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Abstract: In causal inference, interference takes place when the intervention on one unit affects the outcome
of other units. Most of the previous methods for estimating network causal effects assume that the covariate
information is complete, which may lead to biased estimates when missingness exists. In this study, we
consider the partial and direct interference setting. Specifically, the whole population can be divided into
different clusters. Within each cluster, the outcome of each unit is dependent on the intervention received by
other units, but not dependent on the confounders or outcomes of other units within the same cluster or of
those in different clusters. We also assume that the confounders are subject to non-ignorable missingness, and
a confounder is considered as missing if any component of it is missing. We propose three consistent estima-
tors for the direct, indirect, total, and overall effect of the intervention on the outcome, and derive the
asymptotic results accordingly. A comprehensive study is carried out as well to investigate the finite sample
properties of the proposed estimators. We illustrate the proposed methods by analyzing the dataset collected
from an acid rain program, which was launched to reduce air pollution in the United States by encouraging the
scrubber’s installation on power plants, where the records of some operating characteristics of the power
generating facilities are subject to missingness.
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1 Introduction

In the causal inference literature, the problem of inferring the treatment effect when data are subject to
missingness has drawn a great amount of attention in recent years. According to Rubin [1], there are two types
of missingness: ignorable and non-ignorable missingness. Ignorable missingness refers to missingness that is
independent of the missing values, and non-ignorable missingness refers to the missingness that is dependent
on the missing values. The inference for non-ignorable missingness is more challenging than ignorable miss-
ingness because the full data distribution is not fully identifiable without any assumptions, sometimes very
restrictive. Following Yang et al. [2], we consider the outcome independent missingness assumption, which is
plausible when the covariates are collected at the beginning of the study, and the outcome is collected long
after the covariates are measured.

In most of the aforementioned work in handling missing data in the literature, methods rely on the stable
unit treatment value assumption (SUTVA) [3]. SUTVA states that (i) the potential outcome of each unit is
unaffected by the treatment assignment of any other unit, and (ii) there are no different versions of each
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treatment level. However, the first assumption, which is known as the no interference assumption [4], can be
violated in some scenarios. For example, in 1990, the acid rain program (ARP) was launched to reduce ambient
PM2.5 (atmospheric particulate matter (PM) that has a diametre of less than 2.5 μm) by assigning power plants to
install scrubber facilities [5]. The monitored reduction of SO2 emission data at the location of one power plant not
only depends on its own scrubber installation but may also be affected by the intervention on power plants
upwind. Another example comes from the nationally representative US Population Assessment of Tobacco and
Health (PATH) Study [6], where researchers were interested in evaluating the influence of Electronic Nicotine
Delivery Systems (ENDS) and pharmaceutical cessation aids on persistent abstinence from cigarette smoking and
reduced cigarette consumption, and in this study, it has been revealed that one individual’s marital satisfaction and
family members smoking status can affect this individual’s smoking cessation, that is, the smoking cessation of one
individual may be affected by the intervention of other family members. More examples can also be found in
biomedical research, health sciences, and social networking studies.

Various identification and estimation methods have been proposed in the scenario when interference
exists, but the confounders and outcome are fully observed. Generally, there are two types of interference: full
interference and partial interference. The full interference happens when the outcome of a unit is affected by
the intervention on other units that interfere with this unit. The network interference structure can be
represented by an adjacency matrix: the entries of which take the value on { }0, 1 (e.g., if the unit i is affected
by the intervention on the individual j , then the entry of the matrix in ith row and jth column equals one;
otherwise, the value of the entry equals zero). The partial interference is a special case of the full interference
where the adjacency matrix follows block diagonal structure, the entry of the matrix is equal to zero if the unit
of the corresponding row and the unit of the corresponding column are not in the same block, that is, the
interference may happen between units in the same block but not between units in different blocks. In this
article, we consider the latter type of interference and focus on the semiparametric estimation of four network
treatment effects: the direct effect, indirect effect, total effect, and overall effect (Tchetgen Tchetgen and
VanderWeele [7], Hudgens and Halloran [8], Liu et al. [9], Papadogeorgou et al. [10]). The definitions and
illustrations of these treatment effects are presented in Section 2.

There is limited work discussing the estimation of network treatment effect when confounders are subject
to non-ignorable missingness. Sun and Liu [11] proposed a doubly robust estimator when data are subject to
non-ignorable missingness, where the data are assumed to be independent and the interference was ignored
in data application. Unlike Sun and Liu, we study the partial interference setting and propose three pairs of
semiparametric estimators: inverse probability weighting (IPW), regression, and doubly robust (DR) estima-
tors for the four types of network treatment effects. The proposed IPW estimator requires correct specification
of the propensity score for treatment selection and the missingness mechanism. The regression estimator
requires a correctly specified outcome regression model, and the doubly robust estimator is shown to be
consistent if either set of the IPW models (propensity score of missingness and propensity score of treatment)
or the regression model, but not necessarily both, are correctly specified. The IPW and DR estimators require
the product of unit-level propensity scores, where the existence of extreme probabilities may lead to high-
variant estimators. To circumvent the problem of varying cluster sizes, we propose self-normalized IPW and
DR estimators, which can be viewed as stabilized versions of and have smaller variances than their respective
conventional estimators.

The rest of this article is organized as follows.We start by introducing the notation and assumptions in Section 2.
In Section 3, we propose three pairs of semiparametric network treatment effect estimators. The performance of the
proposed methods is further illustrated via simulation studies in Section 4. We analyze real data from the ARP
in Section 5 and leave the discussion of our methodology and potential extensions as future work in Section 6.

2 Notation and assumptions

Following Perez-Heydrich et al. [12] and Tchetgen Tchetgen and VanderWeele [7], we consider that K clusters
are randomly sampled from an infinite superpopulation of clusters. Assume the total number of units is N, and
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each group i has Ni units, where ≤ ≤i K1 and ≤ ≤ − +N N K1 1i . Let ( )=X X X X, , …ij ij ij pij1 2 denote p-dimen-
sional confounders of unit j in group i, the values of which may be subject to missingness, and let

( )=X X X X, , …i i i iN1 2 i
be the confounders of all units in group i. Let =R 1ij if Xij is complete and =R 0ij if Xij

is missing. In this article, we consider the single missingness pattern, that is, =R 0ij if any components of the
confounders of unit j in group i are missing. We leave the extension to multiple missingness patterns as a
future research direction. LetYij and Aij denote the observed outcome and treatment status for unit j in group
i, respectively, and ( )=Y Y Y Y, , …,i i i iN1 2 i

and ( )=A A A A, , …,i i i iN1 2 i
denote the vectors of observed outcome and

treatment indicators, respectively, for all units in group i. Assume ( )( ) =− − +A A A A A, …, , , …i j i ij ij iN1 1 1 i
is the

vector of treatment status for all units in group i except for individual j . Let aij, ( )−ai j , and ai denote possible
values of Aij, ( )−Ai j , and Ai, respectively. Suppose �( )n is the set of vectors of all possible treatment assignments
of length n. Then, there are 2Ni possible treatment assignments in group i, and �( )∈a Ni i .

We consider the scenario when only X is missing, while the other variables are fully observed. Suppose
the treatment is assigned with an α-strategy where every unit in a group is assigned to the treatment with
average treatment allocation probability α. In a randomized trial, the probability of being treated is fully
determined by the treatment allocation probability. However, in observational studies, whether an individual
receives the treatment assignment is not only determined by the randomized treatment allocation strategy but
dependent on his/her choice of participation in the study. To avoid the additional modelling of participation
(probability of the participation status given confounders), we will model the probability of the treatment indicator
conditional on confounders directly. Let ( )Y aij i and ( )−Y a a,ij ij i j denote the potential outcome for unit j in group i

under treatment allocation ai, where ( )= − +a a a a a a, … , , , …i i i j ij i j i N1 , 1 , 1 , i
, and let denote ( )Y ai i as the vector of poten-

tial outcomes for all units in group i. Let �( ) ( ) ( )( ) ( ) ( )( )
= ∑ ∑−

= ∈ − − −−Y a α N Y a a π a α¯ , , ;i i j

N

a N ij i j i j
1

1 1

i

i j i
denote the average

potential outcome for group i, where ( ) ( ∣ )( ) ( ) ( )= = =− − −π a α A a A a X; Pr ,i j i j i j ij ij i is the probability of ( ) ( )=− −A ai j i j

in group i. Let �( ) ( ) ( )( )= ∑ ∑−
= ∈Y α N Y a π a α¯ ;i i j

N

a N ij i i
1

1

i

i i
denote the marginal average potential outcome for group i.

There are different treatment allocation strategies that can be deployed. For example, in the cholera
vaccine study [8], ( ) ( )= ∏ − −π a α α α; 1i j

a a1ij ij and ( ) ( )( ) = ∏ −− ≠
−

′
′ ′π a α α α; 1i j j j

a a1ij ij , that is, the treatment alloca-
tion strategy does not depend on individuals’ characteristics. Once the individuals choose to participate in the
trial, they are classified into different groups. For each group, the individuals are assigned with the vaccine
randomly with probability α. On the other hand, in the ARP study, the intervention of scrubber installation is
encouraged by federal regulations. However, the adoption of intervention is also affected by the character-
istics of power plants such as size and heat input. To account for the influence of confounders on the treatment
allocation probability, Papadogeorgou et al. [10] models ( )P aα x ij, as { ( ∣ )}= = +P a X ξ δXlogit 1α x ij ij i

α
ij, , where ( )

ξi

α

satisfying ( ) ( )
( )∑ + =−

=N ξ δX αexpiti i

N

i

α

ij
1

1

i is a parameter to be estimated, and δ is some pre-fixed value. ( )P aα x i,

represents treatment allocation for all units in group i, while ( )( )−P aα x i j, denotes the treatment assignment in group i

excluding unit j . More details can be found in Section 5. We adopt the same modelling strategy in this article.
The average potential outcome and the marginal average potential outcome are defined as ( ( ))=μ E Y a α¯ ,

aα i

and ( ( ))=μ E Y α¯
α i , respectively. Then, the direct effect (or the population average treatment effect) is

defined as ( ) ( ( ) ( ))= − = −α E Y α Y α μ μDE ¯ 1, ¯ 0,i i α α1 0
. For the ARP study, the direct effect represents the difference

in the amount of PM2.5 emissions when a power generating facility is equipped with scrubbers
compared to when scrubbers are not installed. For policies α0 and α1, the indirect effect is defined as

( ) ( ( ) ( ))= − = −α α E Y α Y α μ μIE , ¯ 0, ¯ 0,i i α α0 1 1 0 0 01 0
, where only the units that are not equipped with scrubbers are

considered. The total effect is denoted by ( ) ( ( ) ( ))= − = −α α E Y α Y α μ μTE , ¯ 1, ¯ 0,i i α α1 1 1 0 1 01 0
, which corresponds

to the combination of both the direct effect and the indirect effect. The overall effect is defined as
( ) ( ( ) ( ))= − = −α α E Y α Y α μ μOE , ¯ ¯i i α α0 1 1 0

1 0
, which represents the difference in the amount of PM2.5 emissions

for units under one coverage probability of scrubbers’ installation compared to units with another level of coverage
probability. In Section 3, we focus on estimating the direct effect. The estimation of the other network causal effects
can be approached in a similar way, and we present the results of four types of network causal effects in the data
application. For the purpose of estimation with incomplete confounders, we assume the type of interference to be
direct interference (see more details in Ogburn et al. [13]), where the interference happens only through the effect
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of the treatment assignment on other units in the same clusters. We leave more sophisticated interference types
such as contagion interference and allocation interference as a future research direction. Throughout this article,
we also make the following assumptions:
(1) Causal consistency assumption: A subject’s potential outcome under their observed treatment assignment

is equal to the outcome that will actually be observed, that is, � ( ) ( )( )= ∑ =∈Y A a Y a1ij a N i i ij ii i
.

(2) Exchangeability assumption: For each group, the treatment vector Ai is assumed to be conditionally
independent with potential outcomes given confounders Xi, that is, ( )∣⊥⊥A Y a Xi i i i.

(3) Positivity assumption: ( ∣ ) >A XPr 0i i and ( ∣ )= >R A XPr 1 , 0ij i i for all Ai and Xi.
(4) Outcome-independent missingness assumption: ∣⊥⊥R Y A X,i i i i.

It has been shown in Ding and Geng [14] that without any assumptions, the joint distribution of ( )A Y X, ,i i i

is not identifiable, and they provided the lower and upper bounds for the causal effects, which may be wide.
Yang et al. [2] also considered non-parametric identification and non-parametric estimation of the causal effect
with an auxiliary variable Z . Here, we propose the IPW estimator, regression, and DR estimator for the defined
network causal effects, and discuss the intuition behind the construction of these estimators.

In this article, we consider the non-ignorable missing confounders. The missingness mechanism is ignor-
able if the absence of the confounders is only dependent on the observed data, that is, ∣⊥⊥R X A Y,i i i i, and the
confounders are non-ignorable if themissingness depends on themissing values. Under non-ignorablemissingness,
the full data distribution is not identifiable without additional assumptions. Therefore, for identification purposes,
we assume that the missingness mechanism for confounders Xi satisfies the group-level outcome independent
missingness assumption, which is modified from the outcome-independent missingness assumption in [2], that is,

∣⊥⊥R Y A X,i i i i. The associated causal diagram is shown in Figure 1. The assumption is plausible if the confounders
are measured long before the outcome data are collected. For example, as mentioned in Yang et al. [2], the
potentially exposed children and their neighbourhoods were more carefully measured than those that were not
under the risk of exposure in the water crisis study in Flint, Michigan U.S., which implies that the missingness may
depend on both the measured confounders and the exposure status. In addition, the health status of the children
was tested long after the confounders (e.g., age) were collected. Thus, the missingness of confounders is indepen-
dent of the outcome conditional on all the other relevant information including observed confounders and
exposure status. Miao and Tchetgen Tchetgen [15] proposed using an additional auxiliary variable in the missing
data setting and proposed various semiparametric and DR estimators. In our case, the outcome Y serves as the
auxiliary variable for the confounder missing indicator R. Our estimators here are counterpart estimators of those.

3 Estimation

3.1 Inverse probability weighting

In this section, we propose an IPW estimator for network treatment effects when confounders are subject to
non-ignorable missingness mechanism. The idea of constructing the IPW estimator is to weigh each individual

Figure 1: The causal diagram for the group-level outcome independent missingness assumption, where the dashed line represents the
conditional independence between Yi and Ri, ≤ ≤i N1 i.
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with the inverse of probability of receiving the treatment, such that the association between confounders and
treatment assignment can be removed. However, since X is not fully observed, ( ∣ )A XPr is not estimable
without further adjustment. Besides, even if the data are fully observed, we cannot directly apply the IPW
as the data are not independent within the same group. To address this, we utilize the inverse of the group-
level joint propensity score of treatment assignment and missingness mechanism as the weight for each
subject, that is, ( ∣ )∕ = =A R X i K j N1 Pr , , 1, 2,… , 1, 2,…i ij i i, and replace the number of individuals in each group
by the sum of inverse joint propensity scores within the group.

To obtain the group-joint propensity score modelling for the treatment and missingness, we assume
( ∣ )=P R A X1 ,ij ij ij is correctly specified as ( ∣ )=P R A X γ1 , ;ij ij ij , and ( ∣ )= =P A R X1 1,ij ij ij is correctly specified

as ( ∣ )= =P A R X δ1 1, ;ij ij ij . The unknown parameter γ can be estimated using generalized methods of
moments, and δ can be estimated via maximum likelihood approach. After obtaining the estimates of

( ∣ )=P R A X1 ,ij ij ij and ( ∣ )= =P A R X1 1,ij ij ij , the joint density of treatment A and missingness R conditional on
confounders X can be parameterized as follows [16]:

( ∣ )
( ∣ ) ( ∣ ) ( ∣ )

( ∣ ) ( ∣ ) ( ∣ )
=

∑ ∑= =
a r x

ψ a a r r x r a x a r x

ψ a a r r x r a x a r x
Pr ,

, , , Pr , Pr ,

, , , Pr , Pr ,

,

r a

0 0 0 0

0

1

0

1

0 0 0 0

(1)

where =r 10 , a0 = 1, and

( ∣ )
( ∣ ) ( ∣ )

( ∣ ) ( ∣ )
=ψ a a r r x

r a x r a x

r a x r a x
, , ,

Pr , Pr ,

Pr , Pr ,
.0 0

0 0

0 0

For a complete proof of equation (1), please refer to Web Appendix A of Chen [16]. We then construct the IPW
estimator for the population average potential outcome with estimated parameters as follows:

( )∑ ∑= =
∑

∑= =

=

=
μ

K
Y a α

K

w Y

w
ˆ

1
ˆ ,

1 ˆ

ˆ
;

aα

i

K

i

i

K
j

N

ij
aα

ij

j

N

ij
aα

ipw

1

IPW

1

1

1

i

i

(2)

and the marginal average potential outcome is defined as follows:

( )∑ ∑= =
∑

∑= =

=

=
μ

K
Y α

K

w Y

w
ˆ

1
ˆ

1 ˆ

ˆ
,

α

i

K

i

i

K
j

N

ij
α

ij

j

N

ij
α

ipw

1

IPW

1

1

1

i

i

(3)

where

( ) ( ) ( )

( ∣ )

( )∑=
= =

=

−
w

A a R P A

A R X δ γ
ˆ

1 1 1

Pr̂ , ; ˆ, ˆ
,ij

aα

j

N
ij ij α x i j

i ij i1

,
i

(4)

( ) ( )

( ∣ )
∑=

=

=
w

R P A

A R X δ γ
ˆ

1 1

Pr̂ , ; ˆ, ˆ
,ij

α

j

N
ij α x i

i ij i1

,
i

(5)

where ( ) = ∑ ∕∑= =Y a α w Y wˆ , ˆ ˆi j

N

ij
aα

ij j

N

ij
aαIPW

1 1

i i , and ( ) = ∑ ∕∑= =Y α w Y wˆ ˆi j

N

ij
α

ij j

N

ij
αIPW

1 1

i i . Assume the estimation equations for δ

and γ are ( )∑ == ψ O δ; 0i

K

δ i1 and ( )∑ == ψ O γ; 0i

K

γ i1 , respectively, where ( )=O X Y A R, , ,i i i i i . Let ( ) =ψ O μ γ δ; , ,
a i α

IPW

1

( ) −Y α μˆ 1,i α

IPW

1
, and ( ) ( )= −ψ O μ γ δ Y α μ; , , ˆ 0,

a i α i α

IPW

0

IPW

0
. Then the estimated parameter ( )=θ δ γ μ μˆ ˆ, ˆ, ˆ , ˆ

α α

IPW

1

IPW

0

IPW

is a solution of the following estimation equations:

( ) ( )∑= =
=

ψ θ ψ θ 0O ; ,
K

i

K

i

1

IPW (6)

where ( )ψ θO ;i
IPW = { ( ) ( ) ( ) ( )}ψ O δ ψ O γ ψ O μ γ δ ψ O μ γ δ; , ; , ; , , , ; , ,

δ i δ i a i α a i α
TIPW

1

IPW

0
. The true values of unknown

parameter ( )=θ δ γ μ μ, , ,
α α1 0

is the solution to ( ) ( ) ( )∫= =ψ θ ψ O θ dF o; 0i i
IPW , where F denotes the cumulative

function of Oi. Note that the random observations Oi are i.i.d., and it can be shown that, for the last two of the true
parameters θ, �( ( ) ( ) )( ) ( ) ( )( )

= ∑ ∕∈ − − −−μ E Y a a π a α N, ;
aα a N ij i j i j i1i j i

, =a 0, 1. By the strong law of large numbers, and the

uniqueness of the solution to ( )ψ O μ;
a i
IPW , we have that ( )Y a αˆ ;

IPW is consistent for μ
aα
. The asymptotic normality
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follows by the M-estimation theory [17]. We show an example below of using equations (2) and (3) to obtain the IPW
estimators. In this article, we utilize the direct interference pattern, where the interference happens between the units
only through their treatment assignment. The treatment assignment is dependent on its own characteristics and the
group random effect. For the missingness mechanism, we assume that missingness of each unit is only dependent on
its own treatment assignment and characteristics. The outcome of each unit is dependent on its own characteristics
and the treatment assignment of the whole group. For example, we may assume:
• { ( ∣ )}= = = = + +A X x R b δ δ δ x blogit Pr 1 , 1, ; ,ij ij ij ij i ij i0 1

• { ( ∣ )}= = = = + +R A a X x γ γ γ a γ xlogit Pr 1 , ; ,ij ij ij ij ij ij ij0 1 2
�( ∣ ) ( ( ( ))( )= = + + ⋅ +−βf y a x r β β a f a, , 1 ,

ij i i ij ij a i j
T

0 1 2

)β x ζ, ,ij i3
where �( )μ σ, 2 is a normal density function with mean μ and variance σ 2,

• { ( )}
( )= + δxP a ξlogit α x ij i

α

ij, ,
where ( )⋅f

a
is a summary function that represents the other units effect on the same cluster, �( )ζ σ~ 0,i ζ

2 and

�( )b σ~ 0,i b
2 represent the random effects that introduce the dependency between units in the same cluster.

Assume ( ) ( ∣ )= ′p X A R X b δ γˆ Pr , , , ˆ, ˆ
ar i ij ij ij i . The estimate of the joint probability of ( ∣ )A R XPr ,i ij i can be obtained by

( ∣ ) ( ) ( ( )) ( )∫ ∏= −
−∞

∞

=

−

′
A R X δ γ p X p X f b dbPr , , ˆ, ˆ ˆ 1 ˆ ,i ij i

j

N

ar i
A

ar i
A

i i

1

1

i

ij ij (7)

and ( )p X
âr i is obtained by equation (1). The consistency and asymptotic normality of the IPW estimator are

presented in Theorem 1.

Theorem 1. If ( ∣ )= =P A R X δ1 1, ;ij ij ij and ( ∣ )=P R A X γ1 , ;ij ij ij are correctly specified, then IPW estimator μ̂
aα

IPW

is consistent for μ
aα
, and

�( ) ( )− ⟶θ θ 0K ˆ , Σ ,
dIPW

IPW

as K goes to infinity, where ( ) ( ){ ( ) }= − −θ θ θU V UΣ TIPW 1 1 , ( ) { ( ) }= −∂ ∕∂θ ψ θ θU E O ;i
TIPW , and ( ) =θV

{ ( ) ( ) }ψ θ ψ θE O O; ;i i
TIPW IPW .

The proof of Theorem 1 is given in the Supplementary materials.

3.2 Regression

In this section, we first introduce the idea of constructing the estimation equation for the regression estimator.
Notice that by exchangibility assumption, we can estimate the causal effect by regressing Y on A and X , and
then marginalize over X if confounders are fully observed. However, if confounders are subject to non-
ignorable missingness, we cannot directly estimate the causal effect because we do not know the distribution
of the confounders in the whole population. To recover the full data distribution, we need to obtain the joint
probability density of X and Y conditional on A and =R 0 for each group, which requires estimation of the
odds ratio model and the group level joint probability density of X andY conditional on A and =R 1. First, we
model ( ∣ )=f Y A X R, , 1ij i ij ij as ( ∣ )=f Y A X R β, , 1;ij i ij ij , and model ( ∣ )=f X A R, 1ij i ij as ( ∣ )=f X A R β, 1;ij i ij . We then
define the odds ratio function ( ∣ )OR X Y A, as follows:

( ∣ )
( ∣ ) ( ∣ )

( ∣ ) ( ∣ )

( ∣ ) ( ∣ )

( ∣ ) ( ∣ )

( ∣ ) ( ∣ )

( ∣ ) ( ∣ )

( ∣ ) ( ∣ )

( ∣ ) ( ∣ )

=
= = =
= = =

=
= = = =
= = = =

=
= = =
= = =

=
= = =
= = =

OR X Y A
f X Y A R f X x Y A R

f X Y A R f X x Y A R

P R A X Y P R A X x Y

P R A X Y P R A X x Y

P R A X P R A X x

P R A X P R A X x

f X A R f X x A R

f X A R f X x A R

, log
, , 0 , , 1

, , 1 , , 0

log
0 , , 1 , , 0

1 , , 0 , , 0

log
0 , 1 ,

1 , 0 ,

log
, 0 , 1

, 1 , 0
,

ij ij i

ij ij i ij ij ij i ij

ij ij i ij ij ij i ij

ij i ij ij ij ij ij

ij ij ij ij i ij ij

ij i ij ij i ij

ij i ij ij i ij

ij i ij ij i ij

ij i ij ij i ij

0

0

0

0

0

0

0

0

(8)
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where ≤ ≤i K1 , ≤ ≤j N1 i, and x0 is an arbitrary fixed constant. For simplicity, we let =x 00 in the subsequent
sections. Since the last equation does not depend onY , we can simplify the notation ( ∣ )OR X Y A,ij ij i as ( ∣ )OR X Aij i ,
which we model as ( ∣ )OR X A ζ;ij i . Thus, we can parameterize the joint probability density of X and Y condi-
tional on A and =R 0 as follows:

( ∣ )
{ ( ∣ )} ( ∣ )

[ { ( ∣ )}∣ ]
= =

=
=

f X Y A R β ζ
OR X A ζ f X Y A R β

E OR X A ζ A R β
, , 0; ,

exp ; , , 1;

exp ; , 1;
.ij ij i ij

ij i ij ij i ij

ij i ij

(9)

The parameter ζ can be estimated from the equation ( )∑ == ψ O ζ; 0i

K

ζ i1 , where ( )ψ O ζ;
ζ i has the following

expression:

( ) ( ) { ( )∣ }− { − = }R l A Y E l A Y A R β ζ1 , , , 0; ˆ, ,i
T

i i i i i i
(10)

where ( )l A Y, are pre-defined vectorized differentiable functions, and

{ ( )∣ }
{ ( ∣ )} ( ∣ ) ( )

[ { ( ∣ )}∣ ]

∫
= =

=
=

E l A Y A R β ζ
OR X A ζ f X Y A R β l A Y y

E OR X A ζ A R β
, , 0; ˆ,

exp ; , , 1; ˆ , d

exp ; , 1; ˆ
.i ij i ij

ij i ij ij i ij i ij

ij i i ij

(11)

Once we have ( ∣ )=f X Y A R β ζ, , 0; ,ij ij i ij , we can obtain ( ∣ ) ( ∣ ) (= ∑ = ==f X Y A β ζ f X Y A R r β ζ P R, ; , , , ; ,ij ij i r ij ij i ij ij0,1

∣ )r Aij i , where ( ∣ )=P R r Aij ij ij can be directly estimated by maximum likelihood estimation (MLE) because R

and A are fully observed. Note that ( ∣ ) ( ∣ )∝f Y A X β ζ f X Y A β ζ, ; , , ; ,ij i ij ij ij i ; thus, we can obtain the regression
estimators. More specifically, let ( ) ( ∣ )= = = =g a x E Y A a X x R, , , 1

ij i i ij i i i i ij , then the regression estimators for
the average potential outcome and the marginal average potential outcome have the following expressions:

( )

( ) ( ) ( )

( ) ( ) { ( )∣ }

( )

( )

( )

( )

∑

∑ ∑ ∑

∑ ∑

=

=
⎡

⎣
⎢ =

+ = = =
⎤

⎦
⎥

=

= =
−

=
−

−

−

μ
K

Y a α

K N
R g a X β P a

N
R P a E g a X β A a R β ζ

ˆ
1

ˆ ,

1 1
1 1 ˆ , ; ˆ

1
1 0 ˆ , ; ˆ , 0; ˆ, ˆ ,

aα

i

K

i

i

K

i j

N

a

ij ij i i α x i j

i j

N

a

ij α x i j ij i i i i ij

reg

1

reg

1 1

,

1

,

i

i j

i

i j

(12)

( )

( ) ( ) ( )

( ) ( ) { ( )∣ }

∑

∑ ∑ ∑

∑ ∑

=

=
⎡

⎣
⎢ =

+ = = =
⎤

⎦
⎥

=

= =

=

μ
K

Y α

K N
R g a X β P a

N
R P a E g a X β A a R β ζ

ˆ
1

ˆ

1 1
1 1 ˆ , ; ˆ

1
1 0 ˆ , ; ˆ , 0; ˆ, ˆ ,

α

i

K

i

i

K

i j

N

a

ij ij i i α x i

i j

N

a

ij α x i ij i i i i ij

reg

1

reg

1 1

,

1

,

i

i

i

i

(13)

where β̂ is the MLE of β and ζ̂ is an estimator of ζ by equation (10). Assume the estimation equation for β is

( )∑ == ψ O β; 0i

K

β i1 . Let ( ) ( )= −ψ O μ ζ β Y α μ; , , ˆ 1,
a i α i α

reg

1

reg

1
, and ( ) ( )= −ψ O μ ζ β Y α μ; , , ˆ 0,

a i α i α

reg

0

reg

0
denote the

estimation equations for μ
α1
and μ

α0
, respectively. Then the estimated parameter ( )=θ β ζ μ μˆ ˆ, ˆ, ˆ , ˆ

α α

reg

1

reg

0

reg

is a solution of the following estimation equations:

( )∑ =
=

ψ θ 0O ; .

i

K

i

1

reg (14)

The consistency and normality of the regression estimator are presented in Theorem 2.
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Theorem 2. If the baseline outcome regression model ( ∣ )=f Y A X R β, 1;ij i ij ij and the distribution of observed
confounders ( ∣ )=f X A R, 1ij i ij are correctly specified, then the regression estimator μ̂

aα

reg is consistent for μ
aα
, and

�( ) ( )− ⟶θ θ 0K ˆ , Σ ,
dreg

reg

as K goes to infinity, where ( ) ( ){ ( ) }= − −θ θ θU V UΣ Treg 1 1 , ( ) { ( ) }= −∂ ∕∂θ ψ θ θU E O ;i
Treg , and ( ) =θV

{ ( ) ( ) }ψ θ ψ θE O O; ;i i
Treg reg .

The proof of Theorem 2 is given in the Supplementary materials.

3.3 Doubly robust estimation

In this section, we aim to propose a DR estimator μ̂
aα

in the sense that it is consistent if either the propensity
score models or the baseline regression models, but not necessarily both, are correctly specified. The typical
DR estimator involves two parts, where the first part is the regression term, and the second part is the inverse
probability weighted residuals of the regression estimator. When confounders are missing not at random, both
the propensity score of missingness and the outcome regression model contain the odds ratio model which can
be seen in the definition in equation (8). Therefore, the specification of propensity score models and the
regression models are not variational independent. Hence, the specification of the propensity score models
and the regression model cannot be fully seperated. More specifically, in our setting, the specification of
both the propensity score of missingness and the probability ( ∣ )=f x y a r, , 0ij ij i ij contains the odds ratio

( ∣ )OR x aij i , that is, ( ∣ )OR x aij i lies in the intersection of the IPW estimator and the regression estimator. Thus, to
construct the DR estimator, we assume ( ∣ )OR x a ζ; is always correctly specified, and the proposed DR estimator is
consistent if either the IPWmodels, ( ∣ )= =a r x δPr 1 1, ;ij ij ij and ( ∣ )= = ′r a x γPr 1 1, ;ij ij ij , are correctly specified or
the outcome regression model conditional on the observed values, ( ∣ )=f y a x r β, , 1,

ij i ij ij and ( ∣ )=f x a r β, 1,ij i ij ,

are correctly specified, where ( )= ′γ ζ γ, . ζ is obtained by solving the equation ( )∑ == ψ O ζ; 0i

K

ζ i1 , where

( ) ( ) ( )=ψ O ζ A R X δ ξ A Y β ξv ϕ; , , ; , , ; ˆ, ˆ
ζ i

T
i i i i i ,

( )

( ∣ )

( ∣ )

( ∣ )

=

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢

=
−

=
−

⋯

=
−

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥

v A R X δ ξ

R

R A X δ ξ

R

R A X δ ξ

R

R A X δ ξ

, , ; ,

Pr 1 , , ˆ, ˆ
1

Pr 1 , , ˆ, ˆ
1

Pr 1 , , ˆ, ˆ
1

, andi i i

i

i i i

i

i i i

iN

iN iN iN

1

1 1 1

2

2 2 2

i

i i i

(15)

( )

( ) { ( )∣ }

( ) { ( )∣ }

( ) { ( )∣ }

=

⎡

⎣

⎢
⎢
⎢

− =
− =

⋯
− =

⎤

⎦

⎥
⎥
⎥

ϕ A Y β ξ

l A Y l A Y A R β ξ

l A Y l A Y A R β ξ

l A Y l A Y A R β ξ

E

E

E

, ; ˆ, ˆ

, , , 0; ˆ, ˆ

, , , 0; ˆ, ˆ

, , , 0; ˆ, ˆ

.i i

i i i i i i

i i i i i i

iN iN iN iN i iN

1 1 1 1 1

2 2 2 2 2

i i i i i

(16)

Since the confounders are not fully observed, we replace the weights in the residuals of the regression estimator
in the traditional DR estimator by the joint probability of A and R conditional on X , and construction of the regression
estimator term is similar as that in Section 3.2. Hence, the DR estimator has the following representation:

{ ( )∣ }
( )

( ∣ )

( ) { ( )∣ }

∑ ∑=
⎡

⎣⎢
⎡
⎣⎢

= = +
=

=

× { − = = }
⎤
⎦⎥
⎤

⎦⎥

= =
μ

K
E h A X Y A a R δ γ β

R

R A a X γ

h A X Y E h A X Y A a R δ γ β

ˆ
1

ˆ , , , 0; ˆ, ˆ, ˆ
1 1

Pr , ;

ˆ , , ˆ , , , 0; ˆ, ˆ, ˆ

aα

dr

i

K

j

N

ij

a

i i i i i ij

ij

ij i i i

ij

a

i i i ij

a

i i i i i ij

1 1

i

(17)
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and

{ ( )∣ }
( )

( ∣ )

( ) { ( )∣ }

∑ ∑=
⎡

⎣⎢
⎡
⎣⎢

= = +
=

{ − = }
⎤
⎦⎥
⎤

⎦⎥

= =
μ

K
E h A X Y A a R δ γ β

R

R A X γ

h A X Y E h A X Y A R δ γ β

ˆ
1

ˆ , , , 0; ˆ, ˆ, ˆ
1 1

Pr , ;

ˆ , , ˆ , , , 0; ˆ, ˆ, ˆ ,

α

dr

i

K

j

N

ij i i i i i ij

ij

ij i i

ij i i i ij i i i i ij

1 1

i

(18)

where ( )h A X Y δ γ β, , ; , ,ij
a

i i i , ( )h A X Y δ γ β, , ; , ,ij i i i have the following expressions:

( ) ( ( )) ( ) ( )( )

( )

∑= − + −
−

h A X Y δ γ β w Y g A X β
N

P a g a X β, , ; , , , ;
1

, , ,ij
a

i i i ij
aα

ij ij i i

i a

α x i j ij i,

i j

(19)

( ) ( ( )) ( ) ( )∑= − +h A X Y δ γ β w Y g A X β
N

P a g a X β, , ; , , , ;
1

, , ,ij i i i ij
α

ij ij i i

i a

α x i ij i,

i

(20)

( ) ( )

( ∣ )

( ) ( )

( ∣ )
∑=

= =

=
w

A a P A

A X δ γ

A a P A

A X δ γ

1

Pr ; ,

1

Pr ; ,
,ij

aα
ij α x i

i i j

N
ij α x i

i i

,

1

,
i

(21)

and

( )

( ∣ )

( )

( ∣ )
∑=
=

w
P A

A X δ γ

P A

A X δ γPr ; , Pr ; ,
.ij

α α x i

i i j

N
α x i

i i

,

1

,
i

(22)

The basic idea of the construction of ( )h A X Y δ γ β, , ; , ,ij
a

i i i lies in that equation (19) is a doubly robust estimator

of μ
aα
, in the sense that the expectation of ( )h A X Y, ,a converges to μ

aα
when data are fully observed, that is,

{ ( )}∑ ==E h A X Y δ γ β μ, , ; , ,j

N

ij
a

i i i aα1

i , if either the IPW models or regression models are correctly specified. When
the propensity score models are correctly specified,

( )

( ) ( ) ( )( )

( )

∑

∑ ∑

⎧
⎨
⎩

⎫
⎬
⎭

=
⎡

⎣
⎢

⎧
⎨
⎩

+ −
⎫
⎬
⎭

⎤

⎦
⎥

=

=

=
−

−

E h A X Y δ γ β

E w Y P A g a X β w g A X β

μ

, , ; , ,

, , , ;

.

j

N

ij
a

i i i

j

N

ij
aα

ij

a

α x i j ij i ij
aα

ij i i

aα

1

1

,

ipw

i

i

i j

Similarly, when the baseline regression models have been correctly specified, it is obvious to see that the
expectation of the first part of equation (19) is equal to zero, and the expectation of the second part is the

regression estimator, that is, { ( )}∑ ==E h A X Y δ γ β μ, , ; , ,j

N

ij
a

i i i aα1

regi . Therefore, to obtain the doubly robust esti-
mator when confounders are subject to non-ignorable missingness, we can replace the observed outcomes and
regression estimator in the conventional residuals weighted DR estimator by ( )h A X Y δ γ β, , ; , ,ij

a
i i i and

{ ( )∣ }=E h X Y δ γ β A R, ; , , , 0ij i i i ij , respectively. Hence, the constructed estimator can be viewed as a new residuals
weighted DR estimator, where the weights are the inverse of the estimated propensity score of missingness,
and the residuals come from the constructed ( )h A X Y δ γ β, , ; , ,ij

a
i i i instead of the regression estimator. By

allowing either one of the set of models to be correctly specified, the doubly robustness property can also
be achieved accordingly. For estimating γ, δ, β, the estimators can be obtained by maximum likelihood
approach using observed data when =R 1. While our current study primarily focuses on the assumption of
homogeneous parameters, β, γ, and δ, it is worth considering the potential implications of allowing these
parameters to vary across clusters. In such a scenario, the parameters of the group average potential outcome
would exhibit variation across different clusters. The estimation equation for γ, δ, β can be written as

( )∑ == ψ O γ; 0i

K

α i1 , ( )∑ == ψ O δ; 0i

K

δ i1 , and ( )∑ == ψ O β; 0i

K

β i1 , respectively. Let ( ) ( )= −ψ O μ ζ β Y α μ; , , ˆ 1,
a

dr
i α i

dr

α1 1
,
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and ( ) ( )= −ψ O μ ζ β Y α μ; , , ˆ 0,
a

dr
i α i

dr

α0 0
denote the estimation equations for μ

α1
and μ

α0
, respectively. Then the

estimated parameter ( )=θ α δ β ζ μ μˆ ˆ, ˆ, ˆ, ˆ, ˆ , ˆ
dr

α

dr

α

dr

1 0
is a solution of the following estimation equations:

( )∑ =
=

ψ θ 0O ; .

i

K

dr
i

1

(23)

The consistency and asymptotic normality of the proposed DR estimator are summarized in the following
theorem.

Theorem 3. Assume ( ∣ )OR X A ζ;ij i is correctly specified, if either (a) ( ∣ )= =R A X δPr 1 1, ;ij ij i and ( ∣= =A RPr 1 1,ij ij

)X γ;ij or (ii) ( ∣ )=f Y A X R β, , 1;ij i ij ij and ( ∣ )=f X A R, 1ij i ij are correctly specified; then the DR estimator μ̂
aα

dr is con-

sistent for μ
a
, where μ̂

aα

dr is obtained from equation (17), and

�( ) ( )− ⟶θ θ 0K ˆ , Σ ,
dr d

dr

as K goes to infinity, where ( ) ( ){ ( ) }= − −θ θ θU V UΣdr T1 1 , ( ) { ( ) }= −∂ ∕∂θ ψ θ θU E O ;dr
i

T , and ( ) =θV

{ ( ) ( ) }ψ θ ψ θE O O; ;dr
i

dr
i

T .

The proof of Theorem 3 is given in the Supplementary materials.

4 Simulation

In this section, we conduct a simulation study to illustrate the proposed IPW, regression, and DR estimator.
First, under setting 1 (S1), we generate a population of size =N 10,000 , and randomly classify the whole population
into =K 100 mutually exclusive groups with =N 100i individuals in each group. Our model generation process
contains the generation of ( )X A R Y, , , in order. First, we generate the confounders X , followed by generating A using
the specified model for the propensity score of treatment. Next, we generate the missingness indicator using a model
for the missingness mechanism with A and X . Finally, we generate the outcome Y using an outcome regression
model that incorporates A and X . More specifically, for each individual, the covariate X1 is generated from
Bernoulli distribution with probability 0.5, and the covariate X2 is generated from the standard normal distribution.
To generate treatment and missing indicators, we assume two logistic models. We assume a mixed-effect logistic
model { ( ∣ )}= = = = + − +A R X x b x x blogit Pr 1 1, , 0.1 0.2 0.1ij ij ij ij i ij ij i1 2 for the propensity score of treatment, where
bi is group level random effect terms generated from �( )σ0, 2 , i.e., the normal distribution with mean 0 and
variance σ 2. We assume a logistic model { ( ∣ )}= = = = + + −R A a X x a x xlogit Pr 1 , 1 1.2 0.5ij ij ij ij ij ij ij ij1 2 for the pro-
pensity score model of missingness. Then the joint propensity score for treatment and missingness with random
effects ( ∣ )=a r x bPr , 1 ,ij ij ij i is calculated according to equation (3) by Chen [16], and themissingness indicator Rij and
the treatment indicator Aij are generated from the joint propensity score, which is given by the following equation:

( ∣ ) { ( )} { ( )} ( )( )∫ ∏= =
′=

′ ′
−A R X h b h b f b σ dbPr , 1 ; ,i ij i

j

n

ij i
A

ij i
A

b i i

1

11 01 1 2

i

ij ij

where ( ) ( ∣ )= = =h b a a r r x bPr , ,ij
ar

i ij ij ij i . Finally, we generate the outcome Yij from = + − +Y x x1 2 3ij ij ij1 2

( )+ + +x x a p a ε0.5 2 3ij ij ij i i ij1 2 , where ( )p a
i i is the proportion of units in group i that receive the treatment,

and { } ≤ ≤ ≤ ≤εij i K j N1 ,1 i
are i.i.d. random noise terms generated by �( )σ0, 2 . We consider four settings for the

number of observations and the variance of the group effect:
(S1) =N 10,000 , =K 50, and =σ 0.252 ;
(S2) =N 10,000 , =K 50, and =σ 0.162 ;
(S3) =N 12,000 , =K 200, and =σ 0.252 ;
(S4) =N 12,000 , =K 200, and =σ 0.162 .
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Second, letting =α 0.5, the propensity score models are correctly specified as ( ∣ )= = =a r x δPr 1 1, ;ij ij ij

( )+ + +− δ δ x δ x blogit ij ij i
1

1 2 1 3 2 and ( ∣ ) ( )= = + + +−r a x γ γ γ a γ x γ xPr 1 , ; logit .ij ij
1

1 2 1 1 2 2 The parameter
( )=δ δ δ δ, ,1 2 3 and ( )=γ γ γ γ γ, , ,

1 2 3 4
are estimated with lme4 [18] package in R [19]. The regression model is

correctly specified as ( ∣ ) ( )= = + + + + +E y a x r β β a β p a β x β x β x x, , 1
ij i i ij ij i i ij ij ij ij0 1 2 3 1 4 2 5 1 2 . The parameters β are

estimated by MLE. Then, the IPW estimator, regression estimator, and doubly robust estimators (DR-TT: when
all models are correctly specified), i.e., μ̂

aα

ipw, μ̂
aα

reg, μ̂
aα

dr , are calculated according to equations (2), (12), and (17),
respectively.

Third, in the scenario when there exist model misspecification, DR estimator DR-TF is calculated when the
outcome model is misspecified as ( ∣ )= = + + + +E y a x r β β a β x β x β x x, , 1

ij i i ij ij ij ij ij ij0 1 3 1 4 2 5 1 2 , and the propensity
score models are correctly specified.

The DR estimator DR-FT is calculated when the propensity score of treatment is incorrectly specified as
( ∣ ) ( )

( )= = = + +−a r x δ δ δ x bPr 1 1, ; logitij ij ij ij i
1

1 2 1

1 , and the the outcome model is correctly specified.
Finally, the DR estimator DR-FF is calculated when the propensity score for treatment is

incorrectly specified as ( ∣ ) ( )
( )= = = + +−a r x δ δ δ x bPr 1 1, ; logitij ij ij ij i

1
1 2 1

1 , and the outcome model is misspeci-
fied as ( ∣ )= = + + + +E y a x r β β a β x β x β x x, , 1

ij i i ij ij ij ij ij ij0 1 3 1 4 2 5 1 2 .

The simulation study is repeated 1,000 times, and the estimators of α, γ, β, μ
α1
, μ

α0
, and ( )DE α¯

are summarized in the following tables.
The bias and empirical coverages of the proposed estimators are shown in Tables 1, 2, and Figure 2, where

the 95% Wald-type confidence intervals are constructed according to the asymptotic distribution of the

Table 1: Bias, empirical standard error (se), and standard deviation [in brackets] for IPW estimators, regression estimators, and doubly
robust estimators under S1,S2, S3, and S4

IPW REG DR-TT DR-TF DR-FT DR-FF

S1 μ
1,0.5

0.005[0.051] ‒0.037[0.013] ‒0.062[0.073] 0.043[0.072] 0.081[0.046] ‒0.102[0.191]

μ
0,0.5

0.003[0.059] ‒0.003[0.047] ‒0.023[0.082] 0.023[0.080] 0.030[0.067] 0.054[0.072]

( )DĒ 0.5 0.002[0.082] ‒0.033[0.130] ‒0.040[0.072] 0.020 [0.068] 0.050[0.091] ‒0.156[0.104]

( )se μ
1,0.5

0.152 0.030 0.078 0.103 0.102 0.181

( )se μ
0,0.5

0.110 0.032 0.102 0.110 0.085 0.138

( ( ))se DĒ 0.5 0.114 0.069 0.080 0.075 0.113 0.166

S2 μ
1,0.5

0.035[0.109] 0.034[0.059] ‒0.018[0.042] 0.017[0.046] ‒0.023[0.047] 0.060[0.121]

μ
0,0.5

0.018[0.122] ‒0.008[0.057] ‒0.005[0.042] ‒0.007[0.042] 0.041[0.061] ‒0.796[0.092]

( )DĒ 0.5 0.016[0.118] 0.042[0.077] 0.020[0.052] 0.019 [0.058] ‒0.019[0.080] 0.860[0.142]

( )se μ
1,0.5

0.302 0.079 0.054 0.052 0.041 0.084

( )se μ
0,0.5

0.111 0.073 0.057 0.057 0.069 0.094

( ( ))se DĒ 0.5 0.234 0.069 0.067 0.064 0.088 0.171

S3 μ
1,0.5

‒0.005[0.180] 0.019[0.046] ‒0.009[0.041] 0.037[0.027] ‒0.004[0.031] ‒0.105[0.081]

μ
0,0.5

‒0.012[0.041] 0.021[0.042] ‒0.014[0.029] ‒0.020[0.028] 0.028[0.032] 0.049[0.081]

( )DĒ 0.5 0.007[0.099] ‒0.002[0.010] 0.006[0.035] 0.057 [0.032] ‒0.03[0.041] ‒0.155[0.072]

( )se μ
1,0.5

0.154 0.036 0.041 0.037 0.029 0.090

( )se μ
0,0.5

0.045 0.038 0.042 0.037 0.018 0.110

( ( ))se DĒ 0.5 0.137 0.089 0.041 0.051 0.033 0.080

S4 μ
1,0.5

0.110[0.162] 0.022[0.046] ‒0.030[0.018] 0.010[0.022] ‒0.011[0.032] 0.053[0.085]

μ
0,0.5

‒0.018[0.035] 0.013[0.038] ‒0.002[0.017] ‒0.001[0.017] 0.028[0.034] 0.053[0.085]

( )DĒ 0.5 0.128[0.185] 0.008[0.019] ‒0.028[0.024] 0.011 [0.033] ‒0.040[0.042] 0.160[0.074]

( )se μ
1,0.5

0.225 0.048 0.037 0.027 0.037 0.103

( )se μ
0,0.5

0.149 0.048 0.037 0.027 0.028 0.120

( ( ))se DĒ 0.5 0.249 0.015 0.041 0.040 0.038 0.090

NTE with missing confounders  11



proposed estimators in Theorems 1–3. When both the IPW models and the regression model are correctly
specified, the IPW, regression, and DR estimators all perform well in terms of having small bias and variances,
and the DR robust estimator DR-TT has the smallest variance among all the estimators, which supports our
theoretical result that the associated DR estimator achieves the semiparametric efficiency bound when con-
founders are fully observed and all the working models are correctly specified. When the outcome regression
model is correctly specified, the regression estimator has the smallest variance among all the proposed
estimators. When both the model of propensity score for treatment and the regression model are misspecified,
the bias of μ̂

α

dr

0
has the same magnitude with the other estimators when either the IPW or the regression model,

Table 2: Coverage probability (%) of IPW estimators, regression estimators, and doubly robust estimators under S1, S2, S3, and S4

IPW REG DR-TT DR-TF DR-FT DR-FF

S1 μ
1,0.5

97.0 91.0 94.7 92.8 98.5 0

μ
0,0.5

96.0 91.0 91.2 94.0 95.5 0

( )DĒ 0.5 95.5 89.5 90.5 92.5 93.0 0

S2 μ
1,0.5

98.5 89.5 98.5 93.5 90.5 0

μ
0,0.5

95.5 92.5 91.5 95.5 90.5 0

( )DĒ 0.5 98.5 92.0 93.0 92.0 88.5 0

S3 μ
1,0.5

95.5 93.0 96.2 94.8 96.8 59.8

μ
0,0.5

96.0 93.0 95.0 93.6 94.8 69.8

( )DĒ 0.5 97.0 95.5 97.2 96.0 89.2 56.6

S4 μ
1,0.5

93.0 90.0 97.0 92.0 92.5 50.6

μ
0,0.5

97.0 96.0 98.5 96.5 91.5 57.4

( )DĒ 0.5 92.0 92.5 96.5 92.5 85.5 56.0

Figure 2: Bias of the (1) IPW, (2) regression, and DR estimators for μ
1,0.5

and μ
0,0.5

under four scenarios: (3) both propensity and outcome
regression models are correctly specified; (4) propensity score models are correctly specified; (5) when only outcome model is correctly
specified; (6) when neither the outcome regression model nor the IPW models are correctly specified. (The boxplot of μ̂

dr

0,0.5
in the second

scenario is dropped because the absolute value of the bias is greater than 0.2.).
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but not both, is correctly specified. As shown in Table 2, all three estimators achieve nominal levels when
corresponding models are correctly specified, which indicates the standard error formulas proposed
in Theorem 1, 2, and 3 are valid; when both propensity score and regression models are misspecified,
the coverage probability of the DR estimator decreases to zero.

5 Application

The particulate matter 2.5 (PM2.5) refers to tiny particles or droplets in the air that can affect people’s short-
term or even long-term health conditions such as respiratory issues, increased mortality from lung cancer, and
heart disease. A primary strategy to achieve the reduction of ambient PM2.5 is the installation of flue-gas
desulfurization equipment or controls (“scrubbers”) to reduce the sulfur dioxide (SO2), nitrogen dioxide (NOx),
and carbon dioxide (CO2) emissions, which are three main air pollutants that mediate the changes of PM2.5.
In 1990, the U.S. Clean Air Act (CAA) amendments launched the ARP to reduce the emissions of the ambient SO2,
NOx , and CO2 by regulating those power plants to install scrubbers on coal-fired electricity-generating
units (EGUs).

In this section, we apply the proposed estimators on a dataset from the U.S. EPA’s Air Quality System (AQS)
to estimate the causal effect of installing the scrubbers on the reduction of ambient NOx emissions. The dataset
contains monthly emissions data from 1218 EGUs in the United States in 2004. The 1218 EGUs are classified into
40 clusters through the linkage algorithm by Zigler et al. [5]. Among 1218 EGUs, 913 EGUs installed the
scrubbers and 205 EGUs did not install the scrubbers. Six important characteristics of the EGUs and the
atmosphere are included in the data analysis: the heat input rate, the capacity of the EGU, the number of
scrubbers installed, the sulfur content, the operation time, and the average temperature in the previous year.
As these characteristics affect both the emissions of NOx and the installation of scrubbers, they are treated as
confounders of the causal relationship between the outcome and the treatment. For the treatment (“scrub-
bers” installation) coverage probability, the average of the proportion of treated units among all the groups is
66.79%. For the missingness in confounders, there are 15.76% missingness in sulfur content, 2.25% missingness
in operation time, 21.69% missingness in heat input rate, 0.99% in capacity, and 24.90% missingness in total.
The missingness can be caused by multiple reasons such as monitor errors (e.g., the operation time exceeds a
certain time), the failure of recording, and the changes of filter. Since the units with fewer NOx emissions are
less likely to disclose the baseline characteristics, and records of the baseline characteristics were measured
long before the emissions of NOx took place, it is plausible that the outcome-independence assumption holds.

We assume a linear fixed-effect regression model for the outcome, and assume different mixed-effects
logistic regression models for the propensity score of treatment and missingness, respectively. To account for
the dependency of the treatment allocation strategy on the baseline characteristics, following Papadogeorgou
et al. [10], we assume ( )P aα x i, as the logistic regression model: { ( )} = + ∑ =P a ξ β Xlogit α x ij i

α
j i ij, 1

6 , where ξ is estimated
by solving the following equation,

( )∑ + =
=N

ξ β X α
1

expit .
i j

N

i
α

j ij

1

i

Since in the dataset there are over 80% of units that lying in the clusters with average proportion of units with
scrubbers installed ranges from 0.3 to 0.8, we consider values of α varying from 0.3 to 0.8.

Figure 3 presents the results of IPW, regression, and DR estimators for the direct effect DE(α) across
different values of α. When =α 0.3, DE(α) of the IPW, regression, and DR estimators are −29.45, −49.25, and
−34.72, respectively. When =α 0.8, DE(α) of the IPW, regression and DR estimators are −19.55, −21.99, and
−17.44, respectively. The estimated DE(α) are negative for all three estimators across different α values,
indicating that the intervention of installing scrubbers has a positive effect on reducing the emissions of
the tons of NOx , and there would be approximately 30 tons of NOx emissions fewer per unit among the units
with scrubbers installed than that among the units without scrubbers installed. As α increases, DE(α) has an
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increasing trend, which implies that the intervention at one EGU is beneficial for the reduction of the emis-
sions of NOx , but the effect is smaller when the proportion of the units within the same cluster that have
scrubbers installed becomes larger.

Figure 3: Estimates and 95% Wald-type confidence intervals of ( )DE α¯ of scrubber installation for (1) IPW, (2) regression, and (3) DR
estimator with ( )∈α 0.3, 0.8 , where the shadow area represents the pointwise confidence intervals.

Figure 4: Estimates and 95% Wald-type confidence intervals of ( )IE α¯ , ( )TE α¯ , and ( )OE α¯ of scrubber installation for (1) IPW, (2)
regression, and (3) DR estimator with ( )∈α 0.3, 0.8 , where the shadow area represents the pointwise confidence intervals.
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Let α be the average treatment coverage probability among 40 clusters, i.e., =α 0.670 ; in this setting, IPW,
regression, and DR estimates for the indirect ( ( )IE α¯ 0.6, 1 ), total effect ( ( )TE α¯ 0.6, 1 ), and overall effect ( ( )OE α¯ 1 )
are given in Figure 4. The indirect effect has a decreasing trend when −α α1 0 increases, and it is positive
when <α 0.671 and negative when >α 0.671 . For example, when =α 0.461 , the DR estimate is 15.14, and 95%
confidence interval (CI) is (11.19, 19.76), which suggests that there would be 15.14 more tons of NOx emissions in
units without scrubbers installed within groups with 46% coverage compared to that with groups with 67%
coverage of scrubber installation; when =α 0.751 , the estimate is −6.84 for DR estimator, and the corre-
sponding 95% CI is (-8.82, -5.40), which implies that we would expect 3.90 tons of NOx emissions fewer among
units without scrubbers installed within groups with 75% coverage compared to groups with average coverage
probability. It is also worth noting that the confidence intervals would decrease as the difference between α0

and α1 decreases, which indicates that the decrease in the variance of the estimator of μ
α0
and μ

α1
cannot offset

the increase in the correlation between the two estimators, because both the estimators are dependent on the
treatment allocation function ( )( )−π a α;i j . The total effect of the proposed estimators, which combine both the
direct and the indirect effects, have a slightly decreasing trend when α increases. For example, when =α 0.5,
the IPW, regression, and DR estimates are −18.15, −25.70, and−16.91, and the corresponding 95% CIs are (−24.38,
−14.43), (− −30.27, 21.64), and (− −18.78, 7.66), respectively; when =α 0.75, the IPW, regression, and DR estimates
are −25.56, −28.35, and −22.29, and the corresponding 95% CIs are (− −29.44, 21.71), (− −31.56, 24.85), and
(− −27.28, 19.83), respectively. Therefore, all three estimators indicate that there would be fewer NOx emissions
per unit with scrubbers within groups with higher coverage probability compared to the unit without scrub-
bers installed in groups with lower coverage probability. The estimates of the overall effect of scrubber
installation, which quantify the difference in the tons of NOx emissions under two treatment allocation
strategies, suggest that there would be fewer NOx emissions within groups with higher average percentage
of the coverage of scrubber installation.

6 Discussion

In this article, we constructed three consistent estimators: IPW, regression, and DR estimators for four types of
network causal effects: the direct, indirect, total, and overall effects when the confounders are missing not at
random. Under the outcome-independent missingness assumption, the IPW and regression estimators are
consistent and asymptotically normal if the corresponding models are correctly specified, and the consistency
of the DR estimator requires that either the joint modelling of the propensity score of treatment and miss-
ingness or the outcome regression model, but not necessarily both, are correctly specified.

The designed doubly robust estimator is based on the conventional DR estimator proposed by Kang and
Schafer [20] in the general setting without interference. In the setting when interference exists, the metho-
dology avoids the assumption of SUTVA and can recover the causal effect in the whole population with
observed data. In the real application, we compared the performance of three proposed estimators and
showed that the intervention of installing scrubbers has a positive effect on reducing the emissions of NOx

which, in turn, may potentially reduce the ambient PM2.5 and the concentrations of ozone.
One limitation of the proposed methods is that it can cause increased computational burden when the

number of units in each group increases, and it may not be suitable to implement the estimators when the
confounders are high-dimensional. Adapting the proposed methods to handle high-dimensional data is an
interesting direction for future research. Another limitation lies in that the estimators do not work well for the
cases when the proportion of missingness is large. In this study, we only consider the setting under the partial
interference only; In the scenarios with more general interference patterns, where the outcome of one unit
can be affected by the confounders or outcomes of other units, relying solely on linear models for the
regression estimator and regression component in the doubly robust estimator may not be sufficient. In
such scenarios, alternative methods, such as deep neural networks, may be necessary to obtain consistent
estimates of the average potential outcome. These methods can capture the complex dependencies and non-
linear relationships that may arise in the presence of complex interference patterns. In this article, we assume
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a binary missingness indicator for each individual. As pointed out by reviewers, this assumption may not
always reflect reality. We leave the investigation of more general missingness patterns for future research.
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