J. Group Theory 20 (2017), 185-192
DOI 10.1515/jgth-2016-0028 © de Gruyter 2017

A generalization of Burnside’s
p-nilpotency criterion

Yangming Li, Ning Su and Yanming Wang

Communicated by Robert M. Guralnick

Abstract. Let p be a prime number, let G be a finite group, and let P be a Sylow p-sub-
group of G. Under the assumption that Ng(P) is p-nilpotent, we give an equivalent
condition of the p-nilpotency of G. Our result is a generalization of the famous Burnside
p-nilpotency criterion and some recent results.

1 Introduction and statements of results

All groups considered in this paper are finite.

Let P be a Sylow p-subgroup of a finite group G for some prime p. If G is
p-nilpotent, then the normalizer Ng(P) is p-nilpotent. But the converse is not
true in general, i.e., the p-nilpotency of Ng(P) does not imply the p-nilpotency
of G in general (see [10, Example 1.1]). Hence we must add some extra condition
or impose stronger hypotheses. For example, for an odd prime p, the well-known
Glauberman—Thompson theorem [3, Theorem 8.3.1] states that G is p-nilpotent if,
and only if Ng(Z(J(P))) is p-nilpotent, where J(P) is the Thompson subgroup
of P (ref. [3]). Note that Ng(P) < Ng(Z(J(P)))).

The main purpose of this paper is to generalize the following result which is
known as Burnside’s p-nilpotency criterion.

Theorem 1.1 ([8, Theorem 7.2.1]). Let p be a prime number, let G be a finite
group, and let P be a Sylow p-subgroup of G. Suppose that NG (P) is p-nilpotent.
Then G is p-nilpotent if P is abelian.

As P being abelian is equivalent to P being contained in Z(P), the center of P,
one may interpret the following result of P. Hall as a generalization of Burnside’s
criterion.

The first author was supported in part by the project of NSFC (11271085), NSF of Guangdong
Province (China) (2015A030313791) and The Innovative Team Projectof Guangdong Province
(China) (2014KTSCX196), the second author is support by the project of NSFC (11401597) and
the Fundamental Research Funds for the Central Universities, the third author is support by the
project of NSFC (11171353).

The corresponding author is Ning Su.



186 Y. Li, N. Su and Y. Wang

Theorem 1.2 ([4]). Let p be a prime number, let G be a finite group, and let
P be a Sylow p-subgroup of G. Suppose that Ng(P) is p-nilpotent. Then G is
p-nilpotent if the nilpotency class of P is less than p, i.e., P < Z,_1(P), where
Zp_1(P) denotes the (p — 1)-th term of the ascending central series of P.

Remark 1.3. Theorem 1.2 can be deduced from Yoshida’s transfer theorem (see
[7, Theorem 10.1]).

Suppose that P is a p-group for some prime p and that i is an integer. Denote
the subgroups 2; (P) and Q(P) of P as follows:

Qi(P) if pisodd,

U(P) = (x e P =1). P) = {Qz(P) ifp=2

Recently the authors of [2] improved Hall’s result in the case that p is odd.

Theorem 1.4 ([2, Theorem D]). Let p be an odd prime number, let G be a finite
group, and let P be a Sylow p-subgroup of G. Suppose that NG (P) is p-nilpotent.
Then G is p-nilpotent if Q(P) < Zp_1(P).

The authors of [1] obtained the following nice result which extends Burnside’s
result in a different way:

Theorem 1.5 ([1, Theorem 1 and Theorem 2]). Let p be a prime number, let G
be a finite group, and let P be a Sylow p-subgroup of G. Assume that NG (P) is
p-nilpotent. Then G is p-nilpotent if either of the following conditions holds:

(1) QP NG') < Z(P).
(2) When p =2, Q1(P NG’') < Z(P) and P is quaternion-free.
where G' is the commutator subgroup of G.

As in Huppert ([6]), denote the subgroup of G generated by all p’-elements
of G by OP(G). Note that P N OP(G) < P NG’ if P is a Sylow p-subgroup
of G, and that G is p-nilpotent if and only if P N O?(G) = 1. The main theorem
of this paper is a generalization of all the results mentioned above.

Before the statement of the main theorem, we introduce the notion of the n-th
Engel word E, (x, y):

En(x,y)=[x,[x,....[x,»]]...].
N—— —
n copies of x

Suppose that H, K are subgroups of G, we say that G satisfies the n-th Engel
condition for (H, K) if E,(h,k) = 1forallh € H and h € K.
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Main Theorem. Let p be a prime number, let G be a finite group, and let P be
a Sylow p-subgroup of G. Assume that Ng(P) is p-nilpotent. Then G is p-nil-
potent if either of the following holds:

(1) G satisfied the (p — 1)-th Engel condition for (P, Q(P N O?(G))).
() p =2 Q21(P) < Z(P N O*(G)) and P is quaternion-free.
As an immediate consequence one has the following.
Corollary. Suppose that p is a prime. Let G be a group and P a Sylow p-subgroup

of G. Assume that NG (P) is p-nilpotent. Then G is p-nilpotent if either of the
following holds:

(1) QP N OP(G)) < Zp1(P).
2) p=2 21(PNOP(G)) < Z(P) and P is quaternion-free.

2 The proof of the Main Theorem

In the proof of the Main Theorem we will frequently use the fact that
Of(H) < 07(G)

for every subgroup H of G.
We also need the following lemmata.

Lemma 2.1 ([9, Lemma 2.3]). Let P be a 2-group and A an automorphism group
of P of odd order. If A acts trivially on Q1(P) and P is quaternion-free, then
A=1

Lemma 2.2 ([5, Theorem B]). Let H be a p-soluble linear group over a field of
characteristic p satisfying Op(H) = 1. If g is an element of order p™ in H, then
the minimal polynomial of g is (x — 1)", where r = p™, unless there is an integer
mg, not greater than m, such that p™° — 1 is a power of a prime q for which
cq(H) > 1 (where cy(H) denotes the class of a Sylow q-subgroup of H; that is,
the length of the upper or lower central series of H ). In the latter case, if mq is
the smallest such integer, one has

prTmo(p™Me —1) <r < p™.

Proof of the Main Theorem. Assume that either condition (1) or (2) holds. Sup-
pose that the assertion is false, and let G be a counterexample with minimal order.
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Step 1: Opr(G) = 1. Clearly, the hypotheses hold for G/ O,/ (G). Hence the min-
imal choice of G implies that O,/(G) = 1.

Step 2: For any subgroup S of G with P < S € G, S is p-nilpotent. Since we
have Ns(P) < Ng(P), Ns(P) is p-nilpotent. Note that O?(S) < OP(G), the
hypotheses hold for S as well, and thus S is p-nilpotent by the minimal choice
of G.

Step 3: We have P N OP(G) < G and thus OP(G) is p-soluble. We first prove
that P N OP(G) € P and thus O?(G) € G. Assume that P N OP(G) = P.
Suppose that p = 2. If condition (1) holds, then G satisfies the 1-st Engel con-
dition for (P, Q(P)). This means that Q(P) < Z(P). Hence G is p-nilpotent by
Theorem 1.5 (1), a contradiction. If condition (2) holds, applying Theorem 1.5 (2)
directly, we have G is p-nilpotent, a contradiction. Hence p is odd. Write

G =G/0y(G) and P = P/0,(G).

Let H be a subgroup of G such that H/0,(G) = Ng(Z(J(F))), where J(P) is
the Thompson subgroup of P. Since O,(G) = 1, H € G. Noticing that P < H,
we have that H is p-nilpotent by Step 2. Thus H/O0,(G) = Ng(Z(J(F))) is
p-nilpotent as well. It then follows from the Glauberman—Thompson theorem (see
[3, Theorem 8.3.1]) that G is p-nilpotent. If G is a p’-group, then P = 0,(G)
and G = Ng(P) is p-nilpotent by hypothesis, a contradiction. Hence G is not
a p’-group. Let K/O,(G) be the normal p-complement of G. Then we have that
G/K = (G/Op(G))/(K/Op(G)) is a p-group, and thus OP(G) < K. More-
over, K € G as G is not a p’-group. Therefore P £ K. But P < OP(G) < K,
a contradiction. Hence P N OP(G) < P, as desired.

Remark. For the proof that P N O?(G) < P in the case that p is odd, the referee
gave us a short argument as follows.

Suppose that P N OP(G) = P and p is odd. As G is not p-nilpotent, by
[10, Main Theorem], P contains a subgroup ¥ = Y;,(P) for some integer m > 1
(see [10]). But G does not satisfy the (p — 1)-th Engel condition for (Y, 21(Y)),
a contradiction. Therefore P N O?(G) € P, as desired.

Suppose that Ng (P N OP(G)) € G. Noticing that P < Ng(P N OP(G)), we
have that NG (P N OP(G)) is p-nilpotent by Step 2. Then No»(G)(P N OP(G))
is p-nilpotent. It follows that the hypotheses of the theorem hold for O (G). Since
0?(G) € G, OP(G) is p-nilpotent by the minimal choice of G. This implies that
G is p-nilpotent, a contradiction. Therefore Ng(P N O?(G)) = G. It follows
that P N OP(G) is a normal Sylow p-subgroup of O?(G) and thus OP(G) is
p-soluble.
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Step 4: The group G is p-soluble and Cg(0p(G)) < O,(G) # 1. By Step 3,
G is p-soluble. Hence Cg (0, (G)) < O,(G) by Step 1 and [3, Theorem 6.3.2].

Step 5: Ng(P) = P is a maximal subgroup of G. Let T be the normal p-com-
plement of Ng(P). Since T < Cg(0p(G)) < Op(G) by Step 4, T = 1. Hence
Ng(P) = P.

Suppose that M is a maximal subgroup of G containing Ng(P). Then M
is p-nilpotent by Step 2. Hence [Op (M), Op(G)] =1 and thus Oy (M) = 1.
Therefore M = P is a maximal subgroup of G.

Step 6: G = PQ, where Q is a Sylow q-subgroup of G for some ¢ # p. Moreover,
P = (P N OP(G)){a)forsomea € Ng(Q) and Q has no proper subgroups that
are {a)-invariant. Moreover, O,(G)Q/0,(G) is a chief factor of G and Q is
elementary abelian. Clearly, G is not a p-group. Let ¢ be a prime such that
q € 7(G)and g # p. Since G is p-soluble, there exists a Sylow g-subgroup Q of
G such that PQ is a subgroup of G (see [3, Theorem 6.3.5]). By Step 5, we have
G =PQ.

Now let P1/(P N OP(G)) be a maximal subgroup of P/(P N OP(G)). Then
P < Ng(Pp). The maximality of P implies that Ng(P1) = P or Ng(P1) = G.
Let H = P;O?(G). By construction, H # G. Suppose that Ng(P;) = P. Then
Ng (P1) = Py is p-nilpotent. It follows that H satisfies the hypotheses of the
Main Theorem. By the minimality of G, we have that O?(G) < H is p-nilpotent
and thus G is p-nilpotent, a contradiction. Therefore, Ng(P1) = G and P; is
normal in G. As G is not p-nilpotent, this yields O,(G) = Pj. In particular,
P/P N OP(G) has a unique maximal subgroup and hence is cyclic. On the other
hand, by the Frattini argument, we have that

G = 0P(G)Ng(Q).
As OP(G) = P N O?(G)Q, this yields
G = (P N OP(G))Ng(Q).

Clearly, P = PN [(P N OP(G))Ng(Q)] = (P N OP(G))(P N Ng(Q)). Since
P/(P N OP(G)) is acyclic group, we can find a cyclic group (@) < P N Ng(Q)
such that P = (P N OP(G)){a).

If X is a proper subgroup of Q that is (a)-invariant, then PX will be a subgroup
strictly between P and G, which is contrary to Step 5.

Let T/O,(G) be a chief factor of G. Then T'/O,(G) is an elementary abelian
g-group and there exists a Sylow g-subgroup Q1 of T such that 7 = Q10,(G).
Itisclearthat PT = PQ.By Step 5, wehave PT = PQ = G.Hence Q = Q;
is elementary abelian.
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Step 7: Let P, = Q(P N OP(G)){a) when condition (1) of the Main Theorem

holds, and let P, = Q1(P N OP(G)){a) when condition (2) of the Main Theorem

holds. Then P = P,. Suppose that P > P,. Since P N OP(G) < G, we have

Q(P NOP(G)) DG and Q1(P N OP(G)) < G. Clearly, (a)Q is a subgroup

of G. It follows that G; = P Q is a subgroup of G. Since P > P>, G; £ G.
Assume that K is a subgroup of G containing P,. Then

K =KNGy=PyKNO).

Since K N Q is a subgroup of Q that is (a)-invariant, it follows that K N Q =1
or Q. Hence K = P, or G;. This means that P, is maximal in G.

Hence Ng,(P2) = P2 or G;. Suppose that Ng,(P2) = G1. Then we have
0 < Ng(P3). It follows that

0 = Ng(P2(P N OP(G))) = Ng(P)

and thus Ng(P) = G is p-nilpotent, a contradiction.

Suppose that NG, (P2) = P». Then Ng, (P2) is p-nilpotent. It follows that G;
satisfies the hypotheses of the theorem and thus G; is p-nilpotent by the mini-
mal choice of G. If condition (1) of the Main Theorem holds, then Q centralizes
Q(P N OP(G)). It follows that Q centralizes P N O?(G) by [3, Theorem 5.3.2]
and thus O?(G) is p-nilpotent, a contradiction. If condition (2) of the Main The-
orem holds, then Q centralizes Q1(P N OP(G)) and P N OP(G) is quaternion-
free. In this case we also have that Q centralizes P N O?(G) by Lemma 2.2 and
OP(G) is p-nilpotent, a contradiction.

Therefore we have P = P».

Step 8: The final contradiction. We want to apply Lemma 2.2 to obtain the
final contradiction. First of all we shall construct the groups in Lemma 2.2. Put
G = G/P(0p(G)). B

Step 8.1: Op(G) = 1. Suppose that O,/ (G) # 1. Let K be a normal subgroup
of G such that O,/ (G)= K/®(0,(G)). We can write K = K,y ®(0,(G)), where
K, is a Hall p’-subgroup of K. Since ®(0,(G)) is a normal Sylow p-subgroup
of K, it follows that any two Hall p’-subgroups of K are conjugated in K by the
Schur-Zassenhaus Theorem. Then, by Frattini’s argument, we have

G = KNG(Kp) = Ky ®(0p(G))Ng (Kp) = ®(0p(G)) NG (Kp/).

As ®(0p(G)) < ®(G), this yields that G = Ng(K,’) and thus K,y < G. But
then 1 # Kj» < Op/(G), contrary to Step 1.
Step 8.2: Cz(0p(G)) = Op(G). By Step 8.1 and [3, Theorem 6.3.2].
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Step 8.3: Put H = G/ Op (G). Then H is a p-soluble linear group over a field
of characteristic p satisfying O, (H) = 1. Itis easy to see that

H =G/0,(G) = G/Cg(0,(G))

acts faithfully on 0,(G), where 0,(G) = 0,(G)/®(0,(G)) is an elementary
abelian p-group. So H is a p-soluble linear group over a field of characteristic p.
Clearly, O,(H) = 0,(G/0,(G)) = 1. Hence Step 8.3 holds.

Step 8.4: Let g denote the image of a in H = G /0,(G). Then g # 1. Suppose
g = 1. Then a®(0,(G)) € 0,(G) = 0,(G)/®(0,(G)) and thus a € 0,(G).
From Step 3 one concludes that P N O?(G) < O,(G).But P = (PN OP(G)){a)
by Step 7. So P = O0,(G) and G = Ng(P) is p-nilpotent by the hypothesis,
a contradiction.

Step 8.5: There exists an element y € O, (G) such that Ep_1(g.y) # 1. Since
Q is abelian by Step 6, Lemma 2.1 shows that the minimal polynomial of g is
(x — 1)", where r is the order of g. From Step 8.4, one deduces that » > p. This
means that (g — 1)?~! = 0in H. Hence Step 8.5 holds.

Step 8.6: Completing Step 8. For any u € P, by Step 7, we can write u = sf,
where ¢t € {(a) and s € Q(P N OP(G)) when condition (1) of the Main Theo-
rem holds, or s € Q1(P N OP(G)) when condition (2) of the Main Theorem
holds. Hence, by hypotheses, Ep—1(a,u) = Ep—1(a,s) = 1. The above equa-
tion implies that, for any z € 0,(G), we have E,_1(g,z) = 1. This is contrary
to Step 8.5.

These completes the proof of Main Theorem. o
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