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Abstract: In a seminal article, Ding and VanderWeele proposed a method of constructing bounds for causal
effects that has become widely recognized in causal inference. This method requires the analyst to provide
guesses of certain “sensitivity parameters,” loosely defined as the maximal strength of association that an
unmeasured confounder may have with the exposure and with the outcome. Ding and VanderWeele stated
that their bounds are sharp, but without defining this term. Using a common definition of sharpness, Sj6lander A.
A note on a sensitivity analysis for unmeasured confounding, and the related E-value. J Causal Inference.
2020;8(1):229-48 showed that Ding and VanderWeele’s bounds are sharp in some regions of the sensitivity
parameters, but are non-sharp in other regions. In this note, we follow up the work by Sjélander A. A note on
a sensitivity analysis for unmeasured confounding, and the related E-value. ] Causal Inference. 2020;8(1):229-48,
by deriving bounds that are guaranteed to be sharp in all regions of Ding and VanderWeele’s sensitivity para-
meters. We illustrate the discrepancy between Ding and VanderWeele’s bounds and the sharp bounds with a real
data example on vitamin D insufficiency and urine incontinence in pregnant women.
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1 Introduction

Unmeasured confounding is an important obstacle when estimating causal effects from observational data. In
the presence of unmeasured confounding, causal effects cannot be point-identified; however, it is often
possible to construct bounds for them [1-5]. In a seminal article, Ding and VanderWeele (DV) [6] proposed
a method of constructing such bounds that has become widely recognized in causal inference and related
fields; as of 2023-04-11, DV’s article [6] has more than 400 citations according to Google Scholar. Briefly, DV’s
method requires the analyst to provide guesses of certain “sensitivity parameters,” loosely defined as the
maximal strength of association that an unmeasured confounder may have with the exposure and with the
outcome. Given these parameters, DV derived bounds for the causal risk ratio and the causal risk difference.

DV stated that their bounds are sharp, but without defining this term. In the causal inference literature,
bounds are usually said to be sharp if all values inside the bounds are logically compatible with the observed
data distribution and with any auxiliary information, such as the specified values of the sensitivity parameters
[7-9]. Sj6lander [10] showed that, under this definition, DV’s bounds are sharp in some regions of the sensi-
tivity parameters, but are non-sharp in other regions. He characterized certain regions where DV’s bounds are
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guaranteed to be sharp, but he did neither prove that these are the only regions where the bounds are sharp,
nor did he derive bounds that are narrower than DV’s bounds in regions where the latter are non-sharp.

Given the wide recognition of DV’s bounds, it is important to establish in which regions they are guar-
anteed to be sharp, in which regions they are guaranteed to be non-sharp, and to derive sharp bounds in the
latter regions, given DV’s sensitivity parameters. In this note, we accomplish these tasks. We start by laying
down notation, definitions, and assumptions. Then, we briefly review DV’s bounds. Then, we present bounds
that are guaranteed to be sharp in all regions of DV’s sensitivity parameters. Finally, we illustrate the
discrepancy between DV’s bounds and the sharp bounds with a real data example on vitamin D insufficiency
and urine incontinence in pregnant women. Like DV, we focus on scenarios where both the exposure and the
outcome are binary. However, whereas DV only derived bounds for the causal risk ratio and risk difference,
our bounds are applicable to any measure of causal effect that can be written as a contrast between two
counterfactual outcome probabilities.

2 Notation, definitions, and assumptions

DV developed their theory conditional on measured covariates, and we do the same. For brevity, we keep the
conditioning on measured covariates implicit in all probability expressions below.

Let E and D denote the binary exposure and outcome, respectively. Let p(E = e) denote the marginal
probability of E =e, and let p(D = d|E = e) denote the conditional probability of D =d, given E = e,
for (d, e) € {0,1}. The exposure—outcome association is defined as some contrast between p(D = 1|E = 1)
and p(D = 1|E = 0), for instance, the risk ratio RRgp = p(D = 1|E = 1)/p(D = 1|E = 0) or the risk differ-
ence RDgp =p(D=1E=1) - p(D=1|E = 0).

Let D(e) be the potential outcome [11,12] for a given subject, had the exposure been set to E = e for that
subject. Similarly, let p{D(e) = 1} be the counterfactual probability of the outcome, had the exposure been set
to E = e for all subjects. The causal effect of the exposure on the outcome is defined as some contrast between
p{D(1) = 1} and p{D(0) = 1}, for instance, the causal risk ratio CRRgp = p{D(1) = 1}/p{D(0) = 1} or the causal
risk difference CRDgp = p{D(1) = 1} - p{D(0) = 1}. We assume consistency

E=e=>D(e)=D D
and the existence of a set of (unmeasured) confounders U sufficient for confounding control. In terms of
potential outcomes, we require conditional exchangeability, given U:

{D(0), D(1)} L E|U. 2

Under assumptions (1) and (2), the potential outcome probability p{D(e) = 1} can be expressed as a
function of p(D, E, U):

piD(e) = 1} = E[p{D(e) = 1|U}]
= E[p{D(e) = 1|E = ¢, U}] €))
=E{p(D =1E =¢,U)},

where the expectation is taken over the marginal distribution of U, the first equality follows from the law of
total probability, the second from assumption (2), and the third from assumption (1).

3 DV’s bounds

The bounds proposed by DV use two sensitivity parameters, informally defined as the maximal strength of
association between E and U, and between U and D, respectively. Formally, the parameter RRyyp is defined as

max,p(D =1E=¢,U=u)
RRyp = max 3 s
e |mingpD =1E=e,U=u)
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and the parameter RRg.y is defined as

p(U = u|E = e)
plU=ulE=1-¢

RREg.y = max
u

)], for e € {0, 1}.

DV defined the bounding factor
RReev ¥ RRyp

BE, = —————-——, f € {0, 1}.
“= RRpy + RRpp - 1° 0P ¢E{0L
They showed that, given {BF,, BF;}, CRRgp is bounded by
RRgp/BF; £ CRRgp < RRppBE, @

and CRDgp is bounded by

RDgp - {p(E = 0)p(D = 1E = 1)(1 - 1/BFy) + p(E = Dp(D = 1|E = 0)(BF; - 1}
< CRDgp < (5)
RDgp + {p(E = Dp(D = 1E = 0)(1 - 1/BE) + p(E = 0)p(D = 1|E = 1)(BF, - D}

Sjolander [10] showed that DV’s lower bounds are sharp if BF; < 1/p(D = 1|E = 0) and that DV’s upper
bounds are sharp if BF, < 1/p(D = 1|E = 1), but that DV’s bounds are not necessarily sharp outside these
regions. However, he did neither prove that these are the only regions where the bounds are sharp, nor
did he derive bounds that are narrower than DV’s bounds in regions where the latter are non-sharp.

4 Sharp bounds

Define
le=pD =1|E = e){p(E = e) + p(E =1 - e)/BE}
and
u,=pD =1E = e)[p(E = e) + p(E =1 - e)min{BF;-¢), 1/p(D = 1|E = e)}],
and consider the following bounds for p{D(e) = 1}:
l, < p{D(e) = 1} < u,. 6)

In the Appendix, we show that the bounds in (6) have two important properties, which we summarize in a
theorem.

Theorem 1. Validness and simultaneous sharpness of the proposed bounds.

* The bounds (l,, u,) are valid, in the sense that the inequalities in (6) hold for all distributions p(D, E, U).

s The bounds (L, ug) are simultaneously sharp, in the sense that, for any specific distribution p*(D, E) and bias
factor BFY, there exists a distribution p(D, E, U) such that p(D, E) = p*(D, E), BF; = BF}, p{DQ1) = 1} = [,
and p{D(0) = 1} = uy.

* The bounds (ly, wy) are simultaneously sharp, in the sense that, for any specific distribution p*(D, E) and bias
factor BF§, there exists a distribution p(D, E, U) such that p(D, E) = p*(D, E), BFy = BF§, p{D(1) = 1} = u,
and p{D(0) = 1} = I,.

An important corollary of Theorem 1 is that one can obtain a sharp lower bound for any contrast between
p{D(1) = 1} and p{D(0) = 1} by contrasting the minimal value of p{D(1) = 1} with the maximal value of
p{D(0) = 1}, within the range in (6). Similarly, one can obtain a sharp upper bound for any contrast between
p{D(1) = 1} and p{D(0) = 1} by contrasting the maximal value of p{D(1) = 1} with the minimal value of
p{D(0) = 1}, within the range in (6). For instance, we obtain sharp bounds for the causal risk ratio as
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p(E = 0) + p(E = 1) min{BF;, 1/p(D = 1|E = 0)}
p(E =1) + p(E = 0)/BF
< CRRpp < o
RREDP(E = 1) + p(E = 0) min{BF,, 1/p(D = 1|E = 1)}
p(E = 0) + p(E = 1)/BF,

RRgp/

and sharp bounds for the causal risk difference as

RDgp = (p(E = 0)p(D = 1|E = 1)(1 - 1/BFy) + p(E = Dp(D = 1|E = 0)[min{BFy, 1/p(D = 1|E = 0)} - 1])
< CRDgp < ®
RDgp + (p(E = Dp(D = 1|E = 0)(1 - 1/BFy) + p(E = 0)p(D = 1|E = 1)[min{BFy, 1/p(D = 1|E = 1)} - 1]).

One can easily obtain sharp bounds for other contrasts as well, such as the odds ratio or odds difference.

DV’s bounds in (4) and (5) coincide with the sharp bounds in (7) and (8), respectively, in the regions where
Sjolander [10] proved that DV’s bounds are sharp. Specifically, DV’s lower bounds in (4) and (5) coincide with
the sharp the lower bounds in (7) and (8) when min{BF;, 1/p(D = 1|E = 0)} = BF;, and DV’s upper bounds in (4)
and (5) coincide with the sharp upper bounds in (7) and (8) when min{BF, 1/p(D = 1|E = 1)} = BF,. However,
outside these regions, DV’s bounds are wider than the sharp bounds.

The reason why DV’s bounds are not generally sharp is that, by replacing the term min{BF .y, 1/p(D = 1|E = e)}
in the upper bound u, with BF4-,, as DV effectively did, one ignores a particular restriction
E{p(D =1|E = e, U)|E =1 - e} <1 on the underlying distribution p(D, E, U). In the Appendix, we show where
this restriction enters in the derivation of the bounds. Ignoring this restriction will have consequences when BF; )
is large, i.e, when there is a substantial degree of unmeasured confounding.

When BF, and BF; go to infinity, the bounds for p{D(e) = 1} in (6) converge to

p(D=1E=e)p(E=¢e) <p{D(e) =1} <p(D=1E=e)p(E=¢e) +p(E=1-¢),

which were previously derived by Robins [1]. These bounds are assumption-free, in the sense that they are
guaranteed to include the true value of p{D(e) = 1}, irrespective of the values of {BF, BF;}.

5 Illustration

Stafne et al. [13] carried out a cross-sectional study to estimate the causal effect of vitamin D insufficiency,
defined as having low levels of circulating 25-hydroxvitamin D (25(0H)D), on the risk of urine incontinence in
pregnant women. The study included 851 women in mid-pregnancy (gestational weeks 18-22), who were
generally healthy and above 18 years of age. Levels of 25(0H)D were measured with blood samples, whereas
urine incontinence was self-reported and categorized as stress incontinence or urge incontinence.

Stafne et al. [13] carried out various analyses, using different cutoffs for 25(0H)D levels in their exposure
definition, different combinations of stress/urge incontinence in their outcome definition, and adjusting for
different sets of potential confounders. Here, we focus on one of these analyses, in which they defined the
exposure (E = 1) as 25(0H)D < 50 nmol/l, the outcome (D = 1) as either stress or urge incontinence, and did not
adjust for any confounders.

Table 1 shows the crude data under these exposure and outcome definitions. Based on these data, we have
that p(E = 1) = 0.27, p(D = 1|E = 0) = 0.38, and p(D = 1|E = 1) = 0.49. The risk ratio and risk difference are

Table 1: Data from Stafne et al. [13] on vitamin D insufficiency (E) and urine incontinence (D)

E=0 E=1

=0 382 18
D=1 239 12
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Figure 1: Sharp bounds (solid lines) and the assumption-free bounds (dotted lines) for p{D(0) = 1} (left panel) and p{D(1) = 1} (right
panel), for the data in Table 1.

equal to 1.27 and 0.10, respectively, and a y2-test gives a p-value equal to 0.01. Hence, there is strong evidence
for a statistical association between vitamin D insufficiency and urine incontinence.

Figure 1 shows the sharp bounds (solid lines) and the assumption-free bounds (dotted lines) for p{D(0) = 1}
(left panel) and p{D(1) = 1} (right panel) as functions of BE,, assuming that BF, = BF;.

log( CRRep )

log( CORep )

BF,

CRDgp

CODED

0.0 0.5 1.0

-0.5

2 3 4 5 6

1

-1 0

BF,

Figure 2: Sharp bounds (solid lines), DV’s bounds (dashed lines), and the assumption-free bounds (dotted lines) for the causal log risk
ratio (top-left panel), causal risk difference (top-right panel), causal log odds ratio (bottom-left panel), and causal odds difference
(bottom-right panel), for the data in Table 1.
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Figure 2 shows the bounds for several contrasts between p{D(1) = 1} and p{D(0) = 1}. The top panels of
Figure 2 show the sharp bounds (solid lines) and DV’s bounds (dashed lines) for the causal log risk ratio (top-
left panel) and causal risk difference (top-right panel) as functions of BE,, assuming that BF, = BF;. The vertical
dotted lines in Figure 2 indicate the values BE, = 1/p(D = 1|E = 0) and BE, = 1/p(D = 1|E = 1). Up to these points,
DV’s lower and upper bounds agree with the sharp lower and upper bounds, respectively, but are wider than
the sharp bounds thereafter. The horizontal dotted lines indicate the assumption-free lower and upper
bounds. The sharp bounds are confined within the assumption-free bounds, whereas DV’s bounds exceed
the assumption-free bounds for large values of BE,.. Furthermore, for large values of BE,, DV’s bounds exceed
the logical limits -1 and 1 for the causal risk difference.

The bottom panels of Figure 2 show the sharp bounds (solid lines) for the causal log odds ratio (bottom-left
panel) and causal odds difference, together with the corresponding assumption-free bounds (dotted lines). We
note that DV did not derive any bounds for these parameters based on the bounding factors {BF, BF}.
However, the sharp bounds for these, or any other contrasts between p{D(1) = 1} and p{D(0) = 1}, are easily
obtained from the bounds in (6).

6 Discussion

In this note, we have derived sharp bounds for causal effects based on DV’s sensitivity parameters. We have
shown that the bounds previously derived by DV are equal to the sharp bounds in the regions where Sj6lander
[10] proved that DV’s bounds are sharp, but that DV’s bounds are wider than the sharp bounds outside these
regions.
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Figure 3: Sharp bounds (solid lines), DV’s bounds (dashed lines), and the assumption-free bounds (dotted lines) for the causal log risk
ratio (top-left panel), causal risk difference (top-right panel), causal log odds ratio (bottom-left panel), and causal odds difference
(bottom-right panel), for p(E = 1) = 0.5, p(D = 1|E = 0) = 0.6, and p(D = 1|[E = 1) = 0.7.
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The sharp bounds are clearly of strong theoretical interest, but may also have important practical rele-
vance, since they may sometimes be substantially narrower than both DV’s bounds and the assumption free
bounds. As an example, Figure 3 shows the same bounds as Figure 2, for p(E = 1) = 0.5, p(D = 1|E = 0) = 0.6,
and p(D =1E=1)=0.7.

A reader may wonder if our developments have any implications for the E-value. The answer is no. To see
this, note that, for an observed risk ratio larger than 1, the E-value is defined as the common value of the
sensitivity parameters such that the lower bound for the causal risk ratio is equal to 1. Suppose that DV’s lower
bound for the causal risk ratio was not sharp when being equal to 1. If so, then the E-value would be
conservative in the sense that, even if the sensitivity parameters were as large as the E-value, the observed
association could still not be explained away by unmeasured confounding. However, Sjolander [10] showed
that DV’s lower bound for the causal risk ratio is always sharp when it is equal to 1; hence, the observed
association can, indeed, be explained away by unmeasured confounding if the sensitivity parameters are as
large as the E-value.

Given the wide recognition of DV’s work, we hope that this note will make an important contribution to
the literature on sensitivity analysis and bounds for causal effects in the presence of unmeasured confounding.
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Appendix

A Proof of Theorem 1

A.1 Proof of validness

From (3), we have that p{D(e) = 1} = E{p(D = 1|E = e, U)}. Using the law of total probability, we further have
that
E{p(D=1E=eU)}= ) E{p(D=1E=e U)E=ep(E = e
e’€{0,1}
=pD=1E=e)p(E=e)+E{p(D=1E=¢U)E=1-¢elp(E=1-¢)
=p(D =1|E = e){p(E = e) + CRReepp(E = 1 - €)},

where we have defined

E{p(D=1E=¢e U)E=1- ¢}
p(D = 1E = e) '

CRREeD =

Our parameters CRRgop and CRRgyp correspond to the parameters CRR;, and 1/CRRgp, defined in Section 2.2 of
DV’s eAppendix. In that section of eAppendix, DV showed that

RRe1y X RRypp

1/CRRgyp £
JCRRED = RRpy + Ry — 1
and
RR, x RR
CRRE()D < E1U 0UD ,
RRpiy + RRgyp — 1
where

R _maxp(D=1E=¢e,U=u)
7 mingp(D=1E=e,U=u)’

Since RRqyp < RRyp and xy/(x + y — 1) is monotonically increasing in y, it follows that 1/CRRgyp < BF; and
CRRgop < BF;, and by symmetry also that 1/CRRggp < BFy and CRRgyp < BF. In short, we have that

1/BE, < CRRgep < BEq-¢).
However, we also have that
E{p(D=1E=¢,U)IE=1-¢} <1,
so that
1/BE, < CRRgep < min{BE-¢), 1/p(D = 1|E = e)},

which gives the bounds in (6).

A.2 Proof of sharpness

We prove that (4, ug) are simultaneously sharp. That (ly, u;) are simultaneously sharp follows by symmetry.
Thus, we prove that it is possible to find a distribution p(D, E, U) that is consistent with any given
{p*(D,E),BFj}, and is such that p{D(1) =1} =1 and p{D(0) =1} = us. We only consider the case
BF} > 1/p*(D = 1|E = 0) since sharpness was proven by Sjélander [10] for the opposite case. We construct
the distribution p(D, E, U) in the following steps:
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(1) Let p(E) = p*(E).
(2) LetU be binary, with

p(U=1E=1)=1,
p(U = 1|E = 0) = 1/x,

where x is an arbitrary number such that x > BF}f. We have that 0 < p(U = 1|E = e) < 1 for e € {0, 1}.
We also have that p(U=1E=1)/p(U=1E=0)=x>1 and p(U=0|E=1)/p(U=0E=0)=0, so
that RRgyy = p(U = 1|E = 1)/p(U = 1|E = 0) = x.

(3) Let

p*(D = 1|E = 0) - 1/x

pD=1E=0,U=0)= T ,

pD=1E=0,U=1)=1,

D=1E=1,U=0)= *(D-lE-lw
PO =1E=1U=0)=p D =1E= D",

p(D=1E=1,U=1)=p*D = 1|E = 1).
We have that 0 < p(D = 1|E = ¢, U = u) < 1 for (e, u) € {0, 1}. We further have that

p(D=1E=0)=pD=1E=0,U=Dp(U=1E=0)+pD=1E=0,U=0)p(U =0|E =0)
p*(D=1E=0)-1/x

=1X1 +
Ix 1-1/x

x(1-1/x)
=p*(D=1E=0)
and

pD=1UE=1)=pD=1E=1U=DpU=1E=1) +p(D =1E =1,U = 0)p(U = O|E = 1)
1/BFf - 1/x

=p*(D=1E=1)x1 *D=1E=1)——
p¥( | ) x 1+ p*( | ) 1= 1x x 0
= p*(D = 1|E = 1).
We further have that
p(D=1|E=1,U=1)_ 1-1/x
pD=1E=1,U=0) 1/BFf-1/x
p(D=1|E=0,U=1)_ 1-1/x
pD=1E=0,U=0) p*D=1E=0)-1/x
21,
so that
pD=1E=1U=1)
RRyp =
P pD=1E=1U=0)
o 1-1x
1/BFf - 1/x
1-1/RRgyy

" 1/BFY - 1/RRpy
_ BFf(RRpiy - 1)
"~ RRpyy - BFf

We now have that
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RRew % RRyp
RRgiy + RRyp - 1
_ BFI(RRp1y — DRReyy

RRp1(RRpiy — BFY) + BFf(RRg1y — 1) = (RRgyy — BFY)
= BF%.

BF1 =

Finally, we have that

E{pO=1E=1U)E=0=pD=1E=1,U=Dp(U=1E=0) + p(D = 1|E =1, U = 0)p(U = O|E = 0)

1/BF} - 1/x

=P =1E =1 x 1x+ D = UE =)= 1= x (1= 1)

= p*(D = 1|E = 1)/BF*
= p(D = 1|E = 1)/BE,

and

E{pD=1UE=0,)E=13=pD=1E=0,U=1Dp(U=1E=1)+pD =1E =0,U = 0)p(U = O|E = 1)
PO=1E=0)-1/x

=lxdw 1-1/x
=1,
so that
piD() = 13 =E{p(D = |E = 1, U)}
=pD=1E=1Dp(E=1) + E{p(D =1|E =1, U)|E = 0}p(E = 0)
=p(D =1E =1D{p(E=1) + p(E = 0)/BF;} = |y
and

p{D(0) = 1} = E{p(D = 1|E = 0, U)}
= p(D = 1|E = 0)p(E = 0) + E{p(D = 1|E = 0, V)|E = Lp(E = 1)
= p(D = 1|E = 0)}{p(E = 0) + p(E = D/p(D = 1IE = 0)} = u.

We end the proof with a technical remark. For the distribution, we have constructed p(U = 0|E = 1) = 0 so
that, strictly speaking, p(D = 1|E = 1, U = 0) is undefined. To overcome this technical obstacle, one can modify
the proof and let p(U = 0|E = 1) = € approach 0 in such a way that {p(D, E), BF;} converges to {p*(D, E), BF{}
and p{D(1) = 1} and p{D(0) = 1} converge to the lower and upper bounds.
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