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Abstract. Let G be a group containing a nilpotent normal subgroup N with central series
{N;} such that each N; /N, is an IF-vector space over a field F and the action of G on
N;/Nj41 induced by the conjugation action is F-linear. For k € N we describe a nec-
essary and sufficient condition for all elements from any coset xN, x € G, to admit kth
roots in G, in terms of the action of x on the quotients N; /N; 1. This yields in particular
a condition for surjectivity of the power maps, generalising various results known in spe-
cial cases. For [F-algebraic groups we also characterise the property in terms of centralisers
of elements. For a class of Lie groups, it is shown that surjectivity of the kth power map,
k € N, implies the same for the restriction of the map to the solvable radical of the group.
The results are applied in particular to the study of exponentiality of Lie groups.

1 Introduction

Let G be a group. For k € N (a natural number) we denote by Py the kth power
map of G, defined by Pr(g) = gk for all g € G. Inspired by the question of sur-
jectivity of exponential maps of Lie groups there has been interest in understanding
conditions for Py to be surjective. The question was studied by Pralay Chatterjee
for various classes groups, beginning with connected solvable Lie groups, in [2],
algebraic groups over algebraically closed fields (see [1]), groups of rational points
of algebraic groups defined over real and p-adic fields etc. (see [3] and references
there for details).

Recently, in [4], the first named author extended the study of surjectivity of the
exponential of a solvable Lie group to describing conditions for certain subsets
(specifically cosets of certain nilpotent normal Lie subgroups) to be contained in
the image of the exponential map; the results were applied in particular to describe
conditions under which the radical of an exponential Lie group is exponential, and
to generalise a result of Moskowitz and Sacksteder [6] for complex Lie groups to
a large class of Lie groups, on centers of exponential Lie groups. In this paper we
study the analogous question for power maps of a large class of solvable groups;
see below for the definition of the class and Theorem 1.1 for the statement of the
main result. The groups considered include connected solvable Lie groups, and in
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this case we deduce from Theorem 1.1 some of the results of [2] concerning the
question of surjectivity of the power maps. Our results also yield the correspond-
ing results for the exponential map proved in [4], via McCrudden’s criterion [5]
that an element in a Lie group is exponential if and only if it admits roots of all
orders. Theorem 1.1 is also applied to deduce surjectivity of the power map of the
radical R of a connected Lie group G, in analogy with the result in [4] mentioned
above, when the corresponding power map of G is surjective, and G/R satisfies
a condition, as in [4].

Let I be a field. By an F-nilpotent group, we mean a nilpotent group N such
that if N = N9 D N1 D --- D N, = {e} is the central series of N (e being the
identity element of G), then each N; /Nj 41 is a finite-dimensional F -vector space.

Let N be an [F-nilpotent group and {N;} its central series. Let G be a group
acting on N as a group of automorphisms of N. The G-action on N is said to be
F-linear if the induced action of G on N; /N; 41 is F-linear for all ;.

We note that if G is a connected solvable Lie group with nilradical N and if
the latter is simply connected, then N is an R-nilpotent group and the conjugation
action of G on N is R-linear. Also, for any field I, if G is the group of [F-points of
a Zariski-connected solvable algebraic group and N is the unipotent radical of G,
then N is F-unipotent and the conjugation action of G on N is [F-linear. Starting
with these examples, one can also construct examples of non-algebraic groups G
with F-nilpotent normal subgroups N of G such that the conjugation action of G
on N is [F-linear; note that the condition holds in particular for any subgroup of G
as above containing NV, in place of G itself, and these include non-algebraic groups.

In our results [F is allowed to be of positive characteristic. In the following, if
F is a field of characteristic p, we say that a natural number k is coprime to the
characteristic of [F if either p = 0 or (k, p) = 1, namely k is not divisible by p.
For any group G and k € N we shall denote, throughout, by P the power map
of G defined by Py (g) = g forall g € G, and by P;(G) the image of Py.

The following is the main technical result of the paper.

Theorem 1.1. Let G be a group and N a normal subgroup of G. Suppose that N
is F-nilpotent with respect to a field ¥, and that the conjugation action of G on N
is F-linear. Let N = N9 D N1 D --- D N, = {e} be the central series of N. Let
A=G/N,xe€Ganda = xN € A. Let k € N be coprime to the characteristic
of F. Let B = {b € A | b* = a} and let B* be the subset consisting of all b in B
such that for any j = 1,...,r any element of Nj_1/N; which is fixed under the
action of a is also fixed under the action of b. Then we have the following:

(i) Foranyb € B*, n € N, there exists y € G such that yN = b and y* = xn.
(ii) If A is abelian, and xn € Pr(G) foralln € N, then B* is nonempty.
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For groups of [F-rational points we deduce the following Corollary; in the case
when F is an algebraically closed field of characteristic zero, the result is contained
in [1].

Corollary 1.2. Let G be the group of F-points of a solvable algebraic group G
defined over I and let N be the group of F-points of the unipotent radical R, (G)
of G. Let k be coprime to the characteristic of F. Let x be a semisimple element
in G. Then xn € Py(G) for all n € N if and only if there exists y € Z(Zg(x))
such that yk = X.

Theorem 1.1 yields in particular the following generalisations of certain results
proved in [2], thereby putting them in a broader perspective. For any Lie subgroup
S of a Lie group G we denote by L(S) the corresponding Lie subalgebra. For any
X € L(G) and a Lie subgroup 7" we denote by Z7(X), the centraliser of X in T,
namely { € T | Ad(¢)(X) = X}.

Corollary 1.3. Let G be a connected solvable Lie group, N the nilradical of G
and H a Cartan subgroup of G. Let h € H and k € N. Then hn € Py (G) for
alln € N if and only if there exists g € H such that g¥ = h and g € Zg (X) for
every X € L(N) such that h € Zg (X). In particular, Py, : G — G is surjective
ifand only if P - Zg(X) — Zg(X) is surjective for all X € L(N).

Via McCrudden’s criterion [5] recalled above Theorem 1.1 yields the following
variation of [4, Theorem 2.2].

Corollary 1.4. Let G be a connected solvable Lie group and N a connected
nilpotent closed normal subgroup of G such that G/ N is abelian. Let A = G/N
and N = Nog D N1 D --- D N, = {e} be the central series of N. Let x € G and
a = xN/N. Then xn is exponential in G for alln € N if and only if there exists a
one-parameter subgroup B of A containing a such that forany j = 1,...,r any
point of Nj_1/N; which is fixed by the action of a is also fixed by the action of B.

In analogy with the criterion from [4] for exponentiality of radicals we deduce
the following criterion for surjectivity of the power maps of radicals.

Corollary 1.5. Let G be a connected Lie group such that Py : G — G is sur-
Jjective. Let R be the (solvable) radical of G and S = G/R. Suppose that S has
a unipotent one-parameter subgroup U such that Zs(U) does not contain any
element whose order divides k. Then Py : R — R is surjective.

The paper is organised as follows. In Section 2 we prove a preliminary result
which is applied in Section 3 to complete the proof of Theorem 1.1. In Section 4
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we discuss the case of power maps of algebraic groups and prove Corollary 1.2.
Corollary 1.3 is proved in Section 5, where we discuss some more applications
of Theorem 1.1 (see Corollaries 5.5 and 5.6) for the power maps of solvable Lie
groups. Corollary 1.5 on power maps of radicals is proved in Section 6.

2 Results for linear actions on vector spaces

In this section we prove various results for groups which are semidirect products
of cyclic groups with vector spaces, to be used later to deduce the main theorem.

Let F be a field and V' a finite-dimensional [F-vector space. We denote by
GL(V') the group of nonsingular [F-linear transformations of V. For T € GL(V)
we denote by F(7) the set of points fixed by 7, viz. F(r) ={v eV | tv =v}.

We note that if T € GL(V) and k € N are such that 7 is not unipotent and ¥ is
unipotent, then F(t) is a proper subspace of F(t¥). Also, for any T € GL(V) and
k € N there exists a unique minimal t-invariant subspace V"’ such that the (factor)
action of ¥ on V/ V' is trivial while that of T has no nonzero fixed point. These
results can be proved by a straightforward application of the decomposition into
generalised eigenspaces, or equivalently the Jordan canonical form of matrices;
we omit the details.

Proposition 2.1. Let F and V be as above. Let G be a group with (a copy of) V as
a normal subgroup such that G/ V' is cyclic, and the conjugation action of G on 'V
is F-linear. Let 0 : G — GL(V) denote the induced action. Let k € N be coprime
to the characteristic of F. Let g € G and x = gk . Then the following statements
hold:

(1) If F(o(x)) = (0), then for every v € V, there exists a unique w € V such
that xv = wxw™ !,

(i) If F(o(x)) = F(0(g)), then xv € Pr(G) forallv e V.

Proof. (i) Let I denote the identity transformation. The hypothesis implies that
(0(x)™! = 1I) € GL(V). Hence for any v € V there exists an element w € V such
that
v=(c(x)"'=Dw) =x"Twxw !,

in the group structure of G; hence we have xv = wxw~!. The uniqueness of w
follows from the fact that if xv = wlxwl_1 = wzxwz_l, then wz_lwl € F(o(x))
which is given to be trivial.

(ii) Let W be the largest o(x) invariant subspace of V such that the restric-
tion of o (x) to W is unipotent. Then W is also o (g)-invariant, and the hypothesis
together with the remark preceding the proposition (applied to W in place of 1)
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implies that the restriction of o(g) to W is unipotent. We now proceed by induction
on the dimension of W. We note that if W is zero-dimensional then F(o(x)) =0
and in this case the desired assertion follows from part (i). Now consider the gen-
eral case. Let U = F(o(x)) which by the hypothesis is also F(o(g)). Then U
is a normal subgroup of G and G/U contains V/U as a normal subgroup with
cyclic quotient and the action of its generator on V/U is given by the quotient
of the o (g)-action on V/U. As the restriction of o(g) to W is unipotent, U is of
positive dimension and W/ U has dimension less than W. We note also that W /U
is the largest o (g)-invariant subspace of /U on which the ¢ (x)-action is unipo-
tent. Hence by the induction hypothesis for any v € V there exists n € G such that
xvU = nk U. Thus there exists u’ € U such that xv = nku’. Since k is coprime to
the characteristic of I there exists u € U such that u’ = u* (we use the multiplica-
tive notation since U is now being viewed as a subgroup of G). Also, as o (g) fixes
u, the latter is contained in the center of G. Hence xv = nku/ = nkuk = (nu)k.
Thus xv € Pr(G). |

Now let V' be a finite-dimensional [F-vector space and let A be an abelian sub-
group of GL(V). Let T denote the collection of all minimal A-invariant subspaces
W of V such that the factor action of any element of A on V/W is semisimple
(diagonalisable over the algebraic closure of IF) and can be decomposed into irre-
ducible components which are isomorphic to each other as A-modules; the sub-
spaces from B may be arrived at by considering the largest semisimple quotient
of the A-action on V and decomposing it into isotypical components (putting
together irreducible submodules isomorphic to each other). We note that 25 is
a finite collection of proper subspaces of V. We shall denote by X (4, V') the sub-
set Uy eqm W. We note that X (A, V') is a proper subset of V.

Proposition 2.2. Let V' be a finite-dimensional T -vector space. Let G be a group
with V as a normal subgroup such that G/V is abelian. Let 0 : G — GL(V)
be the induced action. Let k € N, g € G and x = gk. Let A=G/V,a=xV,
b =gV € A. Suppose that F(a) # F(b). Let v € V be such that there exists
y € G satisfying yV = b and yk = xv. Thenv € X(o(A), V).

Proof. Using the Jordan canonical form, we see that there exists a unique mini-
mal a-invariant subspace, say U, of V' such that the action of @ on V/ U is trivial
while the b-action on V'/ U has no nonzero fixed point. The condition in the hypo-
thesis implies that U is a proper subspace of V. As A is abelian it follows that U
is A-invariant. Moreover, U is contained in X(0(A4), V') as we can find a subspace
W € 288 containing it. We show that any v satisfying the condition in the hypo-
thesis is contained in U. Let such a v be given and let y € G be such that yV = b
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and y¥ = xv. Then there exists w € V such that y = gw and we have

xv = y* = (gw)k = (gw) -+ (gw)

= ¢" (g  Pwg* V) (g wgw = g bw = xbuw,

where = o(g)"*~D ... 4+ 5(g)"! + I,and hence v = Qw. Let V/ = V/U.
Then any eigenvalue of the factor of o(g) to V' is contained in {A € C | Ak =1,
A # 1) Also, (o(g) ' —=1)0 =0(g) % =1 =0o(x)~! — I factors to the zero
transformation on V. Since o (g) has no nonzero fixed point on V', the restriction
of (6(g)~' —I) to V' is invertible. Hence @ factors to the zero transformation on

V' = V/U. Therefore v = Ow € U, as desired. ]

3 Proof of Theorem 1.1

In this section we shall deduce Theorem 1.1 from the results of Section 2. In the
sequel, given a group H, for h € H we denote by (h) the cyclic subgroup gener-
ated by A.

Proof of (1). In proving this part, without loss of generality we may assume that
G is the product of (g) with N, where g € G is such that gN = b, with b a given
element from the subset B*; while the assumption is not crucial it makes the
proof more transparent. Let N = Nog D N1 D --- D N, = {e} be the central series
of N. We proceed by induction on r. For r = 1 the desired statement is immedi-
ate from Proposition 2.1 (ii). Now consider the general case. Let n € N be given.
Now G/N,_1 is a product of (gN,—_1) and N/N,_; in G/N,_1, with g € G as
above, and the condition in the hypothesis of the theorem is satisfied for G/ Ny_1
(with N/Ny_1, a1 = g’fN,_l and by = g1 Ny_1 in place of N a and b, respec-
tively); we note that the corresponding actions on N;/N; 41 coincide with those
of a and b, respectively. Since G/N,_; is an F-nilpotent group of length less
than r, by the induction hypothesis there exists g1 € G such that gy N = b and
xnNy_1 = gll‘Nr_l. Hence there exists v € N,—_1 such that xn = g’fv. Now con-
sider the product, say G, of the subgroups (g1) and N,—_; in G; we note that N,_
is an [F-vector space, and the condition as in Proposition 2.1 (ii) is satisfied. Hence
we get that there exists y € G such that g’fv = yk; thus we have y € G such that
yN =band xn = y*, and so xn € P¢(G), which proves (i). ]

Proof of (ii). For any subset S of B we denote by Eg the set of n in N for which
there exists y € G such that yN € S and yk = xn. We shall show that Eg = N
if and only if S N B* is nonempty; when the condition in (ii) holds, for S = B
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we have Eg = N and this implies assertion (ii) in the theorem. We proceed by
induction on r, the length of the central series. For r = 1 the assertion follows
immediately from Propositions 2.1 and 2.2. Now consider the general case. Let
S be a subset of B. If S N B* is nonempty, then assertion (i) of the theorem,
proved above, shows that Eg = N. Now suppose that Eg = N. Let V = N,_y,
G’ = G/V and let B’ be the subset of B consisting of b such that for all indices
j =1,...,r —1 any point of N;_;/N; which is fixed by a is also fixed by b.
Since Eg = N,foralln € N there exists an element y € G suchthat yN € S and
yk V = xnV, and hence the induction hypothesis implies that S N B is nonempty.
Also, applying the induction hypothesis to the set S\ B’, we get that there exists
no € N for which there does not exist any y € G such that yN € S\ B’ and
ka = xnoV. Now consider xngv, with v € V. Since Eg = N, there exists
y € G (depending on v) such that yN € S and yk = xnov, and the preceding
conclusion shows that in fact yN € S N B’. To show that S N B* is nonempty,
we have to show that there exists » € S N B’ such that every fixed point of @ on V/
is fixed by b. Suppose that this is not true; thus F(a) # F(b) forallb € S N B,
in the notation as before, with respect to the action on V' as above. Since the action
of a on V is the same as the (conjugation) action of x7¢, Proposition 2.2 implies
that any v € V for which there exists an element y € G such that yN € S N B’
and y*¥ = xngv is contained in X(c(A), V), in the notation as before, o being the
conjugation action. This contradicts the conclusion as above, since X(o(A), V)
is a proper subset of V. This shows that S N B* is nonempty, and completes the
proof of the theorem. m|

4 Power maps of solvable algebraic groups

In this section we discuss power maps of solvable algebraic groups and prove
Corollary 1.2. Let G be the group of [F-points of a solvable algebraic group G
defined over [F. By Levi decomposition G = T - N (semidirect product), where T’
consists of the group of IF-points of a maximal torus in G defined over I, and N
is the group of [F-points of the unipotent radical R, (G) of G.

Remark 4.1.Let N = Ng D N; D --- D N, = {e} be the central series of N,
with e the identity element. For j =0,...,r —1let p; : N; — N;/N; 1 be the
quotient homomorphism. For j = 0,1,...,r — 1 let 3 be the Ad(T)-invariant
subspace of the Lie subalgebra of N; complementary to the Lie subalgebra
of Njt1, and let ; be the collection of (algebraic) one-parameter subgroups p
corresponding to one-dimensional subspaces of M. Let { = | ; Bj. By consider-
ing the decomposition of the Lie algebra of N with respect to the action of 7 it can
be seen that, for any t € T', Zy(¢) is generated by the collection of one-parameter
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subgroups p € Bj, j = 0,...,r — 1, such that any v € p;(p) is fixed under the
action of t on N;j/Nj41. Moreover, any one-dimensional subspace of N;/N; 1
which is pointwise fixed under the action of 7 is of the form p; (p) for some p € 3,
centralised by 7.

Proof of Corollary 1.2. Let T be the subgroup as above. Then every semisimple
element of G has a conjugate in 7 and hence it suffices to prove the assertion in the
corollary for x in 7. Let x € T be given and let a = xN € A = G/N. We note
that for any t € T, Zg(t) = T Z N (t). Suppose there exists y € Z(Zg(x)) such
that yk = x. Thus y has the form sn, s € T, n € Zx(x), with sn, and hence n,

commuting with all elements of 7. Hence x = yk = sknk | which implies that

sk = x andn* = e. Since k is coprime to the characteristic of IF, we getthatn = e
andhence y = s € T.Sinceany p € B;,0 < j <r — 1, whichis centralised by x
is also centralised by y, by Remark 4.1 any v € N;/N;j4+1,0 < j <r —1,is fixed
under the action of y. Thus for ¢ = xN as above there exists » = yN for which
the condition of Theorem 1.1 is satisfied. Hence by the theorem xn € Pr(G) for
alln € N.

Conversely, suppose that xn € Py (G) for all n € N. Then by Theorem 1.1
there exists b € G/N such that b* =g and any v € Ni_1/N;, j=1,....r,
which is fixed under the action of a is also fixed under the action of b. Let g € G
be such that gN = b. Let g = yn with y € T and n € N. Then as bX = a we
get y¥ = x. Also, the actions of b and y on any N;j/Njy1, j=0,....r—1
coincide. Thus any v € Nj_l/Nj, Jj =1,...,r which is fixed under the action
of x is also fixed under the action of y. From Remark 4.1 we get that every
one-parameter subgroup p € 3;, 0 < j < r — I, which is centralised by x is
centralised by y, and in turn that Zy (x) = Zn(y). Since Zg(x) = TZn(x), we
get that Zg(x) = Zg(y), which shows that y € Z(Zg(x)). |

5 Power maps of solvable Lie groups

Let G be a connected solvable (real) Lie group and let N be a simply connected
nilpotent Lie group of G such that G/ N is abelian. Let

N=NyDN1 DD Ny_1 DN, ={e}
be the central series of N. Note that as N is simply connected, N; /N; 1 are real

vector space and therefore the G-action on N is R-linear. In this case Theorem 1.1
implies the following.

Corollary 5.1. Let G be a connected Lie group and let N be a simply connected
nilpotent closed normal subgroup of G such that G/ N is abelian. Let A = G/ N,
xe€G and xN =ae€ A. Let N =Ny D Ny D---D N, ={e} be the central
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series of N. Let k € N. Then xn € Py (G) foralln € N if and only if there exists
b € A with b* = a such that for any j =0,...,r — 1 any fixed point of a in
N;j/Nj41 is also fixed by b.

Corollary 5.1 may be reformulated as follows, in a form comparable to the result
for the exponential maps proved in [4, Theorem 2.2]. If M and M’ are closed
connected normal subgroups of G contained in N such that M D M’ and the
G-action on M /M’ is irreducible, then the pair (M, M) is called an irreducible
subquotient of N (with respect to the G-action) (cf. [4]). Using Jordan canonical
form, it can be seen that condition as in Corollary 5.1 is equivalent to the condition
that there exists b € A such that for any irreducible subquotient (M, M") for which
the action of @ on M/ M’ is trivial the action of b on M/ M’ is also trivial. Hence
we get the following:

Corollary 5.2. Let the notation be as in Corollary 5.1. Then xn € Py (G) for all
n € N if and only if there exists b € A such that for any irreducible subquotient
(M, M"), where M and M’ are closed connected normal subgroups of G con-
tained in N, if the action of a on M/ M’ is trivial, then the action of b on M/ M’
is trivial.

We recall also that an element g in a connected Lie group G is exponential if
and only if it is contained in Py (G) for all k (see [5]). In view of this, Corollary 5.1
implies Corollary 1.4, which is a variation of the characterisation in [4].

We now describe some more applications of our results, after recalling some
structural aspects of solvable Lie groups. Let G be a connected solvable Lie group
and N the nilradical of G. We denote by N = N9 D N; D --- D N, = {e} the
central series of N, with e the identity element. Let H be a Cartan subgroup
of G. We note that H is a connected nilpotent subgroup and G can be written
as G = HN. We have a weight space decomposition of L(/N) (the Lie algebra
of N, as before) with respect to the adjoint action of H,as L(N) = @Pscp L(N)s,
where A is a set of weights, and L(N)g, s € A, are Ad(H )-invariant subspaces
of L(N). For x € H, the restriction of Ad(x) to L(N); has either only one real
eigenvalue or a pair of complex numbers as eigenvalues; in either case we shall
denote the eigenvalue(s) by A(x, s) and A(x, s).

We note the following observations; the proofs are straightforward and will be
omitted.

Remark 5.3. Let x, y € H be such that yk = x. Then forall j =0,...,r — 1,
every v € N; /N, which is fixed under the action of x is also fixed under the
action of y if and only if for every X € L(N) such that Ad(x)X = X we also
have Ad(y)X = X.
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Remark 5.4. The nilradical N has a unique maximal compact subgroup C; more-
over C is a connected subgroup contained in the center of G and N/C is simply
connected. Consequently, for g € G, for any k € N, g € P;(G) if and only if
gC € Pr(G/C).

Proof of Corollary 1.3. In view of Remark 5.4 we may assume N to be simply
connected. Thus N is a R-nilpotent group and the G-action on N is R-linear. Let
h € H be given. Suppose that there exists an element g € H such that gk =h
and g € Zg(X) for all X € L(N) such that h € Zg(X). Then Theorem 1.1
together with Remark 5.3 implies that hin € P (G) foralln € N. Conversely, sup-
pose that hin € Pi(G) for alln € N. Let @ = hN. By Theorem 1.1 there exists
b e A=G/N suchthatany v € N;/N; 41,0 < j <r —1, which is fixed by a
is also fixed by b. Since G = HN and H is a connected nilpotent Lie group,
there exists g € H such that gN = b and g¥ = h. By Remark 5.3 we also have
ge€Zy(X)forall X € L(N)suchthath € Zy(X), since on each N;/N; 4 the
action of g is the same as that of b. This proves the first assertion in the corollary.

Now suppose that P, : G — G is surjective. Let X € L(N) be given. For any
h e Zg(X) we have hn € Pi(G) for all n € N, and hence by the above there
exists g € Zg (X) such that g¥ = h, which shows that P : Zg(X) — Zg(X)
is surjective. Conversely, suppose that Py : Zg (X) — Zg(X) is surjective for all
X € L(N).Since G = HN itsuffices to show that hin € P (G) forall h € H and
ne N.Leth € Hbegiven,andlet A’ = {s € A | A(h,s) = 1}.Foralls € A’ let
Xs € L(N)g be such that Xy # 0,andlet X =) s Xs. Thenh € Zg(X) and
hence by the first part there exists g € Zg (X) such that g€ = h. Then g € H
and, since Ad(g)(X) = X, we have Ad(g)Xs; = X; for all Xj, for all s € A/,
and hence A(g,s) = 1 forall s € A’. This in turn implies that g € Zg (Y') for all
Y € L(N) suchthat h € Zg(Y). The first part of the corollary proved above now
implies that in € Py (G) for alln € N, as sought to be shown. o

For g € G we denote by Spec(g) the set of all (complex) eigenvalues of Ad(g).
Anelement g € G is said to be Pg-regularif Spec(g)N{A | AF =1, 1 £ 1} = 0.

Corollary 5.5. Let G be a connected solvable Lie group and k € N. For any
x € Pr(G) there exists a Py-regular element y in G such that yk =x. If Py
is surjective, then Py : Z(G) — Z(G) is surjective.

Proof. We note that in view of Remark 5.4 we may assume that N simply con-
nected. First suppose x € H, a Cartan subgroup. Since xn € Py (G) foralln € N
by Corollary 1.3 there exists y € H such that yk =x and Ad(y)X = X for
every X € L(N) such that Ad(x)X = X. The latter condition implies in particu-
lar that y is Pj-regular.
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Now consider any x € G, say x = hu, h € H and u € N. Then there exists
a Pj-regular element g € H such that gk = h. It is known that for a Pj-regular
element g and u € N there existsa w € N such that gk U= (gw)k (see [2, Propo-
sition 3.5]). Thus x = hu = gku = (gw)¥, we get y = gw as a P-regular ele-
ment such that yk = X.

Now suppose that Py is surjective and let x € Z(G) be given. By the above
assertions there exists a Py-regular element y such that yk = x. Since Ad(x) is
trivial, y being a Pg-regular element with yK = x implies that Ad(y) is trivial,
namely y € Z(G). Hence Py : Z(G) — Z(G) is surjective. |

Corollary 5.6. Let G be a simply connected solvable Lie group, x € G and k > 2.
Let N be the nilradical of G. Then the following are equivalent:

(1) xN C Pr(G).
(i1) There exists g € G such that gk = X and
Spec(g)N{A e C||A|=1,A#1}=0.
(iii) Spec(g) N{A e C | |A| =1, A # 1} = @ forall g € G such that gk = x.

Proof. That statement (i) implies (ii) follows immediately from Corollary 1.3
and the fact that if g = hu, where h € H, a Cartan subgroup, and u € N, then
Spec(g) = Spec(h); this part does not involve G being simply connected.

To prove the other two assertions, we first note the following. Let A = G/N and
a = xN. Since G is simply connected, it follows that A4 is a vector space. Hence a
has a unique kth root b in A. Thus for any g € G such that g% = x we have
gN = b. This firstly shows that (ii) implies (iii), since Spec(g) is determined by b.
Finally, suppose (iii) holds and let g € G be such that gN = b, the unique kth
root of a in A. If there exists v € N; /N; 1, where N = Ng D --- D N, = {e} is
the central series of N, which is fixed by the action of @ but not by that of b, then
Ad(g) would have an eigenvalue A such that A # 1 and A¥ = 1. Since this is ruled
out, by Theorem 1.1 we get that xN € Pj(G), thus proving (i). |

6 Surjectivity of the power maps of the radicals

In this section, we consider power maps of radicals and prove Corollary 1.5, which
is the analogue of [4, Theorem 1.2], in the present context. We note some prelimi-
nary results before going over to the proof of Corollary 1.5.

Lemma 6.1. Let k € N. Let U be a one-parameter subgroup of S such that Zg(U)
does not contain any element whose order divides k. Let u be a nontrivial element
inU and v € Zg(U) be such that v = u. Thenv € U.
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Proof. As U is a one-parameter subgroup, there exists w € U such that wk =u.

Since v € Zg(U), it follows that

(vw_l)k =vhw R =y =,
the identity element. Thus vw ™! € Zg(u) and its order divides k. Hence by hypo-
thesis vw™! = e, andsov = w € U. O

Proposition 6.2. Let G be a connected Lie group, let R be the radical of G, and let
S = G/R. Letk € N be suchthat Py, : G — G is surjective. Let U be a unipotent
one-parameter subgroup of S such that Zg(U) does not contain any nontriv-
ial element whose order divides k. Let H be the closed subgroup of G contain-
ing R such that H/R = U. Let h € H be an element not contained in R. Then
h e P.(H).

Proof. As Py is surjective, there exists g € G such that gk =h.Letv=gReS
and u = hR € U. Since v commutes with ¥ and U is a unipotent one-parameter
subgroup, it follows that v commutes with all elements of U, viz. v € Zg(U). As
h ¢ R, u is a nontrivial element of U. Also, since gk = h, we have vX = u, and
hence by Lemma 6.1 we get v € U. Therefore g € H andinturnh € Pr(H). ©

Proof of Corollary 1.5. Let x € R be given. Let H be as above. We note that
since H/R is isomorphic to R, to prove that x € P (R) it suffices to prove that
x € Pr(H). Also, since N is the nilradical of G, it follows that G/ N is reductive,
and hence H/N is abelian. Now let {u;} be the one-parameter subgroup of G
suchthatU = {u;R}.Letu =ujandy =ux € H.LetA = H/N anda = xN,
a’ = yN € A. We note that by Proposition 6.2, yn € Py (H) foralln € N.Hence
by Corollary 5.2 there exists b’ € A such that b’ = g’ and if the a’-action on an
irreducible subquotient (M, M) of N, with respect to the H -action (see Section 4
for definition) is trivial, then the »’-action is also trivial. Let b = (u1 N)~'b’ € A;
then we have b¥ = a. We note that the action of U on the Lie afgebra of N is
unipotent and by the irreducibility condition this implies that for any ¢ the action
of u; N on M/M’ is trivial. Hence the action of @ on M/M’ coincides with the
action of a’, and similarly the action of b coincides with that of »’. Thus we see
that b¥ = g and if the action of @ on an irreducible subquotient M /M’ is trivial
then so is the action of b. Hence by Corollary 5.2 xn € Py (H) for all n. Thus
x € Pr(H) and as noted above it follows that x € P (R). |

It is noted in [4] that if S is a complex semisimple Lie group of the group
of R-points of a quasi-split semisimple algebraic group defined over R, then it
contains a unipotent one-parameter subgroup U such that Zg(U) does not con-
tain any compact subgroup of positive dimension. In this case the set of primes
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dividing the orders of elements of Zg(U) is finite, say F, and for k € N which is
not divisible by any p in F the one-parameter subgroup U satisfies the condition
as in the hypothesis of Corollary 1.5.
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