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Abstract: There is a growing literature on design-based (DB) methods to estimate average treatment effects
(ATEs) for randomized controlled trials (RCTs) for full sample analyses. This article extends these methods to
estimate ATEs for discrete subgroups defined by pre-treatment variables, with an application to an RCT testing
subgroup effects for a school voucher experiment in New York City. We consider ratio estimators for subgroup
effects using regression methods, allowing for model covariates to improve precision, and prove a new finite
population central limit theorem. We discuss extensions to blocked and clustered RCT designs, and to other
common estimators with random treatment-control sample sizes or summed weights: post-stratification esti-
mators, weighted estimators that adjust for data nonresponse, and estimators for Bernoulli trials. We also
develop simple variance estimators that share features with robust estimators. Simulations show that the DB
subgroup estimators yield confidence interval coverage near nominal levels, even for small subgroups.
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1 Introduction

There is a growing literature on design-based (DB) methods to estimate overall average treatment effects
(ATEs) for randomized controlled trials (RCTs). These nonparametric methods use the building blocks of
experimental designs to generate consistent, asymptotically normal ATE estimators with minimal assump-
tions. The underpinnings of these methods were introduced by Neyman [1] and later developed in seminal
works by Rubin [2,3] and Holland [4] using a potential outcomes framework.

To date, the DB literature has focused on ATE estimation for full sample analyses. In this article, we build
on these methods to develop ATE estimators for discrete subgroups defined by pre-treatment (baseline)
characteristics of study participants. Subgroup analyses for RCTs are common across fields as they can be
used to assess treatment effect heterogeneity and inform decisions about how to best target and improve
treatments [5,6]. Guidelines for the planning, analysis, and reporting of RCT subgroup analyses have been
proposed in the literature to ensure statistical rigor, such as approaches to reduce the chances of finding
spurious positive effects due to multiple testing [5,7,8].

As a motivating example, consider the evaluation of the New York City (NYC) School Choice Scholarships
Program, an RCT where low-income public school students in grades K-4 could participate in a series of
lotteries to receive a private school voucher for up to 3 years [9,10]. A subgroup analysis was pre-specified for
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the study to examine differences in voucher effects for African-American and Latino students. The hypothesis
was that African Americans might benefit more from the vouchers as they tended to live in poorer commu-
nities and attend lower-performing public schools.

Several key aspects of this subgroup analysis motivate the theory underlying this article. First, the study
sample was not randomly sampled from a broader population. Rather, the sample included only a very small
percentage of NYC families who applied for a scholarship. Thus, the study results cannot be generalized to a
broader voucher program that would involve all children in NYC or elsewhere. This setting suggests a finite
population framework for estimating ATEs where the sample and their potential outcomes are considered
fixed, and study results are assumed to pertain to the study sample only. This is a common RCT setting across
disciplines that often include volunteer samples of individuals and sites.

Second, the estimation strategy should allow for the inclusion of model baseline covariates to improve
precision as power is often a concern for subgroup analyses due to small sample sizes. Third, the voucher
study conducted randomization within strata, suggesting the need for a theory for blocked RCTs. Fourth, the
study randomized families rather than students, suggesting a further need to consider a theory for clustered
RCTs that are becoming increasingly prevalent across fields [11,12]. Finally, the study constructed weights to
adjust for missing outcome data, a common strategy for RCT analyses that should be covered in the theory.

This article addresses these issues by developing DB ATE ratio estimators for subgroup-related analyses
using regression models that allow for baseline covariates. We focus on ratio estimators due to the random-
ness of subgroup sizes in the treatment and control groups. We prove a new finite population central limit
theorem (CLT) by building on the methods reported by Pashley [13] and Schochet et al. [14]. We also discuss
extensions to blocked and clustered RCTs, and to other common estimators with random sample sizes or
summed weights: post-stratification estimators, weighted estimators that adjust for data nonresponse, and
estimators for Bernoulli trials (BTs). We provide consistent variance estimators that are compared to com-
monly used robust standard errors (SEs). Our simulations show that the DB subgroup ATE estimators yield
confidence interval coverage near nominal levels, even for small subgroups. Finally, we demonstrate the
methods using data from our motivating NYC voucher experiment.

The rest of this article proceeds as follows. Section 2 discusses the related literature. Section 3 provides the
theoretical framework, ATE estimators and CLT results for the non-clustered RCT, and extensions. Section 4
discusses blocked and clustered RCTs. Section 5 presents simulation results, and Section 6 presents empirical
results using the NYC voucher study. Section 7 concludes.

2 Related work

Our work builds on the growing literature on DB methods to estimate ATEs for full sample analyses [14-23].
These methods also pertain to subgroup analyses conditional on subgroup sizes observed in the treatment and
control groups [21], but not to unconditional analyses that average over subgroup allocations.

Our work draws most directly on two studies. First, we draw on methods in Schochet et al. [14] who
provide finite population CLTs for ratio estimators for blocked, clustered RCTs with general weights (using
previous results in Scott and Wu [24], Li and Ding [23], and Pashley [13]). Our innovation is to adapt these
methods by treating subgroup indicators as “weights” in the analysis. Second, we draw on results from the
study by Miratrix et al. [25] who considered DB post-stratification estimators for overall effects, which share
properties with baseline subgroup estimators. Miratrix et al. [25], however, do not consider asymptotic dis-
tributions, blocked or clustered RCT designs, the inclusion of other model covariates, or weights consid-
ered here.

Finally, there is a large statistical literature on DB methods for analyzing survey data with complex sample
designs, including for estimating subpopulation means or totals [26-28]. However, these works do not consider
RCT settings for estimating treatment-control differences in subpopulation means.

In what follows, we focus on the non-clustered RCT design without blocking and extensions to related
estimators. We then discuss blocked and clustered designs.
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3 DB subgroup analysis for non-clustered RCTs

We assume an RCT of n individuals, with n! = np assigned to the treatment group and n® = n(1 - p) assigned to
the control group, where p is the treatment assignment rate (0 < p < 1). Let T; equal 1 if person i is randomly
assigned to the treatment condition and 0 otherwise.

Let ¥;(1) be the outcome of person i if assigned to the treatment group and Y;(0) be the outcome in the
control condition. These potential outcomes can be continuous, binary, or discrete. We assume a finite
population model where potential outcomes are fixed for the study.

For the subgroup analysis, we assume each sample member is allocated to a discrete category within a
subgroup class with K > 1 levels. The subgroup classes (such as age or race/ethnicity groups) can be formed
from continuous, categorical, or discrete variables measured at baseline, so are unaffected by the treatment.
We consider estimation for each subgroup class in isolation. For a specific class, let Gy equal 1 for a member of
subgroup (level) k and 0 otherwise, for k € {1, 2,..., K}. Let ny = Yi-,Gy denote the number of persons in
subgroup k, with Z,Ilenk = n. Finally, let 7, = G = ny/n be the subgroup population share, with Zf=1nk =1

We assume two conditions. The first is the stable unit treatment value assumption (SUTVA) [29]:

(C1): SUTVA: Let Y,(T) denote the potential outcome given the random vector of all treatment assignments,
T. Then, if T; = T; for person i, we have that ¥(T) = ¥(T").

SUTVA allows us to express Y(T) as Yi(T;), so that a person’s potential outcomes depend only on the
person’s treatment assignment and not on those of other persons in the sample. This condition is assumed
to hold within and across subgroups. SUTVA also assumes that a particular treatment unit cannot receive
different forms of the treatment.

Under SUTVA, the ATE parameter for subgroup k under the finite population model is,

2iz1Gin(¥(D) — %(0))

T = " = %) - %i(0), M

which is the mean treatment effect for members of subgroup k in the study sample.
Our second condition is complete randomization [21], where extensions to BTs are discussed in Section 3.3:
(C2): Complete randomization: For fixed n', if t = (t,..., t,) is any vector of randomization realizations such

-1

n

nl] ’
This condition implies that potential outcomes are independent of treatment status, ¥;(1), ¥(0) 1L T;, which

also holds for any baseline subgroup (e.g., males or females).

that Z;thi = nl, then Prob(T = t) =

3.1 ATE estimators

Under the potential outcomes framework and SUTVA, the data generating process for the observed outcome
measure, y, is a result of the random assignment process:

Y = TY) + (1 - T)Y(0). 2
This relation states that we can observe y, = ¥;(1) for those in the treatment group and y; = ¥;(0) for those in

the control group, but not both.
Rearranging (2) generates the following nominal full sample regression model:

yi=a+th+u, ®3)

where T; = (T; - p) is the centered treatment indicator; 7 = ¥(1) - ¥(0) is the full sample ATE estimand;
Y(t) = %Z{LlYi(t) is the mean potential outcome for t € {1,0}; a = p¥(1) + (1 - p)¥(0) is the intercept (expected
outcome); and the “error” term, u;, is

u = TG - Y1) + (1 - T)(X(0) - ¥(0)).
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We center the treatment indicator in (3) to facilitate the theory without changing the estimator.

In contrast to usual formulations of the regression model, the residual, u;, is random solely due to T;
[16,17,20]. This framework allows individual-level treatment effects, 7; = ¥;(1) - ¥;(0), to vary across the sample,
and is nonparametric because it makes no assumptions about the potential outcome distributions. The model
does not satisfy key assumptions of the usual regression model: over the randomization distribution (R), u; is
heteroscedastic, and Ez(u;), Covg(u;, uy-), and Eg(Tiu;) are nonzero if 7 varies across the sample.

The model in (3) also applies to each subgroup due to randomization. Thus, if we combine each subgroup
model using the Gy indicators, we obtain the following pooled model:

K K
Y = Z TGy T + z aGix + €, @)
k=1 k=1

where 5, = ¥%(1) - %(0) is the subgroup ATE estimand; ax = p¥(1) + (1 - p)¥(0) is the subgroup intercept;
and ¢; = ZleGikuik is the error term with uy = T(Y(1) - (1) + (1 - T)(Yi(0) - %(0)). We include model
terms for all subgroups and exclude the grand intercept.

Consider the ordinary least squares (OLS) differences-in-mean estimator for 7, from (4) using data on the
full sample:

A ~ _ 1 n 1 n
b=yl -y = n—ﬁgcikm(l) - n—lgzcik(l - T)Y(0), G)

where n,} = Z;LlTiG,-k and n,? = Z?=1(1 - T;)Gy are subgroup sizes in the treatment and control groups with
sample shares, 7} = ni/n' and 7 = n?/n. We see that 7 is a ratio estimator because n} and n? are random
variables (with hypergeometric distributions).

The finite population CLT in Theorem 4 in the study by Li and Ding [23] applies to 7 conditional on n} and
n?, which are ancillary to (independent of) the potential outcomes. There is a long-standing debate on the
merits of conditional inference in such settings [30]. In our DB RCT context, we view repeated sampling over
the randomization distribution as applying to the full sample, which leads to random subgroup allocations and
the need for unconditional inference to capture what “could” occur. In contrast, a conditional analysis
measures what “did” occur and parallels a blocked subgroup design with fixed subgroup sizes. Accordingly,
we focus on an unconditional CLT for %, but compare variance estimators using both approaches in our theory
and simulations. The key difference is that an unconditional analysis leads to nonlinear ratio estimators with
random numerators and denominators (subgroup sizes), which complicates the asymptotic analysis.

Our CLT is provided in Section 3.2 for a more general covariate-adjusted estimator from a working model
that includes in (4) a IxV vector of fixed, baseline covariates other than the subgroup indicators, x;, with
parameter vector, f.

K K
Y = D uGyTi + Y axGu + X + e, (6)
k=1 k=1
where X; = (X; - ZleGika) are centered covariates; Xy = nikZ?zlGikxi are subgroup covariate means; and e; is
the error term. While the covariates do not enter the true RCT model in (4) and the ATE estimands do not
change, they will increase precision to the extent they are correlated with the potential outcomes. We do not
need to assume that the true conditional distribution of y, given X; is linear in x;. We define B in Section 3.2.
We focus on the pooled covariate model in (6) because it is commonly used in practice. In Section 3.3, we
discuss extensions to models that interact 7; with ¥; and Gi.
Using OLS to estimate the working model in (6) yields the following covariate-adjusted estimator for 7 that
is produced by standard OLS statistical packages:

=0 -3 - &L - 2D, )

where X} and X} are subgroup covariate means for treatments and controls, and f is the OLS estimator for p
(see [23] for a parallel result for full sample analyses).
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Our DB theory is conditional on randomizations that yield n{ > 0 and n? > 0 so that £, and its variance can
be defined [25]. These restrictions yield subgroup allocation distributions that are truncated, but these effects

disappear as n and ny increase (where we assume p = n'/n and m; = ni/n! have finite limits). To see this,
consider the general case where n; < n' and n; < n® so that either n} or n? can equal 0, and define
a,} = E(n,} | 0 < n,} < ny) as the expected value of the associated Truncated hypergeometric (n, n', n) distribu-

a

tion. We can express a; in terms of the non-truncated expectation, ny p, using a; = (npf) et

, where (ngpf) is

1-ptkD

T-@- pyw-pn (derivation not shown). As n and

the mean of the Truncated binomial (n, p) distribution with f =

a

n, increase, then a;! converges to n p because -

converges to 1 (as a hypergeometric mean converges to a

binomial mean) and f also converges to 1. A similar argument holds for n? and when n > n' or nj > n® (where
there is no truncation if both hold). Relatedly, in finite samples, the restrictions are likely to have little effect on
our results as they will hold with probability near 1 for typical subgroup analyses. For instance, even for a very
small subgroup with ny = 12, n = 40, and p = 0.5, the restrictions will hold with probability 0.9999. Thus, to
simplify notation, we omit the conditioning on positive subgroup allocations to each research group and use
the unconditional expectations, ngyp and ng(1 - p), in the analysis.

3.2 Main CLT result

To consider the asymptotic properties of 77 (which also apply to 7, without covariates), we consider a
hypothetical increasing sequence of finite populations where n — «. Parameters should be subscripted by
n, but we omit this notation for simplicity. We assume that n'/n — p* asn — o, so the numbers of treatments
and controls both increase with n. In addition, we assume that ng/n — m for all k, where mF > 0 and
Zlen,f = 1. This implies that each subgroup also grows with n, where the number of subgroups, K, is assumed
fixed.

Our CLT builds on Schochet et al. [14] who provided CLTs for RCT ratio estimators with general weights for
clustered, blocked designs. We adapt these methods to our setting by treating the subgroup indicators, Gy, as
“weights” when computing the subgroup sample means.

Before presenting our CLT, we need to define several terms. First, for t € {1,0}, let ey (t) = (Yi(t) -

Yi(t) - X;B) denote model residuals for subgroup k, where Ry(t) = %gik(t) are scaled residuals using the
normalized weights, wi/W = Gy/m, that sum to n. Second, let S (¢) = ﬁZ?lei%{(t) denote the variance of
Ry (t), and let Sék(l,o) = ﬁﬂ’:lRik(l)Rik(O) denote the treatment-control covariance. Third, we define Dy, as the

mean treatment-control difference in the Ry(t) residuals, with associated variance:

Si(D  SE(0)  s¥g) ®)
nl + nO - n )

Var(Dy) =

where S%(7) = ﬁz;;lueika) - Ry(0))? is the heterogeneity of treatment effects. Fourth, we define the var-

. 1 1 1- . . . .
iance of Gy as S¥(Gy) = mZLF(Gik - m)? = ﬁ(n—:") Fifth, we require the variances of each covariate,
k

1 Gik /1 . : . .
S,fk,‘, = ng’ﬂﬂ—%‘([xi]v)z for v € {1,..., V}, and the full variance-covariance matrix for the covariates, Sik =

1 Gik ~ y=~ . . . . . 1 Gik ~
;Z?:lﬂ—l:X{Xi- Finally, we need two outcome-covariate variance-covariance matrices: Siy,k(t) = ;Z?Zln—':x{Y,-(t)

and Sy 4 (t) = %Zﬁlnik(GikX{Yi(t) - 0;)% where 6 = %ZﬁlGikigYi(t) is the mean covariance.
We now present our CLT theorem, proved in Supplementary Materials S1.
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Theorem 1. Assume (C1), (C2), and the following conditions for t € {1, 0} and k € {1,..., K}, with fixed K = 1:

(€3) Letting g, (t) = maXi<i<n{RE(1)}, as n — o,

1 g .
(n*)? Var(Dy)

(C4) f* = n'/n and f° = n°n have limiting values, p* and (1 - p*), for 0 < p* < 1.
(C5) The subgroup shares, n/n, converge to 7 for 0 < 7 < 1 and Y7 = 1.
(C6) As n — oo,

s? (Gk)

a- =% ..

2
(C7) Letting hy(t) = max1<,<n . 2z ,]v)] forallv €{l,..,V}, asn — oo,

1 hy(t)
min(nt, n%) §2,

- 0.

c®Ss Rk(t) S Rk(l 0), Sxk v X oS x yx(0), and Sxy x(t) have finite limiting values.
Then, as n — o, ¥ is a consistent estimator for 7, and

i ~ (%) - %(0)) a

\JVar(Dy)

5 N, D),

where Var(Dy) is defined as in (8).
Remark 1. The Var(Dy) expression in (8) is difficult to interpret because S I%k(t) and S*() are scaled by

m4(n - 1) to facilitate the theory. To address this, we apply the following relations in (8): nlm(n - 1) =
n p(ni - m) and n4(n - 1) = k(1 - p)(ny — m), which yields,

Q% (1) . Q0 Q¥
np  m(d-p Ni

Var(Dy) = ¢y , 9

where Q% (t) = = 121 1Gie(0); Q4(ni) = mzl 1Gi(ea(D) = €x(0))% and ¢y = (n = /(i — m) < 1is a cor-
rection term that reflects the single treatment indicator “shared” by each subgroup (and can be ignored as it
converges to 1). The Qik(t) and Q2(7;) terms are population variances for those in subgroup k, and nip and
nk(1 — p) are expected subgroup sizes in the two research groups. This variance expression is more intuitive as
it parallels the full sample asymptotic results in Li and Ding [23], the key difference being that (9) is based on
expected subgroup sizes rather than actual ones. Note that for ¢, = 1, (9) is the same as for an RCT that
stratifies on subgroup k to select fixed subgroup sample sizes, nyp and ng(1 - p).

Remark 2. The first two terms in (9) pertain to separate variances for the two research groups because we
allow for heterogeneous treatment effects. The third term pertains to the treatment-control covariance,
Q%k(l,o), expressed in terms of the heterogeneity of treatment effects, Q%(7), which cannot be identified
from the data but can be bounded [31].

Remark 3. (C3) and (C7) are Lindeberg-type conditions from Li and Ding [23] that control the tails of the
potential outcome and covariate distributions. (C6) yields a weak law of large numbers for the observed

subgroup shares so that 7}/ L (using Theorem B in Scott and Wu [24]). This condition is used to account
for the randomness in n,ﬁ, because, for instance, it allows us to express the sample mean for the treatment

group as [nP]Z?ﬂG""%ﬂ), where the bracketed term converges to 1 by (C6) and the denominator in the summa-

tion term is fixed, so we can apply the CLT results in Li and Ding [23] and Slutsky’s theorem. While (C6) is
implied by (C4) and (C5), it facilitates the addition of other weights (Section 3.3). (C8) specifies limiting values of
the variances and variance-covariance matrices.
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Remark 4. Theorem 1 is proved in two stages by expressing the ATE estimator in (7) as,

=50 - &) - xDP - B), (10)

-1
where 7 = (1 - 30) - (&k - DB andB = |TimeSLy| [TieapmSy x(D) + Txa(l - PImS2 y 1(0)] is assumed

known. This B parameter is the (hypothetical) population OLS coefficient that would result from a regression of
[pYi(1) + (1 - p)Yi(0)] on the covariates. In the first stage, we obtain a CLT for Tkﬂ In the second stage, we prove
that ¥ has the same asymptotic distribution as #¥ by showing that (X} - X)(B - B) = 0p(n"12), which holds

under our conditions because X} and X are both asymptotically normal and B -B Lo.

Remark 5. Under (C1)-(C6), Theorem 1 also applies to % for the model without covariates by setting 8 =0
in (6) and in the residuals, i (t) and Ry(t), which enter the variances in (8) and (9). In Supplement S2.1, we prove
that 7y is unbiased using the approach reported by Miratrix et al. [25] and Schochet [18], where we condition on
ni > 0 andn? > 0 and then average over possible subgroup allocations (4) to the two research groups to show that
Ex(%i) = EsEp(fi|ni, n?) = 7. Similarly, using the law of total variance, Supplement $S2.1 shows that

: 0 - L@, a
ny

wmm=4:]aﬂa[

1| 1
Wl T Bed T e and hmEA[ ] nk(l >

n—-o

where Qik and Q* are defined in (9) with B = 0. Note that lim EA[
n—o

which aligns with (9) in large samples. In finite samples, however, the variance in (11) is at least as large as in

m by Jensen’s inequality. Our simulations include both sets of

1 1 1
(9) because EA[n_,}] > p and EA[n_,?] >
sample sizes (Section 5).
The following corollary to Theorem 1, proved in Supplement S1, provides the joint asymptotic distribution

of the subgroup estimators, (Z{,..., T§)-

Corollary 1. Under the conditions of Theorem 1, asn — o, the ATE estimators, 7} and ¥ for two subgroups k and
k’, are asymptotically independent, for (k, k') € {1,..., K}. Further, the joint asymptotic distribution of the K
subgroup ATE estimators, (if,..., T§), is multivariate normal.

This corollary is important for real-world applications because it supports the use of standard F-tests (or
chi-square tests) to test the null hypothesis of equal subgroup effects.

3.3 Extensions to related estimators

This section outlines extensions of our CLT result to post-stratification estimators, models that interact 7; with
X; and Gy, BTs, and the use of nonresponse weights to adjust for missing outcome data.

Post-stratification estimators. Miratrix et al. [25] considered variance estimation for a DB post-stratifica-
tion ATE estimator that obtains overall effects for the model without covariates by averaging % across
subgroups. With model covariates, we can express this estimator as, 735 = 125 1k TE. Corollary 1 from
s - (YW -¥(0) d

Var(Dps) - N(0,1), where

above can then be applied to yield a new CLT for this estimator:
_ 1 _
Var(Dps) = pi:Wl?Vﬂr(Dk)-
Interacted models. Theorem 1 can be extended to a model that replaces X, in (6) with the interaction
terms, ZleG,-k(l - Ti)fi,-Bg and ZleGikT}iiBi, which allows covariate effects to differ by subgroup and treatment
status. The ATE estimator for this model is, " = [y} - (&} - Xk)Bll(] -y - &) - Xk)ﬁg]. Theorem 1 can then

be applied by redefining the residuals as, Ry(t) = Gk () - () = (x; = Zi)B,), where BL = (SZ,)7182 (D).
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The proof (not shown) follows using the same arguments as in Remark 4 by replacing (10) with
36T = ¢X6TF _ 51 (gL - Xk)(ﬁ; - B.), and noting that under our regularity conditions, B; - B, 20 and

(&, - 2B, - B,) = 0,(n?) for t € {1,0}, s0 that T1_o(X}, - KB, - BL) = 0,(n ).

BTs. Our results also extend to BTs where each sample member is independently randomized to the
treatment group with probability p, leading to random treatment-control sizes. This design pertains, e.g., to
an RCT with rolling study intake. First, we can show that our result in Remark 5 on the unbiasedness of 7 for
the model without covariates also applies to BTs. To see this, consider the full sample analysis. Then, Bernoulli
sampling has the same properties as a two-stage design that first randomly selects n! from a truncated
binomial distribution, and then selects a simple random sample of size n! to the treatment group [32]. Thus,
this setting parallels the one in Remark 5 that calculates sample moments by first conditioning on subgroup
sizes. The only difference is that E4 is now taken over a truncated binomial rather than truncated hypergeo-
metric distribution. The same argument applies to the subgroup analysis as for the full sample analysis.

Second, we can adapt the CLT in Theorem 1 to BTs by using expected rather than actual sample sizes in the
theorem conditions (i.e., by replacing n! and n® with np and n(1 - p)). To see this, consider again the full sample
analysis, omitting the k = 1 subscript for simplicity. Let p* be the observed treatment share, and express the

51— gl S50 — 0 1 lsn S0 1 n
observed mean outcomes as, y* = y,.g' and y° = yp. g% where y;,. = Ezileiyi and yp,. = @Ziﬂ(l )
s . 1-
are divided by expected sample sizes rather than actual ones, and g! = % and g° = ((1_ 51)). Note that gt L 1for

t € {1,0}, so y* and y;T have the same asymptotic distributions by Slutsky’s theorem. Then, under our condi-
tions, Theorem 4 in the study by Li and Ding [23] provides a CLT for @;T - ygT), and the same proof as in
Supplement S1.2 for Theorem 1 extends this CLT to (§* - y°). A similar approach yields a CLT for the covariate-
adjusted ATE estimator using the variance in (9) by applying X’ = X4;¢¢ and noting that the asymptotic

properties of B do not change from Theorem 1. The same argument applies to the subgroup analysis.

Data nonresponse weights. Theorem 1 also applies, with additional assumptions, to a “subgroup” analysis
that adjusts for missing outcome data using respondents only with nonresponse weights, w/. To show this, let
Ri(T;) denote an indicator of potential data response in the treatment or control condition, where Ri(T;) = 1 for
a respondent and 0 for a nonrespondent. Further, let ; = Ri(T;) denote the observed response indicator. If
baseline covariates are available for the full sample, a common approach is to set w/* = 1/e!(x;) as the weight
for a respondent in research group ¢ € {1,0}, where e!(x;) = Pr(r; = 1| x;,T; = t) is the propensity score [33].

We invoke two missing data assumptions for each subgroup: (i) data are missing at random for each
research group conditional on covariates [34]: Y;(1), ¥(0) L r; | T; = t, G = 1, X;; and (ii) data response and
treatment status are independent conditional on the covariates: r; L T; | Gy = 1, X;. The first ignorability (selec-
tion-on-observables) condition — which is commonly invoked for observational studies using inverse prob-
ability weighting methods [35,36] — ensures that weighted ATE estimators using the respondent sample will
consistently estimate 7. The second condition implies that the response, 1; = Ri(T;) = R;, will be identical in the
treatment and control conditions, so that e!(x;) = e(x;) and w* = w/ are independent of ¢. Stated differently,
this condition implies that respondents and their weights are randomly allocated to the two research groups.
Thus, the summed weights, 3;.;_,w/, which enter the denominators of the weighted differences-in-means
estimators become random, which parallels the subgroup analysis from above with random subgroup sizes
in the two research groups.

Accordingly, we can apply Theorem 1, assuming known weights, where the respondent sample and
weighted least squares are used to obtain the ATE estimator, 7%, using (6). We assume e(x;) is known and
converges to e*(X;) asn — o, where 0 < e*(x;) < 1 for all x; in its finite population support so that (C6) holds.
For the proof, we replace the weights, w; = Gy, in the theorem with w; = Gyr;w! to define the variables and
regularity conditions. The resulting variance for the CLT has the same form as (9) but is based on expected
subgroup respondent sizes (Supplement S2.2). Developing a finite population CLT that allows for estimated
nonresponse weights rather than known weights is a topic for future research.
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Figure 1: (a) Probabilities for the differences, (7if — 71, relative to m, and (b) SE ratios using actual to expected subgroup sizes, as a
function of 61/5n for 81 = (nt — i p). Note: See text for definitions and formulas. (b) assumes n = 100, ¢ = 1.1, and & = 0.05.
SE = Standard error.

3.4 Variance estimation

To obtain consistent variance estimators for (9) (and model variants), we can either use expected subgroup sizes,
n,p and ni(1 - p), or actual ones, n! and n?, as for the conditional analysis. Our simulations find very similar
results using either approach (Section 5). This occurs because the difference between the hypergeometric random
variable, ﬂ,ﬁ, and its expected value, 7, decreases exponentially with nt [37,38]. For instance, Figure 1a shows that
for modest n, there is a high probability that |77f — 71|/ < ¢ for small ¢ (defined as 10 or 20%).

Further, Figure 1b shows that for small c, the ratios of SEs using actual to expected subgroup sizes in (9)
are close to 1, leading to similar confidence interval coverage. For example, for n = 100, p = 0.5, and 5% = 0.5,
the ratios range only from 1 to 1.026 as ¢ ranges from 0 to 0.2 (assuming Q% (1) = pQ%,(0) and Q%(z) = 9Q%, (0)
with plausible values, ¢ = 1.1 and & = 0.05). In expectation, the SE ratios are greater than 1 for all values of ¢
and ¢ (Remark 5 above), but the differences are small for typical subgroup sizes used in practice.
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To further examine the pattern of the SE ratios in Figure 1b, suppose first that ¢ = 1. Then, all ratios are at
least 1 when p = 0.5. However, if p < 0.5, the ratios are greater than 1if §! = n,} - mep < 0or8>n(l - 2p),
but are less than 1 otherwise, and vice versa for p > 0.5. As a function of §!, the ratios are convex and
symmetric around their minimum value at §! = 0.5, (1 - 2p) when n{ = n{. This symmetry is lost when
¢ # 1, but the same overall patterns apply (Figure 1b).

Using expected sizes, a consistent (upper bound) plug-in variance estimator for (9) based on estimated
subgroup regression residuals is as follows:

sz (1) . s7.(0)

var(Do) = np  m(1-p)’ w2
where
sz (D) = miéﬂ@k@i - aF - (- p)iF - xP)?
and
sz, (0) = ! i(l - T)Ga(y, = G + ptf - XP)*

M -vad-pmd -5

Here we set ¢, = 1, which can be relaxed by subtracting 77 in the denominators of sl%k(t) rather than 1. In (12),
the losses in degrees of freedom (df) due to the V covariates are split proportionately across the K subgroups
and two research conditions. Note that the same estimator results using a non-centered model in (6) that
replaces the Gy and ¥; terms with GyT; and x;. Hypothesis testing can be conducted using t-tests with
df = (ng - Vm - 2) or z-tests. Using actual sizes, we can instead use n}! and n? in (12) rather than nyp
and nx(1 - p).

As shown in Supplement S3, (12) is asymptotically equivalent to the robust Huber—-White (HW) variance
estimator [39,40], as has been shown for full sample estimators [16,20,41]. In finite samples, however, the DB
variances will typically be larger for the model without covariates due to larger df corrections. We compare
the two estimators in our simulations, along with other SE variants.

4 Blocked and clustered designs

The above CLT results extend directly to blocked RCTs where randomization is performed separately within
strata (e.g., sites, demographic groups, or time cohorts), and to clustered RCTs where groups (e.g., schools,
hospitals, or communities) are randomized rather than individuals.

4.1 Blocked RCTs

In blocked designs, the sample is first divided into subpopulations, and a mini-experiment is conducted in each
one. Note that we do not consider blocks formed by subgroups slated for ATE estimation as the theory for the
full sample analysis applies in this case (as n} and n are fixed).

For the blocked design, we use similar notation as above with the addition of the subscriptb = (1, 2,..., B)
to indicate blocks. For instance, T is the treatment indicator, p, is the block treatment assignment rate, n is
the number of persons in block b, Gxis the subgroup indicator, nyy is the size of subgroup k, my, = nyx/ny is the
subgroup share, and Y;(t) is the potential outcome. Further, we define S, as a 1/0 indicator of block member-
ship and g;, = ny/n as the block population share. We assume SUTVA and complete randomization within each
block, where vectors of possible treatment assignments are mutually independent across blocks.
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With this notation, we can now define the ATE estimand for blocks containing members of subgroup k as
Tk = Ypr(1) = ¥r(0), and the pooled ATE estimand across such blocks as,

B
_ 2 by 0Whk Tk

Tk 13)

Zg;nbk>owbk ’
where wyy is the block weight that can differ across subgroups. We set wy, = ny, but other options exist [42].
We allow np, = np and ny, = 0.

Consider OLS estimation of the following extension of (6) to blocked RCTs:

K K
Yy = Z oSGk Tip + Z apSivGink + XipP + Ny (14)
k=1 k=1

1
Y GpeXyp are cov-

= =~ K = . —
where T, = Ty, - p, and Xy = Xip — 231SsGokXpk are block-centered variables; Xy = ™

ariate means; and ), is the error term. The OLS ATE estimator for 7y in (14) is,
e = e = To) ~ Ehie = X0B, 15

where y;, and X}, are observed treatment and control group means.
Because a mini-experiment is conducted in each block, we can apply Theorem 1 to 7 asn — o for fixed B.
This yields the following finite population CLT for the blocked design.

Theorem 2. Assume (C1)—(C4) and (C6)-(C8) for each included block, and the following conditions for
be{l,..,Blandk €{],...,K}, for fixed B=1 and K = 1:

(C4a) The block shares, ny/n — g, as n — «, where q; > 0 and Zleqb* =1.
(C5a) The subgroup shares, ny/n, — 7 asn — o, with 0 < 7% < 1 and ¥ 71 = 1.
Then, as n — « for fixed B and K, %} is a consistent estimator for 7, and
i = (G = Ve (0
Tpic = (Vo ( )_ wk(0)) d NGO, 1),
v Var(Dyy)
where Var(Dy;) is defined as in (8) or (9) at the block level.
The proof (not shown) parallels the one for Theorem 1, applied to each block, by redefining the residual as,
Re() = Z5(¥(0) - Tiae(t) — (Xip - Zpi)B), while invoking (C4a) that allows ny, to grow with n, and (C5a) that

Tipk
amends (C5) so that mm, can equal 0 or 1. Note that Liu and Yang [43] considered asymptotics for full sample

estimators as B — oo,

A variance estimator for 7 in (15), Var(Dy), can be obtained using (12), where s,%bk(t) is now calculated
using residuals from the fitted model in (14). The df adjustments are (njy — Vq,p,7y — 1) for sI%bk(l) and
(ngy = Va,(1 = pymgy — 1) for s (0).

Next we provide a corollary to Theorem 2 on the pooled subgroup estimator across blocks,

. 1¢B . . . . :
R Pooted = n—kZb:nWOnka;‘k, where each block is weighted by its subgroup size.

Corollary 2. Under the conditions of Theorem 2, as n — « for fixed B and K, T pooleq IS @ consistent estimator

1B
for 7 pocted = 72 biny> 0k Tok, and
1

. a
m(ﬁfmomed — Tk, poolea) = N(0,1),

— 1 B —
where Var(Di) = G5z Yy VarDye).
This result follows because the 7, estimators are asymptotically independent across blocks, which can be
shown using the same arguments as in the proof of Corollary 1 in Supplement S1. We can estimate Var(Dy)



12 = Peter Z. Schochet DE GRUYTER

using Var(Dy) for each included block. Hypothesis testing for 77 can be conducted using t-tests with
df = (ng — Vm — 2B) or z-tests.

Finally, a future research topic is to develop a CLT for a restricted model that controls for block
main effects but excludes block-by-treatment interactions. An example of such a model is to replace the first
set of interactions in (14) with Zf=1rk,RGibkﬁb. In this case, the OLS ATE estimator for subgroup k is

fer = ﬁzbwbmf;‘k, where wy g = Ny Py (1 = py,) and p., = ny/np. Thus, %z uses a form of precision
weighting to weight the block-specific estimators. It is inconsistent but uses fewer parameters. Full sample

CLTs for this estimator are considered in [14,21], which become more complex in the subgroup context.

4.2 Clustered RCTs

In clustered RCTs, groups rather than individuals are the unit of randomization. Consider a clustered, non-
blocked RCT with m total clusters, where m' = mp is assigned to the treatment group and m® = m(1 - p) is
assigned to the control group. All persons in the same cluster have the same treatment assignment. Let my
denote the number of clusters in subgroup k, where m} and m{ are observed counts. We assume that
individual-level data are available for analysis, although our results also pertain to data averaged to the
cluster level.

We index clusters by j. Thus, we have that T; = 1 for treatment clusters and 0 for control clusters, ny, is the
number of subgroup k members in cluster j, ¥;(¢) is the potential outcome for personi in cluster j, and so on.
We also assume SUTVA and complete randomization as generalized to clustered RCTs [14].

Consider an individual-level subgroup (G = 1) where 5 > 0 for all j. In this case, mt = m! and m? = m°
are fixed, and the ATE estimand for subgroup k under the clustered RCT is

Z;Z1Z?i16ijk(ﬁj(1) - ¥;(0)) _ Y (T(1) - Yi(0))

=¥ -7 (16)
o - T - 1.0,

T =

where Vi (t) = %}(Z?ilGiijj(t) is the mean cluster-level outcome and ¥ (t) is the grand mean. Here clusters are
weighted by their subgroup sizes, wj = nj, but other options exist, such as weighting clusters equally to
estimate subgroup effects per cluster rather than per person.

Applying OLS to (6) with clustered data yields the following subgroup ATE estimator:

f-léclus = ()71: _)7]?) - ()__{i - ik)lg’ an

where iﬁ = nié j:Tj:tZ?ilGiijj(t) is the mean observed outcome, and similarly for X.

We see that (17) is a ratio estimator because n,} and n,? are random under the clustered design (if clusters
are weighted unequally). However, this is also the case for the full sample estimator, because n! and n° (i.e., the
summed weights) are also random. Thus, as m — o, the full sample CLT results reported by Schochet et al. [14]
for the clustered (and blocked) RCT can be applied to % 5. This approach is outlined in Supplement $3.2 along
with a consistent variance estimator using a version of (12) based on estimated cluster-level residuals. Parallel
to the HW analysis, Supplement $3.2 also shows that this variance estimator is asymptotically equivalent to the
cluster-robust SE estimator developed by Liang and Zeger [44].

Finally, Supplement S3.3 outlines cluster RCT results for a subgroup analysis defined by a cluster-level
characteristic (G = 1), such as a school, hospital, or community feature, rather than an individual-level
characteristic. In this setting, m{ and m? become random, which parallels the subgroup analysis for the
non-clustered RCT. Note that a similar formulation also applies for the individual-level subgroup analysis
when m = 0 for some clusters.
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5 Simulation analysis

We conducted simulations to examine the finite sample statistical properties of our DB subgroup ATE esti-
mators. The focus is on the non-clustered RCT because prior full sample simulation results for the clustered
RCT also pertain to individual-level subgroup analyses [14,45], as discussed above. For the simulations, we
applied the variance estimator in (12) using expected and actual subgroup sizes, for models with and without
covariates. We set ¢, = 1 for most specifications, but also adjusted for ¢, for some runs. We also ran simula-
tions using the HW estimator and several variants of (12) (Supplement S4).

5.1 Simulation setup

The following model was used to generate potential outcomes for K = 2 subgroups and V = 2 pre-treatment
covariates:

Yl(0) = Gy + 2Gjy + 0.4Gixi1 + 0.8GirXip + 0.7Gioxin + 0.5Gj2Xiz + €
Y1) = Y(0) + Guby + Gpbp, (18)

where ¢; is iid N(0,1) random error; x;; and X;, are iid N(0,1) covariates; and 6;; and 6;, are iid N(0,0.5) and
N(0,0.4) random errors that capture treatment effect heterogeneity.

We generated five draws of potential outcomes using (18) to help guard against unusual draws and report
average results. For each draw, we conducted 10,000 replications, randomly assigning units to either the
treatment or control group using p = 0.5 (or p = 0.4 or 0.6 for some runs), and only kept randomizations that
met our minimum subgroup size criteria for variance estimation. For each replication, we estimated the model in
(6) and stored the results. We ran simulations for total sample sizes of n = 40, 100, and 200 and Subgroup 1 shares of
m = 0.25, 0.50, and 0.75. To allow for skewed distributions, we also generated model errors and covariates for
selected runs using a chi-squared distribution with the same means and variances as above.

In Supplement S4, we discuss variants of (12) used in our simulations. These include applying the df

correction for hypothesis testing in Bell and McCaffrey [46]; subtracting a lower bound on the nikQZ(Tk)

heterogeneity term; multiplying by (1 — R,)™}, where RZ is the R? from a regression of Gy T; on X; and the
other terms in (6); and using the finite sample variance in (11).

5.2 Simulation results

Table 1 and Supplement Tables S1-S4 present the simulation results. Of the 300,000 draws of n} and n{ used in
Table 1, all yielded values of n! > 0 andn? > 0, so these restrictions have little effect on our theory. Focusing on
Subgroup 1, we find negligible biases for all specifications with and without baseline covariates. Confidence
interval coverage is close to 95% using t-distribution cutoff values, even with relatively small subgroup
samples, but with slight over-coverage across specifications. Accordingly, Type 1 errors tend to be slightly
below the nominal 5% level (Tables 1 and D.1). It is interesting that these results differ from those found for the
clustered RCT where Type 1 errors tend to be inflated [14,45].

Estimated SEs are close to “true” values, as measured by the standard deviation of the ATE estimates
across replications. Consistent with the theory on SE ratios in Section 3.4, the SEs are slightly larger using
actual subgroup sizes than expected ones, leading to narrower confidence interval coverage using the
expected sizes. Also consistent with the theory, the SEs are slightly smaller for the HW estimator for the
model without covariates, and for specifications that adjust for ¢, < 1. Type 1 errors for F-tests to gauge
differences in Subgroup 1 and 2 effects are close to 5% but tend to be somewhat liberal (Tables S1 and S2).
We find similar results using data generated from a chi-squared distribution (Table S3) and using p = 0.4 or 0.6
(Table S4). Finally, applying variants of the variance formula in (12) as detailed in Supplement S4 does not
change the overall findings or improve performance (Table S3).
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Table 1: Simulation results for the subgroup ATE estimators

Model specification Bias of ATE Confidence interval True SE** Mean
estimator? coverage estimated SE

Model without covariates

Sample size: n = 40, mm = 0.50

Design-based (DB), actual subgroup -0.002 0.954 0.646 0.640
sizes, ¢, =1

DB, expected sizes, ¢, =1 -0.002 0.952 0.646 0.633
DB, actual sizes, adjust for ¢, -0.002 0.948 0.646 0.621
HW -0.002 0.953 0.646 0.639
Sample size: n = 100, 7 = 0.50

DB, actual sizes, ¢, =1 0.000 0.958 0.376 0.385
DB, expected sizes, ¢, =1 0.000 0.957 0.376 0.383
DB, actual sizes, adjust for ¢, 0.000 0.956 0.376 0.381
HW 0.000 0.958 0.376 0.385
Sample size: n = 100, m = 0.25

DB, actual sizes, ¢, =1 0.000 0.953 0.626 0.628
DB, expected sizes, ¢, =1 0.000 0.951 0.626 0.618
DB, actual sizes, adjust for ¢, 0.000 0.948 0.626 0.613
HW 0.000 0.948 0.626 0.613

Model with two covariates
Sample size: n = 40, mm = 0.50

DB, actual sizes, ¢, =1 0.002 0.950 0.501 0.482
DB, expected sizes, ¢, =1 0.002 0.948 0.501 0.476
DB, actual sizes, adjust for ¢, 0.002 0.944 0.501 0.467
HW 0.002 0.953 0.501 0.494
Sample size: n =100, 7 = 0.50

DB, actual sizes, ¢, =1 0.000 0.961 0.298 0.305
DB, expected sizes, ¢, =1 0.000 0.960 0.298 0.303
DB, actual sizes, adjust for ¢, 0.000 0.959 0.298 0.302
HW 0.000 0.962 0.298 0.308
Sample size: n = 100, m = 0.25

DB, actual sizes, ¢, =1 0.000 0.956 0.486 0.482
DB, expected sizes, ¢, =1 0.000 0.954 0.486 0.475
DB, actual sizes, adjust for ¢, 0.000 0.951 0.486 0.470
HW 0.000 0.952 0.486 0.470

Note: See text for simulation details. The calculations assume two subgroups with a focus on results for Subgroup 1, a treatment
assignment rate of p = 0.50, and normally distributed covariates and errors. For each specification, the figures are based on 10,000
simulations for each of 5 potential outcome draws, and the findings average across the 5 draws. Ordinary least square (OLS) methods
are used for ATE estimation using the model in (6), and design-based SEs are obtained using (12). Huber-White estimates are obtained
using the Im_robust procedure in R.

ATE = Average treatment effect; DB = Design-based; HW = Hubert-White.

“Biases and true SEs are the same for all specifications within each sample size category because they use the same data and OLS model
for ATE estimation.

6 Empirical application using the motivating NYC voucher
experiment
To demonstrate our DB subgroup ATE estimators, we used baseline and outcome data from the NYC School

Choice Scholarships Foundation Program (SCSF) [9]. SCSF was funded by philanthropists to provide scholar-
ships to public school students in grades K-4 from low-income families to attend any participating NYC private
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school. In spring 1997, more than 20,000 students applied to receive a voucher. SCSF then used random
lotteries to offer 3-year vouchers of up to $1,400 annually to 1,000 eligible families in the treatment group.
Of the remaining families not offered the voucher, 960 were randomly selected to the control group.

SCSF assisted the treatment group in finding private-school placements. More than 78% of treatment
families used a voucher, for 2.6 years on average, where 98% of users attended parochial schools. Here we
focus on estimating ATEs (i.e., intention-to-treat effects on the voucher offer) for two race/ethnicity subgroups
as defined in the original study [9]: African Americans and Latinos each of who comprise about 47% of the
sample. The study authors hypothesized that African Americans might benefit more from the vouchers as they
tended to live in more disadvantaged communities with lower-performing public schools.

Following the original study [9], the primary outcomes for our analysis are composite national percentile
rankings in math and reading from the study-administered Iowa Test of Basic Skills (ITBS). We focus on first
follow-up year test scores, where the response rate was 78% for treatments and 71% for controls. Our goal is
not to replicate study results but to illustrate our subgroup ATE estimators.

The voucher study was a blocked RCT. Applicants from schools with average test scores below the city
median were assigned a higher probability of winning a scholarship, and blocks were also formed by lottery
date and family size (with 30 blocks in total). The design is also partly clustered because families were
randomized, where all eligible children within a family could receive a scholarship; 30% of families had at
least two children in the evaluation.

We used (14) for ATE estimation and (12) for variance estimation for each block, where blocks were
weighted by their subgroup sizes to obtain the overall subgroup effects. To adjust for clustering, we averaged
data to the family level. Following [9], we used weights to adjust for missing follow-up test scores. We ran
models without covariates and those that included baseline ITBS scores to increase precision, though they
were not collected for the entire kindergarten cohort. Following the original study, other demographic cov-
ariates were not included in the models due to the large number of blocks.

Table 2 presents the subgroup findings that mirror those from the original study. We find that the offer of
a voucher had no effect on test scores overall or for Latinos across specifications. The effects on African
Americans are also not statistically significant at the 5% level for the model without baseline test scores.
However, the effects on African Americans become positive and statistically significant for the model with
baseline scores, that excludes the kindergarteners but nonetheless yields SEs that are reduced by about 12%.
These effects are 4.7 percentile ranking points, which translates into a 0.26 standard deviation increase, with a
significant F-test for the subgroup interaction effect (p-value = 0.028). The effects for African Americans remain
significant using the sample with baseline test scores without controlling for them in the model.

Table 2: Estimated ATEs on composite test scores for the NYC voucher experiment

Model specification Overall sample African American Latino

Model excludes baseline test scores

DB, actual subgroup sizes 0.25 (1.06) 2.54 (1.45) -0.86 (1.58)
DB, expected subgroup sizes 0.25 (1.06) 2.54 (1.45) -0.86 (1.58)
HW 0.25 (1.03) 2.54 (1.42) -0.86 (1.49)
DB: actual sizes using sample with baseline test scores 0.88 (1.30) 4.47* (1.73) -1.11 (1.76)
Model includes baseline test scores

DB, actual subgroup sizes 1.70 (1.01) 4.70* (1.27) 0.50 (1.44)
DB, expected subgroup sizes 1.70 (1.01) 4.70% (1.27) 0.50 (1.44)
HW 1.70 (0.98) 4.70% (1.24) 0.50 (1.39)
Student sample size (without/with baseline test scores) 2,012/1,434 902/643 964/682

Note: SEs are in parentheses. See text for ATE and SE formulas. All estimates are weighted to adjust for follow-up test score
nonresponse.

ATE = Average treatment effect.

*Statistically significant at the 5% level, two-tailed test.
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We find across specifications that the DB SEs are nearly identical using actual and expected sample sizes.
Further, consistent with theory, the DB SEs are slightly larger than the HW SEs, but both yield the same study
conclusions: the vouchers did not improve test scores overall, but there is evidence they had a positive effect
on African American students in grades 1-4. A detailed reanalysis of the original study data, however, cautions
that the results for African Americans are sensitive to alternative race/ethnicity definitions and should be
interpreted carefully [10].

7 Conclusion

This article considered DB RCT methods for ATE estimation for discrete subgroups defined by pre-treatment
sample characteristics. Our subgroup estimators derive from the Neyman-Rubin-Holland model that under-
lies experiments and are based on simple least squares regression methods. We considered ratio estimators
due to the randomness of observed subgroup sample sizes in the treatment and control groups that were not
conditioned on for the asymptotic analysis. The DB approach is appealing in that it applies to continuous,
binary, and discrete outcomes, and is nonparametric in that makes no assumptions about the distribution of
potential outcomes or the model functional form.

We developed a new finite population, unconditional CLT for our subgroup ATE estimators under the non-
clustered RCT, allowing for baseline covariates to improve precision. The main difference between our CLT
and prior full sample ones is that the asymptotic variance for the subgroup estimator is based on expected
subgroup sizes rather than actual ones. Another difference is that the subgroup variance includes a finite
sample adjustment (¢,) that reflects the single treatment indicator shared by the subgroups. To apply the
estimators in practice, we discussed simple consistent variance estimators using regression residuals that are
asymptotically equivalent to robust variance estimators, but with finite sample degrees-of-freedom adjust-
ments that derive directly from the experimental design. Our re-analysis of the NYC Voucher experiment
demonstrated the simplicity of the methods, while maintaining statistical rigor.

A contribution of this work is that it provides a unified DB framework for subgroup analyses across a
range of RCT designs. We discussed extensions of the asymptotic theory to blocked and clustered designs. We
also discussed extensions to other commonly used estimators with random treatment-control sample sizes or
summed weights: post-stratification estimators that average subgroup estimators to obtain overall effects,
weighted estimators to adjust for data nonresponse, and estimators from BTs.

Our simulations for the non-clustered RCT show that the subgroup ATE estimators yield low bias and
confidence interval coverage near nominal levels, although with slight over-coverage. This is somewhat
surprising as the simulation literature on DB and robust variance estimators for clustered RCTs — that also
applies to the subgroup context — shows the opposite issue of under-coverage [14,45].

Our simulations find very similar results using either actual or expected subgroup sample sizes for
variance estimation. As demonstrated in several ways, this occurs because the difference between the
observed subgroup proportions, i and 7, and their expected value, 7, decreases exponentially with the
overall sample size. This finding justifies the typical approach of using actual subgroup sample sizes for
variance estimation, which blurs the distinction between a subgroup analysis conditional on the observed
treatment-control subgroup sizes and an unconditional subgroup analysis considered here. Thus, a conditional
analysis may be preferred due to its simplicity and parallel structure to the full sample DB analysis.

The free RCT-YES software (www.rct-yes.com), funded by the U.S. Department of Education, estimates
ATEs for both full sample and baseline subgroup analyses using the DB methods discussed in this article using
either R or Stata. The software applies actual sample sizes for the variance formulas for subgroup analyses and
allows for general weights. The software also allows for multi-armed trials with multiple treatment condition.
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