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Brauer characters and fields of values
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Abstract. For a prime number p and a finite group G, we consider the set of p-Brauer
characters of G taking values in some field F (called [F-Brauer characters) and the set of
conjugacy classes of p-regular elements of G whose value at every Brauer character lies
in I (called [F-conjugacy classes). We show that these sets for G and for G/N are closely
related, for certain normal subgroups N of G. This is a p-modular version of a result of
Isaacs and Navarro in characteristic O (see [3]).

1 Introduction

Let G be a finite group and let F € C be any subfield of the field of complex
numbers. If y is a complex character of G such that y(x) € I for every element
x € G, then we say y is an [F-character and we write Irrp (G) for the set of all
irreducible [F-characters. Analogously, if y(x) € I for every complex character y,
then we say x is an [F -element. Since characters are constant on conjugacy classes,
we may unambiguously say that the conjugacy class x© is an F-class; we write
Clr (G) for the set of F-classes of G. If H C G is any subset and H contains no
non-trivial [F-elements of G, then we say H is IF-free in G. We emphasize that the
notion of H being [F-free is always relative to some overgroup G.

In [3] Isaacs and Navarro prove that the sets Irrp (G) and Irrp (G/N), respec-
tively Clp(G) and Clp(G/N), are closely related whenever N < G is an F-free
normal subgroup. More precisely, they show the following.

Theorem 1.1 ([3, Theorem A]). Let F be a subfield of the complex numbers and
suppose that N is an [ -free normal subgroup of the finite group G. Then the can-
onical homomorphism G — G/ N defines a bijection from Clg(G) to Clg (G/N).

Theorem 1.2 ([3, Theorem B]). Let I be a subfield of the complex numbers and let
G be a finite group. Then G contains a unique largest ¥ -free normal subgroup N,
and N is contained in the kernel of every irreducible [ -character of G.
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In this paper we prove analogues of these Isaacs—Navarro theorems in the mod-
ular setting. Fix a prime number p. We write G° for the set of p-regular elements
of G, i.e. the elements with order coprime to p. If S € G is any subset, we define
S° := 8§ N G°. We choose a maximal ideal of the ring of algebraic integers that
contains p. We denote by IBr,(G) the set of irreducible p-Brauer characters of G,
calculated with respect to this ideal. When the prime p is understood, we will write
Brauer character in place of p-Brauer character and IBr(G) in place of 1Br, (G).

As in the ordinary character setting, if ¢ is any Brauer character of G, we say
¢ is an F-Brauer character if ¢(x) € F for every x € G°. The set of irreducible
[F-Brauer characters of G is denoted IBrr (G), or IBr, 5 (G) when it is necessary
to emphasize the prime. Similarly, if x € G° and ¢(x) € F for every Brauer char-
acter of G, then we say x is an F-element, x€ is an F-class, and write Cly (G) for
the set of IF-classes of p-regular elements in G. At the moment it appears we have
defined “F-element” in two different ways, once in terms of ordinary characters
and once in terms of Brauer characters. There is actually no cause for confusion, as
the two notions agree whenever x € G°.If y is an ordinary character of G, then we
write y° for the restriction of y to G°. Every Brauer character is a Z-linear combi-
nation of {y° : y € Irr(G)}; and conversely every x°, for y € Irr(G), is a Z-linear
combination of IBr(G) (see e.g. [5, Chapter 2]). Thus, for any x € G°, it follows
that y(x) € F for every ordinary character y if and only if ¢(x) € F for every
Brauer character ¢.

Now we can state our main results.

Theorem A. Let p be a prime number and F any subfield of the field of com-
plex numbers. Let N < G and assume that N° is F-free in G. Then the canonical
homomorphism G — G/ N induces a bijection from Cl (G) to Clg (G/N).

Theorem B. Let p be a prime number and F any subfield of the field of complex
numbers. Then G has a unique largest normal subgroup N with the property that
N° is F-free in G; N is contained in the kernel of every ¢ € IBry (G).

A word of caution is necessary here: The set IBr(G) is not canonically defined,
depending on the choice of a maximal ideal made above. However, we recall that
any two choices of IBr(G) are Galois conjugate (see [5, Theorem 2.34]). In par-
ticular, fields of values for the entire set of all Brauer characters are canonically
defined. Thus Theorems A and B hold true for any choice of IBr(G).

The paper is organized as follows. Section 2 collects some preliminary results.
In Section 3 we prove the surjectivity assertion in Theorem A and the first part
of Theorem B. We complete the proof of Theorem B in Section 4. Section 5
establishes the injectivity assertion in Theorem A, thereby completing the proof;
it constitutes the bulk of the work in the paper.



Brauer characters and fields of values 1177

2 Preliminaries

Assumption 2.1. For the remainder of this paper we fix a field F € C and a prime
number p.

We begin with a useful lemma that will help control the structure of subgroups
N < G when N°is F-free in G.

Lemma 2.2. Let S be a non-abelian simple group. Then S has a rational element
of order 3 or 5 unless S = PSL,(32"*T1), n > 1, which has no non-trivial rational
elements of odd order.

Proof. See [6, Theorems 11.1 and 11.2]. O

In the proofs of Theorems A and B later on, the first step will be to reduce to
the situation where N is minimal normal in G and N ° is F-free in G. In this case
N >~ 81 x---x §; with each S; >~ S, a simple group. It turns out that if N is
solvable, then Theorems A and B can be proved in basically the same way as the
analogous Isaacs—Navarro results above. Now if N° is F-free in G, then certainly
it is Q-free in G and, since involutions are automatically rational, if p > 2, then
it follows that |N| is odd and thus N is solvable. When p = 2, it is no longer
the case that N must be solvable — this is the main obstacle we must overcome
in order to prove Theorems A and B. In this situation, Lemma 2.2 forces that
S = PSL,(3?"*1) and we shall exploit this observation in Sections 4 and 5.

Before proceeding further we must recall some notions from [3]. For any inte-
ger n, Q, denotes the cyclotomic field obtained by adjoining to Q a primitive
nth root of unity. If ¢ is any nth root of unity and o € Gal(Q,/Q), then £° = ¥
for some integer k£ coprime to n. If G is a group with exponent dividing n, then
Gal(Q,/Q) acts on G by x® = x¥, with k as in the previous sentence. This also
induces actions on CI(G) and C1°(G) by (x%)? = (x¥)G_If G is abelian, then the
action of Gal(Q,/Q) on G is by automorphisms. In particular, if C is cyclic of
order n, then this action defines a natural map Gal(Q,/Q) — Aut(C), which is
in fact an isomorphism. Now write K = F N Q,, so Gal(Q,/K) < Gal(Q,/Q).
Furthermore, we write Auty (C) for the image of this subgroup under the isomor-
phism Gal(Q,/Q) — Aut(C) just described. If C < G, then we say C is F-cyclic
in G if the subgroup of Aut(C) induced by Ng(C') contains Auty (C). In particu-
lar, we see that C is F-cyclic in G if and only if it is K-cyclic.

An easy consequence of the definitions is the following.

Lemma 2.3. Let x € G and write X = (x). If x is an F-element in G, then X is
F-cyclic in G. Conversely, if X is F-cyclic in G, then every element of X is an
[F-element in G.
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Proof. This is [3, Lemma 2.1]. O

The next statement is an almost trivial, but useful, observation.

Lemma 2.4. Let X = (x) and Y = (y) be cyclic groups of order m and n, respec-
tively, and assume that m divides n. If y — y' is an automorphism in Autg (Y),
then x v+ x' is an automorphism in Autg(X). Moreover, every element of the
group Autg (X)) arises in this way.

Proof. Let K=FNQuand E =F NQ, =K N Q. By basic Galois theory,
restriction to E defines a surjection from Gal(Q, /K) onto Gal(Q,,/E). Now the
lemma follows from the definitions of Autg (X ) and Autg (Y). o

‘We conclude this section with one more lemma.

Lemma 2.5. Let M anﬁ N be normal subgroups of the finite group G and assume
that NN M = 1. Let_G = G/M. Thenn € N is an F-element in G if and only if
n is an F-element in G.

Proof. Clearly, if n is an [F-element in G, then 7 is one in G.

So assume that 7 is an [F-element in G. Let ¥, : n > n’ be any automorphism
in Autp ((n)). Because N N M = 1, we have o(n) = o(#) and so, by Lemma 2.4,
the map ¢; : i1 — 71 is in Autp({71)). Thus there is some g € G with 1€ = 7ii’.
Then n8 = n'm for some m € M. But then m =nén~' € M NN =1 and so
n& = n'. Thus g induces on (n) the automorphism v; and we conclude that 7 is
an [F-element of G. O

3 Lifts

We are now ready to begin proving the main results. We start by proving the surjec-
tivity assertion in Theorem A. Interestingly, for this we do not need to separately
consider the case p = 2 and N non-solvable. All of the proofs in this section
follow [3] nearly exactly; we need only check that certain elements are actually
p-regular. We include the arguments in full in order to give a sense of just how
similar they are. Later on, we will include less detail whenever we mimic the
proofs contained in [3].

Theorem 3.1. Let N < G and assume that N° is F-free in G. Then the canonical
homomorphism G — G/ N induces a surjection Clg(G) — Clg(G/N).

Proof. Identifying the Brauer characters of G/N with a subset of the Brauer char-
acters of G, it is clear that images of F-elements of G are F-elements of G/N.
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And clearly images of p-regular elements are p-regular. Thus, to prove the theo-
rem we must show that if Nx € G/N is a p-regular [F -element, then the coset N x
contains a p-regular [F-element of G. Assume this is false and let G have mini-
mal order among counterexamples. Also assume that N has minimal order among
normal subgroups K such that K° is F-free in G and K gives rise to a counter-
example.

Suppose that 1 < M < N with M < G and note that M° is F-free in G. We
claim that (N/M)° is F-free in G/ M. To see this, let My € N/M be p-regular
and assume My is an F-element in G/ M . By the minimality of N among counter-
examples, My contains a p-regular F-element x of G. Since My € N and N° is
F-free in G, it follows that x = 1 and My is the identity in G/ M, i.e. (N/M)° is
F-free in G/ M, as claimed.

Now set G = G/M. Then G/N ~ G/N and Nx is a p-regular F-element
of G/N. By minimality of G among counterexample groups and since N° s
F-free in G, it follows that there is a p-regular F-element of G contained in N x,
call it y. Equivalently, My is a p-regular [F-element in G/ M . Again by the mini-
mality of N we deduce that My contains a p-regular F-element z of G.
Finally, My € Nx, so z € Nx is a p-regular F-element of G. This contradicts
our assumption about N and so we must have that N is minimal normal in G.

Next, we argue that N < ®(G), the Frattini subgroup. To see this, let H be
a maximal subgroup of G and assume, aiming for a contradiction, that N £ H.
Then NH = G and Nx = Nh for some h € H.Let D = N N H and note that
the natural isomorphism G/N — H/D sends N x to Dh. Since Nx is a p-regular
F-element in G/ N, it follows that Dh is a p-regular F-element in H/D. Also,
F-elements of H are automatically [F-elements of G and so it follows that D°
is F-free in H. By the minimality of G we conclude that Dh € Nx contains
a p-regular F-element of G, but we are assuming that this is not the case. This
contradiction implies that N < H and so N < ®(G). In particular, N is nilpotent
and thus, since N is minimal normal in G, N is an elementary abelian £-group for
some prime £.

Let U = N(x). We argue that U < G. Now U/N is F-cyclic in G/N and thus
it is [F-cyclic in L/N, where L/N = Ng,n(U/N). Aiming for a contradiction,
suppose that L < G. Then by minimality of G, the coset N x contains a p-regular
[F-element of L, which is automatically a p-regular F-element of G. But we are
assuming N x contains no such element and this contradiction implies that L = G,
i.e. U < G. Also note that U/ N is cyclic and N < ®(G), whence U is nilpotent
(by [2, Lemma 9.19]).

Assume that £ = p,i.e. N is a p-group. Since U is nilpotent and x is p-regular,
it follows that V' := (x) is the p-complement in U. In particular, V' < G. Since
V >~ U/N as G-sets (under the conjugation action of G) and U/N is F-cyclic
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in G/ N, we conclude that V is [F-cyclic in G. By Lemma 2.3, every element of V'
is an [F-element. In particular, x is an [F-element in G and x is p-regular.

If instead £ # p, then every element of N is p-regular and N° = N is F-free
in G. Thus by the Isaacs—Navarro Theorem 1.1 N x contains an F-element y of G.
Now Nx = Ny and, since (y) is F-cyclic in G, by Lemma 2.3 it follows that
(y) N N = 1. We conclude that o(y) = 0o(Ny), so y is p-regular. This is our final
contradiction, and the proof is complete. o

We obtain the following useful corollary. The reductions in Theorems 4.5 and
5.6 to the case N is minimal normal in G rely on this statement. It is the p-modular
analogue of [3, Corollary 3.4].

Corollary 3.2. Let M and N be normal subgroups of the finite group G with
M < N and suppose that N° is F-free in G. Then (N/M)° is [F-free in G/ M.

Proof. Suppose that M x is a p-regular [F-element of G/ M, where Mx € N/M.
Then by Theorem 3.1 M x contains a p-regular [F-element y of G. Since Mx € N
and N° is F-free in G, it follows that y = 1 and thus M x is the identity of G/ M,
as required. |

Also, the first part of Theorem B follows easily. We can actually prove some-
thing slightly more general.

Corollary 3.3. Assume that M and N are normal subgroups of G and that M°
and N° are F-free in G. Then MN < G and (M N)° is F-free in G. In particular,
G has a unique largest normal subgroup K such that K° is F-free in G.

Proof. The second statement follows from the first by taking K to be the subgroup
of G generated by all normal subgroups N of G such that N° is F-free in G.

For the first statement, obviously M N < G. Let ¥ be the natural G-isomor-
phism from MN/M to N/(N N M). We make the following general observa-
tion: If C/M is F-cyclic in G/M, with M < C < MN, and if C/M has order
coprime to p, then ¥ (C/M) is F-cyclic in G/(M N N) and so all the elements
of ¥ (C /M) are p-regular F-elements of G/(M N N).

Now let x € M N be a p-regular F-element of G. We must show that x = 1.
Note that M x is a p-regular [F-element in G/M and we let C/M be the cyclic
subgroup of G/M generated by M x. By the previous paragraph, ¥ (C/M) is
F-cyclic in G/(M N N) and ¥ (C/M) has order coprime to p. But ¥ (C/M)
is contained in N/(M N N) and (N/(M N N))° is F-free in G/(M N N), by
Corollary 3.2. It follows that 1y (C /M) is the identity in G/(M N N),so C/M is
the identity in G/M, i.e. C = M. Thus x € M and since M° is F-free in G we
conclude x = 1, as needed. O
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4 Character kernels

It takes a bit more work to complete the proof of Theorem B. As mentioned earlier,
the critical case for us will be when N is a non-abelian minimal normal subgroup
of G and N° is F-free in G. By the remarks following Lemma 2.2, we must have
p=2and N =81 x---xS,,where S; >~ S and § = PSL2(32”+1). As is well
known, if o is a Galois automorphism and ¢ a Brauer character, then in general
¢ need not be a Brauer character. But it turns out that Gal(Q/Q) does actually
act on IBry(.S) (see [7, Proposition 3.2 (ii)]). In fact, as we shall soon see, more is
true. The next three results will allow us to adapt an important step in the proof of
[3, Theorem 4.1] to work in our critical situation.

We establish some notation to be used in the next lemma: Let S = PSL»(gq),
where ¢ = 32"*! and n > 1. Let N, := 3(¢% —1)/8 = exp(S)» and let € be
a primitive Nyth root of unity. Then every ¢ € IBr(.S) has values in Q(¢).

Lemma 4.1. In the above notation, there is a bijection ¢ — Cg between irredu-
cible 2-Brauer characters of the group S = PSL,(3%" 1) and conjugacy classes
of odd-order elements in S that is compatible with the actions of Aut(S) and
Gal(Q(€)/Q), in the following sense. If Cy = x5 for ¢ € IBro(S) and x € S,
then the following statements hold:

(i) forany v € Aut(S), Cypr = (x%)S,
(ii) for any o € Gal(Q(€)/Q), Cpo = (x9)5,

(iii) for any T € Aut(S), o € Gal(Q(€)/Q), and ¢ € IBro(S), ¢° = ¢* if and
only if C? = Cy-

Proof. The existence of the bijection and statements (i)—(ii) are [7, Lemma 3.4],
and statement (iii) is an immediate consequence of (i) and (ii). |

Corollary 4.2. Let N be a minimal normal subgroup of G and suppose that N =
Sy x-x 8, =~ S, where S = PSL,y(3?"T1). For ¢ = ¢y x -+ x ¢ € IBrp(N),
let x = (x1,...,x7) € N, where Cy, = (x;)5i in the notation of Lemma 4.1. Set
Cyp = xN. Then the map ¢ — Cy is a bijection between 1Br(N) and C1°(N)
that is compatible with the actions of G and Gal(Q(€)/Q), in the sense of (1)—(iii)
in Lemma 4.1.

Proof. See [7, Corollary 3.5]. As in Lemma 4.1, statement (iii) follows at once
from (i) and (ii). O

In the next statement, we use the following notation. If X is any group, then for
any 7 € IBr(X) we define Q(7) to be the field obtained by adjoining to Q all of
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the values 7(g) for g € X. Similarly, if g € X, then we define Q(g¥) to be the
field obtained by adjoining to Q all of the values n(g) for n € IBr(X).

Corollary 4.3. Let N be a minimal normal subgroup of G and suppose that N =
Sy X+ xSy = ST, where S = PSLy(32"1). Let ¢ € IBro(N) and let Cy be as
in Corollary 4.2. Then Q(¢p) = Q(Cy).

Proof. Let¢ = ¢y x---x ¢y, Cp = (x1,..., %)V . Now Q(¢) = Q(1,. .., ¢r)
(by evaluating ¢(y) for elements y € N with all but one component equal to
1 € §) and likewise Q(Cy) = Q(xig e ,xrs ) (by evaluating n(x) for characters
n € IBry(N) with all but one component equal to 15 € IBry(S)). Thus it suffices
to prove the claim for r = 1. This follows by inspecting the character table of
SL,(32"*1), which can be found e.g. in [1, Chapter 38], and the explicit descrip-
tion of the map ¢ — Cgy, as given in [7]. o

Proposition 4.4. Assume that N = Sy x --- X S, >~ S” is a minimal normal sub-
group of G, where S = PSL (32" 1) for some n > 1. Assume that 6 € 1Br, 5 (G)
and N £ ker 0. Then N° contains a non-trivial IF-element of G.

Proof. Let ¢ € IBra(N) be a non-trivial constituent of the restriction 6. Let
N =exp(S)2,n=|G|, K=FNQuy,and E=FNQ,. Then K=ENQx
and so restriction to Q » defines a surjection from Gal(Q,/E) onto Gal(Q y /K).
Note that 6 is an [E-character and that x € N° is an F-element in G if and only if
itis a K-element.

Now let 0 € Gal(Qp /K) and choose t € Gal(Q,/E) whose restriction to Q
is 0. Since 0% = 0, it follows that ¢ = ¢ also enters Oy (¢° € IBra(N) by
[7, Proposition 3.2 (ii)]) and thus there is some g € G with ¢& = ¢°. Let Cy be
the conjugacy class of N corresponding to ¢ under the bijection of Corollary 4.2.
Then by Corollary 4.2 we have C (‘f =C g and, by Corollary 4.3, we conclude that
any x € Cy is a K-element in G, whence it is an [F-element. Since ¢ # 1y, Cyp is
non-trivial and so the proof is complete. |

We can now prove the assertion in Theorem B about character kernels.

Theorem 4.5. Let ¢ € IBrp(G) and assume that N is a normal subgroup of G
and that N° is F-free in G. Then N < ker ¢.

Proof. Assume that the theorem is false. Arguing as in [3, Theorem 4.1], we may
assume N is minimal normal in G. If N is not solvable, then, by the remarks fol-
lowing Lemma 2.2, we must have p = 2 and N ~ S”, where S = PSL,(32"11).
Applying Proposition 4.4, we obtain a contradiction.
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So N is solvable and thus N is an elementary abelian £-group for some prime £.
We have { # p, as otherwise N < O0,(G) < ker ¢, e.g. by [5, Lemma 2.32]. Now
the remainder of the proof of [3, Theorem 4.1] goes through unchanged (the point
is, since N is a p’-group, we can identify IBr(N) with Irr(N)). |

5 Conjugacy

Now we work toward proving the injectivity assertion in Theorem A, which is
the major part of the paper. As usual, the critical case is N = PSL,(3%"*1)" and
p =2

Lemma 5.1. Suppose that M,N <G, M NN =1, and N° is F-free in G. Let
x,y € G° be [F-elements such that Nx = Ny € G/N. Ifx € M, then x = y.

Proof. We have xn—! = y forsomen € N. Also, [M,N] < M NN = 1 and so
[x,n] = 1. Thus

1 = yO(y) = xo0) =00 — o0 — o) e NAM=1.

It follows that o(n) | o(y) and thus n € N°. Now A := Ng({y)) induces on (y)
a group of automorphisms containing Autg ({(y)). Let n — n’ be any automor-
phism in Autg({n)). By Lemma 2.4 we may express ¢ in such a way that some
g € Ainduces on (y) the map y + y’. Then

X7 = (en T = yF =yt = en ) =

so (n71)8n! = (x71)8x* € NN M = 1. We conclude that n8 = n’, so n is an
F-elementin G. Thusn = 1 and x = y. o

Lemma 5.2. Fix an integer n and assume that x € H < Sym(n) has prime order
€ and is an F-element in H. Let t = |Qg : F N Qg|. Then there is some h € H
such that the natural action of (h) on n points has an orbit of length t.

Proof. We will identify {0, 1,..., (€ — 1)} = [Fy, the field with £ elements.

Since x is an [F-element, there is some g € H with gxg~! = x%, where a has
order ¢ in [F5. Also, since x has order ¢, the non-trivial orbits of (x) all have
length £. Let 21, ..., Q,, denote these orbits.

Now g permutes the 2;. We may assume that

g:Q21 > Q== Qj = Q

(possibly j = 1). We label the points of €2; by «;, where « € Iy, and choose the
labeling in such a way that x acts on €2; via the cycle (0;, 1;,..., (£ —1);) and
also

g:01 =0y 0; = by forsomeb ey.
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Thus x acts on 2 := Uj Q; via

i=1

X=0111,.... =110z, 12,..., (£ =1)2)...(0;, 1;,.... (£ = 1);).
Now on the one hand we have, on €2,

gxg~' = (b1.g(1)),....g((L = 1);)(02,g(11), ..., g((¢ = 1))
(05— g (= 1))

and on the other we have

x* =(b1,(b+a),(b+2a),....,(b+{—1a)1)(02,az,...,(l —1az)

.. 0,aj,....,( = Daj).

Thus we see that for any «; € €2,

(aa)iy1, ifl=<i=<j-—1,
glo) = e
(b+aa);, ifi=j

Note that for any 8 € Q and any integer s, if g¥(8) = B, then j | s; also, the
length of the (g)-orbit of B is the minimal s such that g%(8) = B. Thus, every
(g)-orbit on 2 has length a multiple of j. Finally, observe that to prove the lemma
it actually suffices to show that (g) has an orbit on Q with length a multiple of ¢
(as then, for some power h of g, (h) has an orbit of exact length 7). This is what
We now prove.

Ifa/ = 1,thent | j (recall that a has order ¢ in F E()' By the previous paragraph
any (g)-orbit on €2 has length a multiple of ¢, and so we are finished. Thus we may
assume that ¢/ # 1. For any « € F; we compute

g/ (1) = (b +ad o)1,
so for any integer i we have
g (ar) = (1 +a’ +---+a/V) 1 dV ).
Set ¢ =a’ # 1 and choose oy € Q with o # lec Choose i minimal with
gY (a1) = ay. The displayed equation implies that
_b(1—c')
o l-c

(l—ci)(a—ll]j) =0.

Since o # %, we have a”/ = ¢/ = 1 and thus ¢ | ij. Since i was chosen mini-
mally, ij is the (g)-orbit length of «; and so again by the previous paragraph we
are finished. |

a(l —ch

and thus
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Theorem 5.3. Let p = 2. Let N = Sy x -+ x S, ~ S, where S = PSL,(32"*1)
for some n > 1. Assume that N is a minimal normal subgroup of G, Cg(N) = 1,
and N° is F-free in G. Let x € G° be an F-element with odd prime order £ and
assume that |Qg : F N Qy| = t. Then there is some g € G such that (g) has an
orbit of length t on the factors {S1, ..., Sr}.

Proof. By the minimality of N, any g € G permutes the factors {S1,...,S;} so

the claim makes sense. Let x > x’ have order ¢ in Aut({x)), so that x > x' is

a generator of Autg ((x)). Since N° is F-free in G, ¥ € G := G/N has order ¢

and of course it is still an F-element. Let g € G satisfy x8 = x', soalso & = xt.
Since Cg(N) = 1, we may view

G < Out(N) ~ Out(S) 2 Sym(r).

Write ¢ = hm, where h € Out(S)” and 7 € Sym(r). Suppose first that x fixes
every factor S, i.e. that X € Out(S)", and write X = (x1,..., Xx;), where each
x; € Out(S;). Assume, without loss, that o(x;) = £. As Out(S) is abelian, we
have

(xf,..ox)=x"'=x8 =x" =x" = (Xg=1(1)s -+ -+ Xg—1())

and, for any integer j,

(xif,...,xif) = )EJTJ = (xn_j(l),...,xn—j(r)).

Since o(x1) = £ = o(x), the map x; — x’i has order ¢. Thus the x’il are all dis-
tinct for 1 < j <t and we conclude that the (g)-orbit of S has length at least 7.
But since ¥¢' = ¥’ = &, clearly this orbit has length at most ¢.

Thus we may assume that x moves some factor S,,. So the image of x under
the composition of natural maps

G — G/N <= Out(S) ¢ Sym(r) — Sym(r)

is an [F-element of order €. Let H denote the image of G under this map, so by
Lemma 5.2 there is some i € H such that (/) has an orbit of length ¢ on the factors
{S1,....Sr}; equivalently, for any preimage g € G of &, (g) has an orbit of length
t on{Sy,...,S;}. This completes the proof. ]

This next statement is the last major ingredient that we need.

Theorem 5.4. Fix a prime {. Let N = S1x---xS, ~ S”, where S = PSL,(3%"11)
for some n > 1. Further, assume that N is a minimal normal subgroup of G with
Cg(N) = 1. Assume that some g € G permutes the factors {S1, ..., Sy} with an
orbit of length t, where t = |Qy : F N Qy|. If £ divides |N|, then there is some
F-element of G with order { contained in N.
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Before giving the proof we establish some notation and conventions. In the
situation of Theorem 5.4, assume that g : S§1 +— Sa - Sy = S7. Let ig
denote the conjugation-by-g map. Then all of the groups S; may be identified
via appropriate powers of ig, e.g. ig(S1) = S2, etc. We extend this to obtain iden-
tifications between all of the groups Aut(S;). In order to simplify the notation, we
will use these identifications to make sense of products of elements in Aut(S;)
and Aut(S;), and view these products in Aut(Sy), even when none of i, j, k are
necessarily equal.

For example, if 11 € Aut(S1) and hp € Aut(S2), we will make sense of h1h,
as an element of any or all of Aut(S7), Aut(S>), or Aut(S3). Here it is to be under-
stood that by h1h> we really mean hy(ig—1 o h2) in the first case, (ig o h1)h2 in
the second, or (iz2 o h11)(ig © h2) in the third. The intended meaning of a product
like 1 h, will always be clear from context.

Finally, a bit of notation: if #; € Aut(S;) fori = 1,...,r andif a < b are inte-

gers, we define ,
ha:b = l_[ /’l,‘.
i=a

Proof of Theorem 5.4. We have
N <G < Aut(N) >~ Aut(S) 2 Sym(r).

Write ¢ = hmr, where h € Aut(S)” and 7 € Sym(r). Reordering the factors, if
necessary, we may assume that

ngll—>Szl—>-~'l—>Stl—>S1.

We will show that there is an element v in S X --- X S; with order £ and such that
(g) induces on (v) a group of automorphisms containing Autp ({(v)). Thus, there is
no loss to assume that r = ¢. Since Aut(S) is split over S, by [4], we may choose
a complement O < Aut(S)’ for N and identify O with Out(S)’. Therefore, by
replacing g by ng for some appropriate n € N, we may assume that # € O and
that 4 acts on N via (hy,...,h;) € Out(S)’. Clearly this new choice of g still has
an orbit of length ¢ on the factors S;. Recall that Out(S) is abelian.

The cases £ = 2 and £ = 3 are handled differently from the case £ > 3, so we
divide the proof into three steps.

Step (1). Assume that £ = 2. Any involution in N is rational, hence an F-ele-
ment, and we are done.

Step (2). Assume that £ = 3. Then either Q3 NF = Q3, every element of
order 3 in N is an [F-element, and we are finished; orelse Q3 NTF = Q and ¢t = 2.
Let u € S be any element of order 3. Recall that uS # (1™')S and any & € Aut(S)
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either fixes both S and (u_l)S or else i exchanges these classes. Now g? fixes
both factors S; and S, and acts on both via /1 /5.
If hi1hy sends u® to (u_l)S, then choosing v = (u, 1) we have

(vgz)N — (uhlhz’ I)N — (u—I’ I)N — (U—I)N

and so v is rational in G. If instead /1 /5 fixes both u° and (u_l)S , then either /11
and /-, each fix both classes or else /7 and /i, each send u* to (u_l)S . In the first
case we choose v = (1, u~!) and in the second we choose v = (u, u). In either
case, (v8)N = (v™1)N. Again, v is rational. This completes the case £ = 3.

Step (3). Finally, assume that £ > 3. Then £ divides g &+ 1, where ¢ = 321,

We begin by making an explicit choice for O. Recall that Out(S) is generated by
field and diagonal automorphisms. We choose § to be the diagonal automorphism
of S induced from conjugation by (§ % ). When £ | ¢ — 1, we choose ¢ to be the
field automorphism induced from x > x3 on Fq; when £ | g + 1, we view S as
PSU,(g) and choose ¢ to be the field automorphism induced from x + x° on Fgo.
We choose

0 = ((8) x ()"

If | g —1,thenview S = PSLy(¢) andif £ | ¢ + 1, view S = PSU»(g). Con-
sider the diagonal torus 7 of S, which has order ¢ — 1 or ¢ + 1, according as
S = PSL3(q) or PSU,(q). Now choose u € T to have order £. It is clear that u
is fixed by § and (u) is (¢)-stable. By our choice of u and assumptions about g,
(g) acts on

t times

Now g’ acts on N via (k,..., k), where k = hy; — in particular, g’ fixes
every factor S;. Let u > u? be the automorphism of (u) induced by k and let
s denote the order of this automorphism. Let d = gcd(s,?) and f = t/d. Since
Aut({u)) >~ Cy_1, t and s both divide £ — 1 and so fs | (£ — 1) as well. Thus we
may choose an f'th root of u > u?, say u — u',sothatk : u — ul”

We choose an element v = (v1,v2,...,v;) € U as follows: v{ = u =: uy and
for1 < j < (f —1), werecursively define v;441 =: u;, where

i Rl
uj = (uj+1) Gd+1D:G+1d

All other components of v we define to be 1.

We claim that v8¢ = vi. Note that the map u — u' has order sf = (s/d)t
in Aut((u)), and thus v — v’ also has order (s/d)t. Since o(v) = £, we have
Autg ((v)) < (v~ v') and so, given the claim, it follows that v is an F-element
in G. To prove the claim, observe that the component of v& “in position m is given
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hon—da)y:(m— . .. . d i
by vm(’_” d‘”‘(’” " So from the construction of v it is obvious that v8" = v, except
possibly in the (d + 1)st component. In other words, to prove the claim we need

only check that
vl =vM"4 ] orequivalent] = yha
d+1 = V1 > q y up=ur.
By repeated back-substitution using the definition of the u;, we have
ull = (ul’f)h(_dl+1):t = (uk)h(_dl-‘rl):l = uhlfd’
as needed. This completes the proof. o

We need one more lemma, which is an easy consequence of the well-known
Schur—Zassenhaus theorem.

Lemma 5.5. Let N < G and let x,y € G. Further, suppose that o(x) = o(y), that
(|N|,0(x)) =1, and that Nx = Ny € G/N. Then x and y are N -conjugate.

Proof. By the Schur—Zassenhaus theorem there is some n € N with (x)" = (y).
Thus y = (x¥)” for some integer k coprime to o(x). We have

Nx =Ny = N(x*)" = Nx¥

and thus x¥~1 € N. Since o(x) is coprime to |N|, though, we have (x) N N = 1
and thus x*¥ = x. We conclude that x” = v, which completes the proof. o

Finally, we complete the proof of Theorem A.

Theorem 5.6. Let N < G and assume that N° is F-free in G. Then the canonical
homomorphism G — G/ N induces an injection Clg(G) — Clg(G/N).

Proof. Assume that the theorem is false, let G be a minimal counterexample, and
let N be minimal among normal subgroups of G which give rise to a counter-
example. This means there are p-regular [F-elements x, y € G such that x@ # yG
but Nx = Ny. Arguing as in [3, Theorem 5.1], we may assume that N is minimal
normal in G.

If N is non-solvable, then, by the remarks following Lemma 2.2, we have p = 2
and N = Sy x---x S, ~ 8", where S = PSL,(3?"*1). Let C = Cg(N), let
denote the set of prime divisors of | N |, and write x = Xz x5 and y = yy yz/.

We claim that x, € C. Assume that this is not the case. We set G = G/C and
N = NC/C ~ N.Now our assumption is that X, is non-trivial and, since powers
of [F-elements are [F-elements, there is some £ € 7 and some power of X, that is
an F-element of order £. We have that N* is F-free in G, by Lemma 2.5, and
thus by Theorem 5.3 there is some g € G permuting the factors S; of N with an
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orbit of length ¢t = |Qy : Q¢ N F|. Theorem 5.4 now guarantees the existence of
an F-element of G contained in N and of order £. This is a contradiction and we
conclude that x, € C, as claimed. Thus, by Lemma 5.1, x; = y.
Note that (Nx)z» = Nxg/ and similarly (Ny),» = Nyn/. By Lemma 2.3 we
have
(xz) NN =1=(yz) NN
and thus
0(xz’) = 0(Nxz') = 0(Nyz') = 0(yn).
By Lemma 5.5, x7, = y, for some n € N. Since x; = y, € C, it follows that
x™ =y, which we assumed is not the case.

The contradiction in the previous paragraph shows that N must be solvable.
So N is an elementary abelian £-group for some prime £. In this case, too, we
conclude that x¢ = yG — if £ = p, then, since x and y are p-regular, we may
apply Lemma 5.5 as above; and if £ # p, then N° = N is F-free in G, so we may
apply the Isaacs—Navarro Theorem 1.1. o
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