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On orders of elements of finite almost simple groups
with linear or unitary socle
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Abstract. We say that a finite almost simple G with socle S is admissible (with respect
to the spectrum) if G and S have the same sets of orders of elements. Let L be a finite
simple linear or unitary group of dimension at least three over a field of odd characteristic.
We describe admissible almost simple groups with socle L. Also we calculate the orders
of elements of the coset Lt, where 7 is the inverse-transpose automorphism of L.

1 Introduction

The spectrum w(G) of a finite group G is the set of orders of its elements, and
groups with equal spectra are said to be isospectral. To solve the problem of recog-
nition by spectrum for a given finite group G is to describe (up to isomorphism) the
finite groups that are isospectral to G. If a finite group G has a non-trivial normal
solvable subgroup, then there are infinitely many finite groups isospectral to G,
cf. [17, Lemma 1]. This implies that a finite group G with finite set of isospectral
groups must satisfy P < G < Aut P, where P is a product of nonabelian simple
groups, and the easiest situation is when G is just a nonabelian simple group. The
problem of recognition of nonabelian simple groups by spectrum has been studied
extensively in recent years, and as a working hypothesis of this investigation, it
was conjectured that a finite group G isospectral to a “sufficiently large” simple
group S must be an almost simple group with socle S, i.e. S <G < AutS. In
2015, this conjecture was proved with the following precise meaning of the term
“sufficiently large”: S is a linear or unitary group of dimension larger than 44, or §
is a symplectic or orthogonal group of dimension larger than 60, or S is one of the
sporadic, alternating and exceptional groups of Lie type other than J,, A¢, A10,
and 3D4(2) (see [14] and the references therein). Thus for a vast class of simple
groups, the initial problem of recognition by spectrum was reduced to a more spe-
cific problem of describing (up to isomorphism) almost simple groups with socle
S that are isospectral to S, and this is the problem we address in this paper.
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For brevity, we refer to a finite almost simple group with socle S that is isospec-
tral to S as admissible for S. Clearly we are interested in non-trivial admissi-
ble groups, i.e. other than S itself. It is not hard to check that there are no non-
trivial admissible groups for the alternating groups. The information collected in
[7] allows to verify that the sporadic groups do not possess non-trivial admissible
groups either. One of the first examples of non-trivial admissible groups was dis-
covered by Mazurov [16]: he showed that the finite groups isospectral to PSL3(5)
are exactly PSL3(5) and its extension by the graph automorphism. Later Zavarnit-
sine [23] provided an example demonstrating that the number of admissible groups
can be arbitrarily large: PSL3 (73k) has exactly k 4 1 admissible groups, including
itself, and these are precisely extensions by field automorphisms.

Admissible groups are described for all exceptional groups of Lie type (see [27]
for references), PSL,(g) (see [2]), PSL3(g) and PSU3(q) (see [23,24]), classical
groups over fields of characteristic 2 (see [11, 13, 26]), and symplectic and odd-
dimensional orthogonal groups over fields of odd characteristic (see [12]). It is
worth noting that for all of these groups, there is « € Aut S such that So = (S, «)
is admissible and any other admissible group is conjugate in Aut.S to a subgroup
of Sop; in other words, any admissible group is a cyclic extension of S and up to
isomorphism there is a unique maximal admissible group. Below we will see that
not all simple groups satisfy the latter property.

The main result of this paper is a description of admissible groups for linear
and unitary groups over fields of odd characteristic (Theorems 1, 2 and 3). Also
we explicitly describe spectra of some almost simple groups with linear or unitary
socle (Lemmas 3.3, 4.6, and 4.7). In the rest of this section, we introduce the
notation used in the theorems and then state our results.

Throughout this paper, p is a prime, F is the algebraic closure of the field of
order p, H = GL,(F), with matrices acting on row vectors by right multiplica-
tion, and 7 is the inverse-transpose map g — g~ | of H.If ¢ is a power of p,
then F; denotes the subfield of F of order ¢, kq denotes a fixed primitive element
of Fy; and ¢4 denotes the standard Frobenius endomorphism of H of level g, i.e.
the endomorphism induced by raising matrix entries to the gth power. We identify
GL,(g) with Cy (¢4) and GU,(g) with Cy (¢47).

We write GL;! (¢) instead of GL,(¢) and GL;, (¢) instead of GU,(g) and use a
similar agreement for PGL,, (¢), SL, (¢), and PSL,,(¢). For ¢ € {4, —}, we shorten
¢l to & in arithmetic expressions.

As usual, by (aq,...,as) we denote the greatest common divisor of positive
integers a1, ...,ds, and by [a1,...,as] we denote their least common multiple.
If a and b are positive integers, then 77(a) denotes the set of prime divisors of a,
(a)p denotes the largest divisor ¢ of a such that w(c) € 7(b) and (@), denotes
the number a/(a)p,.
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Let L = PSL!(q) (¢ = p™),and define d = (n,q — ¢). We write § = §(eq) to
denote the diagonal automorphism of L induced by diag(A, 1,..., 1), where A is
a primitive (¢ — &)th root of unity in F2. We denote by ¢ the field automorphism
induced by ¢,. The automorphism induced by 7 is denoted by the same letter. The
image of € Aut L in Out L is denoted by «.

When n = 3, the inverse-transpose automorphism is outer and Out L has the
following presentation (we omit overbars for convenience):

B.p.1]180 =¢gm=2=[p.1]=1,82=87,8"=6"") ife=+,
B.o.1|8=12=[p.1]=1,¢"=17,82=6P,8"=68"") ife=—.

Theorem 1 is concerned with the extension by the inverse-transpose automor-
phism 7. A criterion of admissibility of this extension is not very short, so it seems
reasonable to write it up separately.

Theorem 1. Let L = PSL;,(q), where n = 3, ¢ € {+,—} and q is odd, and let
G = L x(t). Then either o(G) = w(L) or one of the following holds:

() n=p~t4+2witht >1,q =—¢ (mod 4) and 4p' € w(G) \ w(L),

(i) n =2+ 1witht = 1, (n,q —¢€) > 1and 2(g®V/2 — =1/2) js 4n ele-
ment of w(G) \ w(L),

(i) n = p~ ' + Lwitht = 1 and 2p* € w(G) \ w(L),

(iv) nis even, (n)2 < (¢ — €)2, ¢ = € (mod 4) and ¢"'% + "2 is an element of
w(G) \ w(L),

(v) niseven, (n)y >3, (n,q—€)a > 1and 2[qg™2 —1,¢"/2= W2 4 gn/2=(n)2)
is an element of w(G) \ w(L).

Theorems 2 and 3 describe admissible groups in terms of admissibility of t.
As we have mentioned, the admissible groups for PSL3(q) and PSU3(q) were
determined by Zavarnitsine [23,24], so we do not consider these groups. However,
we include them in the statements of the theorems for completeness. Observe that
two almost simple groups with socle S are isomorphic if and only if their images
in Out S are conjugate. Thus to describe admissible groups up to isomorphism, it is
sufficient to describe their images in Out S up to conjugacy. We refer to o € Aut S
as admissible if (S, ) is admissible.

Theorem 2. Let L. = PSL,,(q), where n = 3, ¢ = p™ and p is an odd prime. Let
d=(n.q-1),b=(qg-1/dmg =52 ¢ =" and

v = oM/ B ifp £ 4or12} g+ 1,
o™y ifn=4d0r12|g+1.
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Conditions on L a=vh =Py
y B
n=p'+1, (B)2>2o0@m)2<(p—1) 1 "/ 2ty
n#E2+2  (m)z=2.(n)>2<(p+1): 1 @™y
n#p+1, 7 not admissible, || > 1 v 1
b odd T admissible v T
C n=pS+24+1 v ¢t
PEPEL g p 24 L2z (p— e Voo din ¥
p=c(mods) NFP +2'+La<(p-ene=+ v ¢ ¢'t. ¢ ¢t
nEpS+24+ 1, ()2 <(p—€re=— ¥ ¢ ¢'t. ¢  ¢n
t,u>0,5s=0 2i | (b)2. 4/ | ()2

Table 1. Conditions on the automorphism « of L = PSL,(¢g) in Theorem 2.

Suppose that L < G < Aut L. Then w(G) = w(L) if and only if G/ L is conjugate
in Out L to a subgroup of (&), where a is one of the elements specified in Table 1.

As an example of applying Theorem 2, let us consider admissible groups for
PSL4(25). For this group, we have p = 5,d =4, b =2,¢ = ¢,n # p' + 1 and
n = p® + 2! 4+ 1. Thus up to isomorphism there are two non-trivial admissible
groups, namely, the extensions by ¢ and by ¢ t. Clearly they are both maximal.

Theorem 3. Let L = PSU, (q), wheren = 3, g = p™ and p be an odd prime. Let
d=m,q+1),b=(q+1)/d,m)g and
g = P2/ Oy ifp L dor12 b g —1,
2™y ifn=4and12|q—1.

Suppose that L. < G < Aut L. Then o(G) = w(L) if and only if n — 1 is not
a power of p and G/ L is conjugate in Out L to a subgroup of (), where

(1) a = ¥ if T is not admissible and || > 1,
(i) « = Yt if T is admissible, (n), > 2 and n = 16,
(iil) o = Y ™2 if  is admissible and either (n), <2 orn < 12.
Returning now to the initial recognition problem, we state the following conse-

quence of [21, Theorem 1] and the above results.

Corollary. Let L = PSL; (q), where n = 45, ¢ € {+,—} and q is odd. A finite
group is isospectral to L if and only if it is isomorphic to an almost simple group
G with socle L and G/ L = (&), where o is an identity or is as specified in Theo-
rems 2 and 3.
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2 Spectra of classical groups and related number-theoretical lemmas

In this section, we collect necessary information on spectra of classical groups and
related number-theoretical lemmas. Our notation for the classical groups follows
that of [7]. Recall some well-known isomorphisms between classical groups (see,
for example, [15, Proposition 2.9.1]). If ¢ is odd, then

PSp,(q) =~ Qs5(q), Qg(q) = SLi(q)/{=£1},

PQE(g) ~ PSLi(q). Q (¢) ~ SLa(q) o SL2(q). o
PQ} (¢) ~ PSLa(q) x PSLa(g), Q7 (q) ~ PSL2(g?),

Spa(q) = SL2(q), $23(q) >~ PSLa(q).

Given a prime r, we write w,/(G) to denote the set of orders of elements of G
that are coprime to r. In particular, if G is a group of Lie type over a field of
characteristic p, then w,/(G) is the set of orders of semisimple elements of G.
By wy(G) we denote the difference w(G) \ w;/(G).

Lemma 2.1. Let n = 2, let g be a power of a prime p, € € {+,—} and let G be
PGL; (q) or PSL; (q). Let d = 1 in the first case and d = (n,q — 1) in the second
case. Then w(G) consists of all divisors of the following numbers:
@ (¢" —€")/((qg —e)d),
(i) [g"t — "1, q"2 — "2 /(n/(n1,n2).d), wheren; > 0andny + np = n,
(iii) [g"t — ", ..., q"s — &™), wheres = 2,n; > 0andny +---+ng =n,
Gv) pl(g" —&™)/d, wheret = 1,n1 > 0and p"~ ' +14+n; =n,
V) ptlg™ — €™, ..., q" —&"s], wheret = 1,5 =2, n; >0and p"~ ' + 1+
ny+--+ng=n,
i) (n,q—Dp'/d ifn = p'~' + 1 for some t > 1.
Proof. See [4, Corollaries 2 and 3]. O

Lemma 2.2. Let n = 1, let g be a power of an odd prime p and let G be one of
the groups Spa,(q), PSp2,(q), and Qan11(q). Let d = ¢ =1 if G = Spy,(q);
letd =2andc =1if G =PSp,,(q) or G = Q5(q),23(q); and letd = c =2
if G = Qan+1(q) and n = 3. Then w(G) consists of all divisors of the following
numbers:
@ (¢" £ D/d,
(i) [g"* £ 1,...,9" £ 1], wheres =2, n; >0andny; +---+ng =n,
(iii) p'(¢g™ £ 1)/c, wheret =1, ny > 0and p'~' + 1 4 2n; = 2n,
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Gv) p'lg™ £ 1,....q" £ 1], wheret = 1,5 =2,n; > 0and p' ' +14+2n+
-+ 2ng = 2n,

(v) 2pt/d if2n = p'~! + 1 for some t = 1.

Proof. See [5, Corollaries 1, 2 and 6] forn > 2 and (2.1) together with Lemma 2.1
forn = 1. O

Lemma 2.3. Let n = 2, let q be a power of an odd prime p and let € € {+, —}.
Then wy (825,,(q)) consists of all divisors of the following numbers:
@ (¢"—2e)/2,
(i) [¢"' —k1,...,q"™ —kg], wheres = 2, ki € {+,—},nj >0, n1+---+ng =n
and K1k ... Kg = &,

and wp (PS5, (q)) consists of all divisors of the following numbers:

@) (" —¢)/(4.4" —e),
(i) [¢" —«k,q"* —ek]/e, where k € {+,—}, n1,np >0, n1 +ny =n; e =2
when (g"' — k)2 = (¢"? — ek)p and e = 1 otherwise,

(i) [¢"'—k1,...,q"™ —ks], wheres = 3, k; € {+,—},ni >0, n1+---+ng =n
and K1k ... Ks = &.

Proof. Forn = 4, see [6, Theorem 6]. If n = 2, 3, the assertion follows from the
isomorphisms given in (2.1) and Lemma 2.1. o

Let k£ = 3 and ¢ an integer whose absolute value is greater than one. A prime
r such that r divides qk — 1 and does not divide ¢* — 1 for any i < k is called
a primitive prime divisor of qk — 1 or a Zsigmondy prime. The set of primitive
prime divisors of g% — 1 is denoted by Ry (g), and ry(¢) denotes some fixed ele-
ment of Ry (gq). The following result was proved by Bang [1] in 1886 and, in a more
general situation, by Zsigmondy [25] in 1892 (and has been reproved many times
as explained in [18, p. 34]). A modern proof of this result can be found in [19].

Lemma 2.4 (Bang-Zsigmondy). Let ¢ > 2 and k = 3 be integers. If ¢ > 2 or
k # 6, then Ri(q) is not empty. In particular, if ¢ > 2 or n # 3, then Ri(—q)
is not empty.

The two following results are well known.

Lemma 2.5. Let ¢ > 1, k and | be positive integers, and ¢ € {+, —}. Then:
() (¢ —1.q' =1)=q&D -1,
(i) (g¥+1,¢"+1) is equal to g*D +1if (k)2 = (I)2 and to (2, q+1) otherwise,
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(i) (g¥—1.¢'+1) is equal to g*D+1if (k)2 > (I)2 and 1o (2, g+1) otherwise,
(V) ((¢F =&5)/(q—e). k) = (g —&.k),

W) if (k1) =1, then (¢' —¢&")/(q —¢) divides (¢** — k") /(g — &¥) and
(q' =€) /(n, g—e) divides (q"* —'%) ) (n, g% —&F) for any positive integer n.

Lemma 2.6. Let ¢ > 1 and k be positive integers and ¢ € {+, —}.
(1) If an odd prime r divides q — ¢, then (qk — ¢k, = k)r(q — &)r.
(i1) If an odd prime r divides qk — &k, then r divides q(k)r/ — g,

(iii) If 4 divides g — ¢ and k is odd, then (g% — €K), = (k)2(q — €)a.

Lemma 2.7. Let g be odd and let n = 4 be even. Then g"'? + ¢"/% w(PSL;,(q))
if and only if (n)2 > (¢ — €)2.

Proof. Let d = (n,q —¢). Since a = ¢"/? 4+ ¢"/? is divisible by a primitive
divisor ry(gq), it follows from Lemma 2.1 that a € w(PSL; (¢)) if and only if a
divides

qn —1 (qn/z + 8n/2)(qn/2 _ 8n/2)

(g—eyd (¢ —e)d ’
that is, if and only if d divides (¢"/2 — ¢"/2)/(q — ¢).

If n/2 is odd, by Lemma 2.6 we have that (¢"/2 — ¢"/2)/(q — ¢) is odd and,

therefore, it is not divisible by d, which is even. If n/2 is even and (n), < (g—¢)2,
then ¢ = ¢ (mod 4) and (d), = (n)3, and hence

(qn/z _gn/2)2 _ (Vl)z
(g —¢€)2 2

Also, if (n)2 > (g — €)2, then

n/2 _ n/2 _
(u,d) _ (u,q_g,n) _ (g,q_g,n) —d
q—¢& q—E¢&

where the second equality holds by Lemma 2.5 (iv). o

< (d)2

3 Extensions by field and graph-field automorphisms

In this section, we derive some formulas concerning orders of elements in exten-
sions of PSL? (¢) by field or graph-field automorphisms. Following the lines of the
proof of [24, Proposition 13], we will exploit a correspondence between o-conju-
gacy classes of Cx (6¥) and conjugacy classes of Cx (o), where K is a connected
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linear algebraic group and o is a Steinberg endomorphism of K, i.e. a surjective
endomorphism with finitely many fixed points. Also we will use a slight modifi-
cation of this correspondence inspired by [10, Theorem 2.1].

We begin with necessary notation and the Lang—Steinberg theorem. If K is
a group and o is an endomorphism of K, then we write K to denote Cg (o).

Lemma 3.1 (Lang—Steinberg). Let K be a connected linear algebraic group and
let 0 be a surjective endomorphism of K such that Ky is finite. Then the map
X = x79x from K to K is surjective.

Recall that F' is the algebraic closure of the field of order p and ¢, is the
endomorphism of GL,(F) raising matrix entries to the gth power, where ¢ is
a power of p. An endomorphism o of a linear algebraic group K is said to be
a Frobenius endomorphism if there are an identification of K with a closed sub-
group of GL, (F) and a positive integer k such that ¢¥ is induced by ¢q.- Clearly,
if o is a Frobenius endomorphism, then o is a Steinberg endomorphism.

Lemma 3.2. Let K be a connected linear algebraic group over F, let o be
a Frobenius endomorphism of K and let T be an automorphism of K of order 2
that commutes with a. Let k be a positive integer, | € {0, 1} and let B be the
automorphism of K i1 induced by a. Given g € K k1, choose z € K such that
g =z %z and define ¢(g) = 2% 27" Then t(g) € Ko, (Bg)k =z71¢le(g)z
and the map

[Bg] = [ ¢ (9)]

is a one-to-one correspondence between the K i i -conjugacy classes in the coset
BK 4k ;1 and the Ky-conjugacy classes in the coset ' Kq.

Proof. Observe that o and o* T are Fr?benikus endomorphisms of K. .
Letg,ze K,g=z"%andh =z%z"% .Define f = t/h = z1'z7*" . Then

k1 _ok+1 k —
¥ =g = T =gy
e ol il ek (3.1
<= fa = f

This if g € Kk, then f € 7! K,,. Furthermore,
Bo)k = prg” ™ g=r =

Letg) = z7%z1 € Ky and g2 = 25%22 € K i1 Suppose xlagix = agn
for some x € K x.. Then writing y = zlxzz_l, we have y* = y and

fi = 21(Bg) 2t = zix(Bga) a7l = yfoy 7L
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1 kgl

Conversely, if fi = yf2y~! with y € Kq, then x = z71yz, satisfies x* © = x

and
-1 —-1.—1 —a,. —1 —-1.—1 -1
XTag1x =z, Yy Z10z]z1Z] YIa =1z, Yy QYIz = I, QZp = 0g3.

It follows that the map under consideration translates conjugacy classes to conju-
gacy classes and is injective. Furthermore, the conjugacy class [ f] does not depend
on the choice of z in the equality g = z7%z.

Now let & € K,. By the Lang—Steinberg theorem, there is an element z € K
such that =% = 797 z~1, and therefore T/ h = zt! 279" Then (3.1) implies that
g =z %z lies in K k1, with [g] mapping to [z!h]. Thus the map is surjective,
and the proof is complete. o

It should be noted that some special cases of Lemma 3.2 were proved in
[8, Lemma 2.10] (! = 0) and [10, Theorem 2.1] (/ = 1l and k = 1).

We use Lemma 3.2 to establish the following result generalizing [24, Corol-
lary 14].

Lemma 3.3. Let L = PSL,,(q) and U = PSU,,(q), wheren = 3 and g = p™. Let
k divide m, g = qloc and B = @™ Then for any i, we have the following:
(i) (B (q)L) =k - (8" (40)PSLn(q0)).

(ii) if k is even, then w(Bt8 (q)L) = k - w(8' (—q0)PSUn(q0)),

(iii) ifk is odd, then w(Bt8' (—q)U) = k - w(8' (—q0)PSUr(q0)),

(iv) ifk is odd, then w(Bt8' (q)L) = k - w(t8 (q0)PSLy(¢0)),

V) o(B8 (—q)U) = k - 0(t8' (q0)PSLn (g0)).
In particular, o(t8'(q)L) = w(t8' (—q)U).
Proof. Denote the center of H = GL,(F) by Z. In particular, we write |gZ|
to denote the projective order of a matrix g € H, that is, the order of g mod-
ulo scalars. We apply Lemma 3.2 to H with ¢ = <p;,"/ ¥ and I = 0. Observe that
H,x = GL;(q) and Hy = GL,(qo). Let g € GL,(¢) and h = {(g) be the ele-

ment of GL,,(go) defined in Lemma 3.2. Since (Bg)¥ is conjugate to 4 in H, we
see that

BgZ| =k - |(BgZ)| =k - |hZ],

and also

deth = det(gh" " ... g) = (detg)® TH! = (detg)@ D/ @D,
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Let A = A4 and X9 = Ag4,. The condition gZ € §' L is equivalent to
detg € (A, A") = (AU,
Since A(@~1/@0=1) j5 a primitive element of Fy, it follows that

detg € (A" «— deth € (A9™).

Thus (i) holds. Similarly, (ii) and (iii) follow from Lemma 3.2 with o = go},"/ kr

and/ = 0.

Let k be odd and @ = (p;n/kr. Then Hyx, = GL,(q) and Hy = GU,(qo).
Applying Lemma 3.2 with / = 1, we construct from an element g € GL,(g) an
element & € GUy(gg) such that g = z7%z and h = 2%z~ for some z € H. As
in the previous case, we deduce that |tgZ| = k - |thZ|. Furthermore, we have
detg = (detz)?0F! and deth = (detz)?~!. Since (det g)¢~! = 1, it follows that
(detz)(‘10+1)(‘1_1) =1.Let A =214 and A9 = Agg_l, and let p be a primitive
(go + 1)(g — 1)st root of unity in F. Then

detg € (AGM) = detz e (u0M),
which is equivalent to det & € (Ag’n)). Hence

o(B8 (q)L) = k - @(t8' (=q0)PSUn(q0))- (3.2)

Similarly, taking o = (pll,"/ Kandl = 1, we prove (v). Applying (v) with k =1

and observing that in this case 8 acts on U in the same way as t, we have

o(t8'(9)L) = o(x8' (—q)V).
Now this equality and (3.2) imply (iv). |

Note that for unitary groups, (iii) and (v) of Lemma 3.3 cover all possibilities
for an element y € (p): if |y| = 2k, then (y) = (¢™/¥); while if |y| = k with
k odd, then (y) = (¢™/*1) because (m + m/k,2m) = 2m/ k. Thus Lemma 3.3
expresses the spectrum of an extension by a field or graph-field automorphism in
terms of known spectra and the spectrum of the extension by graph automorphism,
which we consider in the next section.

4 Extension by graph automorphism

This section is largely concerned with matrices, so we need to define some of them.
We denote by 7 the identity matrix whose size is clear from the context, and by J
the k x k unipotent Jordan block. As in the previous section, we will calculate the
projective orders of matrices, that is, the orders modulo scalars.
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Recall that (§) x (7) is a dihedral group of order 2(n, ¢ — ¢). It follows that for
odd n, every té' is conjugate to T modulo L, and hence

w(tL) = w(U_ 18 L) = o(tPGL,(q)). 4.1
If n is even, then for any i, we have
o(tLl) = o(r8% L) and w(t8L) = w(z§* 7 'L). (4.2)

As we saw in Lemma 3.3, the cosets 78 (¢)PSL, (¢) and 87 (—¢)PSU, (¢) have
the same orders of elements, so it suffices to describe (8’ (¢)PSL,(q)).

Since |gt| = 2|(g7)?| = 2|gg?|, it follows that the elements of w(tPGL,(g))
are exactly twice the projective orders of elements of

Tu(q) = {gg" | g € GLx(q)}.

If n is even, then w(7L) and w(tdL) are analogously related to the projective
orders of elements of

T (¢) = {88 | g € GLu(q). detg € (F))%)
and
I2(q) = {g8" | § € GLa(g). detg & (F)%},
respectively.
A comprehensive treatment of the equation # = gg® for a given matrix /% is

provided by Fulman and Guralnick in [9], and we use the terminology and some
results of this paper. First of all, it is helpful to note that 7 = gg® yields

xhx b= (xgx N(xgx ")® (4.3)

for any x € GL,(g), and hence / lies in I',(g), FE (g) or F,;E (¢) if and only if
the whole conjugacy class [%] lies in the corresponding set. Thus we may work
not with individual matrices but with conjugacy classes. Recall that the conjugacy
classes of GL, (g) are parametrized by collections of partitions

{A¢ | ¢ is a monic irreducible polynomial over F}

such that |A;| = 0 and Zd) deg(¢)|Ag| = n. In this parametrization, the collection
of partitions {14} corresponds to the class [] such that the multiplicity of P as
an elementary divisor of / is equal to the multiplicity of parts of size k in A4. We
denote the partition corresponding under this parametrization to a class [k] and
a polynomial ¢ by A4 (h).

A criterion for a matrix / to lie in [';,(¢) was obtained by Wall in [22]. In the
same paper, Wall described the conjugacy classes of finite symplectic and ortho-
gonal groups over fields of odd characteristic, and it turns out that the matrices of
', (q) are very similar to symplectic and orthogonal ones.
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Lemma 4.1. If q is odd, then h € T,,(q) if and only if h satisfies the following:
() h is conjugate to h™1,
(i) all even parts of A;—1(h) have even multiplicity,

(iii) all odd parts of A;1(h) have even multiplicity.

Proof. See [22, Theorem 2.3.1]. O

Lemma 4.2. Let h € GL, (q) and let q be odd. Then h is conjugate to an element
of Sp,,(q) if and only if h satisfies the following:

() h is conjugate to h=1,

(ii) all odd parts of A,—1(h) and A ;41 (h) have even multiplicity.
Proof. See [22, p. 36, case (B) ()]. O

Lemma 4.3. Let h € GL, (q) and let g be odd. Then h is conjugate to an element
of GO? (q) for some ¢ if and only if h satisfies the following:

() h is conjugate to h=1,
(ii) all even parts of A;—1(h) and A;+1(h) have even multiplicity.

Suppose that n is even and h is a unipotent element satisfying (ii). If Az—1(h)
has odd parts, then h is conjugate to an element of GO,! (q) and also to an ele-
ment of GO,, (q). If there are no odd parts, then h is not conjugate to an element
of GO, (¢).

Suppose that n is even, |A;—1(h)| = |A;41(h)| = 0 and h satisfies (i). Then h
is conjugate to an element of only one of the groups GO} (q) and GO, (q).

Proof. See [22, p. 38, Case (C) (i,1")]. O

Next we establish a necessary and sufficient condition for 4 to lie in FE (q)
or I ,;Z' (q). Let h € GL,(q), let f be the characteristic polynomial of 4, and sup-
pose that f = (z — 1)*1(z + 1)"2 f with (fo,z? — 1) = 0. Then / is conjugate
to a block diagonal matrix

diag(h1 s h_l s /’l()) (44)

with blocks of dimension n1, n, and n — ny — ny, respectively, corresponding to
this factorization of f. We refer to the matrix in (4.4) as the normal form of /.
Let & € I',,(¢). We may replace & by its normal form diag(h,h—1, ho) with
blocks of dimensions n1, ny and n —nj — na, respectively, and denote by V;
the subspace of Fj' spanned by the first 7y rows. Suppose that 1 = gg*. Then
h& = g¥g = h®. It follows that Vg is h*-invariant and the characteristic polyno-
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mial of A% on Vg is equal to (z — 1)"!, and hence V1g = V7. The same is true

for other blocks, and so g is also block diagonal with blocks g1, g—1 and gg of the

same dimensions as /1, h—; and hg, respectively (see also [9, Lemma 8.2]). Since

hi = gigf fori =1,—1,0 and detg = det gy det g—; det go, it suffices to con-

sider the following special cases: f = (z—1)", f = (z+1)",and (f,z?>—1) = 1.
Recall that for odd ¢, the group 25, (¢) is the kernel of the spinor norm

0:505,(q) > F/(F).

The definition of the spinor norm in [20, pp. 163—165] implies the following way
to calculate it (see also [3, Proposition 1.6.11]).

Lemma 4.4. Let g be odd, n even, h € SO} (q) and let B be the matrix of the
invariant symmetric bilinear form of SO;,(q). Suppose that det(I — h) # 0. Then
0(h) = det(({ —h)B) (mod (qu)z).

Lemma 4.5. Let g be odd, n even, h € T'y,(q) and let | be the characteristic poly-
nomial of h.

) If f = (z+ 1" then h ¢ T(q).

(ii) Let f = (z — 1)". If Az—1(h) has no odd parts, then h & T2(q); otherwise,
he TR (@) NTR().

(iii) Let (f,z?> — 1) = 1. Then h is conjugate to an element of SO%,(q) for some
unambiguously defined e, and h € T‘E (q) if and only if —h is conjugate to
an element of Q% (q).

Proof. Let h = gg". Possibilities for g in the first two cases are found in [9, Sec-
tion 8], and we use this result for calculations. For brevity, we write x = y to
denote that x = y (mod (qu)2).

(1) The group GL, (g) % (t) can be embedded into GL,,(g), and we consider
the Jordan decomposition of g7 in the latter group. So g7 = ugit = g1tu, where
u is unipotent and (g7)?> = —I; i.e. g is a skew-symmetric matrix. Since the
determinant of a skew-symmetric matrix is a square and detu = 1, we see that
det g is also a square.

(i) Similarly, gt = ug,t = gitu, where u is unipotent and (g;7)> = I; i.e.
g1 is a symmetric matrix. Furthermore, 4 = u? and the equality ug;t = g{tu
is equivalent to the condition that u preserves the bilinear form defined by g;.
By Lemma 4.3, if A;_1(u) = A;—1(h) has odd parts, then u is conjugate both to
an element of SO} (¢) and to an element of SO}, (¢), and so we can choose g;
with any determinant, square or non-square. If A(x) has no odd parts, then u is
conjugate to an element of SO,T (g) only, and since the multiplicities of even parts
are even, 7 is divisible by 4. In this case det g; = det /.
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(iii) The fact that & is conjugate to an element of SO? (¢g), where ¢ is unam-
biguously defined, follows from Lemmas 4.1 and 4.3. By Lemma 4.4, we have
0(h) = det({ — h) det B, where B is the matrix of the symmetric bilinear form
preserved by /. Observing that (—/) = det B, we have

0(—h) = det(I — h) = det(I — gg¥) = det(g | — g) detg® = det g,

where the final equivalence holds because the determinant of the skew-symmetric
matrix g | — g is a square. The proof is complete. o

We are ready to find w(tPGLy(q)) and w(tPSL,(q)).
Lemma 4.6. Let g and n = 3 be odd. Then

o(tPSL,(q)) = @(tPGLy(q)) = 2 - 0(Sp,—1(9))-

Proof. The first equality was established in (4.1). To prove the second one, we
need to show that the set of the projective orders of elements of I,(q) is equal
to o(Sp,—1(q))-

Let 1 € I';(g). Since n is odd, Lemma 4.1 implies that 1 is an eigenvalue of 4.
It follows that the projective order of 4 is equal to the ordinary order.

We show first that || € w(Sp,_;(q)). Letdiag(h1, h—1, ho) be the normal form
of h as in (4.4) and denote the dimension of &; by k. Then k is odd. By Lem-
mas 4.1 and 4.2, the unipotent matrix /27 is conjugate to an element of SO (¢) and
the matrix diag(h—1, ho) is conjugate to an element of Sp,_,(¢). If k = 1, then
there is nothing to prove. If k > 1, then |h{| € wp(SOk(q)) = wp(Spir_1(q)), and
hence 2] € w(Spg(q) X Sp,_x (@) € @(Sp,_1(q))-

It follows from Lemmas 4.1 and 4.2 that a semisimple matrix lies in [, (g) if
and only if it is conjugate to a matrix of the form diag(1, #") with A’ € Sp,,_;(q),
and thus wp(T'n(q)) = ®p(Sp,—1(q))-

Let a € o(Sp,_1(9)) and |a|, = p' > 1. If a =2p" and n — 1 = p'~1 4+ 1
(i.e. the condition from (v) of Lemma 2.2 holds), we define 7 = diag(1, —J,,—1).
Ifa=p'orn—1> p'~1 4 1, there is a semisimple matrix /s € Sp;(¢), where
n—1= p' 14141, suchthata = p’|hy|, and we define h = diag(Jpi—145, hs).
It is easy to see that 1 € [',(g) and |h| = a. The proof is complete. |

Lemma 4.7. Let g be odd and n = 4 be even. Then

w(tPGLy(q)) = 2- ©(PSp,(¢))

and
wp (TPSLy () = 2 - wp (PQT (9)) U 2 - 0 (PR, ()
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Ifn > 4, then
wp(TPSLA(q)) = 2- 05(R2n+1(9)).

The set w5(tPSL4(q)) consists of all multiples of p dividing p(q £ 1) if p > 3,
and it consists of these multiples together with 18 if p = 3.

Proof. 1t suffices to find the sets of the projective orders of elements of I';,(g)
and FnD(q). For brevity, we denote these sets by w(PI';(g)) and a)(PFnD(q)),
respectively. Also we denote by Z the center of GL,(q).

Let i € ', (¢g) and diag(h1,h—1, ho) be the normal form of 4. Since n is even,
it follows from Lemma 4.1 that the dimension of /1 is even too. We denote this
dimension by 2k and define h, = diag(h—1, ho). Then h; is conjugate to an ele-
ment of SO;‘k (¢) and h3 is conjugate to an element of Sp,,_»; ().

Let k > 0. Then |h| € a)p(SO;k(q)) = wp(Spax_»(q)). and hence

|h| € @(Spak—2(9) X Spy—2k(9)) € @(Sp,—2(q))-

Using Lemmas 2.2 and 2.3, it is easy to check that

@ (SPu_2(q)) € wp (PR () U wp (PR, (9)) € w(PSp,(q))

and
05(Sp,—2(q)) € w5(Rn+1(q)) S w5(PSp,(q)).

Thus the projective order of / lies in the required sets.
Letk = 0. Then h = hy and |hZ| € w(PSp,,(¢)). It follows that

(PTr(q)) S @(PSp,(q)).

Suppose, in addition, that & € FnD (¢). Denote the dimension of i_; by 2. By
Lemma 4.5, we deduce that h_; ¢ ' 5' (¢), and so —hy is conjugate to an element
of Q¢ _,,(q) for some . Observe that |hZ| = |-hZ|.

Assume that |[—h_1| > 1. Then
|=hZ| = |=h| = |=h-1] - |=hol.
Since |[—h—1| € wp(Spy(q)) = wp(227+1(¢)), we have

hZ| € w5(R2141(q) X Q5 _5;1(q) S ©5(2n+1(q)).

Furthermore, if n = 4, then either |hZ| = 9 and p = 3, or |hZ| lies in p - Q5(q)
and, therefore, divides p(¢ —¢)/2.

If |-h—_1| = 1, then either / = 0 and h = hg, or/ > 0 and |-hZ| = |—hy|. In
either case, |[-hZ| € (PQ%(q)) € w(Ryr+1(q)). In particular, if n = 4 and the
order |—hZ| is a multiple of p, then it divides p(q £ 1)/2.
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Now we prove the reverse containments. If /1 is semisimple, then i € I, (q) if
and only if / is conjugate to an element of Sp,,(¢), and hence

w0y (PSP, (¢)) € @(PT1()).

Let a € w(PSp,(¢)), lal, = p* > 1. Lemma 2.2 implies that there is a semi-
simple matrix hs € Sp;(q), where n = p'~! 4+ 1 + [, such that a = p’|hy|, and
we define & = diag(—Jpi—141, —hs). Itis easy to see that & € 'y (q) and

\hZ| = |-hZ| = |~h| = a.

Thus
oy (PSp,(q) € w(PTx(q)),

and the assertion concerning tPGL;(¢) follows.

Let h € Qf(g) be semisimple and let diag(/;,h—1.,ho) be the normal form
of h, with hy, h—; of dimension k and /, respectively. If k > 0, then i € F,'lj (q)
by Lemma 4.5 (ii). If k = 0, then applying (i) or (iii) of Lemma 4.5 according as
[ > 0orl =0, we deduce that —h € FnD (g). In any case, |hZ| a)(PI',ll:'(q)).

Suppose n > 4 and a € w5(2y+1(q)), or n = 4 and a = pc with ¢ dividing
(gx1)/2,orn=4,p=3anda =9. Let |a|, = p’. By Lemmas 2.2 and 2.3,
there are ¢ € {+, —} and a semisimple matrix h5 € 27(q), wheren = P+,
such that a = p?|hg|. Defining h = diag(—Jpi—141, —hs), we see that 1 € FE(q)
and [hZ| = |-hZ| = |—h| = a. The proof is complete. |

In contrast to the sets of the projective orders of elements of T',(¢) and T (¢),
the corresponding set for F;,E (g), where n is even, is not in general closed under
taking divisors. So we do not give an explicit description of the set w(t5PSL;,(g))
for even n. However, we derive some properties of this set.

Lemma 4.8. Let g be odd and n = 4 even. Then w(t6PSL,(q)) € o(PSL,(g)).
Ifk = 25, where s = 0, and g = qF, then k - ©(t8(q0)PSLy(q0)) Z @(PSUx(q)).
In particular, w(t5(—q)PSUy(q)) € o(PSU, (g)).

Proof. Recall that w(t8PSL,(g)) consists of the projective orders of matrices
of T®(g) multiplied by 2.

There is an element & € SO, (¢) \ 25 (¢) whose projective order is equal to
(¢"'? — €)/2. By Lemma 4.5, it follows that —/ € F,;g' (g), and so we obtain that
q"? £ 1 € w(r8PSL,(q)).

Assume that n > 4 and [ = (n — 2)/2 is odd. Then Lemma 2.2 together with
the existence of primitive divisors 7;(£¢) implies that

p(q' £1) € 0(PSp,(9) \ ©(Qn+1(q)).
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Applying Lemma 4.7, we see that
2p(¢" + 1) € 0(tPGL, (@) \ ©(tPSLy(q)) S @(8PSLy(9)). 4.5)

Assume now thatn = 4 and ¢ = € (mod 4). The numbers p(¢+1) and p(g—¢)
lie in @(PSp,4(¢)) and do not divide p(g = 1)/2 (if ¢ — 1 divides (¢ + 1)/2, then
q = 3), and hence

2p(g + 1),2p(g —€) € w(6PSL4(q)). (4.6)

We prove the first assertion of the lemma and the second assertion for k = 1
together. To this end, suppose that w(76PSL,(¢)) € w(PSL;,(¢)) and as usual
define d = (n,q — ¢). Then ¢"/? + ¢"/2 ¢ w(PSL;,(¢)). By Lemma 2.7, this is
equivalent to ()2 > (¢ — €)2. It follows that / = (n — 2)/2 is odd and

(d)2 = (q — #)a.

and so (¢ —¢)/d is odd. Then 2(¢q’ + &) does not divide (¢"~2 —1)/d and,
therefore, 2p(q + ¢€) & w(PSL; (¢)). If n > 4, this contradicts (4.5). If n = 4,
then ¢ = —e (mod 4) and (4.6) implies that 2p(q + ¢) € w(t6PSL4(q)) yielding
a contradiction.

Suppose that k > 1 and k - @(78(qo)PSL(q0)) S w(PSU,(g)). Observe that
(¢ + 1)2 = 2 and choose € so that gg = € (mod 4). Let n/2 be odd. By assump-
tion, we have a = k(qg/2 —¢€) € w(PSUy(q)). Since a is a multiple of 7, /2 (€qo)
and r,/2(€q0) € Rp/2(q) = Ry(—¢q), it follows that a divides

q" —1
Cc = .
(g+Dn.qg+1)

This is a contradiction because

@2 =@~ 1> (0 = T2

Thus [ = (n —2)/2 is odd and by (4.5) and (4.6), we have

2p(gh — €) € w(t8PSLy(qo)).

Thena = 2kp (q(l)—e) € w(PSU,(g)), and hence a divides p(¢"~2—1)/(n,q+1).
This contradicts (a) = (¢" 2 — 1),.
The final assertion follows from the second one and Lemma 3.3. O

We close this section with a proof of Theorem 1 and one of its consequences.

Proof of Theorem 1. Recall that L = PSL; (q), d = (n,q — ¢) and consider the
difference w(tL) \ w(L). We analyze separately two cases according as 7 is odd
or even.
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Let n be odd. By Lemma 4.6, the difference under consideration is equal
to 2 w(Sp,_1(9)) \ w(L). We consider the numbers from Lemma 2.2 defining
®(Sp,,—1(g)) in turn.

Leta = 2p’, where p’~! 4+ 1 = n — 1. Any element of w(L) that is a multiple
of p! divides p’(q — €)/d. Since d is odd, 2a divides p’(q — ¢)/d if and only if
4 divides ¢ — &. Thus 4p* € w(tL) \ w(L) if and only if n = p’~! + 2 for some
t =1land g = —¢ (mod 4).

Let

a=7p'lg" +£1,¢"+1,....q" +£1],

where p" ' + 14 2n; +2no 4+ -+ 2ny=n—1,0r
a=[¢g""£1,¢4"+1,...,¢4" £1],

where s = 2 and 2(n1 + np + -+ + ng) = n — 1. Then 2a divides p’[g*"! — 1,
g2 —1,...,¢*" —1,qg—¢]or[¢>™ —1,¢*"2 —1,...,q*" —1,q — €], respec-
tively.

The remaining possibility isa = ¢* + 1, where | = (n — 1)/2.1fa = ¢' + &',

then 2a divides ,

-1 _ g4 e
=(q +¢) 7

n—1

d
since d is odd. Let a = ¢! — ¢!. Assume that [ is not a 2-power. Then (/)2 < /3,

and hence [ + 2(I), < n. It follows that L has an element of order

2(1)2

c:[ql—gl,q — 1,9 —¢].

Since 2(a)2 = 2(¢' —&')2 < (g% —1), = (¢2D2—-1),, we have that 2a divides c.
Finally, assume that / is a 2-power. Then the 2-exponent of L is equal to (¢ 2l _ 1)2
and any element of w(L) that a multiple of (¢! — 1), divides (¢2! —1)/d. Clearly,
2a divides (g2 —1)/d if and only if d divides ¢’ + &', which is equivalent to
d =1.Thus 2(¢' —¢') € w(xL) \ w(L) ifand only if n — 1 = 2! and d # 1.

Let n be even. By Lemma 4.7, the set wz(rL) is equal to 2 - w5(2,+1(q))
if n > 4, it consists of divisors of p(q £ 1) if n = 4 and p > 3, and it consists
of divisors of p(q £ 1) together with 18 if » = 4 and p = 3. We can consider
the numbers from Lemma 2.2 defining @ 5($2,+1(¢) for n = 6 and the numbers
defining w5 (tL) for n = 4 together.

Ifa = p'andn = p'~! + 1, then2a & w(L).

Let

a=7p'lg" £1,¢4"£1,...,q" £1],

where s > 2 and p~! + 1 +2n{ + 2ny + --- + 2ns = n. Then we have that 2a
divides p'[q?"t — 1,42 —1,...,¢*™ — 1] € w(L).
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Leta = p'(q™' —e€)/2, where p' ' +14-2ny = n.If € = "1, then 2a divides
pl(g" — &™) € w(L), while if e = —¢&"1, then 2a divides
ny _ gni

= p'g" + e ——

tq2n1 -1

P

Thus
wz(tL) € w(L),

whenever n # p'~1 + 1.

To handle @,/ (L) =2 - w(PQ;n (9)) U2-w(PRy,(q)), we consider the num-
bers from Lemma 2.3 that define w, (PSZZin (9))-

Let

a=[¢""+£1,¢4"2+1,...,¢4" £1],

where s = 3and 2(ny + ny + - -+ + ng) = n. In this case, we have that 2a divides
[¢?" —1,¢%"2 —1,...,¢°™ —1] € w(L).

Leta = (q”/2 —€)/(4, q”/2 —¢).Ife = "/ then 2a divides

g"? — "% € w(L).
If e = —"/2 and (4, ¢"/? + &"/2) = 4, then 2a divides

qn —1 (qn/z + 8n/2)(qn/2 _ 8n/2)

(¢ —e)yd (g —e)d
because d /2 divides (n/2,q — &) = ((¢"'* — ") /(g — €),q —¢). If € = —&"/2
and (4,¢"/? + ¢"/2) = 2, then Lemma 2.7 implies that 2a = ¢"/2 + &"/2 does
not lie in w(L) if and only if (n), < (¢ — €),. Assuming the last inequality, the
condition (4, ¢"/? + ¢"/2) = 2 is equivalent to ¢ = & (mod 4).

Finally, leta = [¢"! — €1,q™* — €3]/e, where 2(n1 + ny) = n and withe = 2
if (¢" —€1)2 =(¢" —€2)2and e = 1if ("' —€1)2 # (¢""? — €2)2. We define
nog =n/(2ny,2nz). We may assume that (¢! —e1)2 = (¢"2 — €2)2.

If €5 = "2, then 2a divides [¢?"! — 1,¢"2 — 2] € w(L) since

2(a)2 <2(¢" —€1)2 < (2" — 1)y,

Similarly, we obtain thatif e; = &"! and (¢"!—€1)2 = (¢"?—¢€3)2, then 2a divides
(g2 =1, — &™),

Letey = —€™2 and €7 = —&"1. If ¢ = 2, then 2a divides
[4>"1 —1.¢%"2 — 1]
q—e '

If e = 1, then ny and n, have opposite parity, therefore, n/2 is odd. It follows that
ng is odd too, and 2a divides [¢%"! — 1,¢*"? — 1]/(no,q — ¢).
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Letey, = —&"2 and €; = &"!. We may assume that (¢! —&"1), > (¢"2+¢"2)5.
If ny 7& (nl)z, then
ny+2mni)2+2ny <n

and 2a divides [g"! — &1, 22 —1,¢2")2 1] If 2(¢"™" — ™), < (¢2"2 — 1),
then 2a divides [¢2"2 —1, ¢ —&"1]. If ¢"2 + &"2 divides ¢?"! — 1, then 2a divides
g?™ — 1 too. Finally, if (ng,q — €) = 1, then 2a divides [¢%"! —1,¢?"2 —1].
Thus it remains to consider the case when n; = (n1)2, 2(¢g"' —&"1), >
("2 —1)2, ¢ + €™ does not divide g>"! — 1 and (19, q — &) # 1. The two first
conditions yield n1 > (n3)». In particular, (n/2); = (n3)z andng = n/(2nz)2 =
(n)2. Then the third condition is equivalent to 7, not being a 2-power. Observe

that n
n ni n» ni
n 2 = = = —|— }12 2.
=) (2n2)2 (n2)2 (n2)2 (n2)

It follows that (1), is a sum of a non-identity 2-power and an odd number greater
than 1 and also ((n)2/,q — &) # 1. In particular, (n)r > 3 and (n,q —&)2r # 1.

Conversely, suppose thatn = 27 - [, wheret > 1,1 = 5is odd and (n,q — ¢) is
divisible by an odd prime r. Writing ny = (n)2 =2/, ny =n/2—n; =2""1(1-2)
anda = [¢"! — 1, ¢"2 4 &"2], we see that

(@" =12 =2""1g* = 1)2 > (n2)2(g + £)2 = (¢"* + £"),
and hence 2a € w(tL). Assume that 2a € w(L) and let

[qh —elt, ... gl —ebs]
= 7 ,
where I + -+ + [ = n, be a number from Lemma 2.1 that 2a divides. Since
2(a)s = 2(¢™" — 1)2 = (¢! — 1),, it follows that at least one of the numbers
I1,...,ls is a multiple of 2n1. Also r2,,(eq) divides a, and hence at least one of
them is a multiple of 2n,. Observing that [2n1,2n,] = 271 (1 —2) > 2] = n,
we deduce that those are different numbers, which yields s = 2, /; = 2n; and
I = 2ny5. Then f = (n/(2n1,2n3),q —¢), and so (f), > 1. Since (r,q + €) =
(r,n1) = (r,ny) = 1, it follows that

Cc

(g —o)r
©r = —F— <(@g—8)r = ().
r (f)r r r
This is a contradiction, therefore, 2a ¢ w(L), and the proof is complete. o

An interesting consequence of Theorem 1 is that whenever t is admissible
as an automorphism of PSL; (¢), it is also admissible as an automorphism of
PSLE (¢'/%) for every odd k.
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Lemma 4.9. Let k be odd and q = qlg. If o(tL) C w(L), then
w(7PSLy (90)) € w(PSLy(qo))-

In particular, if ¢ = +, T and B = ¢™/* are admissible for L, then Bt is also
admissible.

Proof. Assume that w(tPSL;,(g0)) € w(PSL; (qo)). This implies that the num-
bers n and g satisfy the conditions of one of items (i)—(v) of Theorem 1. Since
k is odd, it follows that (n, g9 — ¢) divides (n,q —¢) and (¢ — 1)2 = (g0 — 1)2,
and thus the numbers n and ¢ satisfy the same conditions. This contradicts the
hypothesis that w(tL) € w(L).

To prove the second assertion, it suffices to show that w(ftL) € w(L). By
Lemma 3.3, the proved containment and admissibility of 8, we see that

w(BtL) = k - o(tPSLy(q0)) € k - @(PSLa(q0)) = o(BL) < w(L),

and the proof is complete. o

5 Admissible groups

In this section, we prove Theorems 2 and 3. As we have mentioned, the theorems
with n = 3 were proved in [23,24], and so we assume that n > 4. Throughout this
section, ¢ = p™isodd, L = PSL; (¢) and G isa group suchthat L < G < Aut L.
Also, we fix the numbers d = (n,q —¢) and b = ((¢ —¢e)/d,m),.

We begin with lemmas that hold for both linear and unitary groups. We say that
a subgroup of Out L is admissible if it is the image of an admissible group.

Lemma 5.1. If G N Inndiag L > L, then w(G) # w(L). In particular, admissible
groups of Out L are abelian and any non-trivial admissible subgroup of the group
(8) % (T) is conjugate in this group to (T).

Proof. By Lemma 2.1, if |G N Inndiag L|/|L| =i > 1, then G has an element of
order (¢ — &™)i /(g — €)d, which does not lie in w(L). Thus admissible groups of
Out L can be embedded into the image of the group generated by ¢ and y, which
is abelian. The group (§) x (7) is dihedral, and so all of its non-trivial subgroups
that intersect trivially with (§) are conjugate to (T) or (57), and in the latter case

we may assume that n is even. But Lemma 4.8 says that (3?) is not admissible. o

Lemma 5.2. Suppose that n = 5 and |G/L| is odd. Then v(G) = w(L) if and
only if n — 1 is not a p-power, G/ L is conjugate in Out L to a subgroup of (@)
and |G/ L| divides ((q — €)/d, m)4.
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Proof. 1f ¢ = +, the assertion is proved in [11, Propositions 6,7], and if ¢ = —, it
is proved in [13, Proposition 6]. O

Lemma 5.3. Let n = 4 and |G/L| is odd. Then w(G) = w(L) if and only if 12
divides q + ¢ and G/ L is a 3-group.

Proof. Let w(G) = w(L) and r € n(G/L). Then G contains a field automor-
phism of order r, and hence by Lemma 3.3, ©(G) includes r - @ (PSL5(go)), where
q = qg.- It follows that rr4(qo).773(eq0) € w(L). Since r4(qo) € Ra(q), we see
that r divides a = (g% + 1)(¢ + €)/d and, in particular, it does not divide g — .
If r # 3, then r3(eqo) € R3(eq), and so r divides ¢ = (¢ — ¢)/d, which is a con-
tradiction because (a,c) = 1. Let r = 3. Then 3 divides g + ¢. Since 3p(qo — €)
is an element of w(L), we have that 3(go — ¢) divides (¢*> — 1)/d, and thus 4
divides g + ¢.

Conversely, let 12 divide ¢ 4+ ¢ and G/ L be a 3-group. We may assume that G
is the extension of L by a field automorphism of order dividing (m)3. To prove that
o(G) C w(L), it suffices to check k - w(PSL5(¢q0)) € w(PSL5(g)) with ¢ = qlg
for every divisor k of (m)3. Note that 12 divides go + ¢, (¢ + )3 = k(qo + €)3
and (4,90 —¢) =2 =d. Since p # 3, the set w(PSLj(qo)) consists of divisors
of (g5 + 1)(go +€)/2, (g3 — €)/2, q3 — 1 and p(g2 — 1)/2. Observing that

k(g5 + D(go + ) | (¢ + (g +¢)

and
k(qg —).k(qg — 1) | ¢> — 1,

we obtain the desired containment. O

By Lemmas 5.2 and 5.3, it follows that up to conjugacy Out L has only one max-
imal admissible subgroup of odd order, and we can take this subgroup to be (),
where ¥ € (@) has order (b)y if n >4 or ¢ # 1 (mod 12), and order (m)3 if
n=4and g = —¢ (mod 12).

Let 7 = §@)2 and S, be the Sylow 2-subgroup of Out L generated by 7, a(m)z’
and T.

Lemma 54. If o(G) = w(L), then G/L is conjugate in Out L to a subgroup

of (¥) x S2.

Proof. By Lemma 5.1, the group G/ L is abelian, and hence is the direct product
of its Hall 2’-subgroup A7 and Sylow 2-subgroup A,. Since A; is admissible, it is

conjugate to a subgroup of (). Replacing G/L by a conjugate if necessary, we
may assume that A; < (¥).
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Note that 7] centralizes . Indeed, if ¢ = +, then ¥ = 770, where g = q(l)w.

Since || is odd, we have

(¢ — D2 =(q0 —1)2,

and hence (d), divides gg — 1. If ¢ = —, then ﬁg = 770, where ¢ = q(l)w. Now
(g + 1)2 < (g% = 1)2 = (go — 1)2, and again (d), divides go — 1. It follows that
the whole group S5 centralizes . Thus A, is conjugate in Coy 7, (A1) to a sub-

group of S, and the whole group G/ L is conjugate to a subgroup of (/) x S». O

The structure of the group S, varies according to whether linear or unitary
groups are under consideration, so in the rest of this section we consider the cases
& = + and ¢ = — separately. We begin with the case of unitary groups, in which

Sy = (7)) % (™).

Lemma5.5. Lete = —and 1 < G/L < S3. I[f w(G) = w(L), then G/ L is conju-
gate to a subgroup of @(m)z/ ).

Proof. We may assume that n is even. If m is odd, then S» = () x (7) and by
Lemma 5.1, the group G/ L is conjugate to (7).

Let m be even. Then [7j| = 2 and S» = (77) x (@"2'). Suppose G £ (g™2').
Then G contains ¢™/ %y for some k > 1 dividing (m),. Let ¢ = qg. By Lem-
mas 3.3 and 4.8 together with Lemma 4.2, we have

w(@™* L) = k - (x6%%(q0)PSLn (q0))
= k - @(v8(¢0)PSLn(0)) € w(L),

which is a contradiction. O
Thus if € = — and 7 is not admissible, then S, has no non-trivial admissible

subgroups.

Lemma 5.6. Suppose ¢ = —, 7 is admissible, k > 1 divides (m)» and p = ¢/,

Then B is admissible if and only if (n), <2 orn = 4,8,12. If B is admissible and
y € () is admissible and has odd order, then yp is also admissible.

Proof. We show first that w(BL) € w(L) if and only if (n), <2 orn = 4,8, 12.
By Lemma 3.3, the set w(BL) is equal to k - w(tPSL,(qo)), where ¢ = qg.

Let n be odd. Since 7 is admissible and ¢ = 1 (mod 4), Theorem 1 implies that
n — 2 is not a power of p. Then using Lemmas 2.2 and 2.6, it is not hard to check
that k - w(Sp,,_;(q0)) € @(Sp,_;(¢)). Now applying Lemma 4.6 yields

k - o(tPSLy(q0)) = 2k - ©(Sp,_1(q0))
C2-w(Sp,—1(q) = o(rL) S w(L).
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Let n be even. Observe that (d), = (¢ + 1) = 2. By the admissibility of T and
Theorem 1, it follows that n — 1 is not a p-power. Also it is not hard to verify that
k- w(Qn+1(q0)) € ©(R2y+1(q)) (cf. [12, Theorem 1]). Applying Lemma 4.7, we
see that k - w5(TPSLy(q0)) € wp(tL) for n > 4. Since k(go £ 1) divides g — 1,
the same is true for n = 4. Thus it remains to examine when 2k - w/ (PSZ,:f(qo))
is a subset of w(L), and we consider the numbers from Lemma 2.3 in turn.

Let

a=lqy" £1,q9> £1,....q5° £1].
where s = 3 and 2(n; + ny + - -+ + ng) = n. Then 2ka divides

[¢?" — 1,42 —1,....¢*" —1] € w(L).

Let /2
n

B (g~ —¢€)

(I—T.

(4.q0'" —¢)

If n/2 is even, then 2ka divides ¢"/2 — 1 € w(L). Suppose that /2 is odd. Then
rn2(€q) divides a and lies in R, />(¢) = Rn(—q), and so 2ka € w(L) if and only
if 2ka divides
¢" =1 _(¢""*=1DE"*+1)
“T4@+tnd (q+nd

Clearly, (a)y’ divides (c). Since (d), = 2, we see that (¢c)2 = (¢ — 1)2/2. If
(4.q0 — €) = 4, then 2k(a)> = k(qo —€)2/2 = (¢ — 1)2/2. If (4,90 —€) =2,
then 2k(a), = 2k < (¢ — 1)2/2.

Finally, leta = [qy' — €1.q,> — €2]/e, where 2(n1 + n2) = n, and withe = 2
if (¢"' —€1)2 = (¢"? —€2)2and e = 1if (¢"' — €1)2 # (¢"? — €2)2.

Suppose that /2 is odd. We may assume that (¢"! —€1)2 = (¢"*2 — €2)2. If np
is even, then 2ka divides [¢g?"! — 1,4" — 1]. Let n be odd. Then 71 is even. If
n1 # (n1)2, then 2ka divides [¢"' — 1,472 —1,¢?"2 —1]. If n; = (n1)» and
no = 1, then 2ka divides g?*' —1.1f (n1) = (n1)2 and np > 1, then by the admis-
sibility of 7, we have (n,q + 1)2» = 1 and, therefore, (n/(2n1,2n3),q + 1) = 1.
So [¢?" —1,¢?"2 — 1] lies in w(L), and it is divisible by 2ka.

Suppose thatn /2 isevenand n/2 = 8. We can take 71 and 75 to be odd coprime
numbers larger than 1. Also we take €; = + and €; = —. Then

a=I[qp" —1.q5> + 1]

and 2k(a), = k(qg —1)2 = (¢% — 1),. Since a is a multiple of both r,, (¢o) and
ny(—qo) and r,; (£qo0) € Ropn;(—q) for i = 1,2, it follows that 2ka € w(L) if
and only if 2ka divides ¢ = [gan, — 1,¢%"2 —1]/(n/(2n1,2n2),q + 1). But we
have (¢)2 = (g% — 1)2/2 < (a)» because /2 is even. Thus w(BL) € w(L).

We are left with the cases n = 4,8, 12. If n = 4, then 2a divides qg — 1, and
hence 2ka divides g% — 1.If n = 8, then a divides [qg + 1,90 £ 1] or (qg —1)/2,
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and so 2ka divides ¢® — 1 or ¢* — 1. If n = 12, then a divides [¢3 & 1,q0 £ 1],
lqg £ 1,93 £ 1], or (¢§ — 1)/2, and 2ka divides ¢'° — 1,¢% — 1, 0r ¢ — 1.

We established that the condition for w(BL) to be a subset of w(L) depends
only on n and not on ¢, and thus § is admissible if and only if w(BL) € w(L).

Next, suppose that 8 is admissible, y € (¢) is admissible and has odd order /
and let gg = q{. To prove that yf is admissible, it suffices to show the inclusion
w(yBL) C w(L). By Lemma 4.9, if we regard 7 as an automorphism of PSU,, (q]f),
it is still be admissible, and so by the above result, it follows that

k- o(xPSLa(q1)) € ©(PSU,(g)).
By Lemma 3.3, we have
w(yBL) = Ik - @(tPSLy(q1)) S I - 0(PSUA(41)) = 0(yL) S (L),
as desired. |
We are now in a position to prove Theorem 3.

Proof of Theorem 3. Suppose that w(G) = w(L). By Lemmas 5.4 and 5.5, it fol-
lows that G/ L is conjugate to a subgroup in () x (a(’"b’). Ifn — lisa p-power,
Lemmas 4.7, 5.2 and 5.3 imply that any non-trivial element of G/L is not admis-
sible. If n» — 1 is not a p-power, then v is admissible, and applying Lemma 5.6
completes the proof. o

Now we assume that ¢ = +, and so we have S> = () x ({¢™?) x (7)). Given
an element 1 # B € (9"2), we define B¢ with € € {4+, —} by setting S+ = 8
and f_ = Br.

Lemma 5.7. Let ¢ = +, k > 1 divide (m), and g = q’g. Then for any € € {+, —},
the following hold:

(1) Ifn is odd or k does not divide (g — 1)/d, then
k - (PSLy,(q0)) £ w(L).
(i) If n is even, k divides (g — 1)/d andn = 1 + p'~1, then
k - o(PSLy(q0)) \ {kp'} € o(L).
(iii) If n is even, k divides (g — 1)/d and n — 1 is not a p-power, then
k - o(PSL;,(q0)) € w(L).

In particular, if B = @™/ ¥ then B is admissible if and only if n is even, k divides
(g —1)/d and n — 1 is not a p-power. If Be is admissible and y € (@) is admissi-
ble and has odd order, then y B¢ is also admissible.
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Proof. If nis odd, then 27, (eqp) is not an element of w(L) since r,(€qo) € R, (q)
and (¢" —1)/(g — 1) is odd. If n is even and k does not divide (¢ — 1)/d, then
krn—1(€qo) &€ w(L). Indeed, otherwise the fact that r,—1 (€qo) € R,—1(q) implies
that k divides (¢"~! —1)/d. But (¢"~ ! —1)2/(d)2 = (¢ — 1)2/(d)2, and thus
(1) follows.

Let n be even and suppose that k divides (¢ — 1)/d. We claim that ka € w(L)
for all @ € w(PSLEqo)) except a = p’ forn = 1+ p’~1. The number a divides
one of the numbers in items (i)—(v) of Lemma 2.1, and we consider these possibil-
ities in turn.

If we have a = (qg — 1)/(qo — €)(n,qo — €), then ka divides ¢g"/* — 1. Simi-
larly, ifa = [go"' — €™, g — €"2]/(n/(n1,n2).qo — €], where ny + ny = n and
both 71, n, are even, then ka divides [¢"!/2 — 1,¢"2/2 — 1]. If a = [¢"' — €™,
q"? —€"?]/(n/(n1,n2),qo — €], where ny and n, are odd, then ka divides the
element ¢ = [¢"! — 1,¢"2 —1]/(n/(n1,n2),q — 1]. Indeed, if go = —€ (mod 4),
then

n/2

k(a)z =k < (c)2,
while if go = € (mod 4), then

k(go—€)2 = (q — 1)2 = (k)2(n)a,

which implies that (g9 — €)2 = (n)2 and k(a)2 = (¢ — 1)2/(n)2 = (c)2. Also, a
divides ¢ by Lemma 2.5. Finally, if a = [qy' — €"1,...,q,* — €"s], where 5 = 3
and ny + ..., +ng =n, ora = p'lqy" —€"',...,qp* — €], where s =2 and
14+ p~ ' 4+ ny +---+ng =n, we have that ka divides [g" —1,...,q9™ —1]
or p'[g"' —1,...,q"s — 1], respectively.

Let B = ¢"/¥. By Lemma 3.3, we have w(BcL) = k - w(PSLs,(¢o)). Thus if
Be is admissible, then 7 is even, k divides (¢ — 1)/d and n — 1 is not a p-power.
Conversely, if all these three conditions are satisfied, then by the above

0(B*1L) = (k/k1) - @(PSLa(gg")) S (L)

for every divisor k1 of k, and hence B¢ is admissible.

To prove the final assertion, it suffices to check w(yBe L) € w(L) for admissible
y and Be. Let |y| =1 and g9 = q{. Observing that (g — 1), = (q’l‘ —1)2, we see
that k divides (¢ — 1)/d if and only if it divides (q’f - 1)/(n, qf — 1). Thus the
admissibility of B¢ yields

k- o(PSL;(q1)) € @(PSLa(4})).
Applying Lemma 3.3, we have
o(yBeL) = Ik - o(PSL;(q1)) S 1 - ©(PSLy(¢})) = @(yL) S (L),

and the proof is complete. |



On orders of elements of finite almost simple groups 1217

Lemma 5.8. Let ¢ = +, let n be even, k > 1 divide (m)», B = ¢"™'* and g = qg.
Ifa = e nj is admissible, then ® is conjugate in the group Sy to either BE or Eeﬁ,
with qo = —e (mod 4) and 2k < (¢ — 1)2/(d)3 in the latter case. Furthermore, if
qo = —€ (mod 4) and 2k < (¢ — 1)2/(d)2, then the following statements hold:

() Ben is admissible if and only if n cannot be represented as 1 + p'=! 4+ 2
with t,u = 1 and, in addition, k = 2 whenever n — 1 is a p-power,

(i1) If Ben is admissible and y € (@) is admissible and has odd order, then yBen
is admissible.

Proof. Note that ﬁﬁé =79, and so

B == B &

Suppose that & = B¢n/ is admissible and @ is not conjugate in S, to EE. Then
(5.1) implies that (g9 — €, (d)2) does not divide j, or in other words

(/)2 < (qo —€.d)a. (5.2)
Since n = & @) applying Lemma 3.3 yields
w(aL) = k - 08D (eqo)PSLE (¢0)). (5.3)

The index of 8792 (eqo)PSLE (qo) in PGLE (go) is equal to (j(d)ar,qo — €).
There is an element of order qg_l — € in the group PGL(qo), and hence writing
a= (q(')’_1 —€)/(j(d)2,q —€),wesee that ka € w(aL). Since a is a multiple of
rn—1(€qo) € Ry—1(q) and lies in w(L), it follows that a divides c = (¢"~1—1)/d.

If g9 = € (mod 4), then by (5.2), we deduce that

kigo—€)2 (=12 _(g—1)2
=0 T e @ 9

Thus go = —€ (mod 4). Then (g0 — €,d)> = 2,and so j is odd. In particular, (5.1)
shows that « is conjugate to Ben. Also, (a)2 =2k < (¢)2 = (¢ — 1)2/(d)2, and
the first assertion is proved.

Next, let @« = B¢n, go = —€ (mod 4) and 2k < (¢ — 1)2/(d)». Observing that
(g—1)2 = k(qo + €)2, we deduce from the last inequality that 2(d )2 < (qo +€)2,
and hence

@’ =pq e =p"

Since 2k < (g — 1)2/(d)2, it follows from Lemma 5.7 that 82 is admissible if and
only if k =2 orn — 1is nota p-power.
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Suppose n = 1 + p'~! + 2% with ¢,u > 1. Then PGLE (go) has an element of
order p’(q%u —1), and so ka € w(aL), where a = p’(qgu —1)/(d,qo —€)a.
Since ka is a multiple of kp*(g2" — 1)2 = p'(¢>" — 1)a, it lies in (L) only if it
divides p’(¢2" — 1)/d, which is not the case.

To prove (i), it remains to verify that w(aL) € w(L) whenever n cannot be rep-
resented as 1 + p?~! 4 2% with #,u > 1. Since ((d)2. g0 — €) = (n,qo — €)2r =
(n,qo — €)/2, it follows from (5.3) that

w(aL) = k - @(2PSL; (q0) \ PSL;, (90)).

where 2PSLs (go) is the unique subgroup of PGLS, (go) that contains PSL, (¢go) as
a subgroup of index 2. Denote w(2PSLs,(go) \ PSL,(qo)) by .

If n = p’~! 4 1, then any element of GL,(q) whose order is divisible by p’
is conjugate to a scalar multiple of the n x n unipotent Jordan block, therefore,
p' € w. By Lemma 5.7, we have

k- (0 N w(PSL; (90))) € (L),
and hence we are left with elements of @ \ w(PSL},(¢o)). By Lemma 2.1, it fol-
lows that this difference consists of some divisors of the following numbers:
* 2(qp — /(g0 — €)(n.q0 — €)),

ni

® [‘Io
. 2pt(qg1 —€")/(n,qo —€), whereny > 0and p"~ ' +1+ny =n.
Leta = 2(qq — 1)/((g0 — €)(n, g0 — €)). Then
n_ n_ 1
k(a)2 — 2k (q() )2 — (q )2 — (qn/2 _ 1)27
(g0 — €)2(q0 —€.n)2 2
and so ka divides ¢"/2 — 1 € w(L).

Leta = 2[gy"' —€"'. "2 —€"2]/(n/(n1.n2), g0 —€), where ny, n, are odd and
n1+no = n. Consider the number ¢ = [¢"'—1,¢"2—1]/(n/(n1,n2),q—1) lying
in w(L). By Lemma 2.5, both numbers (¢" — 1)/(n/(n1,n2),q0 —€),i = 1,2,
divide c. Also, k(a), = 2k < (¢ — 1)2/d> = (c)2, and hence ka divides c.

Let a = 2p'(qy" —€™)/(n,qo — €), where ny > 0 and p'~! + 1+ n; =n.
Note that 727 is even and by hypothesis, (71)2 # n1. Since
2k(qp' — 12 _

(g0 —€)2
we see that ka divides p’[g"1 /2 —1,¢®D2 — 1] € w(L).

To prove part (ii), take admissible y and «. We may assume that n — 1 is not
a p-power because otherwise y = 1 by Lemmas 5.2 and 5.3. Then by the equality

—e" g™ —€"2]/(n/(n1,n2),qo0 —€), where ny, np are odd, ny +ns = n,

k(a)s = (@™ — 1) = (g2 — 1),

_ —2
0[2 =
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and Lemma 5.8, to prove that y« is admissible, it suffices to check the inclusion
w(yal) € w(L). Denote |y| by [ and let g9 = q{. Observe that

q1 = qo = —¢ (mod 4)
and 2k divides (¢¥ — 1)2/(n, ¢ — 1),.
By Lemma 3.3, we have
o(yal) = Ik - o8 (eq1)PSLE (1))

Using the fact that (d, g1 — €)2r = (q1 — €)/2 and the above results, we deduce
that

k- 08D (eq1)PSLE(q1)) = k - @(2PSLE (91) \ PSLE (91)) € @(PSL,(gf)).
Thus
o(yaL) € 1-o(PSL,(¢¥))) = o(yL) € o(L),

and the proof is complete. o

We are now ready to describe admissible 2-subgroups of Out L in the case of
linear groups, and then prove Theorem 2. Recall that b = ((¢ —¢)/d, m)4 and
define ¢ = ™/ (®)2,

Lemma 5.9. Let ¢ = + and let 1 < G/L < S, = (7) x ("2} x (T)). Then
w(G) = w(L) if and only if G/L is cyclic and up to conjugacy in S» is gener-
ated by the image of one of the following elements:

(1) T if b is odd and t is admissible,

(i) B4, where 1 # B € (@), if b is even and n — 1 is not a p-power,

(iii) Brn, where 1 #£ B € (¢p?), if (b)2 > 2 and n cannot be represented as
1+p' Yorl 4 p= ' + 2% witht,u > 1,

(iv) ¢—in, where p =k (mod4), if (p —«k)2 > (n)2 and n cannot be repre-
sentedas 1+ p~Vorl + p'=1 4 2% witht,u > 1,

W) "2y, if (b)2 > 2, n =1+ p'~! for some t =1 and n cannot be repre-
sented as 2 + 2% withu > 1,

(i) (¢™/%)_n, where p = k (mod4), if (m)y =2, (p —k)2 > (n)p, n = 1 +
p'~Y for some t = 1 and n cannot be represented as 2 + 2% withu > 1.

Proof. Observe that b is even if and only if all the numbers n, m and (¢ — 1)/d
are even.

Suppose that n is odd. Then S, = @M x (7). By Lemma 5.7, any non-
trivial element of {¢™2') is not admissible and thus the only potentially admissi-
ble subgroup of S3 is (7).
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Suppose that  is even but at least one of m and (¢ —1)/d is odd. It follows from
Lemmas 5.7 and 5.8 that every admissible subgroup of S5 is contained in (77) x (7).
Then by Lemma 5.1, it is conjugate to a subgroup of (T), and we are done in the
case of odd b.

Suppose now that all the numbers n, m and (¢ — 1)/d are even. In particu-
lar, (4 — 1)2 > (d)2 = (n), and so 7 is not admissible by Theorem 4.7. Then by
Lemma 5.1, we obtain that all non-trivial elements of (77) x (T) are not admissi-
ble. It follows that every admissible subgroup of S, is isomorphic to a subgroup
of ("2}, and hence is cyclic.

Let @ € S5 \ (77) % (T) be admissible. We may assume that @ = fB¢n’/, where
B = ¢™'* for some 1 < k = 2! < (m),. By Lemmas 5.7 and 5.8, admissibility
of w yields k < (¢ — 1)2/(d), or, equivalently, 8 € (¢). Moreover, all conjugates
of Ee are admissible whenever n — 1 is not a p-power, and this gives the automor-
phisms in (ii).

It remains to consider the case when @ is not conjugate to Ee. In this case by
Lemma 5.8, we may assume that o = S,

n< =2 (5.4)

(d)2
and g9 = —e (mod 4), where g = qlg . Moreover, we have k = 2 whenever n — 1
is a p-power. Note that (g — 1), = (m)2(p — k)2, where p = k (mod 4).

Suppose that (g — 1)2/(d)2 < (m) or, in other words, (p — k)2 < (11)2. Then
k < (m)2/2, so go = 1 (mod4) and condition (5.4) is equivalent to B8 € (¢?).
Thus (b)2 > 2 and @ = Bty with B € (¢?). In particular, if n — 1 is a p-power,
then o = ¢™/21y).

Suppose that (g — 1)2/(d)2 > (m), or, equivalently, (p — k)2 > (n)2. Then
condition (5.4) holds for all B € (¢). Also, we have gg = 1 (mod 4) if k < (m),
and g9 = k (mod 4) if k = (m),. Thus « = Brn with B € (¢p?) ora = ¢p_,n. In
particular, if n — 1 is a p-power, then @ = ¢"/2t when (b)> = (m)» > 2 and
a = ¢ when (b)2 = (m2) = 2.

Conversely, let o be one of the resulting automorphisms and let the associated
conditions be satisfied. Then by Lemma 5.8, « is admissible unless n cannot be
represented as 1 + p'~ 1 + 2% If n =14 p'~ ! and n = 1 4+ p*~! 4 2%, then
we have p'~1 = p5~1 4 2% or, equivalently, p*~1(p*™* —1) = 2%, andso s = 1
and n = 2 4 2%. Thus we obtain the automorphisms in (iii)—(vi), and the proof
is complete. |

Proof of Theorem 2. Let w(G) = w(L). By Lemma 5.4, it follows that G/L is

conjugate to a subgroup of () x S>. Admissible subgroups of () and S, are
described in Lemmas 5.2, 5.3 and Lemma 5.9, respectively. These descriptions
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together with Lemmas 5.7 and 5.8 imply that the product of an admissible sub-

group of (¢) and an admissible subgroup of S is also admissible, and this
completes the proof. |
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