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Abstract. We address the question whether or not the condition on a fusion category
being solvable is determined by its fusion rules. We prove that the answer is affirmative
for some families of non-solvable examples arising from representations of semisimple
Hopf algebras associated to exact factorizations of the symmetric and alternating groups.
In the context of spherical fusion categories, we also consider the invariant provided by the
S -matrix of the Drinfeld center and show that this invariant does determine the solvability
of a fusion category provided it is group-theoretical.

1 Introduction

Throughout this paper we shall work over an algebraically closed field k of char-
acteristic zero. Let G be a finite group. An important invariant of G is given by its
character table, defined as the collection ¹�i .gj /º0�i;j�n, where � D �0; : : : ; �n
are the irreducible characters of G over k and e D g0; : : : ; gn are representatives
of the conjugacy classes of G. Several structural properties of G can be read off
from its character table. For instance, the character table of G allows one to deter-
mine the lattice of normal subgroups ofG and to decide if the groupG is nilpotent
or solvable. See [16, p. 23]. It is known, however, that the character table of a finite
solvable group G does not determine its derived length [19, 20].

In particular, if G and � are finite groups with the same character table, then G
is solvable if and only if � is solvable. In addition, the knowledge of the character
table of a finite group G is equivalent to the knowledge of the structure constants,
in the canonical basis consisting of isomorphism classes of irreducible representa-
tions, of the Grothendieck ring of the fusion category RepG of finite-dimensional
representations of G over k, the so-called the fusion rules of RepG.

The notions of nilpotency and solvability of a group G have been extended to
general fusion categories in [12,15]. Let C be a fusion category over k. Then C is
nilpotent if there exists a series of fusion subcategories

Vect D C0 � C1 � � � � � Cn D C ; (1.1)
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and a series of finite groupsG1; : : : ; Gn, such that Ci is aGi -extension of Ci�1, for
all i D 1; : : : ; n. On the other side, C is solvable if there exists a sequence of fu-
sion categories Vect D C0; : : : ;Cn D C , n � 0, and a sequence of cyclic groups of
prime orderG1; : : : ; Gn, such that, for all 1 � i � n, Ci is aGi -equivariantization
or a Gi -extension of Ci�1. See Section 2.2. Some features related to nilpotency
and solvability have also been extended from the context of finite groups to that
of fusion categories; remarkably, an analogue of Burnside’s paqb-theorem was
established for fusion categories in [12].

It is apparent from the definition of nilpotency of a fusion category C given in
[15] that this property depends only upon the Grothendieck ring of C , that is, it is
determined by its fusion rules. In this paper we address the question of whether or
not the solvability of a fusion category C is also determined by its fusion rules.

Since a solvable fusion category has nontrivial invertible objects and a simple
group has no nontrivial one-dimensional representation, it follows that no solvable
fusion category can have the same fusion rules as a simple finite group. We show
that if C is a fusion category with the same fusion rules as a dihedral group, then C

is solvable. On the other hand, if C has the fusion rules of a symmetric group Sn,
n � 5, then C is not solvable; Theorem 3.4 and Corollary 3.7.

We study some families of examples of non-solvable fusion categories arising
from representations of semisimple Hopf algebras associated to exact factoriza-
tions of the symmetric group Sn and the alternating group An. For a wide class
of such fusion categories C , we show that C cannot have the fusion rules of any
solvable fusion category. See Theorems 4.14, 4.18, 4.20 and 4.22.

In the context of braided fusion categories, the solvability of a fusion category
C is related to the existence of Tannakian subcategories of C ; it is known that if C

is a non-pointed integral solvable braided fusion category, then it must contain
a nontrivial Tannakian subcategory [30, Lemma 5.1].

We show that if QC is a non-pointed braided fusion category which has the
same fusion rules as a solvable fusion category C , then QC contains a nontrivial
Tannakian subcategory. See Theorem 5.1.

For a spherical fusion category C we study a somehow stronger invariant, anal-
ogous to the character table of a finite group, consisting of the S -matrix of the
Drinfeld center Z.C/ of C . Indeed, the S -matrix of a modular category D is
usually named the ‘character table’ of D in the literature; see for instance [13].
A celebrated formula due to Verlinde, and valid for any modular category, im-
plies that the S -matrix of Z.C/ determines its fusion rules. We call two spherical
fusion categories S -equivalent if their Drinfeld centers have ‘the same’ S -matrix;
see Section 6.3.

We prove in Theorem 6.5 that the S -matrix of the Drinfeld center does deter-
mine the solvability of a group-theoretical fusion category. That is, if C and D
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are S -equivalent spherical fusion categories and C is group-theoretical, then C is
solvable if and only if D is solvable. We also show that being group-theoretical
is a property invariant under S -equivalence, that is, it is a property determined by
the S -matrix of the Drinfeld center; see Theorem 6.3.

The paper is organized as follows. Section 2 contains the main notions and facts
on fusion categories that will be needed in the rest of the paper. In Section 3 we
study the notion of Grothendieck equivalence of fusion categories and its connec-
tion with solvability, and prove some results on the fusion rules of dihedral and
symmetric groups. In Section 4 we consider examples of non-solvable fusion cat-
egories arising from exact factorizations of the symmetric and alternating groups.
The case of braided fusion categories is studied in Section 5. Finally, in Section 6
we study the notion of S -equivalence of spherical fusion categories.

2 Preliminaries

The category of finite-dimensional vector spaces over k will be denoted by Vect.
A fusion category over k is a semisimple rigid monoidal category over k with
finitely many isomorphism classes of simple objects, finite-dimensional Hom
spaces, and such that the unit object 1 is simple. Unless otherwise stated, all tensor
categories will be assumed to be strict. We refer the reader to [10,11] for the main
notions on fusion categories used throughout.

2.1 Fusion categories

Let C be a fusion category over k. The Grothendieck groupK0.C/ is a free abelian
group with basis Irr.C/ consisting of isomorphism classes of simple objects of C .
For an object X of C , let us denote by ŒX� its class in K0.C/.

The tensor product of C endows K0.C/ with a ring structure with unit element
Œ1� and such that, for all objects X and Y of C ,

ŒX�ŒY � D ŒX ˝ Y �:

Let X; Y 2 Irr.C/. Then one can write

XY D
X

Z2Irr.C/

NZ
X;Y Z;

where NZ
X;Y are non-negative integers, for all X; Y;Z 2 Irr.C/. The collection of

numbers ¹NZ
X;Y ºX;Y;Z are called the fusion rules of C and they determine the ring

structure of K0.C/. They are given by the formula

NZ
X;Y D dim HomC .Z;X ˝ Y / for all X; Y;Z 2 Irr.C/.
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In the terminology of [15, Section 2.1], the pair .K0.C/; Irr.C// is a unital based
ring.

A fusion subcategory of C is a full tensor subcategory D such that D is replete
and stable under direct summands. Fusion subcategories of C are in bijective cor-
respondence with subrings of K0.C/ spanned by a subset of Irr.C/, that is, based
subrings of K0.C/.

The Frobenius–Perron dimension of a simple object X 2 C is, by definition,
the Frobenius–Perron eigenvalue of the matrix of left multiplication by the class
of X in the basis Irr.C/ of the Grothendieck ring of C consisting of isomorphism
classes of simple objects. The Frobenius–Perron dimension of C is the number

FPdim C D
X

X2Irr.C/

.FPdimX/2:

We shall indicate by cd.C/ the set of Frobenius–Perron dimensions of simple
objects of C. If 1D d0; d1; : : : ; dr are distinct positive real numbers and n1; : : : ; nr
are natural numbers, we shall say that C is of type .d0; n0I d1; n1I : : : I dr ; nr/ if C

has ni isomorphism classes of simple objects of Frobenius–Perron dimension di ,
for all i D 0; : : : ; r .

The group of invertible objects of C will be denoted by G.C/. Thus G.C/
coincides with the subset of elements Y of Irr.C/ such that FPdimY D 1. Thus,
if C is of type .1; n0I d1; n1I : : : I dr ; nr/, then n0 D jG.C/j. The category C is
called integral if FPdimX 2 Z, for all simple objectX 2 C , and it is called weakly
integral if FPdim C 2 Z.

Recall that a right module category over a fusion category C is a finite semi-
simple k-linear abelian category M endowed with a bifunctor ˝ WM � C !M

satisfying the associativity and unit axioms for an action, up to coherent natural
isomorphisms. The module category M is called indecomposable if it is not equiv-
alent as a module category to a direct sum of nontrivial module categories. If M is
an indecomposable module category over C , then the category C�

M
of C -module

endofunctors of M is also a fusion category.
Two fusion categories C and D are Morita equivalent if D is equivalent to C�

M

for some indecomposable module category M. If C and D are Morita equivalent
fusion categories, then FPdim C D FPdim D .

By [12, Theorem 3.1], the fusion categories C and D are Morita equivalent if
and only if their Drinfeld centers are equivalent as braided fusion categories.

A fusion category C is pointed if all its simple objects are invertible. If C is
a pointed fusion category, then there exist a finite groupG and a 3-cocycle ! onG
such that C is equivalent to the category C.G; !/ of finite-dimensional G-graded
vector spaces with associativity constraint defined by !. A fusion category Morita
equivalent to a pointed fusion category is called group-theoretical.
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2.2 Nilpotent and solvable fusion categories

Let G be a finite group. A G-grading on a fusion category C is a decomposi-
tion C D

L
g2G Cg , such that Cg ˝ Ch � Cgh and C�g � Cg�1 , for all g; h 2 G.

A G-grading is faithful if Cg ¤ 0, for all g 2 G. The fusion category C is called
a G-extension of a fusion category D if there is a faithful grading C D

L
g2G Cg

with neutral component Ce Š D .
If C is any fusion category, there exist a finite group U.C/, called the univer-

sal grading group of C , and a canonical faithful grading C D
L
g2U.C/ Cg , with

neutral component Ce D Cad, where Cad is the adjoint subcategory of C , that is,
the fusion subcategory generated by X ˝X�, X 2 Irr.C/.

In fact, K0.C/ad D K0.Cad/ is a based subring of K0.C/ and K0.C/ decom-
poses into a direct sum of indecomposable based K0.C/ad-bimodules

K0.C/ D
M

g2U.C/

K0.C/g ; with K0.C/e D K0.C/ad:

Then the group structure on U.C/ WD U.K0.C// is defined by the following prop-
erty: gh D t if and only ifXgXh 2 K0.C/t , for allXg 2 K0.C/g ,Xh 2 K0.C/h,
g; h; t 2 U.C/; see [15, Theorem 3.5].

A fusion category C is called (cyclically) nilpotent if there exists a sequence
of fusion categories Vect D C0 � C1 � � � � � Cn D C , and finite (cyclic) groups
G1; : : : ; Gn, such that for all i D 1; : : : ; n, Ci is a Gi -extension of Ci�1.

On the other side, C is solvable if it is Morita equivalent to a cyclically nilpotent
fusion category, that is, if there exists a cyclically nilpotent fusion category D and
an indecomposable right module category M over D such that C is equivalent to
the fusion category D�

M
of D-linear endofunctors of M.

Consider an action of a finite group G on a fusion category C by tensor auto-
equivalences � W G ! Aut˝ C . The equivariantization of C with respect to the
action �, denoted CG , is a fusion category whose objects are pairs .X; �/, such
that X is an object of C and � D .�g/g2G , is a collection of isomorphisms
�g W �gX ! X , g 2 G, satisfying appropriate compatibility conditions.

The forgetful functor F W CG ! C , F.X;�/ D X , is a dominant tensor functor
that gives rise to a central exact sequence of fusion categories RepG ! CG ! C

(see [4]), where RepG is the category of finite-dimensional representations of G.
The category CG is integral (respectively, weakly integral) if and only if so is C .

See [3, Proposition 4.9], [4, Proposition 2.12].
According to [12, Definition 1.2], a fusion category C is solvable if and only

if there exists a sequence of fusion categories Vect D C0; : : : ;Cn D C , n � 0,
and a sequence of cyclic groups of prime order G1; : : : ; Gn, such that, for all
1 � i � n, Ci is a Gi -equivariantization or a Gi -extension of Ci�1.
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It is shown in [12, Proposition 4.1] that the class of solvable fusion categories is
stable under taking extensions and equivariantizations by solvable groups, Morita
equivalent categories, tensor products, Drinfeld center, fusion subcategories and
components of quotient categories.

In view of [12, Proposition 4.5 (iv)], every nontrivial solvable fusion category
has nontrivial invertible objects.

Suppose that the finite group G acts on the fusion category C by tensor auto-
equivalences. Let Y 2 Irr C . The stabilizer of Y is the subgroup

GY D ¹g 2 G W �
g.Y / Š Y º:

Let ˛Y W GY �GY ! k� be the 2-cocycle defined by the relation

˛Y .g; h/
�1 idY D cg�g.ch/.�

g;h
2Y
/�1.cgh/�1 W Y ! Y; (2.1)

where, for all g 2 GY , cg W �g.Y /! Y is a fixed isomorphism [5, Section 2.3].
Then the simple objects of CG are parameterized by pairs .Y; U /, where Y

runs over the G-orbits on Irr.C/ and U is an equivalence class of an irreducible
˛Y -projective representation of GY . We shall use the notation SY;U to indicate
the isomorphism class of the simple object corresponding to the pair .Y; U /. The
dimension of SY;U is given by the formula

FPdimSY;U D ŒG W GY � dimU FPdimY: (2.2)

Lemma 2.1. Let p be a prime number. Suppose that the group Zp acts on a fusion
category C by tensor autoequivalences. Assume in addition that G.CZp / is of
order p and G.C/ ¤ ¹1º. Then CZp has a simple object of Frobenius–Perron
dimension p.

Proof. Let Y be an invertible object of C and letU be an irreducible ˛Y -projective
representation of the subgroup GY � Zp. Since GY is cyclic, then ˛Y D 1 in
H 2.GY ; k

�/ and dimU D 1. Then the Frobenius–Perron dimension of the simple
object SY;U is given by

FPdimSY;U D ŒG W GY �FPdimY D ŒG W GY �:

Moreover, if Y D 1, then GY D Zp. Therefore, letting U0 D �; U1; : : : ; Up�1 the
non-isomorphic representations of Zp, we get that 1 D S1;U0

; S1;U1
; : : : ; S1;Up�1

are all the non-isomorphic invertible objects of CZp . Hence for all invertible ob-
ject Y ¤ 1 of C , we must have ŒG W GY � D p and the simple object SY;U has
Frobenius–Perron dimension p. This proves the lemma.

Proposition 2.2. Let p be a prime number. Suppose that C is a solvable fusion
category such that G.C/ Š Zp and C has no simple objects of Frobenius–Perron
dimension p. Then C is cyclically nilpotent.
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Proof. The proof is by induction on FPdim C � p. If FPdim C D p, then there is
nothing to prove. Suppose FPdim C > p. Since C is solvable then, for some prime
number q, C must be a Zq-extension or a Zq-equivariantization of a fusion cate-
gory D . If the second possibility holds, then the assumption that G.C/ Š Zp im-
plies that q D p. Moreover, since D is also solvable, then Dpt ¤ Vect. By Lemma
2.1, C must have a simple object of dimension p, which contradicts the assump-
tion.

Therefore C must be a Zq-extension of a fusion subcategory D . In particu-
lar, D cannot have simple objects of dimension p and since D is solvable, then
Dpt ¤ Vect, whence G.D/ D G.C/ Š Zp. By induction, D and then also C , is
cyclically nilpotent. This finishes the proof of the proposition.

Lemma 2.3. Let C be a fusion category and let G be a finite group acting on C

by tensor autoequivalences. Then the forgetful functor U W Z.CG/! CG induces
an injective ring homomorphism K0.G/! Z.K0.C

G//. In particular, the groupbG is isomorphic to a subgroup of the center of G.CG/.

Proof. By [12, Proposition 2.10], the Drinfeld center Z.C/ contains a Tannakian
subcategory E Š RepG such that E embeds into C under the forgetful functor
U W Z.C/! C . As a consequence we obtain the lemma.

2.3 Braided fusion categories

A braided fusion category is a fusion category C endowed with a braiding, that is,
a natural isomorphism cX;Y W X˝Y ! Y ˝X ,X; Y 2 C , subject to the so-called
hexagon axioms.

If D is a fusion subcategory of a braided fusion category C , the Müger cen-
tralizer of D in C will be denoted by D 0. Thus D 0 is the full fusion subcate-
gory generated by all objects X 2 C such that cY;XcX;Y D idX˝Y , for all objects
Y 2 D .

The centralizer C 0 of C is called the Müger (or symmetric) center of C . The
category C is called symmetric if C 0 D C . If C is any braided fusion category, its
Müger center C 0 is a symmetric fusion subcategory of C . The category C is called
non-degenerate (respectively, slightly degenerate) if C 0 Š Vect (respectively, if
C 0 Š sVect, where sVect denotes the category of super-vector spaces).

For a fusion category C , the Drinfeld center of C will be denoted Z.C/. It is
known that Z.C/ is a braided non-degenerate fusion category of Frobenius–Perron
dimension FPdim Z.C/ D .FPdim C/2.

Let G be a finite group. The fusion category RepG of finite-dimensional rep-
resentations of G is a symmetric fusion category with respect to the canonical
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braiding. A braided fusion category E is called Tannakian, if E Š RepG for some
finite group G as braided fusion categories.

Every symmetric fusion category is equivalent, as a braided fusion category, to
the category Rep.G; u/ of representations of a finite groupG on finite-dimensional
super-vector spaces, where u 2 G is a central element of order 2 which acts as the
parity operator [6]. In particular, if C is symmetric, then it is equivalent to the
category of representations of a finite group as a fusion category.

Let G be a finite group. A G-crossed braided fusion category is a fusion cat-
egory D endowed with a G-grading D D

L
g2G Dg and an action of G by

tensor autoequivalences � W G ! Aut˝D , such that �g.Dh/ � Dghg�1 , for all
g; h 2 G, and a G-braiding c W X ˝ Y ! �g.Y /˝X , g 2 G, X 2 Dg , Y 2 D ,
subject to compatibility conditions. The G-braiding c restricts to a braiding in the
neutral component De.

If D is a G-crossed braided fusion category, then the equivariantization DG

under the action ofG is a braided fusion category containing RepG as a Tannakian
subcategory. Furthermore, the groupG acts by restriction on De by braided tensor
autoequivalences. The equivariantization DG

e coincides with the centralizer E 0 of
the Tannakian subcategory E in DG . See [23].

Let E be Tannakian subcategory of a braided fusion category C and let G be
a finite group such that E Š RepG as symmetric categories. Furthermore, let
A 2 C be the algebra corresponding to the algebra kG 2 RepG of functions on G
with the regular action. The de-equivariantization CG of C with respect to RepG
is the fusion category CA of right A-modules in C . This is a G-crossed braided
fusion category such that C Š .CG/

G . The neutral component of CG with respect
to the associated G-grading, denoted by C0G , coincides with the de-equivarianti-
zation E 0G of the centralizer of E by the group G.

Remark 2.4. Let us recall from [30, Proposition 4.1] that if E Š RepG � C is
a Tannakian subcategory, then the fusion category C is weakly integral (respec-
tively, weakly group-theoretical) if and only if C0G is weakly integral (respectively,
weakly group-theoretical). In addition, C is solvable if and only if C0G is solvable
and G is solvable.

Similarly, if C is integral, then so is C0G but, as pointed out by the referee and
contrary to the statement in [30, Proposition 4.1], the converse is not true in gen-
eral; examples can be found among the non-degenerate fusion categories E.q;˙/

constructed in [14, Section 5].
Although it is not relevant to the contents of the present paper, we remark that

if the support H of CG (which is a normal subgroup of G that coincides with G if
C is non-degenerate) has no nontrivial elementary abelian 2-group quotient, then
the assumption that C0G is integral implies that C is integral as well. In fact, sup-
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pose that C0G is integral, so that CG is weakly integral. It follows from [15, Theo-
rem 3.10] that there exists a maximal integral fusion subcategory B such that
CG is an E-extension of B, where E is an elementary abelian 2-group. In par-
ticular, C0G � B. Since CG is an H -extension of C0G , then E is isomorphic to
a quotient of H . By assumption, E must be trivial and thus CG , and therefore
also C , are integral, as claimed.

Lemma 2.5. Let C be a braided fusion category. Then the subcategory Cad \ Cpt
is symmetric.

Proof. Suppose first that C is non-degenerate. Then Cad D C 0pt, by [10, Corol-
lary 3.27]. Therefore Cad \ Cpt D C 0pt \ Cpt is a symmetric subcategory.

Next, for an arbitrary braided fusion category C , let Z.C/ be the Drinfeld center
of C . Since Z.C/ is non-degenerate, the category Z.C/ad \Z.C/pt is symmetric.
The braiding of C induces a canonical embedding of braided fusion categories
C ! Z.C/. We may therefore identify C with a fusion subcategory of Z.C/. Ob-
serve that Cad � Z.C/ad and Cpt � Z.C/pt. Hence Cad \ Cpt � Z.C/ad \Z.C/pt,
and then Cad \ Cpt is symmetric, as claimed.

Lemma 2.6. Let C be a braided fusion category such that Cad D C . Then C 0pt D C .

Proof. Let B � C be any fusion subcategory. By [10, Proposition 3.25] we have
.Bad/

0 D .B0/co D A, where A � C denotes the projective centralizer of B. Let-
ting B D Cpt we find that C D .Bad/

0 equals the projective centralizer of Cpt.
By [10, Lemma 3.15], the projective centralizer of a fusion subcategory B is
a graded extension of the centralizer B0. Since C D Cad, this implies that C D C 0pt,
as claimed.

3 Grothendieck equivalence of fusion categories

Let C and QC be fusion categories. A Grothendieck equivalence between C and QC
is a bijection f W Irr C ! Irr QC such that

f .1/ D 1; and N
f .Z/

f .X/;f .Y /
D NZ

X;Y ; (3.1)

for all X; Y;Z 2 Irr C .
We say that C and QC are Grothendieck equivalent if there exists a Grothendieck

equivalence between them.

Remark 3.1. Suppose f W Irr C ! Irr QC is a Grothendieck equivalence. Then the
map f extends canonically to a ring isomorphism f W K0.C/! K0. QC/.
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In particular, f induces a bijection between the lattices of fusion subcategories
of C and QC . If D is a fusion subcategory of C , we shall denote by f .D/ the
corresponding fusion subcategory of QC , that is, f .D/ is the fusion subcategory
whose simple objects are f .X/,X 2 Irr D . Note that f restricts to a Grothendieck
equivalence f W Irr D ! Irrf .D/.

Proposition 3.2. Let C and QC be fusion categories. Suppose that f W Irr C ! Irr QC
is a Grothendieck equivalence. Then the following hold:

(i) If X 2 K0.C/, then FPdim.f .X// = FPdim.X/. Hence, if D is a fusion
subcategory of C , then FPdim.f .D//= FPdim.D/.

(ii) X 2 Irr C is invertible if and only if f .X/ 2 Irr QC is invertible.

(iii) If X 2 Irr C , then f .X�/ D f .X/�.

(iv) f .C .n// D QC .n/, for all n � 0. In particular, C is nilpotent if and only if QC
is nilpotent.

(v) f induces a group isomorphism f WU.C/!U. QC/ such thatf .Cg/D QCf .g/.

Proof. (i) By Remark 3.1 we know that f extends to a ring isomorphism

f W K0.C/! K0. QC/:

By [11, Lemma 8.3], FPdim W K0.C/! R is the only ring homomorphism such
that FPdim.X/ > 0 for any 0 ¤ X 2 C , so FPdim.f .X// D FPdim.X/, for all
X 2 Irr C .

(ii) This follows from (i), since the invertible objects of a fusion category are
exactly those objects with Frobenius–Perron dimension 1.

(iii) Since f .1/ D 1, we have

N 1
f .X/;f .X�/ D N

1
X;X� D 1:

Therefore f .X�/ D f .X/�.
(iv) It follows from (iii) and the fact that f preserves fusion rules that

f .Cad/ D QCad:

Then f induces by restriction a Grothendieck equivalence Irr Cad ! Irr QCad. An
inductive argument implies that f .C .n// D QC .n/, for all n � 0.

(v) By definition, U.C/ D U.K0.C// (see [15]) and K0.C/ decomposes into
a direct sum of indecomposable based K0.C/ad-bimodules

K0.C/ D
M

g2U.C/

K0.C/g ;
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with K0.C/e D K0.C/ad. This decomposition is unique up to a permutation of
U.C/. By Remark 3.1, f extends to a ring isomorphism f W K0.C/! K0. QC/

and by (iv) f restricts to a ring isomorphism

K0.C/ad D K0.Cad/ Š K0. QCad/ D K0. QC/ad:

So for all g 2 U.C/, f .K0.C/g/ D K0. QC/ Qg , for a unique Qg 2 U. QC/. Letting
f .g/ D Qg, we obtain a group isomorphism f W U.C/! U. QC/ such that

f .K0.Cg// D K0. QCf .g//:

This implies (v).

Remark 3.3. Let G be a finite group. Observe that any G-grading on a fusion
category C with neutral component D is uniquely determined by a G-grading on
the Grothendieck ring K0.C/ with neutral component K0.D/. In particular, if C

and QC are Grothendieck equivalent, then C is G-graded with neutral component
D if and only if QC isG-graded with neutral component QD , such that QD and D are
Grothendieck equivalent.

Our first theorem concerns fusion categories with dihedral fusion rules.

Theorem 3.4. Let n be a natural number and let C be a fusion category. Sup-
pose that C is Grothendieck equivalent to the category RepDn, where Dn is the
dihedral group of order 2n. Then C is solvable.

Proof. It follows from [25, Theorem 4.2] that a fusion category Grothendieck
equivalent to the representation category of a dihedral group is group-theoretical.
Then C is group-theoretical, that is, it is Morita equivalent to a pointed fusion
category C.�; !/, where � is a group and ! is a 3-cocycle on � .

Suppose first that n is odd. Then the order of � is equal to 2n and, since n is
odd, � is solvable. Then C is solvable too.

If n is even, then the center ofDn is of order 2 andDn=Z.Dn/ Š Dn=2. There-
fore, the category RepDn is a Z2-extension of RepDn=2; see [15, Example 3.2].
Since C is Grothendieck equivalent to RepDn, it is a Z2-extension of a fusion sub-
category D1, where D1 is Grothendieck equivalent to RepDn=2. Continuing this
process, we find that the category C is obtained by a sequence of Z2-extensions
from a fusion subcategory D such that D is Grothendieck equivalent to RepDm,
with m an odd natural number. By the above, D is solvable and therefore so is C .
This finishes the proof of the theorem.

The following consequence of Proposition 2.2 gives some restrictions that guar-
antee that the solvability of a fusion category is a Grothendieck invariant.
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Proposition 3.5. Let p be a prime number. Suppose that C is a solvable fusion
category such that G.C/ Š Zp and C has no simple objects of Frobenius–Perron
dimension p. If C is Grothendieck equivalent to a fusion category QC , then QC is
solvable.

Proof. By Proposition 2.2, C is cyclically nilpotent. Therefore QC is cyclically
nilpotent, whence solvable.

Remark 3.6. For all n � 2, the alternating group An has no irreducible repre-
sentation of degree 2.1 In addition, if n � 5 (Rep S4 is of type .1; 2I 2; 1I 3; 2/),
the symmetric group Sn has no irreducible representation of degree 2 either. In
fact, if V were such a representation, then the restriction V jAn

would not be
irreducible. Hence, since An has no nontrivial one-dimensional representations
(because n � 5), it follows that V jAn

would be trivial. This is impossible, because
the kernel of the restriction functor Rep Sn ! Rep An is the pointed subcategory
Rep Z2 � Rep Sn.

Corollary 3.7. Let n � 5 be a natural number and let C be a fusion category.
Suppose that C is Grothendieck equivalent to Rep Sn. Then C is not solvable.

Proof. The category Rep Sn is not solvable. On the other hand, the group Sn has
two non-equivalent representations of degree one and no irreducible representation
of degree two, in view of Remark 3.6. Hence G.C/ Š Z2 and C has no simple
objects of Frobenius–Perron dimension 2. The result is thus obtained as a conse-
quence of Proposition 3.5.

Remark 3.8. Let G be a non-abelian finite simple group. If C is a fusion cate-
gory Grothendieck equivalent to RepG, then Cpt D Vect and therefore C is not
solvable.

4 Examples of non-solvable fusion rules

4.1 Abelian extensions

Consider an abelian exact sequence of Hopf algebras

k �! k�
i
�! H

�
�! kF �! k; (4.1)

1 This can be seen, for instance, as a consequence of the Nichols–Richmond theorem [31, Theo-
rem 11].
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where � and F are finite groups. Then (4.1) gives rise to actions by permutations

�
C
 � � � F

B
�! F

such that .�; F / is a matched pair of groups. Moreover, H Š k�� #� kF is a bi-
crossed product with respect to normalized invertible 2-cocycles � W F �F ! k� ,
� W � � � ! kF , satisfying suitable compatibility conditions. See [18].

The multiplication and comultiplication of k�� #� kF are determined in the
basis ¹es # x=s 2 �; x 2 F º, by the formulas

.es # x/˝ .et # y/ D ıt;sCx �s.x; y/ es # xy; (4.2)

�.es # x/ D
X
ghDs

�x.g; h/ eg # .h B x/˝ eh # x; (4.3)

for all s; t 2 � , x; y 2 F , where �s.x; y/ D �.x; y/.s/ and �x.s; t/ D �.s; t/.x/.
See [18]. The exact sequence (4.1) is split if � and � are the trivial 2-cocycles.

For all s 2 � , the restriction of the map �s W F � F ! k� to the stabilizer sub-
group Fs D F \ sF s�1 is a 2-cocycle on Fs .

The irreducible representations of H Š k�� #� kF are classified for pairs
.s; Us/, where s is a representative of the orbits of the action of F in � and Us
is an irreducible representation of the twisted group algebra k�s

Fs , that is, a pro-
jective irreducible representation Fs with cocycle �s . Given a pair .s; Us/, the
corresponding irreducible representation is given by

W.s;Us/ D IndH
k�˝kFs

s ˝ Us: (4.4)

Observe that dimW.s;Us/ D ŒF W Fs� dimUs . See [21].

Remark 4.1. Recall that every matched pair .�; F / gives rise to a group structure,
denoted F ‰ � , on the product F � � in the form

.x; s/.y; t/ D .x.s B y/; .s C y/t/;

for x; y 2 F , s; t 2 � , where �
C
 � � � F

B
�! F are the associated compatible

actions.
The group F ‰ � has a canonical exact factorization into its subgroups F D

F � ¹eº and � D ¹eº � �; that is, F ‰ � D F� and F \ � D ¹eº.
Conversely, every finite group G endowed with an exact factorization G D F�

into its subgroups F and � gives rise to canonical actions by permutations

�
C
 � � � F

B
�! F

making .�; F / into a matched pair of groups.
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Suppose H Š k�� #� kF is an abelian extension of k� by kF . It follows from
[26, Theorem 1.3] that the category RepH is Morita equivalent to the pointed
fusion category C.F ‰ �; !/, where ! is a 3-cocycle on F ‰ � arising from the
pair .�; �/ in an exact sequence due to G. I. Kac. In particular, there are equiva-
lences of braided fusion categories

Z.RepH/ Š RepD.H/ Š RepD!.F ‰ �/;

where D!.F ‰ �/ is the twisted Drinfeld double of F ‰ � (see [7]). Note that
RepH is solvable if and only if the group F ‰ � is solvable.

Example 4.2. Let G be a finite group. Then the Drinfeld double D.G/ fits into
a split cocentral abelian exact sequence

k �! kG �! D.G/ �! kG �! k:

This exact sequence is associated to the adjoint action CW G �G ! G given by
h C g D g�1hg, and to the trivial actionBW G �G ! G.

The following lemma describes the group of invertible objects of the category
RepH , when H is an abelian extension.

Lemma 4.3. Suppose H fits into an exact sequence (4.1). Then there is an exact
sequence

1 �! bF ��

�! G.RepH/
i�

�! �0 �! 1;

where bF denotes the group of one-dimensional characters of F and �0 is the
group �0 D ¹s 2 �F W Œ�s� D 1 in H 2.�; .kF /�/º.

Proof. The group G.RepH/ can be identified with the group G.H�/ of group-
like elements in the dual Hopf algebra H�. In addition, H� fits into an abelian
extension

k �! kF
i�

�! H�
��

�! k� �! k: (4.5)

The lemma follows from [28, Lemma 2.2].

Remark 4.4. Keep the notation in Lemma 4.3. Note that the dual exact sequence
(4.5) is associated to the actions

F
C0

 � F � �
B0

�! �

defined in the form x C0 s D .s�1 B x�1/�1 and x B0 s D .s�1 C x�1/�1, for
all x 2 F , s 2 � (see [18, Exercise 5.5]).

Hence the exact sequence of groups of Lemma 4.3 induces the transpose of the
actionC0 of �0 on the abelian group bF .
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Clearly, (4.5) is split if and only if (4.1) is split and, if this is the case, the exact
sequence of groups in Lemma 4.3 is split as well.

Therefore, in the case whereH is a split abelian extension, the groupG.RepH/
is isomorphic to the semidirect product bF Ì �0 with respect to the actionC0 of �0
on bF .

Corollary 4.5. Let G be a finite group. Then the group of invertible objects of
RepD.G/ is isomorphic to the direct product G=ŒG;G� �Z.G/.

Proof. This is a consequence of Lemma 4.3, in view of Example 4.2 and Re-
mark 4.4. In fact, we have bG Š G=ŒG;G� and the actions B0 W G �G ! G and
C0 W G �G ! G in Remark 4.4 are given in this case by h B0 g D hgh�1 and
g C0 h D g, for all g; h 2 G. Then

G0 D ¹g 2 G W h B0 g D g for all h 2 Gº D Z.G/:

The corollary follows from the fact that the actionC0 is the trivial one.

4.2 Examples associated to the symmetric group

Let n � 2 be a natural number. The symmetric group Sn has an exact factorization
Sn D hzi� , where � D ¹� 2 Sn W �.n/ D nº Š Sn�1 and z D .12 : : : n/, so that
hzi Š Cn. This exact factorization induces mutual actions by permutations

Sn�1
C
 � Sn�1 � Cn

B
�! Cn

that make .Sn�1; Cn/ into a matched pair of groups. The actions C;B are deter-
mined by the relations

�c D .� B c/.� C c/; (4.6)

for all � 2 � , c 2 hzi.
Suppose n is odd, so that hzi � An. Relations (4.6) imply that the subgroup

�C D � \An Š An�1 is stable under the action C of hzi. Therefore the actions
C;B induce by restriction a matched pair .An�1; Cn/.

Remark 4.6. Let � 2 � . It follows from (4.6) that �z D zr.� C z/, for some
0 � r � n � 1. Since � C z 2 � then .� C z/.n/ D n, implying that r D b.n/,
where b D �z.

Suppose that n � 4 is even and � 2 � \An. Since z is an odd permutation
and � C z D z�r�z, it follows that � C z is even if and only if r is odd. Let-
ting � D .12 : : : .n � 1// 2 � \An, we find that r D b.n/ D �z.n/ D 2; so that
� C z is an odd permutation. This shows that the subgroup �C D �\An Š An�1
is not stable under the actionC of hzi in this case.
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Let us consider the associated Hopf algebras

Jn D k
Sn�1 # kCn and Kn D k

An�1 # kCn:

The categories RepJn, RepKn are Morita equivalent to the categories Rep Sn
and Rep An, respectively; see Remark 4.1. In particular, RepJn and RepKn are
not solvable, for all n � 5.

Observe that J �n is a split abelian extension of kCn by kSn�1 associated to the
actionsC0 andB0 in Remark 4.4.

Remark 4.7. Suppose n � 5. It follows from [29, Theorem 5.2] that the Hopf
algebras Jn, Kn, J �n , K�n admit no quasitriangular structure. In particular, the
fusion categories RepJn, RepKn, RepJ �n and RepK�n admit no braiding.

In addition, there are equivalences of braided fusion categories

RepD.Jn/ Š RepD.Sn/; RepD.Kn/ Š RepD.An/: (4.7)

It follows from Corollary 4.5 that there are group isomorphisms

G.D.Sn/
�/ Š Sn=ŒSn;Sn� �Z.Sn/ Š Z2;

for all n � 3, and similarly, G.D.An/�/ D 1, for all n � 5.

Lemma 4.8. The pointed subcategory RepD.Sn/pt Š Rep Z2 is a Tannakian sub-
category of RepD.Sn/.

Proof. It follows from the description of the irreducible representations in (4.4),
that the one-dimensional representations of D.Sn/ are parameterized by pairs
.s; Us/, where s 2 Sn is a central element and Us is a one-dimensional representa-
tion of Sn. Since Z.Sn/ D ¹eº and Sn has two non-isomorphic one-dimensional
representations trivial one and the sign representation Sg, it follows that

RepD.Sn/pt Š Rep Z2:

Moreover, the unique nontrivial element of RepD.Sn/pt corresponds to the pair
.e;Sg/. We have

s.e;Sg/;.e;Sg/ D
jSnj

jSnj2

X
g2Sn

Sg.e/Sg.e/ D
jSnj

jSnj
D 1;

and

�.e;Sg/ D
Sg.e/
deg Sg

D 1;

where .sX;Y /X;Y2Irr.D.Sn// and � denote the S -matrix and the ribbon structure
of RepD.Sn/, respectively. See for instance [24, Section 3.1]. This shows that
RepD.Sn/pt is a Tannakian subcategory, as claimed.
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Lemma 4.9. Let n be an odd natural number. Then there is a central exact
sequence of Hopf algebras

k �! kZ2 �! Jn
�
�! Kn �! k; (4.8)

where the map � W Jn ! Kn is induced by the inclusion An�1 � Sn�1.

Proof. The map � is defined in the form

� D j ˝ id W Jn D kSn�1 # kCn ! Kn D k
An�1 # kCn;

where j W kSn�1 ! kAn�1 is the canonical Hopf algebra map. Then � is a surjec-
tive Hopf algebra map.

Since the index ofKn in Jn is 2, it follows that J co�
n Š kZ2 Š kZ2 is a neces-

sarily central Hopf subalgebra; see [27, Corollary 1.4.3].

Proposition 4.10. The following statements hold.

(i) RepJn is a Z2-extension of RepKn, for all odd natural numbers n � 1.

(ii) RepJn is a Z2-equivariantization of a fusion category D , for all even nat-
ural numbers n � 4.

Proof. (i) This is an immediate consequence of Lemma 4.9. That is, since the
sequence (4.8) is a central exact sequence of Hopf algebras, it follows that Rep.Jn/
is an Z2-graded fusion category with trivial component .Rep.Jn//0 D Rep.Kn/
(see [15, Theorem 3.8]). Therefore RepJn is a Z2-extension of RepKn.

(ii) Suppose that n � 4 is even. We first claim that RepJn is not a Z2-extension
of any fusion category. To see this, first note that it follows from [17, Lemma 3.4]
that G.Jn/ D G.kSn�1/ Š Z2, for all n � 2. Suppose that K is a central Hopf
subalgebra of Jn such that K Š kZ2 ; then K must necessarily coincide with
kG.Jn/. Observe that the action CW Sn�1 � Cn ! Sn�1 gives rise to an action
by algebra automorphism

* W Cn � k
Sn�1 ! kSn�1 such that x * e� D e�Cx�1 ;

for all x 2 Cn and � 2 Sn�1. If � ¤ ' 2 G.Jn/ D G.kSn�1/, we have '.�/ D
Sg.�/, for all � 2 Sn�1 and ' D

P
�2Sn�1

Sg.�/e� .
Then G.Jn/ � Z.Jn/ if and only if z * ' D ', if and only if An�1 is stable

under the action C of hzi. This contradicts the observation in Remark 4.6. Hence
RepJn is not a Z2-extension of any fusion category, as claimed.

Let E D RepD.Sn/pt. By Lemma 4.8, E Š Rep Z2 is a Tannakian subcate-
gory of RepD.Sn/. Since RepJn is not a Z2-extension of any fusion category,
it follows from [12, Propositions 2.9 and 2.10] that RepJn must be a Z2-equiva-
riantization of a fusion category D . We thus obtain (ii).
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Lemma 4.11. Let n � 5 be an odd natural number and let q be a prime number.
Then the following hold:

(i) The category RepJn is not a Zq-equivariantization of any fusion category.

(ii) Suppose that RepJn is a Zq-extension of a fusion category QD . Then q D 2
and QD D RepKn.

(iii) The category RepKn is neither a Zq-equivariantization nor a Zq-extension
of any fusion category.

Proof. Let C be one of the categories RepJn or RepKn. If C is a Zq-extension
of a fusion category QD , then the Drinfeld center Z.C/ must contain a Tannakian
subcategory equivalent to Rep Zq which maps to the trivial fusion subcategory
Vect � C under the forgetful functor U W Z.C/! C . In this case, the category QD
is canonically determined by the corresponding Tannakian subcategory. Dually,
if C is a Zq-equivariantization, then Z.C/ must contain a Tannakian subcate-
gory equivalent to Rep Zq which embeds into C under the forgetful functor. See
[12, Propositions 2.9 and 2.10].

Since n � 5, then the group of invertible objects of the Drinfeld center of C

coincides with Z2 if C D RepJn, and it is trivial if C D RepKn. Since Rep Zq is
a pointed fusion category, we get (iii).

Suppose that C D RepJn. Then C is a Z2-extension of RepKn. This implies
that the pointed subcategory of Z.C/ is a Tannakian subcategory which maps to
the trivial subcategory of C under the forgetful functor. Hence, for every prime
number q, C is not a Zq-equivariantization of any fusion category and we get (i).
On the other hand, if it is Zq-extension, then q D 2 and the corresponding
Tannakian subcategory of Z.C/ coincides with the pointed subcategory Z.C/pt.
Thus we obtain (ii). This finishes the proof of the lemma.

Lemma 4.12. Let p be an odd prime number. Then the group G.J �p / is a semi-
direct product cCp Ì h�i, where � 2 Sp�1 is a .p � 1/-cycle and the action of h�i
on cCp is induced by the action C0 W Cp � Sp�1 ! Cp. Moreover, the subgroup
G.K�p / � G.J

�
p / is the semidirect product cCp Ì h�2i.

Proof. The subgroup S
Cp

p�1 of invariants of Sp�1 under the action B0 of Cp
coincides with the subgroup of invariants under the action C. It follows from
[17, Corollary 5.2] that S

Cp

p�1 is cyclic generated by a .p � 1/ cycle � , i.e.

S
Cp

p�1 D h�i

and therefore
G.J �p / Š

cCp Ì h�i:
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It follows from this that the invariant subgroup A
Cp

p�1 is also cyclic generated
by �2. This implies the lemma, in view of Remark 4.4.

Proposition 4.13. Let p be an odd prime number. Then the Hopf algebras Jp, Kp
satisfy the following properties:

(i) cd.Jp/ D cd.Kp/ D ¹1; pº.

(ii) The groups G.J �p / and G.K�p / have trivial centers.

Proof. Part (i) follows from the description of irreducible representations of
crossed products in [21].

We next show (ii). Recall that Cp D hzi, where z D .12 : : : p/ and the actions
C, B are determined by the relation sc D .s B c/.s C c/ in Sp. So that the
actions C0, B0 are determined by cs D .c B0 s/.c C0 s/ in Sp, for all s 2 Sp�1
and c 2 Cp.

It follows from the proof of [17, Lemma 3.2] that

z C0 ai D zi ;

for all i D 1; : : : ; p � 1, where ai D .p � 1; p � i/. In addition, the stabilizer of
z under the actionC0 coincides with the subgroup

Fz D ¹a 2 Sp�1 W a.p � 1/ D p � 1º Š Sp�2:

These imply that, for all i D 1; : : : ; p � 1, the stabilizer of zi coincides with the
subgroup

Fzi D ¹a 2 Sp�1 W a.p � i/ D p � iº:

In particular, Cp has no nontrivial fixed points under the actionC0.
On the other hand, the nontrivial powers of the .p � 1/-cycle � 2 Sp�1 have

no fixed point in ¹1; : : : ; p � 1º. Hence no nontrivial power of � acts trivially on
Cp under the actionC0.

By Lemma 4.12, G.J �p / D cCp Ì h�i is a semidirect product with respect to the
action induced by C0, where � is a .p � 1/-cycle in Sp�1. Then the center of
G.J �p / consists of all pairs .e; x/, where x 2 h�i acts trivially on Cp under the
actionC0.

Similarly, G.K�p / D cCp Ì h�2i is a semidirect product with respect to the ac-
tion induced by C0 and the center of G.K�p / consists of all pairs .e; x/, where
x 2 h�2i acts trivially on Cp under the actionC0.

Thus we obtain that the centers of the groups G.J �p / and G.K�p / are both
trivial.

Theorem 4.14. Let QC be a fusion category. Suppose that QC is Grothendieck equiv-
alent to one of the categories RepJp or RepKp. Then QC is not solvable.
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Proof. Suppose on the contrary that QC is solvable and Grothendieck equivalent
to C , where C D RepJp or C D RepKp. It follows from Proposition 3.2 that
G. QC/ Š G.C/. By Proposition 4.13, the groups of invertible objects of RepJp and
RepKp have trivial center. Then the center of G. QC/ is trivial as well. It follows
from Lemma 2.3 that, for every prime number q, the category QC is not a Zq-equi-
variantization of any fusion category. Therefore QC must be a Zq-extension of
a fusion subcategory QD , and QD is also a solvable fusion category. Hence C is
a Zq-extension of a fusion subcategory D such that QD is Grothendieck equivalent
to D . It follows from Proposition 4.10 and Lemma 4.11 that C D RepJp, q D 2
and D D RepKp. Applying the same argument to the solvable fusion category QD
we get a contradiction. This shows that QC cannot be solvable and finishes the proof
of the theorem.

4.3 Fusion rules of Rep K5

In this subsection we determine explicitly the fusion rules of the category RepKp
in the case p D 5. It follows from [21] that simple objects of the category RepK5
are parameterized by pairs .s; �/, where s runs over a set of representatives of the
orbits of C5 on A4 and � is an irreducible representation of the stabilizer Fs � C5.
The dimension of the simple object Ss;� corresponding to the pair .s; �/ is given
by the formula dimSs;� D ŒC5 W Fs�.

The C5-action on S4 is explicitly determined in [17, Table 1]. We have in this
case that there are ten fixed points and the remaining two orbits consist of five
distinct elements each. Furthermore, there are exactly four distinct fixed points �
such that � D ��1 and both nontrivial orbits contain elements of order 2. In view
of [17, Theorem 4.8], RepK5 has five invertible objects of order 2 and the five-
dimensional simple objects are self-dual.

Let us denote by Y; Y 0 the simple objects corresponding to the nontrivial orbits
O;O0, respectively. By [17, Table 1], we have

O D ¹.123/; .243/; .132/; .13/.24/; .234/º;

O0 D ¹.124/; .143/; .134/; .12/.34/; .142/º:

By Lemma 4.12, the group G.RepK5/ is isomorphic to the dihedral group D5
of order 10. The unique subgroup R of order 5 of G.RepK5/ coincides therefore
with the stabilizer of Y and Y 0 under left (or right) multiplication. Since every
element s outside of R is of order 2, it follows that s ˝ Y Š Y ˝ s Š Y 0. So that
we have a decomposition

Y ˝ Y � Š Y ˝ Y Š
M
r2R

r ˚ aY ˚ bY 0; (4.9)
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where a; b � 0 and aC b D 4. Letting F W RepK5 ! C.A4/ D Rep kA4 denote
the restriction functor, we obtain

F.Y / D V.123/ ˚ V.243/ ˚ V.132/ ˚ V.13/.24/ ˚ V.234/;

F .Y 0/ D V.124/ ˚ V.143/ ˚ V.134/ ˚ V.12/.34/ ˚ V.142/;

where, for each s 2 A4, Vs denotes the one-dimensional simple kA4-module cor-
responding to s. Comparing these relations with (4.9), we find that a D b D 2.
Hence the fusion rules of RepK5 are determined by the condition

G D G.RepK5/ Š D5; g ˝ Y D Y ˝ g D Y 0;

for every element g of order 2 of G, and

Y ˝ Y Š
M
r2R

r ˚ 2Y ˚ 2Y 0 Š Y 0 ˝ Y 0;

where R is the unique subgroup of order 5 of G.

4.4 The dual Hopf algebras J �
n , K�

n

Let n � 2 be a natural number and let Hn D J �n . Recall that there is a split exact
sequence of Hopf algebras

k �! kCn �! Hn �! kSn�1 �! k: (4.10)

Suppose that n is odd. LetLn D K�n , so that there is a split exact sequence of Hopf
algebras

k �! kCn �! Ln �! kAn�1 �! k: (4.11)

Moreover, by Lemma 4.9 there is a cocentral exact sequence

k �! Ln �! Hn �! kZ2 �! k: (4.12)

Remark 4.15. Suppose n � 5. Since D.Hn/ Š D.Jn/, we have

G.RepD.Hn// Š Z2:

Let q be a prime number. If the category RepHn is a Zq-extension or a Zq-equi-
variantization of a fusion category, then q D 2.

Suppose n is odd. In view of [28, Proposition 3.5], RepHn is a Z2-equivarian-
tization of RepLn. As in the proof of Lemma 4.11, we obtain that if n � 5, the
category RepHn is not a Zq-extension of any fusion category. Similarly, RepLn
is not a Zq-extension or a Zq-equivariantization of any fusion category.
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Lemma 4.16. Let n � 5 be a natural number. Then the following hold.

(i) G.RepHn/ Š Z2.

(ii) Rep.H5/ is of type .1; 2I 2; 1I 3; 2I 4; 2I 8; 1/ andHn has no irreducible rep-
resentation of dimension 2, for all n > 5.

Assume in addition that n is odd. Then

(iii) G.RepLn/ D 1, if n > 5.

(iv) RepL5 is of type .1; 3I 3; 1I 4; 3/ and Ln has no irreducible representation
of dimension 2.

Proof. Consider the exact sequences (4.10) and (4.11). The respective invariant
subgroups CSn�1

n and C
An�1
n are both trivial. Parts (i) and (iii) follow from

Lemma 4.3.
Since Hn is a split abelian extension of kCn by kSn�1 and the action of Sn�1

has two orbits ¹eº and ¹z; : : : ; zn�1º, then the simple Hn-modules are classi-
fied by pairs .t; �/, where either t D e and � is an irreducible representation of
Fe D Sn�1, or t D z and � is an irreducible representation of

Fz D ¹a 2 Sn�1 W a.n � 1/ D n � 1º Š Sn�2:

See [17, Lemma 3.2]. If St;� is the simple module corresponding to the pair .t; �/,
we have in addition dimSe;� D dim �, and

dimSz;� D ŒAn�1 W Fz� dim � D .n � 1/ dim �:

This implies the statement for H5 in part (ii).
Suppose that n > 5. Then dimSz;� > 2, for all �. As observed in Remark 3.6,

the symmetric group Sn�1 has no irreducible representation of degree 2. There-
fore we also get that dimSe;� ¤ 2, for all �. In conclusion Hn has no irreducible
representation of dimension 2, and we obtain (ii).

Suppose that n is odd. Similarly, Ln is a split abelian extension of kCn by
kAn�1 and the action of An�1 has two orbits ¹eº and ¹z; : : : ; zn�1º. Hence the
simple Ln-modules are classified by pairs .t; �/, where either t D e and � is an
irreducible representation of Fe \An�1 D An�1, or t D z and � is an irreducible
representation of Fz \An�1 Š An�2. This implies that RepL5 is of the pre-
scribed type. As before, dimSz;� > 2, for all �, and since the alternating group
An�1 has no irreducible representation of degree 2, then also dimSe;� ¤ 2, for
all �. So that Ln has no irreducible representation of dimension 2. This proves
part (iv) and finishes the proof of the lemma.

Lemma 4.17. Let C be a fusion category of type .1; 3I 3; 1I 4; 3/. Then C is not
solvable.
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Proof. The assumption on the type of C implies that the simple objects of dimen-
sions 1 and 3 generate a fusion subcategory B of C of type .1; 3I 3; 1/ and more-
over, every fusion subcategory of C is contained in B.

Suppose first that C is a Zq-extension of a fusion subcategory C0, for some
prime number q. Then necessarily C0DB and qD 5. Hence we have a Z5-faithful
grading C D C0 ˚ C1 ˚ � � � ˚ C4, with trivial component C0 D B. But C has
only three classes of simple objects outside of B, entailing that such a decompo-
sition is impossible.

Therefore C must be a Zq-equivariantization of a fusion category D , for some
prime number q, where D is also a solvable fusion category. Thus q D 3 and
C Š DZ3 . The description of simple objects of DZ3 together with the assump-
tion on the type of C imply that D must be of type .1; 4I 4; 1/; cf. formula (2.2).
Moreover, the action (by group automorphisms) of Z3 on the set of nontrivial
invertible objects of D must be transitive, hence G.D/ Š Z2 � Z2.

On the other hand, letting X be the unique noninvertible simple object of D ,
we must have

X˝2 Š
M

Y2G.D/

Y ˚ 3X:

This means that the fusion category D is a near-group fusion category of type
.G; 3/, where G D G.D/. Then it follows from [32, Theorem 1.2] that the group
G.D/ is cyclic, which leads to a contradiction. Therefore C cannot be solvable.
This finishes the proof of the lemma.

Theorem 4.18. Let C be a fusion category and let n � 5 be a natural number.
Then we have:

(i) If C is Grothendieck equivalent to RepHn, then C is not solvable.

(ii) Suppose that n is odd. If C is Grothendieck equivalent to RepLn, then C is
not solvable.

Proof. To show (i), suppose first that n > 5. By Lemma 4.16, G.RepHn/ Š Z2
and RepHn has no simple objects of dimension 2. The claim follows in this case
from Proposition 3.5.

Consider the case n D 5. Suppose on the contrary that C is Grothendieck equiv-
alent to RepH5 and C is solvable. Then C is of type .1; 2I 2; 1I 3; 2I 4; 2I 8; 1/ and,
for any prime q, C is not a Zq-extension of any fusion subcategory, in view of
Remark 4.15. Therefore C must be a Z2-equivariantization of a solvable fusion
category D of dimension 60. The description of the simple objects of DZ2

together with the assumption on the type of C imply that D must be of type
.1; 3I 3; 1I 4; 3/. Lemma 4.17 implies that D is not solvable, which is a contra-
diction. Thus we get (i).



156 M. Escañuela González and S. Natale

Let us show (ii). If n D 5, the result follows from Lemma 4.17. Suppose next
that n > 5. Since a solvable fusion category contains nontrivial invertible objects,
then part (ii) follows from Lemma 4.16 (iii).

4.5 Further examples associated to the symmetric group

Let n � 2 be a natural number. Consider the matched pair .An; C2/, where C2 D
h.12/i � Sn, the actionCW An � C2 ! An is given by conjugation in Sn and the
actionBW An � C2 ! C2 is trivial. The associated group An ‰ C2 is isomorphic
to the symmetric group Sn.

Let Bn D kAn # kC2 be the split abelian extension associated to this matched
pair. We have cd.Bn/ D ¹1; 2º. The fusion category RepBn is Morita equivalent
to Sn and therefore it is not solvable if n � 5.

Remark 4.19. Since the actionB is the trivial one and C2 Š Z2, there is a cocen-
tral exact sequence

k �! kAn �! Bn �! kZ2 �! k: (4.13)

By [28, Proposition 3.5], RepBn is a Z2-equivariantization of Rep kAn D C.An/.
Moreover, since RepBn is Morita equivalent to Sn and the group of invertible

objects of Z.Rep Sn/ is cyclic of order 2, it follows that for all prime number q,
RepBn is not a Zq-extension of any fusion category and if it is a Zq-equivar-
iantization, then q D 2 (compare with Proposition 4.10). In particular, not being
a Zq-extension, Bn has no nontrivial central group-like elements; that is, we have
Z.Bn/ \G.Bn/ D ¹1º.

Our first statement concerns the dual Hopf algebra B�n .

Theorem 4.20. Let C be a fusion category. Suppose that C is Grothendieck equiv-
alent to RepB�n , n � 5. Then C is not solvable.

Proof. The dual Hopf algebra B�n fits into a central exact sequence

k �! kZ2 �! B�n �! kAn �! k: (4.14)

Therefore RepB�n is a Z2-extension of Rep An. Hence C is a Z2-extension of
a fusion category D , which is Grothendieck equivalent to Rep An.

Suppose on the contrary that C is solvable. Then so is D and therefore we have
Dpt ¤ Vect. This implies that An has nontrivial one-dimensional representations,
which is a contradiction. Then C cannot be solvable, as claimed.
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Lemma 4.21. The groupG.RepBn/ of invertible objects of the category RepBn is
isomorphic to the direct product cC2 � CAn

.12/, where CAn
.12/ denotes the cen-

tralizer in An of the transposition .12/.

Proof. There is a group isomorphism G.RepBn/ Š G.B�n /. On the other hand,
B�n is a split abelian extension B�n Š k

C2 # kAn, associated to the adjoint action
B0 W C2 �An ! An and the trivial actionC0 W C2 �An ! C2. The result follows
from Lemma 4.3.

Theorem 4.22. Suppose n � 5. Let QC be a fusion category Grothendieck equiva-
lent to RepBn. Then QC is not solvable.

Proof. Suppose first that n � 7. By Lemma 4.21, G.RepBn/ ŠcC2 � CAn
.12/.

Note that CAn
.12/ contains the subgroup

¹� 2 An W �.1/ D 1; �.2/ D 2º Š An�2:

Since n � 7, the group An�2 is not solvable. ThenG. QC/ is not solvable either and
then QC is not solvable.

It remains to consider the cases n D 5 and 6. It follows from Lemma 4.21
that G.RepB5/ ŠcC2 � S3 is non-abelian of order 12. Hence RepB5 is of type
.1; 12I 2; 27/. Similarly, G.RepB6/ ŠcC2 � S4 is non-abelian of order 48 and
RepB6 is of type .1; 48I 2; 168/.

Suppose that there exist a solvable fusion category QC which is Grothendieck
equivalent to C , where C D RepB5 or RepB6. By Proposition 3.2,G. QC/ŠG.C/.
Since, for every prime number q, C is not a Zq-extension of any fusion category,
we have that QC must be a Zq-equivariantization of a fusion subcategory D , and D

is also a solvable fusion category. Moreover, q D 2 because Zq � Z.G. QC// and
FPdim D D 60 or FPdim D D 360, respectively. Then there is an exact sequence
of fusion categories

Rep Z2 �! QC �! D :

Since cd. QC/ D ¹1; 2º, it follows that cd.D/ D ¹1; 2º. The previous exact sequence
induces an exact sequence of groups

1 �! bZ2 �! G. QC/ �! G0.D/ �! 1;

where bZ2 denotes the group of invertible characters of Z2 and G0.D/ is the sub-
group of G.D/ consisting of isomorphism classes of invertible objects which are
Z2-equivariant. See [5, Remark 3.1]. As Z2 is a cyclic group, we have thatG0.D/

coincides with the subgroup of fixed points of the induced action of Z2 on the
group of invertible objects of D .
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Observe that since C is also a Z2-equivariantization of CZ2
Š C.A5/ or C.A6/,

respectively, the group G.C/ Š G. QC/ also fits into an exact sequence

1 �! bZ2 �! G.C/ �! G0.CZ2
/ �! 1:

In this case, the subgroup G0.CZ2
/ is isomorphic to CA5

.12/ or CA6
.12/, respec-

tively. In addition, the group G.C/ contains a unique normal subgroup of order 2.
Therefore, G0.D/ Š G0.CZ2

/ is a non-abelian subgroup of G.D/.
Suppose first that n D 5. In this case C D RepB5 Š C.A5/Z2 . In particular,

G0.D/ is a subgroup of order 6 of G.D/. A counting argument shows that G.D/

can be of type .1; 12I 2; 12/ or else D is pointed. Suppose that D is of type
.1; 12I 2; 12/. Then D

Z2
pt �

QC is a fusion subcategory of dimension 24 and type
.1; 12I 2; 3/, containing the central subcategory Rep Z2. Therefore C has a fusion
subcategory B of type .1; 12I 2; 3/ containing the central subcategory Rep Z2. (In
fact, as observed before, G.C/ contains a unique normal subgroup of order 2; see
Lemma 2.3.)

Consider the de-equivariantization BZ2
� C.A5/. We have that dim BZ2

D 12

and thus BZ2
D C.H/, where H is a (Z2-stable) subgroup of A5 of order 12.

Since G.RepB5/ � B, it follows that the subgroup H contains the invariant sub-
group AZ2

5 D CA5
.12/ Š S3. On the other hand, every subgroup of order 12 of

A5 is isomorphic to A4, then H Š A4. This leads to a contradiction, because A4
has no subgroup of order 6. This proves that D cannot be of type .1; 12I 2; 12/.

Therefore D must be a pointed fusion category. In this case D D C.�; !/,
where ! W ����� ! k� is a 3-cocyle and � is a solvable non-abelian subgroup
of order 60. In addition Z2 acts on � by group automorphisms and �Z2 Š S3.
Since � ¤ A5, � can be isomorphic to A4 � Z5, Z15 Ì Z4 or Z15 Ì .Z2 � Z2/.

If � Š A4 � Z5, the action of Z2 must fix A4 and Z5. Since j�Z2 j D 6, it fol-
lows that �Z2 � A4, and we reach a contradiction. Therefore � Š Z15 Ì Z4 or
Z15 Ì .Z2 � Z2/. In this case � has a unique subgroup L of order 15, and then
L is Z2-stable and C.L/Z2 is a fusion subcategory of QC of dimension 30. This
implies that C has a fusion subcategory of dimension 30. Such fusion subcate-
gory must correspond to a quotient Hopf algebra of B5 of dimension 30, which is
a contradiction, because Z.B5/ \G.B5/ D ¹1º. See [27, Corollary 1.4.3]. Thus
D cannot be pointed. This proves that if QC is Grothendieck equivalent to RepB5
then QC is not solvable.

Finally, let us consider the case n D 6. In this case we have

C WD RepB6 Š C.A6/
Z2 :

On the other hand, G0.D/ is a subgroup of order 24 of G.D/. As before, one can
see that D must be of type .1; 24I 2; 84/, .1; 72I 2; 72/, .1; 120I 2; 60/, or else D

is pointed.



Fusion rules and solvability 159

Suppose that D is of type .1; 72I 2; 72/ or .1; 120I 2; 60/. In these cases we have
that D

Z2
pt �

QC is a fusion subcategory of dimension 144 or 240, respectively, con-
taining the central subcategory Rep Z2. Therefore C has a fusion subcategory B

of dimension 144 or 240, respectively, containing the central subcategory Rep Z2.
The de-equivariantization BZ2

� C.A6/ is of dimension dim BZ2
D 72 or 120,

respectively. Then BZ2
D C.H/, whereH is a Z2-stable subgroup of A6 of order

72 or 120, respectively. Since A6 has no subgroups of order 72 or 120, it follows
that these types are not possible for D .

Suppose next that D is of type .1; 24I 2; 84/. It follows from the description of
the simple objects of DG and the fact that cd.D/ D cd.C/ D ¹1; 2º, that Z2 acts
trivially on the set Irr.D/; see (2.2). In particular,

G.D/ D G0.D/ Š CA6
.12/ Š S4:

Since D is solvable, then it is a Zp-extension or a Zp-equivariantization, where
p is a prime number that divides the dimension of D , which is 360. If D were a
Zp-equivariantization, then, by Lemma 2.3, Zp � Z.G.D//, which is a contra-
diction because G.D/ Š S4. Therefore D must be a Zp-extension of a fusion
subcategory De. The fusion subcategory De is of dimension 72, 120 or 180.
Furthermore, De must be stable under the action of Z2, since this action is triv-
ial on Irr.D/. As before, this implies that C contains a fusion subcategory B

of dimension 144, 240 or 360, respectively, containing the central subcategory
Rep Z2. Hence BZ2

D C.H/, whereH is a Z2-stable subgroup of A6 with order
72, 120 or 180, respectively. But A6 has no subgroups neither of order 72, 120 nor
180, therefore the type .1; 24I 2; 84/ is also impossible for D .

Suppose finally that D is a solvable pointed fusion category. We have D D

C.�; !/, where ! W � � � � � ! k� is a 3-cocyle and � is a solvable non-abelian
subgroup of order 360. In addition Z2 acts on � by group automorphisms and the
subgroup �0 of fixed points of � under this Z2-action is of order 24. Let S be
a Sylow 5-subgroup of �. Since � is solvable, there existH , a Hall ¹2; 5º-subgroup
of � , andK, a Hall ¹3; 5º-subgroup of � , such that S � H and S � K. A counting
argument shows that S E H and S E K and so S E hH;Ki D � . Hence S is the
unique Sylow 5-subgroup of � and then S is Z2-stable. In this case C.S; !jS /

Z2

is a fusion subcategory of QC of dimension 10, containing the central subcategory
Rep Z2. Therefore C has a fusion subcategory B with dimension 10, contain-
ing the central subcategory Rep Z2. The de-equivariantization BZ2

� C.A6/ is
of dimension 5. Then BZ2

D C.T /, where T is a Z2-stable subgroup of A6 of
order 5. We have that

T D ¹id; .abcde/; .acebd/; .adbec/; .aedcb/º;

and without loss of generality we may assume a D 1 and b D 2. We thus reach
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a contradiction, since .12/.12cde/.12/ D .21cde/ ¤ .1ce2d/. This proves thateC cannot be solvable and finishes the proof of the theorem.

5 Solvability and fusion rules of a braided fusion category

Let C be a fusion category. Suppose that FPdim C is an integer (which is always
the case if C is solvable). Then the adjoint subcategory Cad is integral [11, Propo-
sition 8.27].

Assume that C is braided. Recall that C is solvable and integral; then either it
is pointed or it contains a nontrivial Tannakian subcategory [30, Proposition 5.2].

Theorem 5.1. Let C , QC be Grothendieck equivalent braided fusion categories.
Suppose that C is solvable. Then the following hold:

(i) QCpt is a solvable fusion category and it is not trivial if QC is not trivial.

(ii) If QC is not pointed, then it contains a nontrivial Tannakian subcategory.

Proof. We may assume that C and QC are not trivial. Since C is solvable, it follows
from [12, Proposition 4.5 (iv)] that Cpt ¤ Vect. Therefore QCpt is not trivial.

Since QC is braided, the pointed subcategory QCpt has abelian fusion rules, and
therefore it is solvable. This shows part (i).

Suppose that QC is not pointed, so that C is not pointed either. Note that Cad
is Grothendieck equivalent to QCad. If Cad is a proper fusion subcategory, then an
inductive argument implies that QCad is solvable and therefore so is QC , because it is
a U. QC/-extension of QCad and the universal grading group U. QC/ is abelian. Hence
we may assume that QCad D QC (in particular, the same is true for C ). Since C is
solvable, its Frobenius–Perron dimension is an integer and therefore C is in fact
integral. Then QC is also integral. To show part (ii) we may assume that QC is not
solvable, in view of [30, Proposition 5.2].

By part (i), QCpt is solvable and not trivial. Note that QC cannot contain any
nontrivial non-degenerate fusion subcategory. In fact, if C were non-degenerate,
then QCad D QC

0
pt ¨ QC , against the assumption. If, on the other hand, QD � QC were

a proper non-degenerate subcategory, then QC Š QD � QD 0, and both QD and QD 0 are
Grothendieck equivalent to fusion subcategories of C . An inductive argument im-
plies that QD and QD 0 are solvable and therefore so is QC .

Suppose that QC contains no nontrivial Tannakian subcategory. It follows from
[30, Lemma 7.1] that QCpt D QC

0 Š sVect and GŒ QX� D 1, for all simple objects QX
of QC . This implies that FPdim Cpt D 2 and GŒX� D 1, for all simple objects X
of C .

On the other hand, since C is solvable and Cad D C , then C must be a Zp-equi-
variantization of a fusion category D for some prime number p. In particular,
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C contains a (pointed) fusion subcategory of dimension p, and therefore p D 2.
It follows from Lemma 2.1 that C has a simple object X of Frobenius–Perron
dimension 2. In addition, for every such simple object X , we have GŒX� D 1.

The Nichols–Richmond theorem implies that C contains a fusion subcategory C

of type .1; 2I 2; 1I 3; 2/ or .1; 3I 3; 1/ or .1; 1I 3; 2I 4; 1I 5; 1/; see [31, Theorem 11]
and [8, Theorem 3.4]. The first possibility cannot hold in this case, because the
unique simple object of dimension 2 of C is necessarily stable under the action
of G.C/ Š Z2. The second possibility contradicts the assumption that FPdim Cpt
is equal to 2. The third possibility is also discarded because C must be a solvable
fusion category, whence Cpt ¤ Vect. This contradiction shows that QC must contain
a Tannakian subcategory, and hence (ii) holds.

Proposition 5.2. Let C be a braided fusion category. Suppose that E � C is
a Tannakian subcategory. Then C is solvable if and only if E 0 is solvable.

Proof. If C is solvable, then every fusion subcategory of C is solvable. In par-
ticular, E 0 is solvable, showing the ‘only if’ direction. Conversely, suppose that
E 0 is solvable. Since E is a Tannakian subcategory, it is symmetric, and therefore
E � E 0. Then E is solvable. LetG be a finite group such that E Š RepG as braided
fusion categories. Then the group G is solvable, by [12, Proposition 4.5 (ii)].

Consider the G-crossed braided fusion category CG , so that C Š .CG/
G is an

equivariantization. Furthermore, the category CG is a G-graded fusion category,
and the neutral component C0G of this grading satisfies .C0G/

G Š E 0 (see [10, Pro-
position 4.56 (i)]). Therefore C0G is solvable. Since G is solvable, so is CG and
also C Š .CG/

G . This proves the ‘if’ direction and finishes the proof of the propo-
sition.

Remark 5.3. Let QC be a braided fusion category. Suppose that QC is Grothendieck
equivalent to a solvable braided fusion category C and QC is not solvable. Assume
in addition that FPdim QC is minimal with respect to these properties.

Then QC must satisfy the following conditions:

(i) QCad D QC .

(ii) QCpt ¤ Vect is a solvable fusion subcategory and . QCpt/
0 D QC .

(iii) QC contains a nontrivial Tannakian subcategory and for every Tannakian sub-
category QE , QE 0 D QC .

(iv) QC contains no proper non-degenerate fusion subcategories.

Indeed, (i) and (iv) can be shown as in the proof Theorem 5.1, (ii) follows from (i)
and Lemma 2.6, and (iii) follow from Theorem 5.1 and Proposition 5.2.
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6 The character table of a spherical fusion category

6.1 Spherical fusion categories

A spherical structure on a fusion category C is a natural isomorphism of tensor
functors  W idC ! . /�� such that

dC.X/ D d�.X/;

for all objects X of C , where d˙.X/ D Tr˙.idX /, and for every endomorphism
f W X ! X , Tr˙.f / 2 k are defined as the compositions

TrC.f / W 1 �! X ˝X�
 Xf˝id
������! X�� ˝X �! 1

and

Tr�.f / W 1 �! X� ˝X��
id˝f  �1

X
�������! X� ˝X �! 1:

Let C be a spherical fusion category, that is, a fusion category endowed with
a spherical structure. The quantum dimension of X 2 C is denoted by

dX WD dC.X/ D d�.X/;

and the quantum dimension of C is defined in the form dim C D
P
X2Irr.C/ d

2
X .

The quantum trace of an endomorphism f W X ! X is denoted by

Tr.f / D TrC.f / D Tr�.f /:

See [10, Section 2.4.3] and [11, Section 2.2].
Recall that a fusion category is called pseudo-unitary if its global dimension

coincides with its Frobenius–Perron dimension. By [11, Proposition 8.24], every
weakly integral fusion category is pseudo-unitary. It is shown in [11, Proposi-
tion 8.23] that every pseudo-unitary fusion category admits a canonical spherical
structure with respect to which quantum dimensions of objects coincide with their
Frobenius–Perron dimensions.

6.2 Modular categories and S -matrices

A premodular category is a braided fusion category equipped with a spherical
structure. Equivalently, C is a braided fusion category endowed with a ribbon
structure, that is, a natural automorphism � W idC ! idC satisfying

�X˝Y D .�X ˝ �Y /cY;XcX;Y ; ��X D �X� ; (6.1)

for all objects X; Y of C (see [2] and [10, Section 2.8.2]).



Fusion rules and solvability 163

Let C be a premodular category. The central charge of C is the ratio

�.C/ D
�C.C/
p

dim C
;

where
p

dim C is the positive square root and �C.C/ D
P
X2Irr.C/ �Xd

2
X . See

[10, Section 6.2].
The S -matrix of C is defined in the form S D .SXY /X;Y2Irr.C/, where for all

X; Y 2 Irr.C/,
SX;Y D Tr.cY;XcX;Y / 2 k

is the quantum trace of the squared braiding cY;XcX;Y W X ˝ Y ! X ˝ Y .
A premodular category C is called modular if the S -matrix is non-degenerate

[33] or, equivalently, if it is non-degenerate [10, Proposition 3.7].
If C is a spherical fusion category, its Drinfeld center Z.C/ is a modular cate-

gory of global dimension dim Z.C/ D .dim C/2 and central charge �.Z.C// D 1
(see [22] and [10, Example 6.9]).

Suppose that C is a modular category. Then for everyX; Y;Z 2 Irr.C/, the mul-
tiplicity NZ

XY of Z in the tensor product X ˝ Y is given by the Verlinde formula

NZ
XY D

1

dim C

X
T2Irr.C/

SXT SY T SZ�T

dT
; (6.2)

where dT denotes the quantum dimension of the object T and dim C is the quan-
tum dimension of C . See [1, Theorem 3.1.14].

6.3 S -equivalence of spherical fusion categories

Definition 6.1. Let C and D be spherical fusion categories. We shall say that C

and D are S -equivalent if there exists a bijection f W Irr.Z.C//! Irr.Z.D//

such that f .1/ D 1 and Sf .X/;f .Y / D SX;Y , for all X; Y 2 Irr.C/.

The following lemma summarizes some of the main properties of S -equiv-
alence.

Lemma 6.2. Let C and D be spherical fusion categories. Furthermore, suppose
that f W Irr.Z.C//! Irr.Z.D// is an S -equivalence. Then the following hold:

(i) df .X/ D dX , for all X 2 Irr.C/. In particular, dim Z.C/ D dim Z.D/.

(ii) f W Irr.Z.C//! Irr.Z.D// is a Grothendieck equivalence.

(iii) For every fusion subcategory E of Z.C/ we have f .E 0/ D f .E/0. In partic-
ular, f .E/ is symmetric (respectively, non-degenerate) if and only if E is.

(iv) For every fusion subcategory E of Z.C/, f maps the projective centralizer
of E to the projective centralizer of f .E/.
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Proof. For every simple object X of Z.C/ we have

dX D d1dX D S1;X D S1;f .X/ D d1df .X/ D df .X/;

and we get (i). Now part (ii) follows from (i) and the Verlinde formula (6.2). Part
(iii) follows from the fact that two simple objects X and Y centralize each other if
and only if SX;Y D dXdY .

We now show part (iv). Let X and Y be simple objects of C . It follows from
[10, Proposition 3.22] that X belongs to the projective centralizer of Y if and only
ifX belongs to the centralizer of Y ˝Y �. In view of (iii) this happens if and only if
f .X/ centralizes f .Z/ for allZ 2 Irr.C/ such thatNZ

Y˝Y �¤ 0. Since, by (ii), f is
a Grothendieck equivalence, we have f .Y /� D f .Y �/ (Proposition 3.2 (iii)), and
it follows that the last condition is equivalent to the condition that f .X/ centralizes
f .Y /˝ f .Y /�, that is, f .X/ belongs to the projective centralizer of f .Y /.

Theorem 6.3. Let C and D be S -equivalent spherical fusion categories. Then C

is group-theoretical if and only if so is D .

Proof. We have that C is group-theoretical if and only if Z.C/ is group-theore-
tical. Suppose that this is the case. In particular Z.C/, and therefore also Z.D/,
are integral. Since Z.C/ is a modular category, [9, Corollary 4.14] implies that it
contains a symmetric subcategory E such that E 0ad � E . Since every S -equivalence
preserves centralizers, symmetric subcategories and is a Grothendieck equivalence
between Z.C/ and Z.D/, this implies that f .E/ is a symmetric subcategory of
Z.D/ and f .E/0ad D f .E

0
ad/ � f .E/ (see Proposition 3.2 (iv)). Hence Z.D/ and

therefore also D are group-theoretical. This implies the theorem.

Lemma 6.4. Let G and � be finite groups and let ! W G �G �G ! k� and
!0 W � � � � � ! k� be 3-cocycles on G and � , respectively. Suppose that the
categories C.G; !/ and C.�; !0/ are S -equivalent. ThenG is solvable if and only
if so is � .

Proof. It is enough to show the ‘if’ direction. Thus, let us assume that G is solv-
able. Let f W Irr.Z.C.�; !0///! Irr.Z.C.G; !/// be an S -equivalence. The
center of the category C.�; !0/ contains a Tannakian subcategory E equivalent
to Rep� as braided fusion categories. In view of Lemma 6.2, f .E/ is a symmet-
ric fusion subcategory of Z.C.G; !// which is Grothendieck equivalent to Rep� .
Being symmetric, f .E/ is equivalent as a fusion category to the category RepF
for some finite group F . Then F is solvable because Z.C.G; !// is solvable,
by [12, Proposition 4.5]. Since the categories Rep� and RepF are Grothendieck
equivalent, the groups � and F have the same character table. This implies that �
is solvable. Hence C.�; !0/ is solvable, as claimed.
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Theorem 6.5. Let C and D be S -equivalent spherical fusion categories and sup-
pose that C is group-theoretical. Then C is solvable if and only if D is solvable.

Proof. Since C is group-theoretical, Z.C/ is equivalent to the center of a pointed
fusion category Z.C.G; !//, for some finite group G and 3-cocycle ! on G.
Hence Z.C/ contains a Tannakian subcategory E equivalent to RepG as braided
fusion categories, such that .dim E/2 D dim Z.C/.

Being Grothendieck equivalent to Z.C/, Z.D/ is also group-theoretical, in
view of Theorem 6.3. Thus Z.C/ is an integral modular category of dimension
.dim D/2 and central charge 1. Note in addition that if f is an S -equivalence, then
f .E/ is a symmetric subcategory of Z.D/ such that dim Z.D/ D .dimf .E//2.
Theorem 4.8 of [9] implies that Z.D/ is equivalent to the center of a pointed
fusion category, that is, we have Z.D/ Š Z.C.�; !0//, for some finite group �
and 3-cocycle !0 on � . Then the theorem follows from Lemma 6.4.
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