank of € is at least 5
(this is just to exclude the groups C»(2/) = Sp4(2f ) and D4(q) = Qg‘ (g)), then
every automorphism of € is induced by the restriction to £ of an automorphism of
I from A = A([), as required in Lemma 3.2.1. Furthermore, as Larsen and Shalev
observe in [3, beginning of Section 3], we always have |1| < (|F| — 1)(r + 1)|L],
where 7 is the untwisted Lie rank of Q. They also observe that for every € > 0,
|QI€ > (r + 1)(|F| — 1) if r is sufficiently large. This “sufficiently large” can be
made explicit.
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Lemma 3.2.4. For all € > 0, the following holds: With notation as above, for all
simple Q, ifr > €71, then |Q2|€ > (r + 1)(|F| — 1), and so || < || T

Proof. This follows from
Y7 = (¢ + DAF| =D, (3.1

verifiable in each of the six cases Q = A,(¢).Br(q).Cr(q).Dr(q).%Ar(q),
2D, (¢q) using the known formula for |Q[; note that formula (3.1) does not hold
for the particular choice © = 2A,(2), but this is not a problem, since 2A,(2) is
not simple. |

We can now show the following:

Lemma 3.2.5. Let N, > 0 and let § be a class of finite groups consisting only
of the isometry groups I associated with the members of a subclass H of the
class of finite classical simple Lie-type groups Q@ of untwisted Lie rank at least
max{5,2(1 + d — n)/n}. Further, assume that g is (A, N, n)-nice for w. Then #
is (Aut, N, n/2)-nice for w.

Proof. By the assumption on the untwisted Lie rank of members of J, the
assumptions of Lemma 3.2.1 with C := 1 are satisfied; more precisely, fixing an
element Q2 € H:

« Since the untwisted Lie rank of € is at least 5, by the observations before
Lemma 3.2.4, considering the associated isometry group I € §, Q is a char-
acteristic section of I such that every automorphism of Q “comes from” an
automorphism from A(/) < Aut(/).

¢ Furthermore, since the untwisted Lie raEk of Qisatleast2(14+d —n)/n =€ 1,
by Lemma 3.2.4, we also have |/| < |Q|!F€.

Hence we are done by an application of Lemma 3.2.1. o
We now give the aforementioned theorem to which Theorem 3.1.2 reduces:

Theorem 3.2.6. Let w be a reduced word of length | > 1 in d distinct variables,
and let M be as in Notation 1.1.1. Then the following hold:

(1) The class of finite symmetric groups is (Aut, [16116e16Md=211 1 /(8 M))-nice
for w.

(2) The class of isometry groups associated with the finite simple groups of Lie
type of untwisted Lie rank at least 72(d +1)%1% is (A, 1,1/(36(d +1)1?))-nice
for w.

Let us actually derive Theorem 3.1.2 from this.
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Proof of Theorem 3.1.2 using Theorem 3.2.6. (1) Applying Lemma 3.2.3, we get
from Theorem 3.2.6 (1) that the class of finite alternating groups has the following
niceness tuple for w:

(Aut, max{[16/10e16Md =21 71+2(+d=m/m 1 /(16M)),

where n = 1/(8M). It is not difficult to check that the second term in the maxi-
mum expression in the second entry of the tuple is smaller than the first term, and
we are done.

(2) By Lemma 3.2.5 and Theorem 3.2.6 (2), we only need to check that for
n=1/36(d + 1)I?), we have 2(1 +d —n)/n < 72(d + 1)?1?, which is ele-
mentary. o

3.3 First part of the proof of Theorem 3.2.6: Symmetric groups and
isometry groups other than general linear groups

We now turn to the proof of Theorem 3.2.6, which as mentioned before, is a mod-
ification of an argument by Larsen and Shalev from [3]. Let us first make some
general observations which will be used in the proof.

Note that each of the abstract groups G with which Theorem 3.2.6 deals can
actually be viewed as a permutation group, acting on a set A, in a natural way:
each symmetric group &, through its natural action on the set {1,...,n}, and
each isometry group through its action on the corresponding vector space. Larsen
and Shalev also exploited this fact, and their argument consisted essentially in
investigating to what extent a relation of the form w(gy,...,gq) = gforge G
fixed imposes restrictions on g1, ..., gg € G when viewed as maps A — A.

In our setting, this gets more complicated because we are actually considering
not a word equation in g1, ..., g4, but a word equation in various images of the
gi under fixed automorphisms of G from some subgroup A(G) < Aut(G). Hence
it would be useful if, from some single piece of mapping information of the form
a(gi)(x) =y, a € A(G) and x,y € A, we could derive such a condition on g;
itself. It turns out that this is actually possible for the G with which we are con-
cerned except for the case G = GL,(g), which will require some separate treat-
ment.

In this subsection, we deal with the G not isomorphic with any GL,, (¢).

Notation 3.3.1. We introduce the following notation:

(1) As G = &,, with n > 7 is complete, for each automorphism « of G, there is
aunique o € G such that @ = conj(0). We set t(a) := 0~ ! € §, = 85 with
A={l,...,n}.
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(2) Let G = I be the isometry group of either a perfect symmetric, perfect anti-

symmetric or perfect Hermitian pairing of a finite vector space A =z,
where e =1 in the symmetric and anti-symmetric case and e = 2 in the
Hermitian case. By the definition of A(/) < Aut(/) above, it is clear that
every element o € A(/) is of the form conj(U) o aut(c), where U € [ and
aut(o) is a field automorphism of /, induced by an automorphism o of Fge.
This automorphism ¢ also induces a permutation perm(o) on A, namely the

map A = A, (X1,...,xm) = (0(x1),...,0(xn)). We set
t(a) := (U operm(o))_1 € SA.

The point behind Notation 3.3.1 is that in each of the cases considered, the auto-
morphism « of G can be seen as the restriction of the conjugation by t(a) ™! € 84
to the subgroup G of §. Hence the following is clear:

Lemma 3.3.2. Let G be §,, for some n > 7 respectively an isometry group as
in Notation 3.3.1(2). Then for every o € Aut(G) (respectively a € A(G)), for
every g € G, and for all x,y € A, the set on which G acts naturally, we have
a(g)(x) = y if and only if g(t(er)(x)) = t(er)(y). =

At last, we are now ready to discuss the proofs of Theorem 3.2.6 (1) and of
Theorem 3.2.6 (2) except for general linear groups; we will present these proofs
one after the other.

Proof of Theorem 3.2.6 (1). Let G = 8, with n > 16/16e16Md=2_We need to
show that B, (G) < |G|~/ BM) By Lemma 2.1 (2), we know that

PBw(G) = Pu (G, 1),

so we only need to bound the maximum size of the fiber ® of | = id under an auto-
morphic word map on G. Hence fix automorphisms «y,...,o; € Aut(G) = G,
and, as usual, write w = xf‘ ---xlé’ with €; € {1}, x1,...,x; € {X1,..., X4}
and¢:{1,..../} = {1,...,d} suchthat x; = X,(;).

We associate with each fixed d-tuple § = (g1....,24) € G% a certain metric
déa"""“’) on A = {1,...,n},asfollows: For y,z € A, if z can be obtained from
y through a finite number of applications of permutations on A, each of one of the
two forms

. (xi(gj)il,wherei e{l,....l}and j €{1,...,d},or
o t(a;)T, wherei € {1,...,1},

then d g’“""’“’ )(y, z) is defined as the smallest number of such function appli-
cations which it takes to pass from y to z. If, on the other hand, z cannot be
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obtained from y in this way, we set dgﬁ"“ s @) () 2) = p. Ttis easy to check that
dles.an) really is a metric on A.

We call elements y,z € A independent if and only if there do not exist
o, B €{ay,...,o;} such that t(x)(y) = t(B)(z), otherwise we call them depen-

dent. Furthermore, we define

€/—j+1 .

o L€ P
uj =Xy j=0,...,1

(the terminal segments of w), so that xlel__jj u; = uj41. Finally, we set

v = ()& (@) e G j =0,
and L := |n/(4M)].

Now let Z = (z1,...,zz) denote an ordered L-tuple of elements A. We con-
sider two sets X and X":

X :={(&.2) e G4 x AL | dggal""’a’)(zi,Zj) > 2] +2fori # j, and
{zi,vi(zi),...,vi(z))}| <[ foralli} (3.2)
and
X' :={(2.7) € G x AL | df (21, 2j) > 21 + 2 for i # j. and
for all i there exist jq, jo» € {0, ..., [} such that
(j1 7& jz,and le(Zi) and ij(Zl')

are dependent)}. (3.3)
Note that the second condition, |{z;, vi(z;),...,v;(zi)}| <, in formula (3.2) just
means that two of the elements z;, vi(z;), ..., v;(z;) are equal, which is a stronger

condition than the second condition in formula (3.3). Hence X € X’. Our goal is
to determine an upper bound on | X |, and to this end, we bound | X’|.

We begin by fixing two L-tuples (ay,...,ar) and (b, ..., br) of non-negative
integers such that a; < b; <[ for all i, as well as two L-tuples (y1,...,YL)
and (81, ...,8) with entries from the set {1, ...,a;}. There are fewer than /4L
choices for this.

For each such choice, we count only the elements (g,Z) of X’ such that for all
i < L,theelements z;,v1(z;),...,vp,—1(z;) € A are pairwise independent, while
the dependence relation t(y; ) (vp,; (zi)) = t(8;)(vg; (zi)) holds. There are fewer than
nb1++bL ways of choosing ordered tuples Z1, ..., Zy with entries from A and
of length b1, ..., by, respectively, such that the entries of each tuple are pairwise
independent. For fixed (Z1,..., Z1), we count only elements of X,ZI,...,ZL’ ie.,
only elements of X’ as specified above such that additionally,

(zi,v1(zi),...,vp;—1(z;)) = Z; foreachi =1,... L.
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Now the distance condition in formula (3.3) implies that if any coordinate of Z;
is in dependence with any coordinate of Z; for i # j, then X ’Z] oz =190 We
may therefore assume that coordinates of Z; and Z;, i # j, are always indepen-
dent, a feature which we call the inter-independence of the Z;.

Note that foreachi € {1,..., L}andeach j € {1,..., b;}, we get the following
condition on one of the functions g1,...,84 : A — A:

eife_jygy=+landu(l—j+1) =k, thena;_;11(gx)(v-1(2z;)) = v;(zi), or

equivalently (by Lemma 3.3.2) g (t(e7—j+1)(vj-1(21))) = t(@r—;+1) (v ().
cif ej1=—land «(l —j +1) =k, then oy 1(gx)(v; (zi)) = vj-1(z),

or equivalently g (t(—;+1)(v;(z))) = tlay—j+1)(vj-1(z:)).
Let us introduce some terminology for conditions of the form f(x) = y, where f
is a variable standing for a function A — A and x, y € A are fixed. We call x the
argument and y the image in the condition f(x) = y. Call two such conditions
f(x1) = y1 and g(x3) = y» independent if and only if either f and g are distinct
variables or f = g and x; # x2. Two conditions that are not independent are
called dependent. Finally, the conditions f(x1) = y; and g(x2) = y, are called
contradictory if and only if f = g, x1 = x2 and y; # y».

Equipped with this terminology, we note that for fixed i, either are two of the
b; conditions on the g; derived above contradictory (so that X /Zl z, = @ in
this case as well), or the conditions are pairwise independent. To see this, note
that if the conditions are not pairwise independent, then since we are assum-
ing that z;, v1(z;), ..., vp,—1(z;) are pairwise independent elements of A (in the
sense defined before formula (3.2)), the existing pair of dependent conditions is
unique, and one of the two conditions has an image of the form t(c)(v; (z;)) with
1 < j < b; — 1, and the other condition is

gk (t(a—p;+1)(vp; (2i))) = t(@j—p; +1) (Vp;—1(2i))-

. . . €] €1

Now since no two consecutive terms in the sequence x;*,...,x;" are mutually
inverse in the corresponding free group, we must have j < b; — 1, but this, again
by the pairwise independence of z;, v1(z;), ..., vp;—1(z;), shows that the images

in the two conditions cannot be equal, and so the conditions are contradictory, as
we wanted to show.

We may thus assume that for fixed i, the b; conditions listed above are pairwise
independent, and the inter-independence of the Z; then guarantees us that actually
all the by + --- + by, conditions described above are pairwise independent. As
the number of elements of X7, ! Z is bounded from above by the number of
d-tuples of functions A — A satlsfylng all the by + --- 4 by, conditions above,
we conclude that |X/Zl,...,Z/| < ndn=bi==bL 1t follows that

1X| < |X'| <1*n?", (3.4)
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To get an upper bound on the size of @, the fiber of id under ng‘ @) from
this, note that for each g € G4 lying in that fiber, we have
(3 x ALY N X ={(3.7) e (g} x AL [ S0 Dz, 2)) > 21 +2,0 # ).

Now the ball By;4,(z) of radius 2/ + 2 with respect to the metric d éal’ SRR
around any z € A has, by definition of M, cardinality at most M . Furthermore, by
definition of L, LM < n/2. Hence if we select z1, ..., z7 € A iteratively so that
foreach j =1,...,L,

zje{zeA| dggal""’a’)(Zj,zi) > 2] +2foralli < j},

then the number of possibilities for z; is at least

=

Jj—1
AN | Barga ()

i=1

n
7

It follows that I
(@ xatnx=(3)

Hence we also have a lower bound on the cardinality of X:

L
X] = (@ x AL) A X| z|¢|-(§) | (3.5)

Combining formula (3.5) with the upper bound on |X| from formula (3.4), we

conclude that
—L
|q)| < (g) l4Lnd"

— (%1)41,”(1'}1—11

From the explicit Stirling-like bound n! > (n/e)” (which, as noted in [6], is an
immediate consequence of the Taylor expansion of the exponential function), it is
clear from formula (3.6) that |®| < |G|¢~1/(®M) 45 Jong as

)d—l/(SM)

(YANM . gV /n+d=1/GM) (E 37)

(&

But our assumption 1 > 16/10e16Md=2 — (,/2]2)8,16Md=2 i cquijvalent to
(V211 M . ed=1/(8M) < ,1/(16M) 1y \which it is easy to verify (3.7). o

For the other proof, we require the following lemma, which is essentially
[3, Lemma 3.2].



Automorphic word maps 1119

Lemma 3.3.3. Let G be the isometry group, acting naturally on a finite vector
space A, associated with a classical finite simple group of Lie type S = X(q). Set
E := Ty, and denote by F the finite field such that A is an F-vector space (recall
that either F = E or, in the Hermitian case, F' is a quadratic extension of E ). Set
n :=dimg(A), and let vy, ...,v; be E-linearly independent vectors in V such
thatn > 2k + 2. Then | Stabg (v1.. . ., vk)| < g% Tk=kn . |G|.

Proof of Theorem 3.2.6 (2) except for general linear groups. Let G be the isome-
try group of either a perfect symmetric, perfect anti-symmetric or perfect Hermit-
ian pairing on a finite F'-vector space A. In the first two cases, set £ := F, and
in the Hermitian case, let E be the unique subfield of F such that [F : E] = 2.
Furthermore, set ¢ := |E| and n := dimg (A) as well as m := dimp(A) =n/e
(with e as in Notation 3.3.1(2)), so that without loss of generality A = ]Fgé and
Notation 3.3.1 (2) is applicable. Finally, fix «p, ..., 07 € A(G).

Under these assumptions, we will actually show something stronger than what
is asserted in Theorem 3.2.6 (2) for all isometry groups (including the general lin-
ear groups), namely thatif n > 216/ 2 then the size of the fiber ® of 1 = id under
w(GO‘1 -+ §s at most |G|4—1/(2 %) (note that it is sufficient to consider that fiber
by Lemma 2.1 (2), as A(G) contains Inn(G)). As before, the argument is a modi-
fication of a proof of Larsen and Shalev, namely of [3, proof of Proposition 3.3].
Compared to their situation, we have the advantage that we only need to consider
the fiber of id, not of any isometry with an eigenvalue of multiplicity at least n/3,
so that some parts of the construction even get simpler, while others get more
complicated to make them still work for automorphic word maps.

Let ¢ = (g1,...,84) denote a d-tuple of elements of G. We define u; and v;
by the same formulas as in the proof of Theorem 3.2.6 (1) above. Furthermore,
we set L := |[n/(91%)] and let Z = (z1,...,zz) denote an L-tuple of elements of
A. We define the lexicographic order < on the set {1,..., L} x {0, ...,[} through
(i’,j) < (i,j)ifandonlyif i’ <i,ori =i’ and j' < j. Finally, we define

X :={(3.2) € G'A | z; = vo(zi) & Spangr_jry<(i.0yk=1....1 te) (vj(zi))
and vy (vi) € Spang: i1y <1y k=1,....1 k) (Vi (zi7)))
forall i,

where here and in the rest of this proof, for a subset A € A, Span A denotes the
E-span of A inside A.
For each (g,Z) € X, we define b; to be the smallest positive integer such that

vp, (zi) € Spang: i1y« b)) k=1,....1 (ex) (v (zir)). (3.8)

Note that 1 < b; </, and so by + --- + by, < [L. We make formula (3.8) more
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explicit by fixing a; ;- ;s x € E = Fq such that

v (zi) = > aiir,jr k Wog) (v (2ir)).
(7,j)=@,bi), k=1,...,]
2752 . .
There are fewer than ql L7IL ways in which the a; ;. i’k and b; can be chosen:

« precisely I ways for the choice of b;,
¢ and less than the following number of ways for the choice of the scalars a; ; ;-
from E = [Fy:

ql(bl +(+b2)+Q21+b3)++((L—1)]+bL)) ~ ql(lL+l~L(L—1)/2)

[2L(+(L-1)/2) 1212

=4 <q

Furthermore, there are fewer than ¢”®1++2L) possibilities for the sequence of
sequences

Z=(21,...,vp,—1(21); 22, .. ., Vpy—1(22): .. 520, oo 0, —1(2L))

such that none of the vectors in the sequence lies in the E-span of all the vectors
obtained by applying one of the t(ax ), kK = 1,...,1, to one of the previous vectors
in the sequence.

We estimate the number of elements (g,Z) of X for fixed choices of a; ;_j/ .,
b; and Z. Note that Z is already fixed now as a part of Z, so we need to bound
the number of matching g = (g1....,g4) € G%. Say a = conj(Uy) o aut(oy)
for k =1,...,[, where Uy € G and o} is an automorphism of F = Fge. Note
that by the definition of t(c) in Notation 3.3.1(2), the map t(ag) : A — A'is F-
semilinear (in the sense of [2, bottom of p.9]); more precisely, we have, for all
v,we Aandalld € F = Fge,

tlag) (v + w) = k) (v) + tlog) (w)
and
W) (A -v) = o '(A) - o) (v).
Also, note that if A € E, then ok_l(/\) € E as well.
We get the following b; +- - -+ by, conditions on the gi. Foreachi = 1,..., L:

e foreachj =1,...,b; — 1:
—-ife_ji 1 =+1landu(l — j + 1) =k, then
oj—j+1(8k)(vji—1(zi)) = vj(z;),

which by Lemma 3.3.2 is equivalent to

gk (tlar—j+1)(vj-1(21)) = - j11) (v (2)).-
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- ife_ji g =—landu(l —j + 1) =k, then

a—j+1(g)(vj(zi) = vi—1(z),
which by Lemma 3.3.2 is equivalent to
g (tar—j+1)(vj(zi))) = tlar—j+1)(vj-1(z)).
e ifej_p, 41 =+1land (I —b; + 1) =k, then

al—bi-i-l(gk)(vbi—l(zi)) = Z ai,i’,j’,ovj’(zi’)7
@i,j)=@,b;),0=1,...,1

which by Lemma 3.3.2 and the semilinearity of the t(cy) is equivalent to

gk (t(o—p; +1) (vp;—1(2i)))

—1
- Z 0)_p,+1(@i,ir,j0) Ue—p, +1) (v (2i7)).
@i’,j)=<@,b;),0=1,...,0

s ifej_p, 41 =—land (Il —b; + 1) = k, then

al—bH—l(gk)( Z ai,i/,j/,ovj/(zi/)) = vp,—1(Zi),

(7,j)=.bi), 0=1,....1

which is equivalent to

gk( Z al_—lb,»+1(ai,i’,j’,0) t(Oll—b,-+1)(Vj’(2i/)))

@i’,j)=@,b;),0=1,...,]
= t(e—p;+1)(V;—1(2i))-

Like in the proof of Theorem 3.2.6 (1), we now argue that this system of con-
ditions of the form gz (v) = w is either contradictory (i.e., not satisfiable for any
choice of the gi in Endg (A)) or the conditions are independent, meaning here
that for each k, the family, indexed by the conditions concerning gz, of all vec-
tors appearing as arguments in one of the conditions concerning gj is E-linearly
independent.

Indeed, assume that for some k, the family of argument vectors for gy is
E-linearly dependent. Note that the lexicographical order < which we defined
on {l,...,L}x{0,...,[} also induces a linear order on the conditions involv-
ing the variable gy, as each such condition is by definition associated with a pair
(i,j)e{l,...,L} x{0,...,[}inan injective way (for a condition as described in
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the last two bullet points above, this pair is (i, b;)). By means of this linear order,
list the conditions involving gz as follows:

gk(v1) = wr, gr(v2) = wa, ..., gk (V) = wy.

Since the tuple (vq, ..., vy, ) is E-linearly dependent by assumption and all vy, are
nonzero, there exists an index u € {2, ..., } such that v, € Span{vy,...,v,—1}.
Note that if the system of conditions is satisfiable through a suitable choice of
g1,..-,84 € Endfr(A), this implies that likewise w,, € Span{wy, ..., wy,—1}. We
will now argue that this is not the case.

By the choice of z, the assumption that v,, € Span{vy, ..., v,—1} implies that
gk (vy) = w, must be a condition as described in the third bullet point above, with

—1
Vu = Z 01 _p; +1(@iir,j0) Uar—p; +1) (V)7 (zi7))
(,j)=< (i), 0=1,...]

and
wy = taz—p;+1)(vp;—1(z7))

(and thus €;_p, 1 = —1). Using the fact that no two consecutive terms in the
sequence x;’ ..., x]" are mutually inverse in the corresponding free group, we
get that none of the conditions gz (vy) = wq, ..., gk (Vy—1) = wy— is associated
with the pair (i,b; — 1), and the assertion that w, ¢ Span{wyi, ..., wy—1} now
follows again by choice of Z.

Hence we may assume without loss of generality that the above described
b1 + -+ + by, conditions on the g; are independent, so that by Lemma 3.3.3 and
the convexity of the function r — r2 4+ r, we see that there are no more than

q(b1 +dbp) 2+ (b1 ++br)—(b1++br)n |G |d

elements of X, subject to the choices of a; ;- ; r, b; and Z. Hence
L _12L242(by+++b1)? | |d
|X| < 1hgt 20t G

272 272 272
< qul L=+2[*L |G|d qu3l L |G|d

On the other hand, if g € G4 lies in @, then for all Z € AL, (g.7) is an element
of X ifand only if foralli = 1,..., L, the condition

zZi & Span(s i1y <(i,0).k=1,....1 k) (v (zir)) (3.10)

is satisfied. Now for each i, the span on the right-hand side of formula (3.10)
has E-dimension less than /2L < n/9 < n — 1 and thus is a proper E-subspace
of A. It follows that in each step of iteratively fixing an L-tuple (z1,...,z1) € AL
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according to formula (3.10), we have at least ¢! many choices for z;. Hence the
number of pairs (2,7) € X with g € ® fixed is at least g“®=1 and it follows that

1X| > |®]- g~V (3.11)
Combining formulas (3.9) and (3.11), we get
|q)| < qu3lzL2—L(n—1) |G|d
< ln/(912)q312~n2/(8114)—n/(912)~n/2|G|d

2 2y _ 2
Eqn _qn (1/(271%)—1/(18! ))|G|d

— qn—nz/(5412)|G|d
2 _ 2
— (qn )1/n 1/(541 )lGld
< (qnz)l/(21612)—1/(5412)|G|d
2 _ 2 _ 2
— (qn ) 1/(721 )|G|d < |G|d 1/(721 )’

. 2 . . .
where in the last step, we used the fact that |G| < ¢™, which in the symmetric and
anti-symmetric cases is trivial since G < GL, (¢) then, and in the Hermitian case,
it follows from

G| = |GUa(q)| = ¢""D2(q" —(=1)")(@" ' = (=1)" ) (g> = 1)(g + 1),

see, for example, [1, p. x]. O

3.4 Second part of the proof of Theorem 3.2.6: General linear groups

As mentioned before, for the general linear groups G = GL, (¢), the argument
used for the other isometry groups from Theorem 3.2.6 (2) needs to be modified.
This is because the automorphisms of G which can be written as conj(U') o aut(o)
forsome U € G and o € Aut(IF,) only form an index 2 subgroup, hitherto denoted
by B(GL,(¢)) = B(G), in A(G). A representative for the other coset of B(G)
in A(G) is the inverse-transpose automorphism 7 : U + (U~1)! = (U?)~!. This
also means that it is not possible in general to rewrite a condition of the form

a(g)(v) = w
with o € A(G) equivalently into one of the form
g(t(a)(v)) = t(a)(w)

as before. However, it is easy to see that we can at least rewrite each such condition
equivalently into one of two possible forms.
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Lemma 3.4.1. Let G = GL,(q) for some n € NT and prime power q, and let
A= IF,;’, an Fg4-vector space on which G acts naturally. Further, let o € A(G),
g€ Gandx,y € A. Then the following hold:

(1) Ifa € B(G), say o = conj(U ) oo, then setting t(a) := (Uoperm(c))~! € 8a
just as in Notation 3.3.1 (2), we have that
a(g)x =y

is equivalent to
g o) (x) = t(a)(y).
(2) If e € A(G) \ B(G), say @ = B ot with B = conj(U) o o, then

a(g)x =y

is equivalent to
g tuB)(y) = t(B)(x).
Proof. The argument for point (1) is like the one for Lemma 3.3.2: that o can
be viewed as the restriction of the inner automorphism conj(t(a)™!) : $o — Sa
to G < 8.
As for point (2), note that
a(@x =y < () Hx=y

= BEH x=y

= By =x

= g P =tBh)(x),

as required. o

In view of this, the following lemma will act as a substitute for Lemma 3.3.3:

Lemma 3.4.2. Letn € N1, q a prime power, and let r1,r, € N with ry,r; < n.
Let

o) ) M @ @ @ @) o n
Ul oo s Up s W s W W01 0 Wy Wy € Y
) ) ; ; @) @ ;
such that vy, ... v, are Fy-linearly independent and vy, ..., v,) are Fy-lin-

early independent. Then the number of g € Maty, (q) such that

gvfl) = w{])

; i fori=1,....n

and

gtv}Z) = w](-Z) forj=1,...,1r
. 2_
is at most "~ —riAT2InATIT
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Proof. Fix T € GL;(q) such that vlf” =T 1e; for i =1,...,r1, where ¢;
denotes the i-th “standard basis vector” of Fj (which has i-th entry 1 and all

other entries 0). Then for i = 1,..., r, the condition gvf” = wlg” is equivalent
to

he; = y" 3.12

e =Y (3.12)

where h := TgT_1 and yl.(” = Tw;“. Furthermore, for j = 1,...,rp, the con-
dition g’ v](;) = wj(-Z) is equivalent to

h’;f):=yfl (3.13)

where xj(-Z) = (T vj(-Z) and y](-Z) = (T wJ(-Z). Instead of counting the number

of g € GL,(g) satisfying the r1 + r» many mapping conditions from the assump-
tions, we count the number of & € GL,(g) satisfying all the equivalently rewritten
conditions from formulas (3.12) and (3.13).

To this end, note that each of the conditions he; = ylf”, i=1,...,r1, com-
pletely determines one of the first 1 many columns of the matrix /.

Note further that, since the xj(-Z) = (T_l)’vj(-z), J =1,...,r2, are Fy-linearly
independent, there exist indices f1,f3,....t, With 1 <f1 <t <--- <1, <n
such that for j = 1,...,r2, a suitable Fy-linear combination of x{”, ... X2 s
a vector z; whose i;-th coordinate is 1 and whose ix-th (k € {1,...,m2} \ {j})
coordinate is 0. Hence the conditions A’ xj(.Z) = yj(.Z), Jj =1,...,rp, together imply
conditions of the form

h'zj = uj, (3.14)
where u; is a suitable linear combination of y{”, ..., y;2). However, by the con-
ditions from formula (3.14), the rows indexed by ¢1, ..., t,, of & can be expressed
as [F;-linear combinations of the rows of 4 whose index is not from {t1, ..., }.

Combining the two statements about how the conditions affect coefficients
from &, we see that & is completely determined by the conditions from formu-
las (3.12) and (3.13) if we additionally fix the coefficients of / that lie neither in
one of the first r{ many columns nor in one of the rows indexed by ?1,....7,
of h. As there are precisely n? — (r; 4 r2)n + rir, such coefficients of /, there
are at most q”z_(’ 1+r2)ntrir2 many h € GL,(q) that satisfy the conditions from
formulas (3.12) and (3.13), as required. O

Proof of Theorem 3.2.6 (2) for general linear groups. Let G = GLy(q), let n >
72(d + 1)%[2, and fix automorphisms oy, ...,a; € A(G). We want to show that
the size of the fiber ® of 15 = id under w(G"” s> ig at most |G|d_1/(36(d+1)12).
As the argument is a modification of the one for the other isometry groups given at
the end of the last subsection, we will only indicate at which points the argument
needs to be altered here.

(i) Instead of L := |n/(91%)], we set L := |n/(3(d + 1)I?)] here.
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(i1) As we said at the beginning of this subsection, we cannot write o in the

form o = conj(Uy) o aut(oy) anymore in general, but we can write
ay = conj(Uy) o aut(oy) o T,
where a; € {0, 1}.

(iii) Accordingly, we use Lemma 3.4.1 for the equivalent reformulation of the
mapping conditions on the g, and we can show, by an analogous argument, that
each of the 2d argument vector families belonging to one of g; or g,’{, where
k =1,...,d, is linearly independent.

(iv) Hence if we denote, for k = 1,...,d, the number of rewritten conditions
involving g by rik > and the number of those conditions involving g;c by rék ), then
an application of Lemma 3.4.2 yields that the number of elements of X, subject to
the choices of a; ;7 ; x, b; and Z, is at most

qdn2—(b1+~--+bL)n+r{”r§”+~--+r{‘”r§‘” - qdn2—(b1+~-~+bL)n+d12L2

Hence we get the following upper bound on | X | here:
272 2 272 272 2
|X| < qul L*+dn*+dI*L — qu(d+1)l L (qn )d'

Now
Gl = GLa(@)] = (@" = D(@" —q) - (¢" —¢"") = (¢"")" =¢""7V.
and so q"2 < |G =D = |Gg|1+1 (=1 < q”z/(”_l) -|G|. Therefore,
1X| < qu(d+1)12L2+dn2/(n—1)|G|d'
The lower bound on | X| is still the same as in formula (3.11).

(v) Note that since we are assuming that n > 72(d + 1)?I2, it is easy to check

that
2d +1 1 1

— < X

n 18(d + 1)[2 = 36(d + 1)I?

Hence by combining the upper and lower bound on | X |, we get the following:
|®| < qu(d+1)12L2—L(n—1)+dn2/(n—1)|G|d

(3.15)

< ln/(3(d+1)12)q(d+1)12n2/(9(d+1)214)—n/(3(d+1)12)-n/2+2nd|G|d
2 2 274y 2

<q"-(q" )(d+1)l /(9(d+1)21*)—1/(6(d +1)I )+2d/n|G|d

= (") OCE+DI)=1/(6@+DI)+Qd+1)/n| G |d

— (qnz)(Zd-l-1)/n—1/(18(d+1)12)|G|d

< (qn2)—1/(36(d+1)l2)|G|d < |G|d—1/(36(d+1)12),

where the second-to-last < (i.e., the first < in the last row) is by formula (3.15). o
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4 Proof of Theorem 1.2.2

For proving Theorem 1.2.2, we are supposed to exclude certain nonabelian finite
simple groups as composition factors of a finite group G satisfying the condition
pw(G) > p for some fixed nonempty reduced word w and p € (0, 1].

Assume that § is a nonabelian composition factor of G. By Lemma 2.1 (2), we
know that py, (G) < pw(N) - pw(G/N) whenever N is characteristic in G. It fol-
lows that p < py(G) < ]_[;zl pw(F;) < minj=1,._, pw(F;), where Fip,..., F;
are the characteristic composition factors of G, i.e., the factors in any principal
characteristic series of G (see [4, p.65]), counted with multiplicities. As each F;
is characteristically simple and thus of the form Sl." © for some finite simple group
S; and n; € NT by [4, Result 3.3.15, p. 87], there must exist i € {I,...,r} such
that S; = S. Hence we can derive from the assumption that S is a composition
factor of G that py, (S™) > p for some n € N T,

Our next goal on the way to the proof of Theorem 1.2.2 thus is to study py, (7),
where T = S" is a finite nonabelian characteristically simple group. In Lemma 4.4
below, we will show that py, (S™) < maxy, py(S), where w’ runs through a finite
set of words associated with w, the so-called “variations of w’”:

Definition 4.1. Let w = x{' ---xlel = Xf(ll) .. Xf(ll) be a reduced word of length
[ € N in the variables X1,...,X4.Fork =1,...,d, denote by a; the number of
occurrences of X,étl inw (sothatay + --- + ag = 1). A variation of w is a word

of the form X ¢ X where t; € {1,...,a,;;)} fori =1,...,1.

. 61
t(1),1 ORI

Hence a variation of w is a word w’ of the same length as w and in variables of
the form X , withk € {1,...,d}andr € {1,...,a} that is obtained from w by
adding second indices to each occurrence of X lztl, k=1,...,d, in w such that

each second index is from the “admissible range”, i.e., lies somewhere between 1
and the number ay of occurrences of X kil in w.

Example 4.2. Consider the commutator word w = [X1, X2] = X1 XX 1X2_ L
Then X1,2X2,1X1_,%X2_’} is a variation of w. The word X1,3X2,1X1_,§X2_’§, how-
ever, is not a variation of w, since the second index 3 added to the first variable X
does not lie within the admissible range {1, 2}.

Remark 4.3. Some simple observations concerning variations:

(1) Each variation of a reduced word of length / is again a reduced word of
length /.

(2) Each reduced word w only has finitely many variations. More precisely, if w
is a reduced word in the variables X1,..., Xy, and X l.il occurs precisely a;
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times in w for i = 1,...,d, then the number of variations of w is precisely
d ar
[Te=14;"
(3) Each reduced word w can be obtained from each of its variations w’ by sub-
stituting Xy for Xy ;, ¢ = 1,...,ag,in w’. Hence for each finite group G and

each variation w’ of w, my/(G) = 1 implies 7, (G) = 1, and py/(G) = 1
implies py (G) = 1.

Lemma 4.4. Let w be a reduced word of length | > 1 in the variables X1, ..., X4,
S a nonabelian finite simple group and n € N, Set

€ = €(S,w) ;= max py(S) € (0,1],
w/
where w’ runs through the variations of w. Then
Pw(S™) < /121 <e.

We note that for the proof of our main results, we will only require the weaker
inequality py (S") < € from Lemma 4.4, but the stronger one, p,, (S”) < € fn/lzl
will be used in Section 5 in the proof that Conjecture 5.2 implies Conjecture 5.3.

Proof of Lemma 4.4. Fix automorphisms «7,...,q; of S” and an element g =
(g1,...,gn) of S™. By [4, Section 3.3.20, p. 90], we know that

Aut(S") = Aut(S) 2 8,

and so for i = 1,...,/, we can write &; = (1 X --- X @ ») © 0;, where each
@;,j is an automorphism S and o; is a coordinate permutation on S”.
Lets; = (s1,1,.--»S1,n)s-+-»8¢ = (4,15 ---.54,n), where each sy _; is a vari-

able ranging over S, so that each s can be viewed as a variable element of S”.
We want to bound the number of solutions in (S”)? 2 $”4 of the equation

wgail""’i’)(sq, LSy =g. 4.1)

As usual, let us write w = x{' - x;" = Xf(‘l) ---Xf(’l). By computing the left-

hand side in formula (4.1) and comparing the entries of the vectors on both sides
of the resulting equation, we see that the equation in formula (4.1) is equivalent to
the conjunction of the following n “coordinate equations”, fori =1, ..., n:

o1, (Sl(l),gl—l(l-))el TR (Sl(l),gl—l(,'))el = &i-

The left-hand side of each of these equations is, up to a suitable renaming of the
variables, the evaluation of an automorphic word map associated with a varia-
tion of w in variables ranging over S. In particular, if J; denotes the set of those
variables sy ; that are mentioned in the i-th coordinate equation, then that same
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equation implies that if we project the solution set ® to the equation in (4.1) onto
those coordinates that correspond to variables from J;, the resulting image has size
at most €| S |17il.

Our goal is to find [n/1?] pairwise distinct indices i1, ..., itny121 €41,...,n}
such that the associated coordinate equations are pairwise independent, i.e., such
that J;, N J;, = @ fort # u. Once we have found these indices, we are done, since
it then follows that the projection of ® onto those coordinates that correspond to
variables from |_J t_/ ll 1 Ji, has size at most

[n/1%]
l_[ 6|S||J,'[\ _ G[n/lz] |S||-’i1 |—|-...-|—|J[rn/121 |’
t=1
and thus @ itself has size at most

e/ 1”1 |S|‘J[1 et o) g Wit i, 00D a2 IS1",

-IS]

as required.

We choose the indices i1, ..., i,/ ;27 iteratively: i can be chosen arbitrarily
from {1,...,n}. If we have already found indices iy, ...,7; such that the associ-
ated coordinate equations are pairwise independent and we want to find another
index i;41, it is sufficient to choose i;41 outside of the set Uzl'=1 o [U;=1 M,],
where M,, denotes the set of second indices occurring in the i,-th equation. This
set of “forbidden” values for i; 41 has size at most ¢/ 2 and so as long as n > tl 2,
ie., [n/12] >t + 1, we can choose i; 1 as desired. This concludes the proof. O

The proof of Theorem 1.2.2 is now easy:

Proof of Theorem 1.2.2. (1) If § = A, is a composition factor of G, then by the
observations from the beginning of this subsection, it follows that py, (A7) > p
for some n € N1, and thus py () > p for some variation w’ of w. However,
w’ is a reduced word of length / in at most [ distinct variables, and so if

|S| = [An| > max{[256ll6e16M/l_2]!,p_léM/},
we get a contradiction, since this implies by Theorem 3.1.2 (1) that
0 < pu(Am) < || /XM < (p=16M")=1/0A6M") _ ,

(2) Assume that S = X, (g) is a (classical) simple group of Lie type with r >
max{72(I + 1)?12, \/72(I + 1){2log,(p~ ")} and that S is a composition factor
of G. As before, it follows that py(S) > p for some variation w’ of w. In view
of our choice of r, and using again the fact that w’ is a reduced word of length [
in at most / distinct variables and that | X, (q)| > ¢" r? > or? (which follows from
the known formulas for | X, (¢q)|, for example from [1, Table 6, p. xvi]), we get by
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Theorem 3.1.2 (2) that
P < pur (X, (q)) < |Xr(q)| 7V T2UHDED) < o=/ G20EDE)

a contradiction. O

Proof of Theorem 1.1.2. This follows immediately from Theorem 1.2.2, as we
have 1, (G) < Py (G). ]

5 Concluding remarks

As mentioned at the beginning of Section 3, the generalization of the third case
in Larsen and Shalev’s proof (the simple Lie-type groups of bounded rank) from
the word map setting to automorphic word maps is open. Described very briefly,
Larsen and Shalev’s approach to the third case is an algebro-geometric one and
consists in studying the fibers of word maps in simple Lie-type groups as subva-
rieties of the Lie-type groups viewed as linear algebraic groups. One of the prob-
lems with extending this approach to automorphic word maps is that because of
the existence of field automorphisms on Lie-type groups, the degrees of the poly-
nomial equations defining the fiber as a variety are, in contrast to the word map
setting, in general not bounded by a constant any more.

Still, hoping that this and other difficulties can be overcome, we will spend the
rest of this concluding section discussing possible consequences of a successful
adaptation of the proof.

The following is a direct generalization of [3, Theorem 1.1] to automorphic
word maps and would most likely result from a suitable adaptation of Larsen and
Shalev’s proof in its entirety:

Conjecture 5.1. For each nonempty and reduced word w in d distinct variables,
there exist constants N(w), n(w) > 0 such that for all nonabelian finite simple
groups S with |S| > N(w), the inequality By, (S) < [S|¢77®) holds.

Consider also the following slightly stronger version of Conjecture 5.1:

Conjecture 5.2. Like Conjecture 5.1, but with the additional assumption that the
constants N(w) and n(w) are effective, i.e., they can be computed algorithmically
from the word w as input.

Our last goal in this paper is to show that Conjecture 5.2 implies another inter-
esting statement, given as Conjecture 5.3 below. Before this, for the reader’s conve-
nience, we briefly review some basic facts on the solvable radical and finite groups
with trivial solvable radical (for more details, readers are referred to [4, pp. 88 ff.
and p. 122]), and we give some motivation.
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Recall that every finite group G has a largest solvable normal subgroup, called
the solvable radical of G and denoted by Rad(G). The quotient G/Rad(G) is semi-
simple, i.e., it has no nontrivial solvable normal subgroups at all. It can be shown
that the socle Soc(H) (the subgroup generated by all the minimal nontrivial nor-
mal subgroups) of a finite semisimple group H is isomorphic with a centerless
CR-group, i.e., a direct product of nonabelian finite simple groups, and that H
acts faithfully on Soc(H) via conjugation, so that H is isomorphic with a sub-
group of Aut(Soc(H)) containing Inn(Soc(H)) = Soc(H ). Conversely, if R is
a finite centerless CR-group, and Inn(R) < G < Aut(R), then G is semisimple
and Soc(G) = Inn(R) = R. Hence the finite semisimple groups are, up to iso-
morphism, just those finite groups that occur in between the inner and the full
automorphism group of a finite centerless CR-group.

The index [G : Rad(G)] is clearly an upper bound on the product of the orders
of all the nonabelian composition factors of G (counted with multiplicities), so
that deriving an upper bound on it means establishing some heavy restrictions on
the structure of G.

It would be nice if we had an algorithmic method to decide in general for a given
reduced word w whether a condition of the form p,, (G) > p is always strong
enough to imply that [G : Rad(G)] is bounded in terms of w and p or not. This is
the case if Conjecture 5.2 holds true.

Conjecture 5.3. There exists an algorithm which, on input a reduced word w,
achieves the following:

o It decides whether there exists a function gy, : (0, 1] — [1, 00) such that for all
finite groups G and all p € (0, 1], if py, (G) > p, then [G : Rad(G)] < guw(p).

 In case such a function g, exists, it also outputs a definition for a possible choice
of gy .
Proof that Conjecture 5.2 implies Conjecture 5.3. Write
Soc(G/Rad(G)) = S{!' x-+-x S,

where the S; are pairwise nonisomorphic nonabelian finite simple groups. Note
that each S l-"i is a characteristic composition factor of G, and so

p =<pw(G) = Dw(Sini) = nllua,xpw/(sz')

fori = 1,...,r, where w’ runs through the variations of w.
Compute No(w) := maxy N(w’) and 1o := miny n(w’), and note that nec-
essarily
max_[S;] < max{No(w). p~!/ ")},

i=1,...,
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as otherwise, if |S;| is strictly larger than that maximum, it follows that

p = max P (Si) < |S;|70@) < (p~1/mowhy=now) —

a contradiction.

Hence we can effectively reduce the list of nonabelian finite simple groups S
that could potentially occur as a factor of Soc(G/Rad(G)) to a finite number of
possibilities. There are two cases to consider:

ey

2)

For one of those finitely many nonabelian finite simple groups S, we have
Pw(S) = 1. In other words, there exist automorphisms o7, ..., o; of S such
that wg’“"”’“l ) is constant on 9. Then it is easy to see that

(ai"),...,al("))

wg, =1 on(s"?,
and so py, (S™) = 1 for all n € N, Hence in that case, [G : Rad(G)] cannot
be bounded under any of the assumptions py, (G) > p, p € (0, 1].

For each of these finitely many S, py (S) < 1. Then for every variation w’
of w, py/(S) < 1 as well, by Remark 4.3 (3). Hence

€ =¢€(S,w) :=maxpy/(S) <1— —.
w’ N
Therefore, by Lemma 4.4, py, (S™) > p implies

1% - log(p)
log(1 — 1/|S|’)J'

It follows that |[Soc(G/Rad(G))]| is effectively bounded from above in terms of
w and p, namely by [ [ |S |"0(-0) wwhere S runs through the nonabelian finite
simple groups of order at most max{No(w), p~ /"0 Since G/Rad(G) em-
beds into Aut(Soc(G/Rad(G))), its order is thus also effectively bounded in
terms of w and p; more precisely,

Aut(]_[|5|”°(w’p))‘ =
S

= [T Au(S)"? - no(w. p)1).
S

n < ng(w,p) = L

|G/Rad(G)| =

[ TAut(S) 2 Sugw.p)
S

We can thus conclude the proof by noting that it can be effectively decided which
of the two cases occurs (just go through the effective finite list of groups S and
check for each of them, if necessary by brute force, whether py, (S) = 1). o
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