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Abstract: This article proposes a class of M-estimators that double weight for the joint problems of nonrandom
treatment assignment and missing outcomes. Identification of the main parameter of interest is achieved
under unconfoundedness and missing at random assumptions with respect to the treatment and sample
selection problems, respectively. Given the parametric framework, the asymptotic theory of the proposed
estimator is outlined in two parts: first, when the parameter solves an unconditional problem, and second,
when it solves a stronger conditional problem. The two parts help to summarize the misspecification scenarios
permissible under the given framework and the role played by double weighting in each. As illustrative
examples, the article also discusses the estimation of causal parameters like average and quantile treatment
effects. With respect to the average treatment effect, this article shows that the proposed estimator is doubly
robust. Finally, a detailed application to Calénico and Smith’s (The women of the national supported work
demonstration. ] Labor Econom. 2017;35(S1):S65-S97.) reconstructed sample from the National Supported
Work training program is used to demonstrate the estimator’s performance in empirical settings.
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1 Introduction

When interest lies in causal inference, the prevalence of missing data poses a major identification challenge. In
observational studies, causal effects estimation is complicated due to a nonrandom selection of individuals
into programs or interventions (nonrandom treatment assignment). If, in addition, the observed outcome of
interest is missing due to attrition or nonresponse, then this creates a double identification challenge for the
estimation of treatment effects. This article proposes a class of doubly weighted M-estimators that are con-
sistent and asymptotically normal for the joint problems of nonrandom treatment assignment and missing
outcomes.

Despite the ubiquity of missing data problems in observational and experimental studies, the traditional
inverse probability weighted (IPW) literature has only considered treatment and sample selection problems in
isolation. In this article, I extend the literature to incorporate both issues simultaneously in a general frame-
work. The main parameter of interest is defined to solve a population objective function. To correct for the two
selection issues at hand, the article proposes weighting by both the propensity score and the missing outcome
probability to identify the true parameter. The two key assumptions are unconfoundedness and missing at
random, which represent ignorable assignment and missing data mechanisms, respectively [1]. Estimation

* Corresponding author: Akanksha Negi, Department of Econometrics and Business Statistics, Monash University, Wellington Road,
Clayton, Victoria 3800, Australia; Webpage: www.anegi.net, e-mail: akanksha.negi@monash.edu

8 Open Access. © 2024 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.


https://doi.org/10.1515/jci-2023-0016
http://www.anegi.net
mailto:akanksha.negi@monash.edu

2 =— Akanksha Negi DE GRUYTER

follows in two steps: first the probabilities are estimated using binary response maximum likelihood, and
second, the estimated probabilities are plugged in as weights to solve some objective function.

In the missing data IPW literature, Ding and Li [2] and Cao et al. [3] considered estimation of the popula-
tion mean in the presence of missing outcomes. Robins and Rotnitzky [4] considered the estimation of
regression parameters when the outcome is censored. Chen et al. [5] and Graham et al. [6] considered
estimation of parameters indexing moment conditions, whereas Wooldridge [7] focused on the parameter
solving an optimization problem. See the study by Seaman and White [8] for a review of IPW in the missing
data context. While most of this literature draws parallels between missing data and missing potential out-
comes, none have considered the problem of treatment selection. On the other hand, the causal inference
literature uses propensity score weighting for identifying treatment effects but does not address any tradi-
tional missing data issues [9-13].

A few articles have looked at the double selection problem. For instance, Huber [14] presented a sys-
tematic treatment of the forms of attrition (i.e., whether selection is on observables or unobservables) that
yield true average treatment effects (ATEs) in an experiment. His results under the “selection-on-observables”
assumption are nested within this article as a special case. In another article, Huber [15] used an instrument
for sample selection along with a conditionally exogeneous treatment. He then proposes a weighted estimator
that nests the sample selection probability as an additional covariate in the propensity score. This is different
from the weighting scheme employed in this article which neither involves any instruments nor nests prob-
abilities. Rather, it exploits the sequential relationship between the two selection mechanisms; individuals
may be more or less likely to attrit after selecting into a particular treatment group beyond what is dictated by
their covariates. Other articles that take a selection-on-unobservables view of one or both problems include
[16,17]. Typically, the discussion in these articles is limited to identification results for the ATE along with an
incomplete characterization of the estimator in question. One exception is Huber [15] who also considered the
unconditional quantile treatment effect (QTE) for the selected subpopulation.

This article makes the following contributions. First, it attempts to provide a comprehensive treatment of
the two problems under a selection-on-observables framework where the parameter of interest minimizes an
objective function. Consequently, the double-weighting solution applies to a wide range of procedures that can
be framed as an M-estimation problem. The asymptotic theory of the proposed estimator is characterized in
two parts. The first part describes cases where a conditional feature of interest is potentially misspecified,
which is formalized in terms of a weak identification assumption. This part requires the weights to be correctly
specified in order to achieve identification. In contrast, the second part assumes a conditional feature of
interest to be correctly specified and allows the weights to be wrong. Together, they summarize two important
cases of misspecification that can arise in this double-weighting setup and help us determine what can be
consistently estimated under each setting. For instance, with respect to the estimation of QTEs, this article
shows how one can estimate conditional QTE (CQTE) or a linear approximation to CQTE depending on whether
the conditional quantile function is assumed to be correctly specified or not.

This article also shows that certain quasi-log-likelihood and mean function combinations deliver a “doubly
robust” (DR) estimator of ATE under the given framework. This is different from the augmented-IPW style of
estimators that are well known for being DR in the missing data literature ([18-20], see [21] for a review). DR
estimators involve models for the conditional mean and propensity score and are consistent if at least one of
two models is correctly specified. The extant literature on DR estimators have either focused on sample
selection [2,6] or treatment selection [7,13], but not both at the same time [22]. A related contribution is to
propose a DR estimator for ATE, which is distinct from the augmented-IPW class, when both problems are
present. An advantage of this estimator is that it is less sensitive to extreme values of the weights and also
ensures that the range of the estimated mean function aligns with the nature of the outcomes being studied
[13]. Simulations show that the doubly weighted ATE and QTE estimates have the lowest finite sample bias
compared to alternatives that ignore one or both problems. More recently, Bia et al. [23] have adapted the
double machine learning framework of Chernozhukov et al. [24] to accommodate both treatment and sample
selection problems in the presence of high-dimensional covariates.

This article also adds to the existing IPW literature on “efficiency puzzle” which finds that estimated
nuisance parameters often provide a more efficient estimator for the main parameter of interest. This result
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appears while characterizing the variance of the proposed estimator under the first half of the asymptotic
theory. The estimation of the weights helps to exploit the correlation between the first- and second-step
moment conditions obtained from the binary response and M-estimation problems, respectively, which the
known-weights estimator fails to do. However, this ceases to be true in the second half where there are no
efficiency improvements from using estimated weights. This puzzle has been well studied in [7,25-27], and
more recently in the studies by Lok [28] and Su et al. [29]. This article also discusses conditions when weighting
may be inefficient compared to not weighting at all.

Finally, the proposed method is applied to estimate the average and distributional impacts of the National
Supported Work (NSW) training program on earnings for the Aid to Families with Dependent Children (AFDC)
target group. The sample was obtained from Calénico and Smith [30] who recreated Lalonde’s within-study
analysis for this women’s sample. The presence of experimental and non-experimental comparison groups in
the data help to evaluate whether the doubly weighted estimator brings us close to the experimental bench-
mark relative to other alternatives. I find that the empirical bias for the doubly weighted estimate is much
smaller than that for the unweighted estimate.

The rest of this article proceeds as follows: Section 2 describes the basic potential outcomes framework
and provides a short description of the population models with an introduction to the naive unweighted
estimator; Section 3 discusses the treatment assignment and missing outcome mechanisms, which leads us
directly to the identification lemma; Section 4 develops the first half of the asymptotic theory for the doubly
weighted estimator with a focus on misspecification of a conditional feature of interest and correct weights; in
contrast, Section 5 considers the second half where a conditional model of interest is correctly specified but the
weights may be misspecified; Section 6 studies the estimation of average and QTEs within the proposed
framework; Section 7 provides supporting Monte Carlo evidence under two cases of misspecification: the
correct conditional model with misspecified weights and misspecified conditional model with correct weights;
Section 8 applies the proposed method to the NSW job training program; and Section 9 concludes.

2 Potential outcomes and the population models

Let Y(1) and Y(0) denote potential outcomes for the treatment and control states, respectively, and let W be an
indicator for the binary treatment. Then,

Y=Y0)Q-W)+YQ) W. @

Also, let X be a fixed vector of covariates, which includes an intercept. Some feature of the distribution of
(Y(g), X) is assumed to depend on a finite vector 6. Let q(Y(g), X, 6,) be an objective function where some
examples include the smooth least squares function, q(-) = (Y(g) - X6j)?% or the non-smooth quantile regres-
sion, q(-) = ¢(Y(g) - X6), where c;(u) = (7 - 1{u < 0})u is the asymmetric loss function for a random vari-
able, u.

Assumption 1. (Identification of 02) The parameter vector 0;,’ € 0, is a unique solution to the population
minimization problem, minggegg[E[q(Y(g), X, 0,)], for each g = 0, 1.

Assumption 1 defines the parameter of interest as the one that uniquely solves the population optimization
problem. If q(-) involves a misspecified conditional feature like a conditional mean, variance, or even the full
conditional distribution, Assumption 1 guarantees a unique pseudo-true solution [31]. In that case, determining
whether the pseudo-truth, 8%, is a meaningful parameter will depend on the conditional feature being studied
and the estimation method used. For example, least squares can provide us with the best linear approximation
to the true conditional mean, even if one mis-specifies the true function. Similarly, Angrist et al. [32] estab-
lished the approximation properties of quantile regression where one can still estimate the best linear
approximation to the true conditional quantile function under misspecification. In both cases, Bg indexes
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linear projections (LPs) to different conditional models. On the other hand, when q(-) involves a correctly
specified model, Oé‘,’ has a straightforward interpretation.

2.1 Nonrandom treatment assignment and missing outcomes

Let S be a binary indicator that denotes whether the outcome is observed or missing. Then,

ve Y(0)(1- W)+ YA W, ifS=1

= 2
missing, if S=0. @

Given that the main objective of this article is to consistently estimate #%, a common empirical strategy is to
only use complete cases for estimation. This means solving treatment and control group problems,

N N
min ) S;- Wi - q(¥, X, 6:) and min  S;-(1 - W) q(%, X;, 6), ©)
01€6:;—1 00€60;-1

where q(Y,X,60,) = W-q(Y(1),X, 0,) + (1 - W) q(Y(0), X, ;). The estimator that solves (3) is called the
unweighted estimator and is denoted by 0; . This will be consistent if it identifies 0;,’ in the population. For
example, consider

Y(g) = X6, + U(g), g=0,1, where E[XU(g)]=0.

In this case, even if the treatment is randomly assigned, missingness in the outcome may still be
correlated with treatment, observable factors, or both. Hence, the population first-order condition for
the selected sample, E[S- W - X'U(g)], is not zero even though E[X'U(g)] = 0. Therefore, Og cannot be
identified.

3 Identification of the parameter of interest

For identification of the main parameter, I make the following assumption.

Assumption 2. (Strong ignorability) Assume, Y(0), Y(1) 1L W|X.
(1) The vector of covariates, X, is always observed for the entire sample.
(i) For all x € X, define p(x) = P(W = 1|X = x) such that k < p(x) < 1 for a constant k > 0.

This indicates that conditioning on covariates is enough to parse out any systematic differences between
the treatment and control groups, also known as unconfoundedness. Part (i) requires that we observe these
covariates for all individuals. Part (ii) is an overlap condition that ensures that we observe units in both the
treatment and control groups for each value of X in the population. Previous literature has found several
situations where unconfoundedness is a tenable assumption. This is especially true when pre-treatment values
of the outcome variable are available. For example, Lalonde [33] and Hotz et al. [34] have shown that con-
trolling for pre-training earnings alone reduces significant bias between non-experimental and experimental
estimates. The literature assessing teacher impact on student achievement has reported similar findings with
pre-test scores [35-37].

Assumption 3. (Missing at Random) Assume, Y(0), Y(1) 1L S|X, W. (i) In addition to X, W is always observed
for the entire sample. (ii) For each (x,w) € (X, W), define r(x,w) =P(S=1X=x, W=w) such that

r(x,w) > n for a constant n > 0 and w = 0, 1.

Assumption 4. (Random Sampling) {(¥, X;, W;, S;); i = 1,2, ...,N} are iid draws from an infinite population.
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Assumption 3 is known as missing at random or MAR and represents an ignorable missing data
mechanism. It implies that missingness depends only on observables and not on the missing values of the
variable itself [38]. This includes missing completely at random as a special case [1]. The need to condition on
W in addition to X helps to deal with the possibility that treatment itself can alter the probability of observing
the outcome. This is especially useful in explaining cases of differential nonresponse. Parts (i) and (ii) have
similar interpretations as before. Finally, Assumption 4 is a standard random sampling assumption.

Lemma 1. (Identification) Given Assumptions 1-3, assume (i) q(Y(g), X, ;) is a real-valued function for all
(Y(g), X) and (i) E[|q(Y(g), X, 6,)|] < « for all 6, € @,, g = 0,1, then

E‘& g1, X, oo] - E[q(¥ (D), X, 6,)]

r(X, W) p(X)
and
S-1-w) _
Define w; = m, and wy = % for notational simplicity. Lemma 1 implies that solving the

population problem with weights, w,, is equivalent to solving the original M-estimation problem given in
Assumption 1. The proof uses two applications of the law of iterated expectations (LIEs) with unconfounded-
ness and MAR to arrive at the above result.

Remark. Given that treatment selection is widely viewed as a form of a missing data problem, one argument is
to simply combine the two selection problems into one. Imagine a single binary indicator, D = S - W. Arguably,
existing IPW results could then be applied directly using the single indicator, D. While this may be convenient,
such an approach fails to acknowledge the fact that (i) S and W often represent two different selection
problems, and (ii) combining them into one may lead to a loss in efficiency. Hence, a more rigorous treatment
necessitates considering each issue separately.

4 Asymptotic theory when the conditional feature of interest is
misspecified

Given that r(X, W) and p(X) are unknown, the following assumptions posit that we have a correctly specified
model for the propensity score and missing outcome probability. Since both W and S are binary responses,
estimation of y, and 8y using maximum likelihood (MLE) will be asymptotically efficient under correct
specification of these functions. Consistency and asymptotic normality for y, and &8, follow from Theorems
2.5 and 3.3 of [39].

Assumption 5. (Correct parametric specification of probability models) Assume that

(i) there exists a known parametric function G(X, y) for p(X), where y € I' and 0 < G(X, y) < 1. Similarly,
there exists a known parametric function R(X, W, §) for r(X, W), where § € A and R(X, W, §) > 0;

(ii) there exists y, € I' and & € A s.t. p(X) = G(X, ) and r(X, W) = R(X, W, &).

The “doubly weighted” estimator is then defined as follows:

N
6, = arggnig 2 By - q(Y, X;, 6p), @)
€

§="8i=1

where
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G = Si- W Do = Si-(1- W)
" RX, W, 8) G(X;, P) 7 R, W 8)(1 - G(X,, )

are the estimated weights for solving the treatment and control group problems, respectively. Let d; and b;
denote scores of the binary response log-likelihood problems for estimating the propensity score and missing
outcome probability models evaluated at probability limits y, and 8y, respectively. Also, let h(B;,’) = h, denote
the score of q(-) at the true parameter value and assume that it exists with probability one.

Theorem 1. (Asymptotic normality) Under Assumptions 1-5 and conditions (1)-(13) in the Appendix,
~ d _ .
VN (6, - 69) ~ N(0, H,'Q.H,"), where ; = E(lili,) - E(ligh)E (b)) E(bl;,) ~ E(d)E(d,d)) E(dd,) for

each g = 0,1 and li; = wighy, is score of the weighted objective function evaluated at Bg.

The asymptotic variance expression derived above offers some interesting insights. First, the middle term,
2,, represents the variance of the residual from the population regression of the weighted score, l;,, on the two
binary response scores, b; and d;. Note that the covariance term between the two MLE scores is zero since they
are conditionally independent.

Second, the expression for £, has an efficiency implication for ég. When one is only willing to assume
identification of Gg in the unconditional sense of Assumption 1, it is potentially more efficient to estimate the
two weights even when they are known. To show this formally, let us assume that p(X) and r(X, W) are known
and ég is the doubly weighted estimator that uses known weights, w,. Then,

Corollary 1. (Efficiency gain with estimated weights) Under the assumptions of Theorem 1,
Avar[VN(6; - 69)] - Avar[VN (6, - 69)] = H'E,H,' - H;'Q.H}' = H,(%, - Q)H,!

is positive semi-definite and where L = E(liglig).

In other words, we do no worse, asymptotically, by estimating the weights even when we actually
know them. This result has also been called the “efficiency puzzle” and has been studied in Wooldridge [7]
and others [26-29]. It is understood to arise from the suboptimal use of moment conditions in two-step
procedures.

5 The conditional feature of interest is correctly specified

This section discusses the second half of the asymptotic theory for the doubly weighted estimator where
identification of the parameter in question is formalized using a strong identification assumption.

Assumption 6. (Strong conditional identification of 05‘3) The parameter vector Og € 0, is the unique solution to
the population minimization problem, ming,eq, E[q(Y(g), X, 6;)[X], for each g =0, 1.

Assumption 6 describes situations where a conditional feature of interest is correctly specified. This can be
seen as strengthening the identification assumption in Section 4 since LIE implies that 0}; will also be a solution
to the unconditional M-estimation problem.

An implication of this identification argument is that 0;,’ solves the conditional score of the objective
function, i.e., E[hg|X] = 0. For instance, the conditional score will be zero when estimating a correctly specified
conditional mean function using either least squares or quasi maximum likelihood in the linear exponential
family. It would also hold for a correctly specified conditional quantile function estimated either using
quantile regression or quasi maximum likelihood in the tick exponential family [40].
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Under this conditional identification assumption, correct specification of the probability weights is not
required for the doubly weighted estimator to be consistent for 0;,’. In other words, R(:,",6) and G(-,y) are
allowed to be misspecified. Formally,

Assumption 7. (Parametric specification of probability models) Assume that
(i) First part of Assumption 5 holds.
(ii) There exists y* € I' and §* € A such that plim(y) = y* and plim(§) = &, respectively.

Under this setting, the weights are given by

S W and wqg = SA-W)
" RX, W,8(1-GXy"))

*

“ITRX W, 86X, )

where p and & solve the same binary response problems as before but converge to probability limits given by
pseudo-true values y* and &%, respectively [31]. The identification argument in this case can be briefly
explained as follows:

N

6, = argmin 3 wj - q(¥; X, 6) * argmink[w} - q(¥(g), X, 6;)]
g i=1 g

= argrrgnE[Eg(X)' qY(g), X, 0,)]

= argmink [£,(X) E(q(Y(8), X, 6,)[X)]

©)

- n0
_og’

where &,(X) > 0 is a function of weights. If 0;,’ is a solution to the conditional problem E[q(-)|X], it will also
solve equation (5) (multiplication by &,(X) will not affect the conditional minimization problem). Therefore,
solving the doubly weighted objective function identifies the parameter even if the weights are misspecified.
Theorem 2 establishes asymptotic results under this case.

Theorem 2. (Asymptotic normality under strong identification) Under Assumptions 2-4, 6, and 7, and condi-
A d

tions (1)-(13) in the Appendix, VN (6, - 69) — N(0, H/'@,H,"), where @, = E(ll},) with Hy and 1;; defined in

Theorem 1 with asymptotic weights given by wj,.

Unlike the previous section, £, now is simply the variance of the weighted score of q(-) without the first-
stage adjustment of the estimated probabilities. This is because under Assumption 6, the correlation between
the score functions of the first- and second-step estimating equations is zero ie., E(ligh;) = E(l;d;) = 0. In
other words, when Qg is correctly specified for a conditional feature of interest and an appropriate estimation
method is used, there is optimal usage of moment conditions.

A simpler expression for £, also means that we can no longer exploit the correlation between scores to

obtain an efficient estimator of 05‘,’ . Again, let ég uses true weights, w,. Then, we have the following result.

Corollary 2. (No gain with estimated weights under strong identification) Under the assumptions of Theorem
2, Avar[VN (6, - 69)] = Avar[VN(f, - 69)] = H/'@,H,".

A special case is when w, is just a constant since R(:,-) and G(:,-) are allowed to be any positive functions of

X and W. This implies the unweighted estimator, é; , which does not weight at all, is also consistent for Bg
under the results of Theorem A.2. In this case, one may turn to asymptotic efficiency to guide our choice
between weighting or not weighting at all. The following result says that if the objective function satisfies the
generalized conditional information matrix equality (GCIME), the unweighted estimator is asymptotically
more efficient than any weighted counterpart (correct weights or not).



8 = Akanksha Negi DE GRUYTER

Corollary 3. (Efficiency gain with unweighted estimator under GCIME) Under assumptions of Theorem 2, if we
additionally suppose that the objective function satisfies GCIME in the population, which is defined as:

E[R(Y(g), X, 6)h(Y(g), X, 00 |X] = o, - Vo E[M(Y(g), X, OD)[X] = of, - A(X, 67), ®)
then, Avar[/N (@, - 69)] = H;'@,H,' and Avar[/N (é; - 69)] = (Hy) '@y HY)™, and
Avar[VN (6, - 0)] - Avar[VN(6; - 62)]

is positive semi-definite.

The proof of this theorem follows from noting that we can express the difference in the two asymptotic
variances as the expected outer product of population residuals from the regression of B; on D;, which are
weighted versions of square root of matrix A; (see Appendix B for details). Hence, the difference is positive
semi-definite.

We know GCIME in a variety of estimation contexts. In the case of full maximum likelihood, GCIME holds
for q(Y(g), X, 6;) = ~Inf,(Y|X, 6g), where f,(|) is the true conditional density with oozg = 1. For estimating
conditional mean parameters using quasi maximum likelihood estimation in the linear exponential family,
GCIME holds if Var(Y(g)|X) = O'Ozg -v[m(X, 0;,’)]. In other words, GCIME will be satisfied if Var(Y(g)|X) satisfies
the generalized linear model assumption, irrespective of whether the higher-order moments of the conditional
distribution correspond with the chosen quasi-log likelihood or not. For estimation using nonlinear least
squares, GCIME will hold for q(Y(g), X, 6,) = [Y(g) - m(X, 6,)]* with the homoskedasticity assumption. In
all these cases, the unweighted estimator will be more efficient than any weighted counterpart. Otherwise, the
two may not be easy to rank.

6 Estimation of treatment effects

I now use asymptotic results discussed in Sections 4 and 5 for estimation of ATE and QTEs, which can be
expressed as functions of the doubly weighted estimator, ég.

6.1 Double robust estimation of ATE

Let m(X, 6,) be a parametric model for the conditional mean, E[Y(g)|X]. Define
Aae = E[m(X, 61) - m(X, 6y)]. 0]

6.1.1 First half: Correct conditional mean

If the mean model is correctly specified, one could consistently estimate Bg using nonlinear least squares
where the estimator solves a weighted nonlinear least squares problem, i.e.,

N
6, = argmin ) &y, (¥ - m(X;, 6,))>
) i=1

Since we are operating under Assumption 6, results from Section 5 dictate that the doubly weighted estimator
would be consistent for 0;,’ irrespective of correct or incorrect weights. This is what forms the “first part” of the
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DR result for ATE estimation. One could also replace q(-) with quasi maximum likelihood and still consistently
estimate conditional mean parameter, Og forg=0,1.

6.1.2 Second half: Correct weights

A consistent estimator for the ATE can generally not be obtained using equation (7) if the conditional mean
function is misspecified. In the generalized linear model literature, certain combinations of quasi log like-
lihood and link functions lead to first-order conditions such that

E[Y(g)] = E[h(X6))]

even though h(XGA‘,’) is misspecified for the true conditional mean. By allowing misspecification in the mean
model, we are operating under Assumption 1, which implies that weighting is crucial for identification of the
pseudo-true parameter, 02 [31]. This forms the “second half” of the DR result for ATE estimation and draws on
the theory outlined in the first half (Section 4) under the weak identification assumption.

In particular, the estimation strategy is to choose the mean model to be the canonical link, h™'(-) (where h(-) is a
strictly increasing function on the real line), and the quasi-log likelihood associated with a linear exponential family.
This choice will depend on the range and nature of Y. Then, Bg solves the following population first-order conditions:

Vo, h(X69)- X' (Y - h(X6)) |
“e VIh(X6D)] I

8

where v[h(-)] is variance of the mean function. With the chosen canonical link, equation (8) simplifies to
E[w, - X' (Y - h(X6p))] = 0. )
Since X includes an intercept, the first-order conditions give us
E[Y(g)] = [E[h(Xog)]. (10)

The doubly weighted estimator, ég, then solves the sample analogue of equation (9), i.e.,

N

2 Oy * X{ (Y - h(X:6p)) = 0.

i=1
For Y with unrestricted support, normal quasi-log likelihood and identity link function (h(X6;,) = X6,) deliver
the mean fitting property. Other combinations of quasi-log likelihood and canonical link functions can be
found in Table 2 of the study by Negi and Wooldridge [41].

Summary. DR estimation of ATE with double weighting

Case 1: Correct conditional mean and misspecified (or correct) weights: In this case, we are operating
under Assumption 6 along with Assumption 7 (or Assumption 5 in the case of correct weights). Results in
Section 5 will apply. The first half of this section discusses estimation of ATE under this scenario.

Case 2: Correct weights and misspecified mean: In this case, we are operating under Assumption 1.
Results in Section 4 apply. The second half of this section discusses estimation of ATE under this scenario.

Combining the two halves, Aate = %Xf\il{m(xi, él) - m(X,, éo)} gives us a DR estimator of 4 .

A similar result is discussed in Theorem 14.2 of the study by Ding [42], which shows that a weighted least
squares fit of ¥; on (1, W, X;, W, - X;) with inverse propensity score weights produces a DR estimator for the
ATE. This is identical to the inverse propensity weighted linear regression adjustment estimator discussed in
the study by Imbens and Wooldridge [43], which is well known as being DR under the treatment selection
problem.
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6.2 Estimation of QTEs

In this section, I use double weighting to illustrate the estimation of three different quantile parameters, namely,
unconditional quantile treatment effect (UQTE), CQTE, and a weighted linear approximation to the CQTE, each of
which may be of interest to the researcher depending on whether quantiles of the conditional or unconditional
outcomes distribution are of interest.

CQTE,: Let q,(X, 6,(7)) be a correctly specified parametric model for the conditional quantile function.
Then,

CQTE (X) = q.(X, 61(7)) — g.(X, 0o(7)).

In this case, there are two methods that will ensure consistent estimation of Og(r). The first is quantile
regression [44], where

N
0,(7) = arg min ) @y, - ¢ (¥ — q,(X;, 0,(7))). (1
Op(T)€0gi=q

Since we are operating under Assumption 6, the results in Section 5 dictate that weighting the objective functions,
irrespective of whether the weights are correctly specified or not, will yield a consistent estimator of 6,(7). One could
also use quasi maximum likelihood in the special “tick-exponential” family of distributions to consistently estimate the
conditional quantile parameters. As shown by Komunjer [40], quantile regression proposed in Koenker and Bassett
[44] is a special case of this quasi-maximum likelihood class of estimators.

LP to CQTE_: In the event that q,(X, 8,(7)) is misspecified as being linear, one can still interpret it as
providing the best linear approximation to the true conditional quantile function. This property of quantile
regression is analogous to the approximation property of linear regression under conditional mean misspe-
cification and was established in the study by Angrist et al. [32]. Given such misspecification in the conditional
quantile function, the first half requires the weights to be correct in order to consistently estimate the LP
parameters, 6,(7), i.e.,

N
6,(7) = argmin ) @y, - c:(Y; - X0,(1)) 12)
0,01
will be consistent for the pseudo-true parameter, 0;,’(1'), which indexes the population LP to the true condi-
tional quantile function. Then,

LP[CQTE (X)] = X[61(7) = 64(7)]

is interpreted as providing the best LP to the true CQTE.
Unconditional QTE, (UQTE,): Let 6,(7) be the 7th unconditional quantile of the potential outcome, Y (g). Then,

ﬁ?ﬁr = él(T) - éO(T)J
where
N N
0,(t) = arg min ) Gy - c(Y; - 6,(7)).
O5(T)EBgi=1

In this case, weighting is crucial for consistent estimation of 6,(7) since no quantile model is being specified,
and we are operating under Assumption 1.

7 Simulations

This section compares the empirical distributions of average and QTE estimators using unweighted, propensity
score weighted (ps-weighted), and doubly weighted (d-weighted) estimators. For estimating ATE, data are

simulated using a probit as, Y(g) = 1(xeg + U(g) > 0), where X includes an intercept and two covariates.
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For estimating the QTE parameters, I use an exponential data generating process where the potential outcomes
are generated as Y(g) = exp [Xﬂg + U(g)), for g = 0, 1. For each setting, the covariates and latent errors have
been drawn from two independent bhivariate normal distributions. The treatment assignment and missing outcome
mechanisms satisfy the assumptions of unconfoundedness and MAR with a 41% probability of being treated and 38%
of being observed in the population, respectively. The empirical distributions of the unweighted, ps-weighted, and
d-weighted estimators are then obtained for a sample of size 5,000 using 1,000 replication draws from a population of
1 million observations. Additional details can be found in Section S.1 of the Supplementary Material.

The discussion of the results is centered around two main misspecification scenarios: (1) when some
conditional model (conditional mean function or conditional quantile function) is misspecified and (ii)
when the weights are misspecified (enumerated in Tables S.1.1 and S.1.2). These correspond to scenarios
outlined in the first and second half of the asymptotic theory.

7.1 ATE: Results

Case 1in Figure 1 considers a misspecified mean function but correct probability weights. This is the principal
case covered in Section 4 where weighting is crucial. As one can see, the empirical distribution of the doubly
weighted estimator is centered on the true ATE, whereas the distribution for the unweighted estimator is
shifted to the right.

Case (2) of the same figure depicts the scenario of a correctly specified conditional mean function but
misspecified weights. Here, weighting does not matter for consistent estimation of ATE since the mean func-
tion is correctly specified. All three empirical distributions, namely, unweighted, ps-weighted, and d-weighted,
coincide and are centered on the true ATE.

7.2 QTE: Results

Figure 2 discusses the case when conditional quantile function is misspecified but the weights are correct.
Using results obtained in the study by Angrist et al. [32], I interpret the solution to the double-weighted

Case 1: Misspecified Conditional mean function,Case 2: Correct Conditional mean function, mis-
correct weights specified weights

30 - 40 -
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Figure 1: Empirical distribution of estimated ATE for N = 5,000 . Notes: This figure plots the empirical distributions of the unweighted, ps-
weighted, and d-weighted ATE estimates using 1,000 Monte Carlo simulation draws of sample size 5,000. The average treated sample
size is Ny = 5,000 x 0.41 x 0.38 = 779, and the average control sample size is Ny = 5,000 x (1 0.41) x 0.38 = 1, 121. The true ATE =
0.096, and the population is generated using a million observations. The unweighted estimator does not weight the observed data. The
ps-weighted estimator weights to correct only for nonrandom assignment, and the d-weighted estimator weights by both the treatment
and missing outcomes probabilities.
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problem given in equation (12) as providing a consistent weighted linear approximation to the true conditional
quantile function, which is then used to estimate an LP to the true CQTE. Figure 2 plots the bias in estimated LP
using the three estimators relative to the true LP as a function of X;. We see that the double-weighted estimator
performs the best.

Next, I consider the case when the conditional quantile function is correctly specified but the weights are
wrong. Since in this case one can consistently estimate the CQTE irrespective of the weights, Figure 3 plots the
CQTE curve as a function of X;. In this case, as theory suggests, all three estimators of the CQTE function, i.e.,
unweighted, ps-weighted, and d-weighted, coincide with the true CQTE. Section S.1.2 of the Supplementary
Material provides details about plotting the CQTE curve.

Finally, Figure 4 plots the empirical distribution of UQTE for the three estimators. We find that both
unweighted and d-weighted estimators have a comparable finite sample bias. Propensity score weighting
performs the worst in both cases. All results correspond to the twenty-fifth quantile of the outcome distribu-
tion. The results for other quantiles can be found in Section S.5 of the Supplementary Material.

8 Returns to job training

In this section, I apply the proposed estimator to the AFDC sample of women from the NSW training program
compiled by Calénico and Smith [30] (CS, thereafter). NSW was a transitional and subsidized work experience
program, which was implemented as a randomized experiment in the United States between 1975-1979. CS
replicate Lalonde’s [33] within-study analysis for the AFDC women in the program, where the purpose of such
an analysis is to evaluate how training estimates obtained from using non-experimental identification stra-
tegies (assuming unconfoundedness) compare to experimental estimates. To compute the non-experimental
estimates, CS combine the NSW experimental sample with two non-experimental comparison groups drawn
from panel study of income dynamics (PSID), called PSID-1 and PSID-2. I utilize this within-study feature to
estimate how close the d-weighted estimates are to the experimental benchmark compared with ps-weighted
and unweighted estimates.

7=0.25

== = Unweighted

== mm PS-weighted
N m— D)-weighted
sl N 10 bias

0.2+

0.1 ~

. 0.05

Relative bias
o
¥

Ty
-0.05 - \~

01t S

02+

Figure 2: Relative bias of the estimated LP (CQTE) as a function of X; when the conditional quantile function is misspecified but weights
are correct. Notes: This figure plots the bias in the unweighted, ps-weighted, and d-weighted LPs to CQTE relative to the true population
LP for N = 5,000. The average treated sample size is N; = 5,000 x 0.41 x 0.38 = 779, and the average control sample size is

Np = 5,000 x (1 0.41) x 0.38 = 1,121. The unweighted estimator does not weight the observed data. The ps-weighted estimator
weights to correct only for nonrandom assignment, and the d-weighted estimator weights by the treatment and missing outcomes
probabilities.
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Figure 3: Estimated CQTE with true CQTE as a function of X; when conditional quantile function is correct but weights are misspecified.
Notes: This figure plots the average d-weighted CQTE function with the true CQTE along X; for 1,000 Monte Carlo simulation draws of
sample size N = 5,000 . Along with these two graphs, the figure also plots the individual function across the 1,000 simulation draws. The
average treated sample is N; = 5,000 x 0.41 x 0.38 = 779 and average control sample is Np = 5,000 x (1 0.41) x 0.38 = 1,121.
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Figure 4: Empirical distribution of estimated UQTE. Notes: This figure plots the empirical distributions of the unweighted, ps-weighted,
and d-weighted UQTE estimates using 1,000 Monte Carlo simulation draws of sample size 5,000. The average treated sample is

N; = 5,000 x 0.41 x 0.38 = 779, and the average control sample is Ny = 5,000 x (1 0.41) x 0.38 = 1,121. The unweighted estimator
does not weight the observed data. The ps-weighted estimator weights to correct only for nonrandom assignment, and the d-weighted
estimator weights by both the treatment and missing outcomes propensity score models to deal with nonrandom assignment and
missing outcome problems.

To construct these empirical bias measures, I first augment the CS sample to allow for women who had
missing earnings information in 1979. This renders 26% of the experimental and 11% of the PSID samples
missing. I then combine the experimental treatment group of NSW with three distinct comparison groups
present in the CS dataset, namely, the experimental control group, and the two PSID samples, to compute the
unweighted, ps-weighted, and d-weighted training estimates, respectively. The difference between the non-
experimental estimate, obtained from using the d-weighted estimator, and the experimental estimate provides
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the first measure of estimated bias associated with the proposed strategy. Combining the experimental control
group with the non-experimental comparison group gives a second measure of estimated bias [45]. I report
both these bias measures for the average returns to training estimates.

Given the growing importance of estimating distributional impacts of job training programs, I also estimate
returns to training at every tenth quantile of the 1979 earnings distribution. The role of double weighting is
strong for estimating marginal quantiles since it serves to remove biases arising from the two selection problems.

8.1 Results

First, to evaluate whether women with missing earnings in 1979 were significantly different than those who
were observed, Table 1 reports the mean and standard deviation of the woman’s age, years of schooling, pre-
training earnings, and other characteristics across the observed and missing samples. In terms of age, the
women who were observed in the experimentally treated group of NSW and the PSID-1 sample were, on
average, older than those who were missing. The observed women in PSID-1 were also more likely to be
married. For the PSID-2 sample, women who were observed had, on average, more kids with higher pre-
training earnings. All these differences are statistically significant indicating that covariates were statistically
different among the missing and observed PSID women (see the non-experimental columns in Table 1). For the
experimental group, we do not find the covariates to be systematically different between those who were
observed vs. those who were missing (see the experimental columns in Table 1).

The presence of non-experimental control groups implies that assignment was nonrandom and therefore an
issue in the sample. This is because the comparison groups were drawn from PSID after imposing only a partial
version of the full NSW eligibility criteria. Table 2 provides descriptive statistics for the covariates by the
treatment status. As can be expected, the treatment and control groups of NSW are not observably different.
In contrast, the women in PSID-1 and PSID-2 groups are statistically different from the treatment group.

Table 3 reports the d-weighted, ps-weighted, and unweighted average returns to training estimates using
three different comparison groups: NSW control, PSID-1, and PSID-2. The unweighted (unadjusted and

Table 2: Covariate means and p-values from the test of equality of two means, by treatment status

Covariates Treatment  Control P(IT| > It))  PSID-1 P(|T| > It])  PSID-2 P(IT| > It])

Age, years 33.37 33.64 0.46 36.73 0.00 34.41 0.1
(7.42) (7.19) (10.60) (9.48)

Years of education 10.30 10.27 0.72 11.32 0.00 10.55 0.07
(1.92) (2.00) (2.71) (2.09)

Proportion of high school dropouts ~ 0.70 0.69 0.73 0.45 0.00 0.59 0.00
(0.46) (0.46) (0.50) (0.49)

Proportion married 0.02 0.04 0.03 0.02 0.05 0.01 0.08
(0.15) (0.20) (0.13) (0.10)

Proportion Black 0.84 0.82 0.29 0.66 0.00 0.87 0.13
0.37) (0.39) (0.47) (0.34)

Proportion Hispanic 0.12 0.13 0.59 0.02 0.00 0.02 0.00
(0.32) (0.33) (0.12) (0.16)

Number of children in 1975 217 2.26 0.21 1.70 0.00 2.91 0.00
(1.30) (1.32) (1.75) (1.73)

Real earnings in 1975 799.88 811.19 0.91 7446.15 0.00 2069.65 0.00
(1931.92) (2041.32) (7515.59) (3474.10)

Observations 796 795 729 204

Notes: Along with the covariate means and standard deviation (in parentheses), the table also reports p-values from the test of equality
for two means. Column 4 tests for differences between the NSW treatment and control groups, and columns 6 and 8 report the same
using PSID-1 and PSID-2 comparison groups, respectively. Real earnings in 1975 are expressed in terms of 1982 dollars.
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Figure 5: Relative estimated bias in UQTE estimates at different quantiles of the 1979 earnings distribution. (a) PSID-1 control group and
(b) PSID-2 control group. Notes: This graph plots the bias in the unweighted, ps-weighted, and d-weighted UQTE estimates relative to the
true experimental estimates across different quantiles of the 1979 earnings distribution. Panel (a) plots the relative bias estimates using
the PSID-1 comparison group and panel (b) plots the same using the PSID-2 comparison group. The treatment and missing outcome
propensity score models have been estimated as flexible logits, and the samples used for constructing these estimates have been
trimmed to ensure common support across the two groups. The treatment propensity score has been estimated using the full
experimental sample along with either PSID-1 or PSID-2 comparison group. The UQTE estimates for 7 < 0.46 are omitted from the graph
since these are zero.

adjusted) experimental estimates given in row 1 are the same as the estimates reported by CS in Table 3 of their
article. Overall, one can see that the double-weighted experimental estimates are more stable than the single-weighted
or unweighted estimates across the different regression specifications, with a range between $824 and $828. Moreover,
the d-weighted estimator is DR for the ATE, which makes it more reliable as opposed to the other two.

For computing the ps-weighted and d-weighted non-experimental estimates, I first trim the sample to
ensure common support between the treatment and comparison groups. Appendix S.3 describes estimation of
the two probability weights along with the sample trimming criteria. This reduces the sample size from 1,248 to
1,016 observations for the PSID-1 estimates and from 782 to 720 observations for the PSID-2 estimates. A pattern
that is consistent across the two sets of non-experimental estimates is that weighting gets us much closer to the
benchmark relative to not weighting at all. For instance, the unweighted simple difference in means estimate
of training, which uses the PSID-1 comparison group, is —$799, whereas the weighted estimates are $827 and
$803. For the PSID-2 comparison group, the unweighted estimate that controls for all covariates is $335,
whereas the weighted estimates are $905 and $904.

The second panel of Table 3 reports the bias in training estimates from combining the experimental
control group with the PSID comparison groups. A similar pattern is seen here with weighted bias estimates
being much closer to zero than the unweighted estimates. These results suggest that the argument for
weighting is strong when using a non-experimental comparison group where nonrandom assignment and
missing outcomes are significant problems. Note that the large standard errors for the non-experimental
estimates can be attributed to the small sample sizes and to the large residual variance of earnings in the
PSID-1 and PSID-2 populations.

Figure 5 plots the relative bias in UQTE estimates at every tenth quantile of the 1979 earnings distribution.
Much like the average training estimates, we see that the weighted estimates consistently lie below the unweighted
estimates for most quantiles, irrespective of whether we use the PSID-1 or PSID-2 nonexperimental group.

9 Conclusion

In empirical research, the problems of nonrandom assignment and missing outcomes threaten identification
of treatment effects. This article proposes a class of M-estimators that double weight by the propensity score
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and missing outcome probability to correct for the two problems within a selection-on-observables frame-
work. The asymptotic theory of the proposed estimator is characterized in two halves where the first half
allows misspecification in some conditional feature of interest and the second allows for misspecified weights.
Together, the two parts completely characterize the kinds of misspecification scenarios permissible under the
given framework.

As illustrative examples, the article utilizes results from the first and second half to discuss estimation of
causal parameters like the average and QTEs. In the case of ATE, the proposed estimator is shown to be DR
irrespective of whether the mean function or the weights are misspecified (not both). For the case of QTEs, one
may either obtain the CQTE if the conditional quantile function is assumed correct or a linear approximation
to it. This is demonstrated in the simulations where we find that the double-weighted ATE and QTE estimates
have the lowest bias when compared to naive alternatives (unweighted and ps-weighted estimators). Finally,
an application of the procedure to Calénico and Smith’s (2017) reconstructed NSW sample helps to quantify the
degree of distortion created by the two problems on the returns to training estimates through a comparsion
with the experimental benchmark.

Even though missing outcomes are a common concern in empirical analysis, it is equally common to
encounter missing data on the covariates. A particularly important future extension can be to allow for
missing data on both. In this case, using a generalized method of moments framework, which incorporates
information on complete and incomplete cases, could provide efficiency gains over just using the observed
data. A different possibility would be to relax the identifying restrictions to allow for selection on unobser-
vables and possibly explore estimation of local ATE.
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Appendix
A Regularity conditions for asymptotic theory

Let the population problem be denoted as, Qy(6;) = E[w, - q(Y, X, 6;)], and its sample analog be given as,
QOy(,) = NL@Zf\il@g - q(Y;, X;, 6), where g, = Ng/N and Np, = ® as f, = f,.
(1) @, is compact for g =0, 1.
(2) G(X,y) and R(X, W, &) satisfy Assumption 5 and is continuous for each y and § on the support of X and
(X, W), respectively.
) q(Y(g), X, 6;) is continuous at each 6, € @, with probability one.

(4) E|suplq(Y(g),X, 6,)]

0,€0;
(5) 0;,’ € int(6,).
(6) q(Y(g), X, 6,) is continuously differentiable on int(@,) with probability one.

() 32y - h(¥(g), Xi, ) = 0p(N112).

(8) E[supy,ce, (Y (), X, 6)]P] < oo,

(9) G(-,y) and R(:,8) are both twice continuously differentiable on int(I") and int(4), respectively.

< o0,

(10) E{sup|bX, W, S, 8)|? sup ||[d(X, W, p)|]?
5€A yeEr

(11) Elw, - h(Y(g), X, 6,)] is continuously differentiable on int(6;).
(12) H, = Vo,E[wg - h(Y(g), X, 69)] is non-singular.
(13) {vn(6;) : N = 1} is stochastically equicontinuous, where

<o [E < 00,

13, _
vn(0,) = Wz{wighig(og) - E[wighig(6,)]} (A1
i=1

A.1 Consistency of the doubly weighted estimator

Given the two-step nature of the estimation problem, wherein the first step uses binary response MLE for
estimating the probability weights and the second step solves an objective function using the first-step weights,
the asymptotic theory utilizes results for two-step estimators with a non-smooth objective function to establish
the large sample properties of ég. The following theorem fills in the primitive regularity conditions for
applying the uniform law of large numbers.

Theorem A.1. (Consistency under weak identification) Under Assumptions 1-4 and conditions (1)—(4), ég 5 62
for each g = 0,1.

The proof follows from verifying the conditions in Lemma 2.4 of the study by Newey and McFadden [39].

Proof. It has already been established that
[E[wg ! Q(Y: Xr 0)] = [E[wg : Q(Y(g): Xr eg)] = [E[Q(Y(g); X’ og)]

for both g = 0, 1. By (iii), w,(y, ) is continuous in y and § and is bounded in absolute value by Assumption 5.
Moreover, wg(-,y, 6)q(-,0) is continuous with probability one. Then, along with (v), dominated convergence
theorem (DCT), and boundedness of w,(-,-), we obtain
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1

4
- A2
N 0 (A2)

N
Z(Uig(y; 8) Q(K(g): Xi’ eg) - [E[wg()’: 6) Q(Y(g): X’ eg)]

i=1

sup
(6,,y,8)€(8,,I',4)

using Lemma 2.4 in the study by Newey and McFadden [39] since I and A are compact neighborhoods around
Yo and &,. By triangle inequality,

2~

sup
0,€0,

4

N
Z&)\ig : q(Yl(g): Xi: eg) - [E[wg ’ q(Y(g)s X, eg)]
-1

g

N,
Y Oy - q(Y(8), X;, 6;) — E[@g - q(Y(9), X, 6)]

i=1

+ sup [E[&g - q(Y(g), X, 6p)] ~ E[wg - q(Y(g), X, ).

0,€6,

(A3)

=z~

< sup
0,6,

(A.3) is op(1) due to y 5 Yo 6 £ &,, and uniform continuity of E[w, - q(Y(g), X, 6;)] on 6, x I x A. Then,
consistency of ég for Bé‘,’ follows from Theorem 2.1 of the study by Newey and McFadden [39]. O

Theorem A.2. (Consistency under strong identification) Under Assumptions 2-4, 6, and 7, and regularity con-
ditions (1)-(4), , > 62 as N — w

Proof. We first establish that 0;,’ solves
Elwg - q(Y(g), X, 6,)].

The proof of uniform convergence follows similar to the proof of Theorem A.1 where we replace w; by w;.
Then, consistency of ég for 0;,’ follows from Theorem 2.1 in [39]. To show that Bg is still a solution to the double-
weighted population problem with misspecified weights, consider the following argument:

N

6, = argn}’in Y o q(%, X, 0,) 5 argngnm[wg -q(Y, X, 6,)] = argn}’in[E[wg* -q(Y(©),X,6)]. (A9
8 i=1 g g

Consider, E[w; - q(Y(1), X, 6)]. Then, using law of LIEs,

1 w
B [EIR(X, W) Gy 1YDX 0 PE=1X W, Y1)

] rxwy)y w
|RX, W, 8 GX,yY)

~q(Y(1), X, 01)1,

where the second equality applies the inner expectation to S and the third equality uses the fact that
P(S=1X, W, Y1) = P(S = 1|X, W) because of MAR. Applying LIE again,

rX, w) w
rX, w) w
= E|E : q(Y(), X X, Y
RX W) Gxy IYD:X 801X, ¥( )] *5)

S Bl TEW)

=E G(X, y*) Q(Y(l); X, 01) lE[R(X, w, 6*) W|X’

= E[&X) q(Y(D), X, 61)].
Here, the second equality uses unconfoundedness and the third equality recognizes that 1_. E{|X} is a

GX,y")
function of X, which I denote by &(X). One can show E[w; - q(Y, X, 8y)] = E[&(X)- q(Y(0), X, 6,)] analo-

gously. Then,
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argngn[E[w; q(Y(©), X, 0] = argngnE[Eg(X)- qY (@), X, 0] = argn}’in[E[Eg(X) E(q(Y(8), X, 6)1X)],  (a6)

where the second equality holds due to LIE. O

B Proofs

Proof of Lemma 1. Let us first consider the argument for 6. By LIE and using the fact that q(Y, X, 0,) =
W-q(Y(1),X,6))+ 1 - W) q(Y(0),X, 6), we can write

s
E[w; - q(Y,X, 0)]=E [E[r W % q(Y(D), X, 09| (D), X, W]
_E 1"(X+)-p(X) - q(Y(1), X, 8) P(S = 1]Y (1), X, W)]
-E M+m - q(Y(1), X, 8) P(S = 1|X, W)]
=E % -q(Y(D), X, 91)]-

Using another application of LIE along with unconfoundedness, we obtain

: q(Y(l): X: 01) = [E[Q(Y(l)) X) 01)])

el Y

p(X)

where the third equality follows from MAR and fourth follows from part (i) of Assumption 3. The proof for 6
follows analogously. |

Given the two-step nature of the estimation problem, wherein the first step uses binary response MLE for
estimating the probability weights and the second step solves an objective function using the first-step weights,
the asymptotic theory utilizes results for two-step estimators with a non-smooth objective function to establish
the large sample properties of ég. The following theorem fills in the primitive regularity conditions for
applying the uniform law of large numbers.

Proof of Theorem 2. Explicit dependence on data is suppressed for notational simplicity. Then, expanding &g
around wjg,

N N
N2y By - hig = N2} fwighy = @ighyg - bi(8)(8 ~ 80) — @ighyg - d{(7) (Y — yp)} + 0p(1)
i=1 i=1
N N R R N
= N2y wighy = N Y @ighighi(8) VN (8 - 8) — N1 Y @ighidi(§)- VNP - ) + 0p(D),
i=1 i=1 i=1

where & lies between § and 8, and J lies between p and Yo- Now let, (6, §) = arg sup 0,€0,.5¢ Ah(6y)- b'(8)].
Then,

(ElM(Eb (E)ID* < ENM@IFIELb'(8)] < E| sup [[h(Gp)]

6,6,

E| sup [[b'(8)|}

6,6,

< oo, (A7)

where the first inequality holds by Cauchy-Schwartz, the second inequality holds due to the definition of
supremums, and the third inequality holds by conditions (iv) and (vi). Then,
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2

E| sup |[h(6)b'(8)||

0,€6,,5€4

<|E[ sup |G ()l

6,6,,6€4

<DO’

where the first inequality holds trivially and the second inequality holds because of (A7). An analogous
argument may be made for showing E[sup oge@g,yer||h(9g)d'()’)||] < oo, Using the fact that wg(y, §) is contin-
uous and bounded along with continuity of 1(6,) (condition (ii)), b(6), d(y) (condition (iii) of Theorem A.1), we
obtain

M=

@ighigh(8) = E[wighighi] + op(D),

! (A8)
aighigd{(f) = [E[wighigdf] + op(1)

1

=

S

using Lemma 4.3 in [39] as y —, y, and 5 —p 8. Rewriting equation (7) using influence function representa-
tions for p and & along with (A8), we obtain

N N
N2y Gighy = N2 Y {lig — E[lgh{] E[bib{]b; — E[1gd{]- E[dd{]™d3} + op(1)
i=1 i=1
N

= N2} g + op(1)
i=1

(A9)

5N, 9,
where u, = lig - [E[llgb{] [E[bibl{]_lbi - [E[llgdl'] [E[didl{]_ldi. Since [E(llig) =0,
Qg = E(ligliy) — EQighDE (b)) "E(biliy) — E(ligd)E(did)™"E(dily).

The next part of the proof uses the theory of empirical processes for obtaining asymptotic normality of the
doubly weighted estimator. Using the definition in (A1) along with the fact that E[@j;h;(6,)] L8 E[wighi(6,)] (by
continuity of w(y, §)h(6,), condition iv) and DCT as (y, ) L (¥ 80), Tewrite

vn(0g) = vy(6,) + op(1), (A10)

where vy(8,) = 1 Y {@hi(8,) - E[wghi(8,)]}. Let
1 N
my(6,) = Nzaighi(og) and my(6;) = E[w;hi(6;)].
i=1

Then, performing element by element mean value expansions of mj(,(ég) around 62, we obtain
0 = VNmy(62) = VNm;(6,) - Vo,my(6,) - VN (6, - 69),
where ég lies between ég and 0;,’. Since the population first-order condition is zero at the truth,
0 = Vg E[wg - q(Y(9), X, 69)] = E[w, - h(Y(g), X, 0] = my(6)).

The second equality follows from dominance condition (iv) and application of Lemma 3.6 in the study by
Newey and McFadden [39]. Then, by the continuity of V,E[wghi(6;)] (condition (vi)),

Vomiy(6,) > Hy.
By continuous mapping theorem and condition (viii),
N6, - 69) = (H;' + 0p (1)) VNm;(6,). (A11)

Consider,
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-JNm(8,) = vy(6,) - VNmy(6,)
=vy(0y) - vi(89) + vi(89) - VN iy ()

= Vi (6) + 0p (D),

where v,‘{,(ég) - v,‘(,(ﬂg) = op(1) by asymptotic equivalence in (A10) and stochastic equicontinuity by condition
(ix). Moreover, </Nity(6,) = op(1) by condition (iii). Therefore,

e p0y - 1 LN d
vy (6F) = -2 Gighig > N(0, Q)
N5
by (A9). Then, using (A11) along with slutsky’s theorem, VN (6, - 62) N (0, H7'Q,H. O

Proof of Corollary 1. Consider,
Ly - 9, = E(lglyy) - {Egliy) - Eb)E (b)) E(biliy) - El,d)E(dd) E(dl)}
= E(Ligh))E (b;b)) E(bl},) + E(ligd))E(d;d)™E (dil).

Since each component matrix in the above expression is positive semi-definite, therefore the sum of the two
matrices is also positive semi-definite. O

Proof of Theorem 4. The proof follows in the manner of Theorem 1 where we replace w; by w;. Also, £,
now denotes the variance of the score of the objective function, l;;, without the first stage adjustment

for the estimated weights. This is because, E(l;b{) = E(1,d;) = 0 because the conditional score of l;; is zero
under strong identification of 63 i.e. E[h(Y(g), X, 69)X] = 0. O

Proof of Corollary 2. The proof follows from Theorem 2, Note that the asymptotic variance of the estimator
that uses known weights is

Avar[VN(§, - 6)] = H,'QH,,
where Q; = E(liglj,). The result follows immediately. O

Proof of Corollary 3 (Efficiency gain with unweighted estimator under GCIME). Using two applications of LIE
and invoking MAR and unconfoundedness, I can rewrite

S EAC. SN pXi)
R(X;1,8") G(Xiy")

Si- W
l - q(%(D), X, 60)

E
R(X;, W;, 6") G(X;, ¥7)

Using another application of LIE, I can rewrite the above as follows:

r&al)  pX)
R(X;, 1,8 G(Xyy")

- E{q(%(D), X;, 67 )|Xi}l-

Then,
rX,) _pXy
R(Xl" 1) 8*) G(Xi’ V*)

r&, 1) pX)
R(X;,1,6) GXyy")

H = tE[ Vo Eh(Y(D), X, 61")|xi}]

- A(X;, 0 l

Similarly, use LIE to express £; as
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rX D pX)
RZ(XU 1) 8*) GZ(Xiﬁ V*)

P 0.5 VI 0.0)
" T R(X, 1,87 GXX, YY)

Q= [E[ - E{h(¥(D), X, 00)h(%(D), X;, 6)1X3}

AKX, 6))|.
For the unweighted estimator, the variance simplifies, and this happens precisely due to the GCIME. To see
this, consider Hy'. Then, using LIE, we can rewrite

HY = E[r(X;, 1) p(Xy)- Vo E{h(Yi(1), X;, 60)|X}]
=E[r(X; 1) pXo)- AX;, 0D)],

and similarly, we can rewrite {* using LIE as

Q! = E[r(X;, 1) pX))- Efh(%(D), X;, 0D)h(Y(D), X;, 67 1X3}]
=04 - E[r(X; 1) p(Xp)- AX;, 0D)].

Therefore, the asymptotic variance simplifies to simply
Avar[VN 6y’ - 60)] = oy (E[r(X;, 1) p(X) AKK;, 69,
For showing that the two variances are positive semi-definite, consider the following:
[Avar{N (6 - 01)3}]" - [Avar{VN (6; - 6{)}]"

i1 - p;
Ry - G

i1 p;
Y
R - G

E(ra-p,-A) - E

—_. - A;
0.2

01

-1

i1 - p;

-E - Ajlt.
[Rn - G l]

'Ai]'[E

Let B; = ;i pl/2 - A}? and D; = (rf*/Ra)(p*/Gy)- A", then = — {E(B/B;) - E(B/D))- E(D{D;)"" E(D{By)}.
01
The quantity inside the brackets is nothing but the variance of the residuals from the population regres-
sion of B; on D;. Hence, the difference is positive semi-definite. The results for g = 0 can be proven analo-
gously. O
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