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Groups with maximal subgroups of Sylow
subgroups o -permutably embedded

Wenbin Guo and Alexander N. Skiba
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Abstract. Let 0 = {0; :i € I} be some partition of the set of all primes P, G a finite
group and 0 (G) = {0; : 0; N w(G) # @}. A set 1 € H of subgroups of G is said to be
a complete Hall o -set of G if every non-identity group in # is a Hall o;-subgroup of G for
some 0; € 0(G) and J contains exactly one Hall o;-subgroup of G for every o; € 0(G).
A subgroup H of G is called o-permutable (resp. o-permutably embedded) in G if G
possesses a complete Hall o-set # = {1, Hy,..., H;} such that AH} = H} A for any i
and all x € G (resp. if H has a complete Hall o-set and every Hall o;-subgroup of H is
also a Hall o;-subgroup of some o -permutable subgroup of G).

In this paper, we classify the finite groups G such that either every maximal subgroup
of every Sylow subgroup of G is o-permutable in G or every maximal subgroup of every
Sylow subgroup of G is o-permutably embedded in G.

1 Introduction

Throughout this paper, all groups are finite and G always denotes a finite group.
Moreover, IP is the set of all primes, # C P and 7/ = P \ &. If n is an integer, the
symbol 7 (n) denotes the set of all primes dividing n; as usual, 7(G) = 7 (|G]),
the set of all primes dividing the order of G.

In what follows, o = {o; : i € I} is some partition of P, thatis, P = | J;<; 0
ando; No; = @ foralli # j; IT is always supposed to be a non-empty subset of
the set o and T1’ denotes o \ TI. A natural number n is said to be a TT-number if
ﬂ(ﬂ) < UU,EH 0i-

We write 0(G) = {0; : 0; N 7(G) # @}, and say that G is o-primary [16] pro-
vided [0(G)| <1,

A subgroup H of G is said to be a: [1-subgroup of G if |H| is a [1-number;
Hall T1-subgroup of G if H is a I1-subgroup of G and |G : H| is a T1’-number;
o-Hall subgroup of G if H is a Hall IT-subgroup of G for some IT C o.

A set H of subgroups of G with 1 € # is said to be a complete Hall o-set
of G (see [8,17]) if every non-identity group in # is a Hall g;-subgroup of G for
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some o; and K contains exact one Hall g;-subgroup of G for every o; € o(G).
We say also, following [8], that G is o-full if G possesses a complete Hall o-set.

A subgroup H of G is said to be o-quasinormal or o-permutable in G
(see [8]) if G possesses a complete Hall o-set # such that HA* = A*H for
all members A € # and all x € G. In particular, a subgroup H of G is said to be
7 (G)-quasinormal (Kegel [12]), S-quasinormal or S-permutable in G if HP is
equal to PH for all Sylow subgroups P of G.

A subgroup H of G is said to be S-quasinormally embedded or S-permutably
embedded in G (Ballester-Bolinches, M. C. Pedraza-Aguilera [3]) if, for every
p € n(H), every Sylow p-subgroup of H is also a Sylow p-subgroup of some
S-permutable subgroup of G.

In the general situation, we say the following:

Definition 1.1. A subgroup H of G is said to be o-quasinormally embedded or
o-permutably embedded in G if H is o-full and, for every 0; € o(H), every Hall
o;-subgroup of H is also a Hall o;-subgroup of some o-permutable subgroup of G.

We show (see Corollary 1.5 below) that the class of soluble groups G in which
o-permutability is a transitive relation on G (that is, every o-permutable subgroup
of a o-permutable subgroup of G is o-permutable in G) coincides with the class
of groups in which every subgroup is o-quasinormally embedded.

Before continuing, consider the following elementary examples.

Example 1.2. (i) G is said to be o-nilpotent [7] if G = Hj x --- X Hy, where
{1, Hy,..., H;} is a complete Hall o-set of G. It is clear that every subgroup of
a o-nilpotent group is o-permutable.

(i1) Let p > g > r be primes, where ¢ divides p — 1 and r divides g — 1. Let
H = Q x R be a non-abelian group of order gr, P a simple I, H-module which
is faithful for H,and G = P x H.

Let 0 = {01,02}, where o1 = {p,r} and 0o = {p,r}’. Then G is not o-nil-
potent and | P| > p. Since ¢ divides p — 1, PQ is supersoluble. Hence for some
normal subgroup L of PQ we have 1| < L < P. Then for every Hall o1-subgroup
V of G wehave L < P <V,so LV =V = VL. On the other hand, for every
Hall o,-subgroup Q* of G we have O < PQ, so LQO* = Q*L. Hence L is
o-permutable in G. It is also clear that L is not normal in G, and so LR # RL,
which implies that L is not S-permutable in G.

(iii) Let p > g > r be primes, C; a group of order ¢ and H = R x C,, where
R is a simple [F, C;-module which is faithful for C;. Let G = P x H, where P
is a simple IF, H-module which is faithful for /. Let A be a subgroup of R of
order r and 0 = {01, 02}, where 01 = {p} and 0, = {p}’. Then H = {1, P, H}
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is a complete Hall o-set of G, so PA is o-permutable subgroup of G. This means
that A is o-permutably embedded in G. Since Cg(P) = P, HG = 1 and so A
is not o-permutable in G by [16, Theorem B and Lemma 2.6 (7)]. It is clear that
P C, is a maximal subgroup of G. Therefore A is not S-permutably embedded in
G, otherwise, it is not difficult to show that PC; < PAC,; < G, which contradicts
the maximality of PCy.

The S-permutable and generalized S-permutable subgroups (in particular,
S-permutably embedded subgroups) have been investigated by many authors and
they have many applications (see, for example, the books [2,6,21]) and the recent
papers [11,13-15].

The properties of o-permutable subgroups were analyzed in the paper [8]. Our
main goal here is to prove the following:

Theorem A. Every maximal subgroup of every Sylow subgroup of G is o-per-
mutably embedded in G if and only if G = D x M, where D and M are o-Hall
subgroups of G, D = G%o s nilpotent of odd order and every element of M
induces a power automorphism on D/ ®(D).

In this theorem, G%o denotes the o-nilpotent residual of G, that is, the inter-
section of all normal subgroups N of G with o-nilpotent quotient G/ N .

Corollary 1.3 (Ballester-Bolinches, Pedraza-Aguilera [3]). If every maximal sub-
group of every Sylow subgroup of G is S-permutably embedded in G, then G is
supersoluble.

Corollary 1.4 (Srinivasan [18)). If every maximal subgroup of every Sylow sub-
group of G is S-permutable in G, then G is supersoluble.

Recall that a subgroup A of G is called o-subnormal in G (see [16]) if there is
a subgroup chain
A=Ap=A1 = =4,=G

such that either A;_q is normal in A; or A;/(A;—1)4,; is o-primary for all i
withi =1,...,1.

The following result shows that, in view of [16, Theorem A], the class of all
groups in which every o-subnormal subgroup is o-permutable coincides with the
class of all groups in which each subgroup is o-permutably embedded.

Corollary 1.5. Every subgroup of G is o-permutably embedded in G if and only if
G = D x M, where D and M are o-Hall subgroups of G, D = G%o is abelian
of odd order and every element of M induces a power automorphism on D.
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Recall that a group G is called a PST-group if S-permutability is a transi-
tive relation on G. By the well-known Agrawal theorem, a soluble group G is
a PST-group G if and only if G = D x M, where D = G™ is a Hall abelian
subgroup of G of odd order and every element of M induces a power automor-
phism on D (see [1] or [2, Chapter 2]). Hence the following result follows from
Theorem A.

Corollary 1.6. The group G is a soluble PST-group if and only if every subgroup
of G is S-permutably embedded in G.

A chief factor H/K is said to be o-central (in G) if the semidirect product
(H/K)x(G/Cg(H/K)) is o-primary. We use Z4 (G ) to denote the o -hypercentre
of G, that is, the product of all normal subgroups N of G such that every chief
factor of G below N is o-central in G.

As another application of Theorem A, we also prove the following:

Theorem B. Every maximal subgroup of every Sylow subgroup of G is o-per-
mutable in G if and only if G = A x (B x C), where

(i) A and BC are o-Hall subgroups and C is a Hall subgroup of G,

(1) A is a normal nilpotent subgroup of G of odd order, B < Z(G) is a normal
subgroup of G and C is a o-nilpotent subgroup of G all of whose Sylow
subgroups are cyclic,

(iii) the generators of Sylow subgroups of C induce power automorphisms on
A/ ®(A) and automorphisms of order dividing a prime on A,

@iv) [V,a] = 1 for each O'i/ -element a € G, where V is the maximal subgroup of
a Sylow p-subgroup P < C and p € o;.

Example 1.7. Let G = (C7 x Aut(C7)) x As, where C7 is a group of order 7 and
As is the alternating group of degree 5. Let o = {01,032}, where o7 = {2, 3,5}
and 0, = {2,3,5). Then G is the group in Theorem B, where A = C7, B = As
and C = Aut(Cy).

Corollary 1.8 (Walls [20]). Every maximal subgroup of every Sylow subgroup
of G is normal in G if and only if G = H X (x), where
(1) H is a normal nilpotent Hall subgroup of G,

(ii) the generators of Sylow subgroups of (x) induce power automorphisms on
H/®(H) and automorphisms of order dividing a prime on H.



Groups with maximal subgroups 173

2 Preliminaries

Recall that G is called a Dy-group if G has a Hall w-subgroup E and every
mr-subgroup of G is contained in some conjugate of E.

The group G is said to be o -soluble [16] if every chief factor of G is o-primary.
In view of Theorem B in [17], every o-soluble group is a o-full group of Sylow
type [16], that is, every subgroup of G is a D, -group for all 0; € o. Note also that
if o = {{2},{3}, ...} is the finest partition of P, then any group G is o-full group
of Sylow type by the classical Sylow theorem.

Lemma 2.1 (see [16, Lemmas 2.8 and 3.2]). Let H and R < K be subgroups of
G, where H is o-permutable in G and R is normal in G.

(1) The subgroup HR /R is o-permutable in G/ R.
(2) If G is a o-full group of Sylow type, then H N K is o-permutable in K.

(3) If G is a o-full group of Sylow type and K /R is o-permutable in G/ R, then
K is o-permutable in G.

Lemma 2.2. Let H < E and R be subgroups of G, where H is o-permutably
embedded in G and R is normal in G.

(1) The subgroup HR /R is o-permutably embedded in G/ R.
(2) If G is a o-full group of Sylow type, then H is o-permutably embedded in E.

Proof. Let {1, Hy,..., H;} be a complete Hall o-set of H. Let W be a o-per-
mutable subgroup of G such that H; is a Hall ¢;-subgroup of W.

(1) Since H; is a Hall o;-subgroup of H, we conclude that |HR : RH;| =
|H : H;||R N H;|:|RN H|is ao/-number. Hence RH; /R is a Hall 0;-subgroup
of RH/R. Then {R, HiR/R, ..., HsR/R} is a complete Hall o-set of HR/R.
Similarly, RH;/R is a Hall o;-subgroup of RW/R, where WR/R is a o-per-
mutable subgroup of G/R by Lemma 2.1 (1). Hence HR/R is o-permutably
embedded in G/R.

(2) By Lemma 2.1 (2), W N E is o-permutable in E and H; < W N E, so H;
is a Hall o;-subgroup of W N E. The lemma is proved. |

We use OT1(G) to denote the subgroup of G generated by all its TT’-subgroups;
O11(G) to denote the subgroup of G generated by all its normal IT-subgroups.

Lemma 2.3. Let N be a normal o;-subgroup of G. Then N < Z5(G) if and only
if 0%(G) = Cg(N).
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Proof. If O°(G) < Cg(N), then, for every chief factor H/K of G below N,
both H/K and G/Cg(H/K) are oj-groups since G/0% (G) is a o;-group,
so N < Zs(G).

Now assume that N < Z5(G). Let 1 = Zyg < Zy <--- < Z; = N be a chief
series of G below N and C; = Cg(Z;/Zi—1). Let C = Cy N ---N Ct. Then
G/C is a oj-group. On the other hand, C/Cg(N) >~ A < Aut(N) stabilizes
the series 1 = Zyg < Z1 <---<Z; =N, so C/Cg(N) is a w(N)-group by
[5, Theorem 0.1]. Hence G/ Cg (N ) is a g;j-group, and so 0% (G) < Cg(N). The
lemma is proved. o

Lemma 2.4 (see [16, Lemma 2.6]). Let A and K be subgroups of a o-full group
G. Suppose that A is o-subnormal in G. Then:

(1) AN K is o-subnormal in K.
(2) If K < A and A is o-nilpotent, then K is o-subnormal in G.

(3) If H # 1is a Hall T1-subgroup of G and A is not a T1'-group, then ANH # 1
is a Hall T1-subgroup of A.

Lemma 2.5 (see [16, Lemma 3.1]). Let H be a o;-subgroup of a o-full group G.
Then H is o-permutable in G if and only if O° (G) < Ng(H).

We call the product of all normal o-nilpotent subgroups of G the o-Fitting
subgroup of G and denote it by Fy(G). We need the following facts on the sub-
group Fy(G).

Lemma 2.6. The following statements hold.
(1) Fs(G) is o-nilpotent.

(1) If A is a o-subnormal subgroup of a o-full group G and A is o-nilpotent,
then A is contained in Fg(G). Hence for any two o -nilpotent o -subnormal
subgroups A and B of any o-full group G, the subgroup (A, B) is o-nil-
potent and it is also o-subnormal in G.

Proof. (i) It is enough to prove that if G = AB, where A and B are normal o -nil-
potent subgroups of G, then G is o-nilpotent. Moreover, in this case, in view of
[16, Proposition 2.3], it is enough to show that every chief factor H/K of G is
o-central in G. Since the hypothesis holds for G/ K, it is enough to consider the
case when H is a minimal normal subgroup of G. Let D = A N B, H a g;-group
andC = Cg(H).If H < D,then A/CNA~AC/Cand B/C N B~ BC/C
are g;-groups, so G/C = (AC/C)(BC/C) is a o;-group. Finally, ift H < A and
H £ B, then B < C and as above we again obtain that G/C is a o;-group. This
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shows that H/1 is o-central in G. Therefore in view of the Jordan—Holder theorem,
every chief factor of G is o-central.

(ii) It is enough to consider the case when A is a g;-group for some i € /. By
hypothesis, G has a Hall o;-subgroup, say H. Then, by Lemma 2.4 (3), for every
x € Gwehave A < H*.Hence A° < Hg < F, (G). The second assertion of (ii)
is a corollary of (i). O

Lemma 2.7 (see [16, Theorem B]). Let H be a subgroup of a o-full group G. If
H is o-permutable in G, then H is o-subnormal in G and H/Hg is o-nilpotent.

Lemma 2.8. Let H be a normal subgroup of G. If H/H N ®(G) is a T1-group,
then H has a Hall T1-subgroup, say E, and E is normal in G. Hence, if the sub-
group H/H N ®(G) is o-nilpotent, then H is o-nilpotent.

Proof. Let D = O1(H). Since H/(H N ®(G)) isa I1-group, D < H N ®(G).
Now since H N ®(G) is nilpotent, D is a Hall IT’-subgroup of H. By the Schur—
Zassenhaus theorem, H has a Hall IT-subgroup, say E. It is clear that H is
IT’-soluble, so any two Hall IT-subgroups of H are conjugate. Now by the Frattini
argument, we have G = HNg(E) = (E(H N ®(G)))Ng(E) = Ng(E). Thus
E is normal in G. The lemma is proved. |

3 Proofs of Theorems A and B

Let 00 = {alp :j € J} be a partition of P. Then we write 0° < o provided
for each j € J thereisi € I such that Oj(-) C o;.

The proof of Theorem A consists of many steps and one of them is based on the
following useful fact.

Theorem 3.1. Let 00 be a partition of P such that 6° < o. Suppose that G has
a complete Hall og-set #oy = {1, Hy, ..., H¢} such that every maximal subgroup
of every member of Hy is o-permutably embedded in G. If G is a o°-full group of
Sylow type, then G is o-soluble.

Proof. Suppose that this theorem is false and let G be a counterexample of mini-
mal order. Thent > 1since 0 < 0. Leto? = {UI-O :i € J € N}. We can assume
without loss of generality that H; is a Ul.o—group foralli =1,...,¢. Assume also
that H; is a oj,-group foralli =1,...,1.

Let R be a minimal normal subgroup of G. Then the hypothesis holds for G/R
by Lemma 2.2 (1), so G/ R is o-soluble by the choice of G. It is easy to see that the
class of all o-soluble groups is closed under taking direct products, homomorphic
images and subgroups, and that the extension of a o-soluble group by a o-soluble
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group is a o-soluble group. Hence R is the unique minimal normal subgroup of G
and R is not o-primary.

(a) For all i, either H; < Ror RN H; < ®(H;).

Indeed, suppose that H; £ R. Assume that R N H; £ ®(H;). Let IV be a max-
imal subgroup of H; such that RN H; £ V. Then H; = (RN H;)V. Let W be
a o-permutable subgroup of G such that V' is a Hall 0, -subgroup of W.If W =1,
then W ~ W/ Wg is o-nilpotentand so 1 < W < F;(G) by Lemmas 2.6 and 2.7.
But then R < F;(G), so R is o-primary. This contradiction shows that Wg # 1.
Hence R < W and so H; = (RN H;)V < W, which implies that |H;| = |V]|,
a contradiction. Hence we have (a).

(b) If H; < R, then H; is of prime order. Hence a Sylow 2-subgroup G, of G is
not contained in R.

Let V' be a maximal subgroup of H; and W a o-permutable subgroup of G such
that V' is a Hall o}, -subgroup of W. Then R £ W. Hence Wi =1 and so W is
o-subnormal in G and W is o-nilpotent by Lemma 2.7. But then V' is o-subnormal
in G by Lemma 2.4 (2). Hence by Lemma 2.4 (3), VN H* = V andso V < H*
for all x € G. This implies that V¢ < H; . If V # 1, then R < V° < H;, a con-
tradiction. Hence V' = 1 and H; is of prime order.

(¢) There exists i such that H; £ R. (Since R is not o-primary, this follows
from Claim (b) and [9, Chapter IV, Section 2.8].)

Without loss of generality we can assume that H; £ R foralli = 1,...,r,and
H; < Rforall j >r.LetIl = {0?,...,09} and 7 = Uaiena,-.

(d) Any supplement N to R in G possesses a -soluble Hall T1-subgroup L such
that some conjugate of H; is contained in L foralli = 1,...,r. Hence RL = G
and 2 divides |L|.

Let L be a minimal supplement to R in G containedin N. Then L N R < ®(L),
so L is o-soluble since G/R>~L/LNRis 0 soluble. Let 1 < j <r. Then we
have H; £ R, so 0 € 0°(L). Since G is a o°-full group of Sylow type, L pos-
sesses a Hall oj subgroup L; and for some x € G we have L; < H *. Suppose
that L; < Hx Then |Hx| is not prime, so HxﬁR < ®(H;) by Clalms (a) and (b).
Since

H;‘ NL;R = LJ-(HJ?C NR)= (Hf N L)(Hj‘ N R)
and, clearly, [RL : (H N L)(H N R)|isa (o](-))/ -number, we have that
HJ?‘ = H]?‘ NRL = (Hf N R)(Hj?C NL)y=(H;NR)*L; =1L;

since (H; N R)* < CD(HJ?‘). This contradiction shows that L; = H]?‘ < L. Since
LNR < d(L),7n(L/LNR) = m(L). Therefore w(L) = 7, so L is a Hall TT-sub-
group of G and 2 divides |L|. Hence we have (d).

(e) We have r <t, so R is a non-abelian simple group. (This follows from
Claim (d) and the choice of G.)
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Let P be a Sylow 2-subgroup of R. Then P is not of prime order. Hence there
is x € G such that P < L* and so there is a o-soluble Hall I1-subgroup L of G
such that P < L by Claim (d).

(f) The group R has a Hall {2, p}-subgroup for each p dividing |R|.

First assume that p € 7 and let G, be a Sylow p-subgroup of G. The Frattini ar-
gument implies that G = RNg(P), so Ng(P) possesses a g-soluble IT1-Hall sub-
group L such that some conjugate of H; is contained in L foralli = 1,...,r by
Claim (d). Hence for some x € G wehave G; < L < Ng(P).Then PG, N R =
P(G, N R) is a Hall {2, p}-subgroup of R. Now assume that p € w(H;) for
some i > r. Then H; is a Sylow subgroup of R by Claims (a) and (b), and there is
a Hall IT-subgroup L of G such that L < Ng(H;) by Claim (d). But for some x we
have P* < L, so P* < Ng(H;) and hence P*H; N R = P*(H; N R) is a Hall
{2, p}-subgroup of R.

(g) A Sylow 2-subgroup R of R is non-abelian.

Assume this is false. Then by Claims (e) and [10, Chapter XI, Theorem 13.7],
R is isomorphic to one of the following groups:

(a) PSL(2,27),

(b) PSL(2, q), where 8 dividesq —3 org — 5,
(c) the Janko group Ji,

(d) aRee group.

But with respect to each of these groups it is well known that the group has no Hall
{2, g}-subgroup for at least one odd prime ¢ dividing its order (see, for example
[19, Theorem 1]), which contradicts ( ). Hence we have (g).

(h) Ifk > r and Hy, is a p-group, p # 2, then p does not divide |R : Nr((P')|.
Hence G = Ng((P')L for each Hall T1-subgroup L of G.

Claim (d) implies that for some element x € G we have P < Ng(H ,f) Let
W = H}f x P. Then from Claims (a) and (b) we have that |H}’| = p, and so
W/Cw (H}) ~ P/P N Cw (H}) is abelian. Hence H}' < Ng(P'). This implies
that p does not divide |G : Ng ((P)].

Final contradiction. In view of Claim (d), there is a o-soluble Hall IT-subgroup
L of G such that P < L. On the other hand, G = Ng(P')L by Claim (h). Hence

(P/)G — (P/)LNG(P') — (PI)L <L.

But by Claim (g), P’ # 1. Hence R < L. But then R is o-primary. The final con-
tradiction completes the proof. |

Proof of Theorem A. Let D = G¥ and # = {1, H,,..., H;} a complete Hall
o-set of G. We can assume without loss of generality that H; is a o;-group for all
i=1,...,t.



178 W. Guo and A. N. Skiba

Necessity. Suppose that this is false and let G be a counterexample of minimal
order. Then D # 1,andsot > 1.

(1) The hypothesis holds on every quotient of G. (This directly follows from
Lemma 2.2(1).)

(2) G is o-soluble. (This directly follows from Theorem 3.1.)

(3) D is soluble.

Let R be a minimal normal subgroup of G. Then D/D N R >~ DR/R =
(G/R)% is nilpotent by Claim (1) and the choice of G. Therefore R < D and R is
the unique minimal normal subgroup of G. Assume that R is non-abelian. Since G
is o-soluble by Claim (2), R is o-primary. Let R < H; and R, be a Sylow p-sub-
group of R, where p € w(R). Then R, = RN P £ ®(P), where P is a Sylow
p-subgroup of G containing R, by the Tate theorem [9, Chapter IV, Section 4.7].
Let V be a maximal subgroup of P such that P = R,V . If P is a o;-group,
then by hypothesis there is a o-permutable subgroup W of G such that V' is a Hall
oi-subgroup of W.Hence P £ W,and so R £ W . It follows that W = 1. There-
fore V is o-subnormal in G by Lemma 2.7.

We show that V' is o-permutable in G. First note that V' < H;* for all x € G by
Lemma 2.4 (3), so VH* = H*V. Now let j # i. Then V is a o-Hall subgroup
of WH ]?‘ and V is o-subnormal in WH ]?‘ by Lemma 2.4 (1). Hence V' is normal in
WH j?‘ by Lemma 2.4 (3), so VH j?‘ =H ]?‘ V. This shows that V' is o-permutable
in G. Therefore R < Ng(V) by Lemma 2.5 since R < D < 0% (G), and so
VAR, =V NRNP =VNRisnormal in R, which implies that V N R =1,
Thus |Rp,| = p. This shows that every Sylow subgroup of R is cyclic, and so R
is abelian by [9, Chapter 1V, Section 2.11]. This contradiction completes the proof
of (3).

(4) D is a o-Hall subgroup of G.

Suppose that this is false and let U be a Hall o;-subgroup of D such that
1 < U < H;. Without loss of generality, we can assume that i = 1. Then:

(a) Let R be a minimal normal subgroup of G contained in D. Then R = U
is a Sylow p-subgroup of D for some prime p € o1 and a p-complement of D is
a o-Hall subgroup of G. Hence R is the unique minimal normal subgroup of G
contained in D and R = H1 N D = G, N D, where G, is a Sylow p-subgroup
of G contained in H;.

Since D is soluble by Claim (3), R is a p-group for some prime p. Moreover,
D/R = (G/R)™ is a o-Hall subgroup of G/R by Claim (1) and the choice of G.
Suppose that UR/R # 1, then UR/R is a Hall oy-subgroup of G/R. If p ¢ o1,
then U is a Hall o;-subgroup of G by order considerations. This contradicts the
fact that U < H;. If p € 01, then R < U and so U/R is a Hall oy-subgroup
of G/R. It follows that U is a Hall o;-subgroup of G, which contradicts that
U < H;. Therefore UR/R = 1. Consequently, U < R and U = R. But, clearly,
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we have H; £ UR < D. Thus R = U = Hy N D is a Sylow p-subgroup of D.
It is also clear that a p-complement of D is a o-Hall subgroup of G.

(b) R £ ®(G), so for some maximal subgroup M of G we have G = R x M.

Assume that R < ®(G). Then D # R by Lemma 2.8. On the other hand, D/R
is a o{-group by Claim (a). Hence OU{ (D) # 1 by Lemma 2.8. But 00’1 (D) is
characteristic in D and so it is normal G, which contradicts (a). Thus R £ ®(G).
The second assertion of (b) follows from Claim (3).

(¢) If G has a minimal normal subgroup L # R, then Hy = R x L and
Gp = R x (L N Gp). Hence 001 (G)=1.

Indeed, L £ D by Claim (a). On the other hand, DL /L ~ D is a o-Hall sub-
group of G/ L by Claim (1) and the choice of G. Hence L < Hyand 1 < RL/L <
(HiL/L)N(DL/L).Consequently, H;/L < DL/Landso Hy = L(H{ND) =
L x R, which implies that G, = R x (L N Gp).

(d) Cg(R) = RxV,whereV =Cg(R)NM < Hj.

In view of Claims (3) and (b), Cg(R) = R x V, where V = Cg(R) N M is
a normal subgroup of G. By Claim (a), V N D = 1. Hence V ~ DV/D is o-nil-
potent. Let W be a o1-complement of V. Then W is characteristic in V' and so it
is normal in G. Therefore we have (d) by Claim (c).

() |[w(H1)| > L

Assume that /1 = Gp. Claim (b) implies that R £ ®(Hy). Let V' be a maxi-
mal subgroup of H; suchthat H; = RV'.Let W be a o-permutable subgroup of G
such that V' is a Hall o-subgroup of W. Then H; £ W,so V = Hy N W. Hence
RNV =RNH NW = RN W is o-permutable in G by [16, Theorem C]. It is
clear that H; < Ng(RNV),s0 G = H10°(G) < Ng(RN V) by Lemma 2.5.
The minimality of R implies that RNV = 1,s0 H; = R x V. First assume that
Wg # 1 and let L be a minimal normal subgroup of G contained in Wg. Then
H; = R x L by Claim (c), so |V| =|L| and hence V = L is normal in G. If
Wg = 1, then arguing as in the proof of Claim (3), one can show that V' is o-per-
mutable in G and so V is normal in G by Lemma 2.5. Hence H; = R x V is
an elementary abelian p-group, where |R| = p and V' is a minimal normal sub-
group of G. Note that since H; < D, we have that V £ D. The G-isomorphism
DV/D ~ V implies that V < Z;(G). Hence G = H10°'(G) < Cg(V'), and so
|V| = p.Now let R = (a), V = (b) and L = {(ab). Then, arguing as above, one
can get that L is normal in G. Clearly, L £ D, so in view of the G-isomorphisms
DL/D ~ L wegetthat L < Z5(G).Hence G, = Hy = VL < Z;(G). But then
G/Cg(R) is a p-group, so G = Hj. This contradiction shows that we have (e).

Final contradiction for (4). By [17, Theorem B], H; has a complement £ in
G such that EG, = G,E. Let S = (G,E)” . By Claim (e), EG, # G. By
Lemma 2.2 (2), the hypothesis holds for G, E, so the choice of G implies that S
is a nilpotent o-Hall subgroup of G, E. But since DG, E/D ~ G,E/Gp,E N D
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is o-nilpotent, S < G,END = (G, N D)(E N D) = R(E N D) by Claim (a).
Then, since R < G, it follows that S is a p’-group. Now since R < D < EG,
by Claim (a), S < Cg(R) < Hyj.Hence S < D N Hy = R,andso V = 1. There-
fore E G is o-nilpotent and thereby E < Cg(R) < Hy.Thus E = landsot = 1,
a contradiction. Hence we have (4).

(5) D is nilpotent and every maximal subgroup of every Sylow subgroup of D
is normal in G.

Firstly, we show that D is nilpotent. Assume that this is false and let R be a min-
imal normal subgroup of G. Then RD/R = (G/R)¥ is nilpotent by Claim (1)
and the choice of G. Hence R < D and so R is a p-group for some prime p by
Claim (3). Moreover, R is the unique minimal normal subgroup of G and for some
H; we have R < H; < D by Claim (4). Clearly R £ ®(G), so R = Cg(R) =
F(G) by [4, Chapter A, Section 15.2]. Let P be a Sylow p-subgroup of G con-
tained in H;. Since H;/R a nilpotent Hall subgroup of D/R, P/R is normal in
D/R and hence P is normal in G. Butthen P = F(G) = R. Let VV be a maximal
subgroup of P. By hypothesis, there exists a o-permutable subgroup W of G such
that V' is a Hall g;-subgroup of W,so V = WN P = WNRiso-permutable in G
by [16, Theorem C]. Hence G = H; 0% (G) = 09 (G) < Ng (V) by Lemma 2.5
since H; < D < 0% (G). It follows that VV = 1, consequently |R| = p. There-
fore G/Cg(R) = G/R is an abelian group. This implies that G is supersoluble
and so D is nilpotent. Finally, note that we, in fact, have already proved that if P
is a normal Sylow subgroup of G contained in D, then every maximal subgroup
of P is normal in G.

(6) If p is a prime such that (p — 1,|G|) = 1, then p does not divide |D|. In
particular, | D| is odd.

Assume that this is false. Then, by Claims (4) and (5), D has a maximal sub-
group E such that |D : E| = p and E is normal in G. Then Cg(D/E) = G.
Since D is a Hall subgroup of G, it follows that G/ E = (D/E)x(ME/E), where
ME/E ~ M >~ G/D is o-nilpotent. Therefore G/E is o-nilpotent. But then
D < E, a contradiction. Hence p does not divide | D|. In particular, | D| is odd.

(7) Every subgroup H of D satisfying ®(D) < H is normal in G.

In view of Claim (5), ®(D) = ®(Py) x --- x ©(P;), where { Py, ..., Py} isthe
set of all different Sylow subgroups of D. Assume that for some i, (P;) # 1 and
let R be a minimal normal subgroup of G contained in (D). Then ®(D)/R =
®(D/R) < H/R. The choice of G implies that H/R is normal in G/ R. It follows
that H is normal in G. Now assume that ®(P;) = 1 for all /. Then every subgroup
of P; is normal in G by Claim (5). Bt H = (H N Py) x---x (H N P;),so H
is normal in G.

From Claims (3)—(7) we get that the necessity holds for G, which contradicts
the choice of G.
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Sufficiency. Let V be a maximal subgroup of P;, where P; is a Sylow p;-sub-
group of G. Assume that P; < D, without loss of generality, we may assume
thati = 1. Then VO(D) = VO(P1) X -+ X D(Pr) =V X O(Py) X -+ x O(Py)
is normal in G by hypothesis. Clearly, V' is characteristic in V®(D), so V is
normal in G. Finally, suppose that P; £ D, and let P; is a o;-group. Then DV /D
is a subgroup of the o-nilpotent group G/ D, so DV /D is o-permutable in G/ D.
Hence DV is o-permutable in G by Lemma 2.1 (3), where V' is a Hall o -subgroup
of DV since D is a o-Hall subgroup of G by hypothesis. Hence V is o-permutably
embedded in G. The theorem is proved. o

Proof of Corollary 1.5. Sufficiency. Let H < G.If H £ D,then H,D/D < G/D
is o-nilpotent, and so H, D/D is o-permutable in G/D. Hence H, D is o-per-
mutable in G by Lemma 2.1 (3). This means that H), is o-permutable embedded
in G. Now assume that H < D = P; x --- x P,, where P; is the Sylow subgroup
of D. Then P; isnormalin Gand H =HND =(HNPy)x---x(HN Pp).
Hence HP; = P;H,and so HD,; = Dy, H, where Dy, is a 0;-Hall subgroup of
G contained in D. Moreover, since every element of M induces a power automor-
phism on D, we see that H is o-permutable in G. Thus the sufficiency holds.
Necessity. In view of Theorem A, it is enough to show that every p-subgroup
H of D, for any prime p dividing |D]|, is normal in G and D is abelian. By
hypothesis, there is a o-permutable subgroup W of G such that H is a Hall
o;-subgroups of W, for some o;. Let H; be a Hall o;-subgroup of G. Since D
is a nilpotent o-Hall subgroup of G, we have that H; < D. Hence H; is normal
in G, and so H = W N H; is o-permutable in G by Theorem C in [16]. But then
G = H;0%(G) = 0%(G) < Ng(H) by Lemma 2.5. Thus H is normal in G. It
follows also that D is a Dedekind group. But as D is of odd order, D is abelian.
The corollary is proved. |

Proof of Theorem B. Let A = G%o and let # = {1, Hy,..., H;} be a complete
Hall o-set of G. We can assume without loss of generality that H; is a o;-group
foralli =1,...,¢t.

Necessity. Suppose that this is false and let G be a counterexample of minimal
order. Then A # 1,s0¢ > 1.

By Theorem A, G = A x M, where A and M are o-Hall subgroups of G,
A=G% s nilpotent of odd order and every element of M induces a power
automorphism on A/ ®(A). It is clear that A # G. We can assume without loss of
generality that H; < Aforalli = 1,...,r and H; £ Aforalli > r.

Leti > r, let P be a Sylow subgroup of H; and V' a maximal subgroup of P.
Since V is o-permutable in G, V* < H; for all x € G. Hence Ve < H;. In view
of the G-isomorphism AVCG/A ~ VG VG < Z; where Z; = H; N Zy(G) is
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a Hall o;-subgroup of Z,(G). Hence by Lemma 2.3, 09 (G) < Cg (V) and so
[V.a] = 1 for each o/-elementa € G.

Now, for every i > r, we write E; to denote the product VIG o VnG, where
{V1,..., Vy} is the set of all maximal subgroups of all Sylow subgroups of H;.
Then E; < H;,so E; < H; forsome i > r (otherwise G = A X Hy41 X---x H;
is o-nilpotent, contrary to our assumption on G). Let r; = (| H; : E;|). We show
that E; possesses a normal 7;-complement K;. Indeed, a Sylow p-subgroup P
of H;, where p € m;,iscyclicand P £ E;, so by the Tate theorem [9, Chapter IV,
Section 4.7], E; is p-nilpotent for all p € . It follows that E; is 7/-closed, as
required. Note that the subgroup K; is characteristic in E;, so it is normal in G.

Now, let B = K;41 X--- X K;. Then B < Z,(G). Since B is a Hall sub-
group of G, B has a complement C in G by the Schur—Zassenhaus theorem.
From above proof, we see that G/ B is an extension of the nilpotent group AB/B
by a group C/B whose the Sylow subgroups are cyclic. Now it is clear that
G = A x (B x C) and the necessity holds.

Sufficiency. Let V be a maximal subgroup of a Sylow subgroup P of G. Suppose
that P is a o;-group. If P < Bor P < C, then 0% (G) < Cg(V) by Lemma 2.3
and the condition. Hence V' is o-permutable in G by Lemma 2.5. Finally, assume
that V' < Py < A. Since A is nilpotent, it follows that A = Py X --- X P, where
P; is the Sylow p;-subgroup of A. Then V®(A) = VO(Py) x--- x O(Py) =
V x ®(Py) x --- x ®(P;) is normal in G, where V' is characteristic in V®(D).
Hence V is normal in G. The theorem is proved. o
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