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Abstract: The global average treatment effect (GATE) is a primary quantity of interest in the study of causal
inference under network interference. With a correctly specified exposure model of the interference, the
Horvitz–Thompson (HT) and Hájek estimators of the GATE are unbiased and consistent, respectively, yet
known to exhibit extreme variance under many designs and in many settings of interest. With a fixed
clustering of the interference graph, graph cluster randomization (GCR) designs have been shown to greatly
reduce variance compared to node-level random assignment, but even so the variance is still often prohi-
bitively large. In this work, we propose a randomized version of the GCR design, descriptively named
randomized graph cluster randomization (RGCR), which uses a random clustering rather than a single
fixed clustering. By considering an ensemble of many different clustering assignments, this design avoids a
key problem with GCR where the network exposure probability of a given node can be exponentially small
in a single clustering. We propose two inherently randomized graph decomposition algorithms for use with
RGCR designs, randomized 3-net and 1-hop-max, adapted from the prior work on multiway graph cut
problems and the probabilistic approximation of (graph) metrics. We also propose weighted extensions
of these two algorithms with slight additional advantages. All these algorithms result in network exposure
probabilities that can be estimated efficiently. We derive structure-dependent upper bounds on the variance
of the HT estimator of the GATE, depending on the metric structure of the graph driving the interference.
Where the best-known such upper bound for the HT estimator under a GCR design is exponential in the
parameters of the metric structure, we give a comparable upper bound under RGCR that is instead poly-
nomial in the same parameters. We provide extensive simulations comparing RGCR and GCR designs,
observing substantial improvements in GATE estimation in a variety of settings.

Keywords: causal inference under interference, global average treatment effect, network effects, spillovers,
social networks
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1 Introduction

Interest in the design and analysis of randomized experiments under interference has accelerated in recent
years [1–6], motivating work on efficient estimators of the global average treatment effect (GATE) [7–9].
GATE estimation seeks to understand the difference between placing all units in treatment vs placing all
units in control, a natural estimand capturing the full average treatment effect net of all “network effects.” A
major motivation for studying the GATE comes from experiments run on online social networking platforms
[10–12] and online marketplaces [13–17], where the interactions are either between social relations or
between marketplace competitors. In these settings, a platform designer typically has full control over
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treatment assignments and is specifically interested in understanding which condition, when assigned to
all units, has the best average outcome.

In the case of a binary intervention, a so-called A/B test of treatment versus control, the GATE is defined
as the difference between the average of outcomes when all individuals are exposed to the treatment
condition vs when all individuals are exposed to control. Formally, let { }∈Z 0, 1 n be a length-n vector
representing the treatment assignment of a population of n individuals, where the value of 1 and 0 corre-
spond to treatment and control, respectively. Let ( )=Z zYi be the ith individual’s outcome or response; the
mean outcome of all units to Z is expressed as follows:

( ) ( )∑≜ =

=

z Z zμ
n

Y1 ,
i

n

i
1

and the GATE is then ( ) ( )≜ −τ μ μ1 0 . For work relating this potential outcomes formulation of interfer-
ence to causal diagrams, see [18,19].

Exact measurement of the GATE is not possible because the scenarios =z 1 and =z 0 are strongly
counterfactual: it is not possible to simultaneously observe the entire population in treatment and the entire
population in control. The GATE is typically estimated through randomized experiments, but to connect the
outcome of a randomized experiment with the GATE, assumptions are required to make ( )zμ identifiable,
e.g., the no interference [20] or stable unit treatment value assumption (SUTVA) [21]. However, in many
situations, there is unavoidable interference between individuals, in the sense that their outcome depends
directly on the treatment or outcome of others. In the presence of interference, estimators derived under the
SUTVA assumptions are generally biased [3,22]. A variety of alternative assumptions have been made in
attempts to bring reasonable power to potential outcome inferences under interference, including mono-
tonicity assumptions on the individual treatment effect [7,11,23,24]. In this work, we do not require a
monotonicity assumption for our results to hold, but instead commit to an exposure model framework
[23,25,26].

In prior efforts to estimate the GATE, a promising approach has been to replace the SUTVA assumption
with a less restrictive exposure model [3,23,27]. An exposure model identifies, for each unit i, the condition
when the unit has the same response as if all units are assigned to treatment or control. We use E z

i to denote
the events – defined by subsets of global assignment vectors, to be formally specified later on – where node
i responds as if exposed to global treatment ( =z 1) or global control ( =z 0). For network experiments, Ei

1

and Ei
0 then capture conditions under which we consider i to be “network exposed to treatment” vs “net-

work exposed to control.” Throughout this work, we will focus our attention on the full-neighborhood
exposure model, discussed further in Section 2.2.

The Horvitz–Thompson (HT) estimator [28] of the mean outcome ( )zμ , { }∈z 0 1, , is
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where Yi is the observed outcome of node i, which equals ( )Y 1i (or ( )Y 0i ) when node i is network exposed to
treatment (or control). Consequently, the HT estimator for the GATE is ( ) ( )= −τ μ μ1 0ˆ ˆ ˆ . Aronow and Samii
[3] have shown that, assuming the exposure model is not misspecified, a standard consistency assumption
on the potential outcomes [29] and that the probability of every node being network exposed to treatment
and control is positive, then the estimators ( )μ 1ˆ , ( )μ 0ˆ , and τ̂ are unbiased. Here, an exposure model being
properly specifiedmeans that it correctly specifies the graph-based conditions for each node to respond as if
exposed to global treatment or control and that the interference graph is fully known (cf. recent interference
work with unknown network structure [30]). While we focus our analysis of GATE estimation on the HT
estimator, some of our results extend to the related self-normalized Hájek estimator [31].

Under independent node-level Bernoulli(p) randomization – where units are assigned for treatment
with probability p and control with probability ( )− p1 – the variance of the HT GATE estimator quickly

blows up if there are units i for which the exposure conditions Ei
1 or Ei

0 require many independent assign-
ments to all come up heads or all come up tails. For exposure models such as full-neighborhood exposure,
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where a unit and all of its network neighbors must be assigned to treatment together, �[ ]Ei
1 and/or �[ ]Ei

0

then quickly become much smaller.
The graph cluster randomization (GCR) [27] experimental design scheme was proposed to combat this

issue. Given a fixed clustering of the graph, i.e., the set of nodes has been partitioned into disjoint clusters,
GCR jointly assigns all nodes within each cluster into either treatment or control together. This randomization
design can be viewed as a correlation imposed on the way in which assignment vectors { }∈Z 0, 1 n are drawn,
correlating neighbors in the graph with the goal of broadly increasing the collections of probabilities �[ ]Ei

1 and

�[ ]Ei
0 , for all nodes i, for a given exposure model. GCR can be shown to achieve a considerable variance

reduction in certain settings compared to independent assignment. Eckles et al. [7] evaluated GCR for GATE
estimation and showed that it reduces bias, variance, and mean squared error (MSE) in scenarios where there is
a strong direct treatment effect and network spillover. However, they found that it often still exhibits consider-
able MSE, which can then exceed the MSE of independent assignment when spillover effects are small.

The GCR scheme operates using a prespecified fixed clustering assignment. A known problem with GCR
is that, with a single fixed clustering, a node can be “unlucky” in how its neighborhood was divided,
meaning that it is adjacent to many clusters, and thus, its network exposure probability is small. Such small
exposure probability greatly inflates the variance of the HT GATE estimator τ̂. Therefore, even though GCR
has been shown to theoretically give considerable variance reductions compared with node-level rando-
mization, the variance can still be much larger. Another disadvantage of GCR is the incompatibility with
complete randomization at the cluster level due to a violation of the positivity assumption required by both
the HT and Hájek GATE estimators.

1.1 Main contributions

We propose an extension of the GCR scheme whereby the graph cluster randomization is itself based on a
randomized clustering. We descriptively call this scheme randomized graph cluster randomization (RGCR).
We find that RGCR can greatly reduce the variance of the HT GATE estimator in both theory and extensive
simulations, compared to ordinary GCR. Further simulations using the Hájek GATE estimator, while lacking
theoretical support, show that it too benefits from RGCR (vs GCR) and is often preferable to the HT estimator
for a given design. Most importantly, we find that these variance reductions are considerable enough to
bring RGCR into the realm of being “useful” in many situations where GCR would fail to deliver a GATE
estimate with actionable MSE.

The intuition that motivates using a random clustering partition is illustrated in Figure 1. Essentially, when
averaging across different clustering assignments, the distribution of individual network exposure probabilities
�[ ]E z

i will be less skewed because different nodes will be “unlucky” in different clusterings. Averaging across
many clusterings washes out extremely small probabilities, greatly reducing GATE estimator variance.

Figure 1: An illustration of variance reduction with RGCR, considering two different clusterings c1 and c2, where colors denote
clusters. Consider GCR with clusters assigned to treatment or control with probability p 1 2= / , the full-neighborhood exposure
probabilities of nodes u and v are either 2−1 and 2−5 (under c1) or 2−5 and 2−1 (under c2) respectively, contributing 2 2 345

+ = to
the variance of the HT estimator of the GATE. In contrast, when randomizing evenly between c1 and c2, the exposure probabilities
of both u and v become 2 2 2−1 −5( )+ / , contributing 2 2 2 2 7.5−1 −5( )/ + ∗ ≈ to the variance.
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One can consider two approaches to randomized graph clustering. First, consider employing a uniformmixture
of K graph clusterings, each obtained via a (potentially different) black box clustering algorithm. In this setting, we
can compute the exposure probabilities simply by averaging the exposure probabilities across clusterings. That said,
computing many clusterings of a large graph can be very computationally expensive. As a more appealing
approach, we consider employing inherently randomized graph clustering algorithms where it is potentially tract-
able to consider the exposure probabilitieswhen integrating over the full randomness of the algorithm. Even though
the exact computation of the full-neighborhood exposure probabilities can be NP-hard, we are able to construct
Monte Carlo estimators of the probabilities with relative errors bounded at a reasonable computational cost. The
Monte Carlo estimation procedure we employed is practically equivalent to generating K clusterings from the
randomized algorithms and then averaging, but we do not need to store all K clusterings at any point.

To make our theoretical and simulation analyses concrete, in this article, we consider two specific
randomized graph clustering algorithms. One algorithm is the randomized 3-net clustering, whose deter-
ministic version has been analyzed in the causal inference literature [7,27]. The other algorithm, called
1-hop-max, is very similar to 3-net, but it is more amenable to theoretical analysis.

1.1.1 Variance reduction

Our main theoretical result is to show that, under a structural assumption known as a restricted growth
condition, RGCR delivers qualitatively better bounds on the HT variance compared to GCR (which is already
known to be qualitatively better than independent randomization). Specifically, consider a graph of n nodes
with largest degree dmax and restricted growth coefficient κ. Here, the restricted growth coefficient κ
measures the growth rate of the r-hop neighborhood with the neighborhood radius r. Theoretically we
have ≤ +κ d1 max , though we expect κ to be substantially smaller than dmax on real-world networks that
exhibit clustering structures. Let the probability of each cluster being assigned to the treatment group be p,
previous results [27] have shown that the variance of the HT estimator of ( )μ 1ˆ under GCR with a fixed 3-net
clustering is upper bounded by

[ ( )] ( )≤
−μ

n
d κ pVar 1ˆ 1 Θ 1 ,κ

max
5 6 (2)

polynomial in the maximum degree dmax but exponential in κ. In this work, we show that under RGCR with
a randomized 1-hop-max clustering, we can upper bound the variance by

[ ( )] ( )≤
−μ

n
d κ pVar 1ˆ 1 Θ 1 ,max

2 4 1 (3)

polynomial in both κ and dmax . The bounds on the variance of the HT GATE estimator τ̂ are analogous to
these bounds for the mean outcome ( )μ 1ˆ . The exponential difference between these two variance bounds,
(2) under GCR vs (3) under RGCR, is striking both in settings of a fixed modest κ and in settings where κ is on
the order of dmax . Per our analysis in Appendix A, the latter setting is empirically quite common.

The pairing of RGCR with 1-hop-max (instead of randomized 3-net) is for analytical convenience: the two
algorithms are very similar, but once randomized, the distribution of clusterings produced by the randomized 3-
net algorithm are not as amenable to analysis. For comparison, nonrandomized GCR with a single fixed 1-hop-
max clustering has a HT variance upper bound of ( )−d κ p Θ 1n

d1
max

3 max , exponential in the max degree (and thus

worse than 3-net when κ is modest). A summary of our variance bounds for HT estimators is given in Table 1 in
Section 4, which also shows slightly improved bounds based on weighted variations of both algorithms.

1.1.2 Simulation analyses

Beyond theoretical results, we provide an extensive simulation-based analysis of various RGCR schemes on
both synthetic and real-world networks. We first show dramatic variance reduction for the HT GATE
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estimator used RGCR compared to GCR, bringing a useless variance (≈1050) down to a potentially useful
variance (≈100). We then vary many aspects of the simulation to understand the efficacy of RGCR-based
experiments for GATE estimation. Specifically, we vary the structure of the underlying network, we vary the
randomized clustering algorithm, we vary the possible weighting used in the algorithm, we vary the use of
HT vs Hájek estimation, and we vary whether randomization is independent or complete.

1.2 Other contributions

1.2.1 Bounded geometry of empirical social networks

While bounded geometry assumptions play a central role in the previous theoretical analysis of GCR [27]
and other recent works [32,33], the empirical growth rates of r-balls in social networks have not been well
documented. The average degree, degree distribution, and path-length distribution of large-scale social
networks have all been the subject of extensive empirical investigations [34–36], with the path length
distribution being the central object of study in the large literature on “degrees of separation” inspired
by Travers and Milgram [37]. Less attention has been given to the empirical structure of neighborhood sizes
at different distances, though some intuition for the relationship between friend counts and friend-of-friend
counts can be derived from the prior works [36,38,39].

Our empirical analysis, given in Appendix A, documents that for Facebook college social networks, κ is
typically on the order of 25–50% of dmax . As an aside, recall that the coefficient κ describes a worst-case
coefficient. We observe that κ is typically pushed up by a few bad nodes where, e.g., a degree-1 node u is
connected to a high degree node, making ∣ ( )∣ ∣ ( )∣/B u B u2 1 very high, and thus, κ is high for the graph as a
whole. It is possible that new paths forward for studying estimators (and limit theorems [32]) on social
networks may be more suited to an alternative formulation of restricted growth, not yet formulated.

1.2.2 Curse of large clusters

The GCR scheme suffers from large variance when nodes are connected to many clusters. A naive solution to
this specific problem would be to partition the network into only a few, say K , clusters, where ( )=K O 1 is
prespecified and independent of the size of the network. However, such an approach fails when the nodes’
outcome exhibits homophily or some other global drift pattern such that nodes at a short distance have

Table 1: A summary of bounds from Section 4 and Appendix B pertaining to the HT estimator of the GATE under various
randomization designs. The RGCR results apply for both independent and complete randomization, while the GCR bounds do
not hold for complete randomization because of possible positivity violations (Assumption 1). Each variance bound is up to a
Θ 1( ) multiplicative constant

Clustering algorithm Scheme Ei
1�[ ] (lower bound) μVar ˆ 1[ ( )] (upper bound)

— i.i.d. pd 1max+ d κpn
d1

max
− max

3-net GCR pκ6 d κ pn
κ1

max
5 − 6

RGCR p
d κ1max( )+

—

w∗-weighted RGCR p
λ∗

—

1-hop-max GCR pd 1max+ d κ pn
d1

max
3 − max

RGCR p
d κ1max( )+

d κ pn
1

max
2 4 −1

w∗-weighted RGCR p
λ∗ λ d κ pn

1
max

3 −1∗
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similar response outcomes. If there is a significant difference in the response of nodes in different clusters,
and only a few clusters, then the observed difference ( ) ( )= −τ μ μ1 0ˆ ˆ will be sensitive to this cluster-level
variation, with additional variance incurred that does not then decay with the size of the network.

For the RGCR scheme, in Section 5, we show that this large cluster issue persists, and using a random
clustering with large clusters (of size ( )nΘ , so ( )=K O 1 ) prohibits the HT estimator variance from converging
to zero even as → ∞n .

Specifically, we analyze a ring network with homophilous responses where the optimal balanced
K-partitions are obvious. When selecting one of the optimal balanced K -partition uniformly at random
in RGCR,-partition uniformly at random in RGCR, we show that

[ ] ⎛
⎝

⎞
⎠

→τ
K

Var ˆ Ω 1

as → ∞n . Therefore, if ( )=K O 1 , then we have [ ] ( )=τVar ˆ Ω 1 even with → ∞n . This result provides an
important insight on the choice of random clustering used in RGCR scheme: the number of clusters in the
output random clustering should increase with the number of individuals to let [ ] →τVar ˆ 0 as → ∞n , a
necessary condition on the random clustering strategy. Consequently, various graph clustering algorithms
such as spectral partitioning [40–42], balanced label propagation [43], or reLDG [10,44] are good clustering
strategies for RGCR only if the number of output clusters grows with the size of the network.

1.2.3 A response model with network homophily

A specific innovation in our simulations is a rich graph-aware response model, exhibiting both degree-
correlated responses and homophily in responses. Specifically, if two nodes have short graph distance,
their responses tend to be close, resembling responses in many real-world settings [45] not captured in
typical response models used in beyond-SUTVA simulations. Note that a failure to capture homophily in the
response model can result in preferring a random clustering algorithms that generates few large clusters,
concealing the issue of large clusters as discussed earlier and presented more fully in Section 5.

1.3 Paper roadmap

The remainder of this article is organized as follows. After preliminary definitions and related works in
Section 2, we formally propose the RGCR scheme in Section 3. In Section 4, we develop key theoretical
properties of RGCR (e.g., variance reduction) under HT estimation, with a focus on the two families of
random clustering algorithms we consider in this work, the 3-net and 1-hop-max algorithms, as well as their
weighted variants. We also discuss the bias of the related Hájek estimator under RGCR. In Section 5, we
formalize a theory for the curse of large clusters, which provides a necessary condition on the random
clustering algorithm for the variance to converge to zero as a network grows large. In Section 6, we provide
extensive simulation results comparing different RGCR and GCR schemes. Section 7 concludes.

2 Preliminaries and related work

2.1 Network preliminaries

Throughout this work, we will consider interference in network settings as modeled by an undirected,
unweighted network ( )=G V E, , dubbed the interference graph, where the node set { }= …V n1, 2, , repre-
sents the units/individuals and E is the collection of edges that encode pairwise response dependencies
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that underly the interference. For each individual i, let Ni be the set of its neighbors on the network, and
∣ ∣≜d Ni i be its degree. We use = ∈d dmaxi V imax to denote the maximum degree of all nodes in the network.

A natural distance between a pair of nodes i and j on network G is the shortest path distance denoted as
( )i jdist , , i.e., the length of the shortest path connecting them. With a positive integer radius >r 0, we use

( ) { ∣ ( ) }= ∈ ≤B i j V i j rdist ,r to denote the r-hop neighborhood of node i. For example, with =r 1, ( )B r1
contains node i itself and all its neighbors, and thus, ∣ ( )∣ = +B i d 1i1 .

2.1.1 Restricted growth conditions

The conceptual notion of a (graph)metric with bounded geometry is very useful for considering the design
of good clustering algorithms for social networks, as social networks arguably exhibit a version of bounded
growth. As a motivating empirical observation, due to apparent tendencies toward clustering, the size of
social network neighborhoods ∣ ( )∣B ir tend to grow slower than ( )d r

max in r [36].
There are two ways to operationalize this empirical tendency. First, by borrowing a definition from the

literature on metric approximation [46], one could consider experimental designs that perform well under a
condition of bounded growth, whereby there is a constant >η 0 such that

∣ ( )∣ ∣ ( )∣≤ ∀ ≥B i η B i r, 1,r r2

for all nodes i. Second, the original GCR work identified and developed results under a less restrictive metric
property of restricted growth [27], which assumes there is a constant >κ 0 such that

∣ ( )∣ ∣ ( )∣≤ ∀ ≥+B i κ B i r, 1,r r1

for all nodes i. Notice that bounded growth implies restrictive growth. The constants η and κ here are called
the bounded growth and restrictive growth coefficients, respectively. We emphasize that both of these
definitions start at a radius of ≥r 1, and thus, we do not require any relationships to hold between B0
and B1 (otherwise we would have = +κ d1 max ), and it can be easily verified that ≤κ dmax . Our goal,
building on the initial analysis of GCR, is to exploit degree bounds and/or restricted growth structure to
design algorithms that work provably well when dmax and/or κ are modest. We do not perform any analysis
under bounded growth conditions (“η”), owing to the well-known fact that social networks have a very
limited effective diameter [47], with the majority of node pairs appearing within a hop distance of six [35],
limiting the utility of a bounded relationship between B r2 and Br.

We note that a separate approach to causal inference under network interference has recently assumed
metric growth conditions of a slightly different variety [33]. That work follows the recent work on limit theorems
for network-dependent random variables where growth conditions appear as part of sufficient conditions [32].

2.1.2 Clustering

Throughout this work, we make broad use of the idea of a decomposition of a graph into clusters. A
clustering is a partition of all nodes in the network into some nonoverlapping clusters, which is also referred
as a partition. We denote a clustering as a vector �[ ]= … ∈c c c, , n

n
1 such that nodes i and j belong to the

same cluster if and only if =c ci j. Ideally clusters are internally densely connected while relatively separated
from the rest of the network, though our definitions require no such thing.

The randomized clustering algorithms we analyze in this work stem from the literature on probabilistic
approximations of graph metrics. Randomized graph decompositions have a rich history [48] originally
driven by interests in distributed graph computations [49,50]. The algorithm we call 1-hop-max is closely
related to the Calinescu-Karloff-Raban (CKR) partitioning algorithm [51], developed as an approach to the
0-extension problem [52], a metric generalization of the multiway cut problem on graphs [53]. Our 1-hop-
max algorithm runs the CKR algorithm with centers (or “terminals”) selected at random, as is also done in
the closely related Fakcharoenphol-Rao-Talwar (FRT) algorithm for metric approximation [54], and with a
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fixed radius of one. The other algorithm we consider, randomized 3-net clustering, comes from the related
literature on metric approximation in bounded geometries [55]with applications to nearest neighbor search
[46]. Graph cluster randomization with a fixed 3-net clustering was previously analyzed in the original work
on GCR [27]. In the randomized setting of RGCR, we find 1-hop-max more amenable to theoretical analysis,
while simulations indicate that RGCR with 1-hop-max and randomized 3-net do comparably well in diverse
settings.

2.2 GATE estimation under exposure models

In many online and social settings, the presence of interference introduces bias in the estimation of global
average treatment effects if a no-interference assumption, e.g., SUTVA, is incorrectly specified. More
relaxed assumptions than SUTVA can be made that, if correct, can enable reasonable inference. As a first
example, the class of constant treatment response (CTR) [23] assumptions identify, for each individual i, an
effective treatment mapping gi that captures equivalence classes of the global assignment vectors z: if

( ) ( )=z zg gi i1 2 for two global assignments z1 and z2, then ( ) ( )=z zY Yi i1 2 . SUTVA is a special case of CTR
with ( ) =zg zi i, i.e., where each individual’s response depends only on the treatment assignment of itself.

The neighborhood treatment response [3] assumption is a CTR assumption that allows some treatment-
based spillover effect: for any two global assignments z1 and z2, ( ) ( )=z zg gi i1 2 if [ ( )] [ ( )]=z zB i B i1 1 2 1 , i.e., an
individual’s response depends only on the treatment assignment of itself and its neighbors. Consequently,
individuals generate the same response as under the global treatment ( =z 1) assignment (a condition termed
network exposed to treatment) if they and all their neighbors are assigned to the treatment group; similarly,
they generate the same response as under the global control ( =z 0) assignment (a condition termed network
exposed to control) if they and all their neighbors are assigned to the control group. Ugander et al. termed this
pair of network exposure conditions as the full-neighborhood exposure model, and other more relaxed neigh-
borhood exposure models have also been discussed [23,27].

In this work, we focus on the full-neighborhood exposure model due to it being the most restrictive
neighbor exposure model. It greatly simplifies our theoretical analysis, relative to other more complicated
exposure models, while still providing conclusions that generalize, at least at the level of intuition, to more
relaxed neighborhood exposure models. Throughout this work, we use the events E z

i specifically for full-
neighborhood exposure, letting E z

i denote the event (a subset of the global assignment vectors in { }0, 1 n)
where node i is network exposed to treatment ( =z 1) or control ( =z 0).

Both the HT and Hájek estimators require the following positivity assumption on the network exposure
probabilities in order to be well defined.

Assumption 1. At every node i and for both { }∈z 1 0, , the network exposure probability is posi-
tive: �[ ] >E 0z

i .

Aronow and Samii have shown that assuming the exposure model is properly specified and a standard
consistency assumption on the potential outcomes applies, the HT estimators are unbiased. They derive the
variance of the HT estimators under these assumptions [3]. Specifically, the variance of the HT estimator of
the mean outcome, ( )zμ̂ , is

�
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⎜ ⎟⎜ ⎟[ ( )]
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⎝ [ ]
⎞
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[ ] [ ]
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⎦
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Y YVar ˆ 1 1 1 1 ,z
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i
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i
i

i
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j j i

n
i j

i j
i j2

1

2

1 1,
(4)

for =z 1 0, , and the variance of GATE estimator is then

[ ] [ ( )] [ ( )] [ ( ) ( )]= + − ⋅τ μ μ μ μVar Var 1 Var 0 Cov 1 0ˆ ˆ ˆ 2 ˆ , ˆ , (5)

where the covariance is
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2.3 Graph cluster randomization

The full-neighborhood exposure probabilities�[ ]E z
i , as well as the joint exposure probabilities�[ ]∩E Ez z

i j
1 2 ,

are properties of the experimental design. With node-level independent randomization, where we assign
each node into the treatment or control group independently, the full-neighborhood exposure probability is
exponential to the degree, and thus, it can be extremely small. The variance of HT estimator is a monotone
decreasing function in any single exposure probability, meaning that small probabilities beget large var-
iances. As a result, the HT estimator variance (5) can be exponentially large in the max degree dmax and not
practical [27].

To overcome the issue of exponential variance under independent assignment, Ugander et al. proposed
to randomize at the cluster level, the GCR scheme [27]: with a clustering c of the network, one can jointly
assign all nodes in each cluster into the treatment or control group. A definition of HT estimator for ( )zμ was
given in the introduction, but restating it more formally in the context of GCR,

�

�
( )

[ ]

[ ∣ ]
∑=

⋅z
c

μ
n

E Y
E

ˆ 1 ,c

z

z
i

i i

i
(7)

where the subscript indicates that this estimator is based on GCR with clustering c. Under this design, the
exposure probability of each node is exponential not in its degree, but in the number of clusters intersecting
with its 1-hop neighborhood and thus should reduce the variance in the HT estimators if a reasonable
clustering is in use. Specifically, Ugander et al. show that if the clustering is generated from the 3-net
clustering algorithm, and the graph satisfies the restricted growth condition with coefficient κ, then the
variance is upper bounded by a linear function of the maximum degree of the graph equation (2).

Despite significant variance reduction compared with node-level independent randomization, the GCR
scheme has one main disadvantage: the variance is still enormous when there are small exposure prob-
abilities. With a single fixed clustering of the network, a node may be “unlucky” (Figure 1) and directly
connect to many clusters. For such a node to be network exposed to treatment or control, all the adjacent
clusters have to be assigned into the treatment or control group respectively, making the exposure prob-
ability exponentially small.

A naive solution to this issue would be to partition the network into only a few clusters, so each node
can be adjacent to at most the number of clusters in the clustering. However, this solution is problematic
due to two concerns. First, partitioning the network into few but large clusters makes the estimated result
very sensitive to homophily, as discussed in Section 5.

Second, with just a few clusters, independent randomization at the cluster level may cause significant
imbalance in treatment/control assignment. For example, with a bisection of the network, if each cluster is
assigned independently into the treatment group with probability 1/2, then there is a 25% chance that both
clusters (and consequently all nodes in the network) are assigned into the treatment group, and we collect
no information about the control condition. To maintain balance with two clusters, one would need to
assign the clusters to opposite conditions (treatment, control), the method of complete randomization.
However, a secondary disadvantage of the GCR scheme is that it is incompatible with complete randomiza-
tion at the cluster level due to potential violation of the positivity assumption (Assumption 1). For example,
with GCR with few clusters and complete randomization, a node connected to all the clusters will always
have some neighbors in treatment and some in control, making it impossible for that node to be full-
neighborhood exposure to either treatment or control.

Randomized graph cluster randomization  9



3 Randomized GCR

We now present the RGCR experimental design and its aligned analysis. Formally, let � be a random
clustering generator, i.e., an algorithm whose output C is a clustering of the input graph, and the output
is random. Without ambiguity of notation, we also use � to denote the distribution of the randomly
generated clustering, i.e., ( )� c is the probability of the clustering c being generated. Both the design
and analysis of the RGCR scheme are tailored to the random clustering generator ( )⋅� , or equivalently,
the resulting distribution of random clusterings.

3.1 Design

With a random clustering generator � , the experimental design is based on a two-step process. First, we
realize a clustering c from the random clustering C. Second, like in the GCR scheme, we perform treatment/
control assignment at the cluster level, jointly assigning all nodes within each cluster of c into the treatment
group with probability p, or into control otherwise.

In the second step of the aforementioned cluster-level randomization, GCR assign each cluster using
independent randomization. For RGCR, besides independent randomization, we also consider complete
randomization, where we further introduce stratification. In the case of = ∕p 1 2, we first stratify the clusters
of c into pairs, by size (measured by the number of nodes): the two largest clusters are a pair, the third and
fourth largest clusters are a pair, and so on. We then assign each pair of clusters together, with one into
the treatment and the other into the control group. Complete randomization guarantees an equal number
of clusters in treatment and control, thereby roughly balancing the number of individuals as well.
Stratification further tightens this balance. Complete randomization with other values of p is implemented
analogously.

Balance guarantees are especially important when the clustering contains only few clusters. For
example, in the case of a clustering formed by a graph bisection, under independent randomization, the
probability that both clusters are assigned into the treatment group or both assigned into the control group is
0.5, an unpleasant scenario where we collect information about only the treatment group or only the control
group. In contrast, with complete randomizationwe always have one cluster assigned to the treatment group

and the other to the control group. Moreover, complete randomization may increase �[ ]∩E Ei j
1 0 for distant

nodes, which increases the covariance of ( )μ 1ˆ and ( )μ 0ˆ and thus further reduces variance according to
equations (6) and (5). Such variance reduction is also observed in our simulations in Section 6.

Under GCR, complete randomization can violate the positivity assumption. For example, if a node i is
adjacent to a pair of clusters that are determined to be oppositely assigned into the treatment and control
group, then it is impossible for node i to be full neighborhood exposed to treatment or control, i.e.,
� �[ ] [ ]= =E E 0i i

1 0 . Without positivity, the HT estimator (equation (7)) is ill-defined. For RGCR, Section
4.2 shows that as a consequence of Theorem 4.2, RGCR using our randomized 3-net and 1-hop max
clustering algorithms always satisfies node-level positivity for the full-neighborhood exposure condition
(and related fractional conditions).

3.2 Analysis

With both independent or complete randomization, the exposure probability of each node i conditioned on
the generated clustering =C c, i.e., �[ ∣ ]=C cE z

i , can be computed as in the GCR scheme. While we focus on
full-neighborhood exposure throughout this work, we note that this observation applies to, e.g., partial
neighborhood exposure conditions [27] as well. In the analysis phase of a RGCR experiment, we use the
exposure probabilities unconditional on the clustering in use, which only depends on the clustering dis-
tribution � . Formally, since the random clustering in use is generated from the distribution � , the network
exposure probability of each node i, by to the law of total expectation, is
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Consequently, the HT estimators are as follows:
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where =z 0 or =z 1, and ( ) ( )= −� � �
τ μ μ1 0ˆ ˆ ˆ is the HT estimator of the GATE τ. Here, the subscript �

emphasizes that the estimator is based on a distribution of clusterings. The Hájek estimators for ( )μ 0 , ( )μ 1 ,
and τ are analogous.

3.3 Putting design and analysis together

There are a number of important challenges in going from using a single fixed clustering to using a random
clustering. Most concretely, in the design phase, one needs to be able to efficiently generate a single random
clustering to launch an experiment. As a complementary challenge in the analysis phase, HT and Hájek
estimators require per-node unconditional exposure probabilities, which may be more or less difficult to
compute, depending on the randomized clustering algorithm used. We discuss and compare properties of
different random clustering strategies in the following section, showing that both randomized 3-net and
1-hop-max are good algorithms in these regards.

4 Properties of RGCR

In this section, we analyze the properties of the RGCR scheme. We focus on the Horvitz–Thompson (HT)
estimator due to its theoretical amenability, while some important insights on the Hájek estimator are
discussed at the end.

Since the RGCR scheme requires a randomized clustering strategy, we consider two initial algorithms:
randomized 3-net, a randomized version of the 3-net algorithm considered in the original analysis of the GCR
scheme, and 1-hop-max, a new randomized clustering algorithm similar to 3-net but more easily amenable to
a rigorous analysis. In Appendix B, we consider the weighted versions of these two algorithms, which
introduce node-level flexibility and can effectively balance the exposure probabilities of high- and low-degree
nodes, addressing an additional imbalance found in the two basic algorithms. The goal of this section is to
provide an analysis of how RGCR can lead to considerable variance reduction when compared with the vanilla
GCR scheme based on a single clustering. All but the simplest proofs are removed to Appendix C.

We summarize the results of this section in Table 1 and highlight some important observations. First, for
each clustering algorithm, by using GCR with a single fixed clustering, the variance of the HT estimator is
upper bounded by an exponential function of either dmax or κ. Note that both quantities can be large in real-
world networks, resulting in the huge variance in the original GCR scheme. In contrast, with RGCR, the
variance is upper bounded by a polynomial function of dmax and κ. If the graph has bounded degree dmax
but the growth is not further restricted, then we still have <κ dmax . Therefore, the RGCR scheme can
significantly reduce the estimator variance compared with GCR, both with and without restricted growth.

Second, we highlight that variance reduction is achieved primarily by obtaining a much larger expo-
sure probabilities, which are the inverse weights in the HT estimator and play a similar role in the Hájek
estimator. With a fixed clustering, a node can be at the boundary of a cluster (Figure 1), making it adjacent
to many clusters and furnishing an exponentially small exposure probability. However, with RGCR, such
exponentially small probabilities are “washed out” by averaging across clusterings.

Finally, for each random clustering algorithm considered, complete randomization is valid for RGCR,
i.e., positivity (Assumption 1) is satisfied. In contrast, the positivity assumption is generally violated in GCR
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with complete randomization. The results for RGCR summarized in Table 1 apply for both independent and
complete randomization, while those for GCR apply only for independent randomization.

Beside extensive analysis on the HT estimator, we also present some key properties of the Hájek
estimator under the GCR and RGCR schemes. Compared to the HT estimator, the Hájek estimator enjoys
much lower variance due to the self-normalization, while a potential drawback of introducing bias. How
bad can this bias be? We find that the Hájek estimator is unbiased under GCR and RGCR if the individual
treatment effect ( ) ( )= −τ Y Y1 0i i i is constant across all nodes. In practice, treatment effects can be expected
to be nonconstant, which motivates us to consider simulations in Section 6 of nonconstant individual
treatment effects to study the bias of the Hájek estimator.

4.1 Randomized 3-net and 1-hop-max algorithms

We now outline the two random clustering algorithms we consider in detail. For notation brevity, our
analysis is always conditioned on the distribution of random clusterings in focus, unless stated otherwise.

4.1.1 Randomized 3-net

The first algorithm in consideration is the 3-net clustering, which is used in the original analysis of the graph
cluster randomization scheme [27]. Here, we assume that a 3-net clustering is generated from a random
ordering of all nodes, and thus, its output is random, while such randomness was not exploited in any
part of the analysis of vanilla GCR, which was conditional on a single clustering outputted by the algorithm.

Algorithm 1. 3-net clustering.

Input: Graph ( )=G V E,
Output: Graph clustering �∈c n

1 ←π generate a uniformly random total ordering of all nodes
2 ← ∅S , unmark all nodes
3 for ∈i π do
4
5
6
7

⎢

⎣

⎢
⎢
⎢
⎢
⎢

⎢

⎣

⎢
⎢
⎢

{ }

( )

← ∪

∈

⌊

i is unmarked
S S i

j B i
j

if then

for do
mark node if it is unmarked yet

2

8 for ∈i V do
9 { ( )}⌊ ← ∈ →c j S j i jdistarg min , ,i , i.e., the id of the node in S with shortest graph distance to i

(arbitrary tie breaking)
10 return c

Algorithm 2. 1-hop-max clustering.

Input: Graph ( )=G V E,
Output: Graph clustering �∈c n

1 for ∈i V do
2 ( )⌊ ← �X 0, 1i

3 for ∈i V do
4 ([ ( )])⌊ ← ∈c X j B imax fori j 1

5 return c
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Formally, the randomized 3-net clustering algorithm is given in Algorithm 1, which consists of three
major steps. First, we generate a total ordering of all nodes sampled uniformly over all permutations.
Second, construct a maximal distance-3 independent set of the network (line 2–7) using a greedy algorithm
proceeding according to the total ordering generated in line 1. We call each node in the independent set a
seed node. Next we assign every node in the network to the seed node with smallest graph distance, with
ties broken by some arbitrary rule. These steps return a clustering partition.

In the returned clustering, since the seed nodes form a distance-3 independent set, any 1-hop neighbors
of a seed node will be assigned to the seed. Therefore, the seeds nodes are guaranteed to be in the interior of
a cluster, not connecting to any nodes in a different cluster. Consequently, the returned clustering consists
of node-neighborhood clusters known to form relatively good clusters (in terms of edges cut) in real-world
networks [56,57].

A potential disadvantage of 3-net clustering algorithm is the parallel runtime. Even though parallel
algorithms have been developed for the randommaximal independent set problem [49,58], the runtime still
increases with the size of the network, and thus, it is generally slow to sample a random 3-net clustering on
a very large network, even by more complicated means.

4.1.2 1-hop-max

As a second algorithm for RGCR, we propose 1-hop-max, given in Algorithm 2. This algorithm consists of two
steps. First, every node i independently generates a random number from the uniform distribution on ( )0, 1 .
Second, for every node i, find the maximum of the generated numbers within node i’s 1-hop neighborhood.
The unique numbers define the clustering: nodes with the same 1-hop-maximum form a single cluster.

Similar to the 3-net algorithm, the clustering returned by the 1-hop-max algorithm contains neighbor-
hood-like clusters: every cluster is associated with a center node. On the other hand, the 1-hop-max
algorithm has a much faster parallel runtime. Formally, we have the following result in terms of the depth
(i.e., length of longest chain in the computation dependency graph) [59], a key constraint in parallel
computing.

Theorem 4.1. The 1-hop-max algorithm, Algorithm 2, has ( ( ))O dlog max depth.

Both algorithms require ( )O m work, but the above depth compares favorably to the 3-net algorithm’s
depth of at least ( ( ) )O nlog 2 , according to the analysis in [58], which finds a maximal independent set, not a
distance-3 maximal independent set.

4.2 Network exposure probabilities

The network exposure probabilities �[ ∣ ]�E z
i of these algorithms are key parts of the HT and Hájek GATE

estimators under RGCR.

4.2.1 Bounds

Before discussing how to compute or estimate these probabilities, we first show a simple but useful lower
bound of the full neighborhood exposure probabilities when using 3-net or 1-hop-max random clustering
generator. This result is crucial in both the analysis of a Monte Carlo method for estimating the probabilities
in Section 4.2.2 and the variance analysis in Section 4.3.

Theorem 4.2. Using either 3-net or 1-hop-max random clustering on a graph with restricted growth coefficient
κ, using either independent or complete randomization at the cluster level, the full-neighborhood exposure
probabilities for any node i satisfy
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A detailed proof is given in Appendix C, while the high-level idea is as follows. If a node i is ranked first
within ( )B i2 in a 3-net clustering algorithm (or generated the largest number in the 1-hop-max algorithm),
which happens with probability ∣ ( )∣/ B i1 2 , then all its 1-hop neighbors are guaranteed to be in the same
cluster as node i, and thus, it is definitely network exposed to either treatment or control.

Several remarks are in order on the aforementioned result. First, this lower bound is much more
favorable than an analogous lower bound for the GCR scheme. With GCR, 3-net clustering, and independent

randomization (but not complete randomization), we have �[ ∣ ] ≥�E pi
d1 max in general and �[ ∣ ] ≥�E pi

κ1 6

under a restricted growth condition [27]. That lower bound is exponentially small in the restrictive growth
parameter κ. In real-world networks, κ can be of magnitude of 100, making the exposure probabilities
impossibly small. In contrast, with RGCR, the exposure probability is lowered bounded by a polynomial
function of dmax and κ.

As a second remark, these lower bounds also hold when we consider a partial neighborhood exposure
model. If a node is full-neighborhood exposed, it must also be partial-neighborhood exposed, and thus, the
partial-neighborhood exposure probability of each node is no lower than that for full-neighborhood exposure.

As a third remark, another significant implication of Theorem 4.2 is that it provides a positive lower
bound on the node-level exposure probabilities, making complete randomization feasible. Note that com-
plete randomization is not feasible for the GCR scheme due to violation of the positivity assumption.
However, for RGCR scheme, according to Theorem 4.2, even under complete randomization, the exposure
probability of each node is guaranteed to be positive.

The exposure probability lower bound in Theorem 4.2 is obtained by solely considering scenario when a
node generates the largest number in its 2-hop neighborhood. Actually, one can obtain an improved lower
bound from more careful consideration on node’s ranking among its 2-hop neighborhood.

Theorem 4.3. With 1-hop-max random clustering algorithm and independent randomization at the cluster
level, if ∣ ( )∣ ( )− ≥ / −B i d p1 1i2 , then the full-neighborhood exposure probabilities for any node i satisfy
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2 2

The proof of this result involves a more carefully analysis, and for = /p 1 2, the difference between the
lower bounds in Theorems 4.3 and 4.2 is merely a factor of 2.

4.2.2 Computation and estimation

Computing the exact network exposure probabilities can be challenging as it potentially requires considering an
exponential number of different clusterings in equation (8). More formally, Theorem 4.4 shows that with 3-net clus-
tering, computation of the exact exposure probability for a single node is NP-hard. The proof is given in Appendix C.

Theorem 4.4. For the 3-net random clustering algorithm, using either independent or complete randomization
at the cluster level, exact computation of the full-neighborhood exposure probability for a node in an arbitrary
graph is NP-hard.

Note that even though we do not have an analogous rigorous proof for the 1-hop-max clustering
strategy, we expect the analogous exposure probability computations to also be NP-hard.

Despite the difficulty of exactly computing the probabilities, they can be efficiently estimated using a
relatively straight-forward Monte Carlo method with theoretical guarantees. The procedure begins by gen-
erating K clusterings { }( )

=
c k

k
K

1 from our randomized clustering algorithm and compute the exact exposure
probability of each node under each clustering. The estimator of the exposure probability is then
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We then have the following result on the mean square error (MSE) of relative error in this Monte Carlo
estimator.

Theorem 4.5. For either 3-net or 1-hop-max random clustering algorithm, and with K Monte-Carlo trials and
any node i, the relative error of the Monte-Carlo estimator is upper bounded in MSE as follows:
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The proof is given in Appendix C, which is obtained from the fact that the ground-truth exposure
probability is bounded away from 0 as is shown in Theorem 4.2.

Given this MSE guarantee, it is natural to use the estimated exposure probabilities as the inverse weights
in an HT estimator. A potential issue is the possible violation of the positivity assumption under complete
randomization. Even though the ground-truth exposure probability is bounded away from 0 per Theorem 4.2,
the estimated probability (equation (10)) can be zero: it is possible that for some node i, �[ ∣ ]( )

=cE 0i
k1 for all

the generated clusterings, and thus, �[ ∣ ] =�Eˆ 0i
1 . A zero probability in the denominator would make the HT

estimate ill defined. A fix to this issue is to use stratified sampling in generating the clustering samples.
To stratify our Monte Carlo estimator, we generate Kn samples { }( )c k i, with { }∈ …k K1, 2, , and

{ }∈ …i n1, 2, , such that, if the 3-net clustering is in use, then the clustering ( )c k i, is based on a random
node ordering conditional on node i being ranked first among all nodes. Analogously, if the 1-hop-max
clustering is in use, then in the generation of clustering ( )c k i, , node i generates the largest Xi among all
nodes. Consequently, under clustering ( )c k i, , node i is guaranteed to be the center of a cluster and thus,
�[ ∣ ]( )

=cE pi
k i1 , . Now the network exposure probability of node i is estimated as follows:

� �[ ∣ ] [ ∣ ]( )
∑∑=

= =

� cE
nK

Eˆ 1 .z z
i

k

K

j

n

i
k j

1 1

,

In total, each node i is “favored” exactly K times among the Kn samples, and we have

�[ ∣ ] ≥ >�E p
n

ˆ 0.i
1

Besides a guarantee of positivity in the estimated exposure probabilities, this stratified sampling technique is
also effective at reducing variance in the estimation. Therefore, when computationally feasible to sample at least
n clustering samples, this stratified sampling method should be strictly preferred over independent sampling.

As a final but important note on probability computation and estimation, we point out that the potential
computational bottleneck of generating K clusterings when using RGCR should not pose practical concerns.
First, we highlight that the exposure probabilities are needed only in the analysis phase but not the design
phase. To launch an experiment, it suffices to generate a single clustering from a randomized algorithm and
use it in assigning individuals to treatment or control; after the experiment has been launched, we can later
sample other random clusterings to estimate the exposure probabilities. Second, we note that the estimated
exposure probabilities can be shared across experiments as long as the interference network remains
unchanged. In practice, with hundreds of A/B testings running at the same time, practitioners only need
to estimate the exposure probabilities once.

4.3 Variance of HT estimators

We now analyze the variance of the Horvitz–Thompson (HT) estimator with RGCR. We show that, with 1-
hop-max clustering, the variance is upper bounded by a polynomial function in both the maximum degree
dmax and the restricted growth parameter κ, which also decays as → ∞n .
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We first present a useful property of the randomized 1-hop-max clustering algorithm, the local depen-
dence, which distinguishes it from 3-net clustering.

Lemma 4.1. With 1-hop-max random clustering algorithm, for any node i, the joint distribution of ( )CB i1 , i.e.,
the clusterings of all nodes in ( )B i1 , depends only on the structure of the graph induced on the node set ( )B i2 .

Proof. Since the clustering of every node is ( ){ }= ′ ∈′C X j B jmax :j j 1 with ( )′ �X ~ 0, 1j , the joint distribu-
tion of [ ] ( )∈Cj j B i1 depends only on the structure of the graph induced on the node set ( )B i2 and is independent
of the rest of network. □

With this local dependence property, now we present the following result on the variance of mean-
outcome HT estimator.

Theorem 4.6. For RGCR with a 1-hop-max clustering, if every node’s responses are within [ ]Y0, ¯ , then
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for both independent and complete cluster-level randomization.

As an intuition for this result, by local dependence, we have that the full-neighborhood exposure
events Ei

1 and Ej
1 of two nodes i and j become independent (or negatively correlated) events if their graph

distance is sufficiently big. This observation limits many cross-terms of the variance formula, equation (4),
yielding an upper bound. A formal proof is given in Appendix C. As a consequence of Theorem 4.6, we have
the following main result.

Theorem 4.7. For RGCR with 1-hop-max clustering on a graph with maximum degree dmax and restricted
growth coefficient κ, If every node’s responses are within [ ]Y0, ¯ , then

[ ( )] ( )≤ ⋅ +
−

�
μ

n
Y d κ pVar 1ˆ 1 ¯ 1 ,2

max
2 4 1

for both independent and complete cluster-level randomization.

Proof. From Theorem 4.6, we have
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where the second inequality is due to�[ ∣ ]
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and the third inequality is due to∣ ( )∣ ( )≤ +

−B i d κ1r
r

max
1. □

This upper bound is to be compared with equation (2), the variance upper bound when using a single
fixed clustering, which is exponential to the restrictive growth coefficient κ. In contrast, if a random graph
clustering is used, the upper bound is a polynomial function of κ. This result provides a strong theoretical
justification of variance reduction from using random graph partitioning in GCR.

From the variance of the mean outcome estimator ( )
�

μ 1ˆ , we can obtain the following variance upper

bound on the GATE estimator �τ̂ .

Theorem 4.8. For RGCR with 1-hop-max clustering on a graph with maximum degree dmax and restricted
growth coefficient κ, if every node’s responses are within [ ]Y0, ¯ , then

[ ] ( ) ( ( ) )≤ ⋅ + + −
− −

�τ
n

Y d κ p pVar ˆ 2 ¯ 1 1 ,2
max

2 4 1 1

for both independent and complete cluster-level randomization.
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All of our analysis thus far has been nonasymptotic (finite-n) results. As such, we have not assumed that
dmax or κ are fixed in n. As a corollary of Theorem 4.8 then, we have the following sufficient condition for
convergence of the HT estimator of the GATE, which extends beyond the regime of bounded-degree graphs.

Theorem 4.9. Let Gn be a sequence of graphs on n nodes with maximum degree dmax and restricted growth
coefficient κ both possibly dependent on n. Let all responses be within [ ]Y0, ¯ . Then for RGCR with 1-hop-max, a
fixed cluster-level randomization probability p, and either:
– κ fixed, dmax = ( )/o n1 2 or

– κ d, max = ( )/o n1 6 ,

we have [ ] →�τVar ˆ 0 as → ∞n , for both independent and complete cluster-level randomization.

If κ is fixed, then the analogous sufficient condition for GCR (from equation (2)) requires dmax to be only
( )o n . But if dmax and κ are of similar order – as Appendix A suggests that they often are empirically in social
networks – the analogous GCR sufficient condition requires dmax to be ( )o nlog , a significantly stronger
requirement than the ( )/o n1 6 requirement under RGCR.

The proof of the variance upper bound in Theorem 4.8 does not apply to RGCR under a randomized
3-net clustering. An analogous analysis breaks down because local dependence (Lemma 4.1) does not hold
for the 3-net clustering algorithm. Specifically, the distribution of ( )CB i1 depends on the structure of the
whole network. Despite the lack of strictly local dependence, we still expect randomized 3-net clustering to
undergo similar variance reduction when using randomized clustering versus a single fixed clustering. In
Section 6, we see in simulations that the variance of RGCR with 3-net clustering is much lower than with
GCR, and it is in fact lower than that of RGCR with 1-hop-max clustering.

4.4 Weighted randomized 3-net and 1-hop-max clusterings

A drawback of both the 3-net and 1-hop-max clustering algorithms (and shared by many other existing
approaches to clustering) is an implicit disadvantage for high-degree nodes: compared to low-degree nodes
they are invariably connected to many more clusters and thus have much smaller exposure probabilities.
This phenomenon is supported by Theorem 4.2, where we showed a exposure probability lower bound that
decreases with the size of its two-hop neighborhood. Per Theorem 4.6, the smallest exposure probabilities
(and thus, those for high degree nodes) dominate the variance in HT estimators.

To offset the outsized contribution of high-degree nodes to the variance, Appendix B develops and
analyzes weighted versions of both random clustering algorithms, introducing additional node-level flex-
ibility to adjust and balance the exposure probability of nodes. In particular, we can choose to prioritize
high-degree nodes in these weighted clustering algorithms. A high-level summary of the properties of the
weighted algorithms is included in Table 1 at the start of this section, with details given in Appendix B.

4.5 HT vs Hájek estimation

While we focus our analysis of GATE estimation on HT estimators, some of our results extend to the related
Hájek estimator [31], also called the self-normalized estimator [60,61], of the mean outcome
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with the Hájek GATE estimator taking the form ( ) ( )= −τ μ μ1 0˜ ˜ ˜ . Notice that the Hájek and HT estimators
utilize the same exposure probabilities for a given design. The Hájek estimator is typically biased but often
preferable to the HT estimator under a strong bias–variance trade-off.
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The Hájek estimator is much less amenable to theoretical analysis than the HT estimator, and so our
analysis of the Hájek estimator of the GATE is much less extensive. Both estimators depend on the same
exposure probabilities, so the general analysis of the exposure probabilities under randomized 3-net and 1-
hop-max sheds light on the behavior of the Hájek estimator as well. Regardless of these theoretical diffi-
culties, the Hájek estimator has many intuitive advantages as a GATE estimator, relative to the HT esti-
mator. We catalog these intuitive advantages briefly and also contribute a possibly useful observation about
the Hájek GATE estimator: it is unbiased when the individual treatment effect is constant.

As a first generic advantage of the Hájek GATE estimator over the HT estimator, the value of the Hájek
estimator of a mean outcome, ( )zμ̃ , is bounded within the range of all units’ responses, due to the estimator
having the form of a convex combination of the responses of all exposed units (weighted by the inverse
exposure probability). As a result, when the responses are bounded, then the Hájek estimator variance is
immediately bounded. In contrast, the value of the HT estimator can be far outside this range of responses,
due to its sensitivity to extremely small exposure probabilities, and the HT variance can then be much,
much larger as well.

As a second advantage, the variance of the Hájek estimator is invariant to a shift in unit responses: if
every unit’s response is increased or decreased (additively) by a constant, then the variance of Hájek
estimator remains unchanged. This, again, is not a property of the HT estimator for the same estimand.

As a third advantage, for a given outcome =Z z, the Hájek estimator depends only on the relative value
of network exposure probabilities of all nodes and is invariant to their absolute value. Specifically, for two
sets of node-wise exposure probabilities �{ [ ]}

=
E z

i i
n

1 1 and �{ [ ]}
=

E z
i i

n
2 1, which may come from two different

experiment designs, if there is a constant c such that � �[ ] [ ]= ⋅E c Ez z
i i1 2 for every node i, then for a given

outcome =Z z, the two sets of exposure probabilities yield the same Hájek estimator. This property might
imply an advantage for the RGCR scheme compared with GCR in Hájek estimation, as the RGCR scheme
yields a more uniform network exposure probability of all nodes: RGCR tends to increase small probabilities
of “unlucky” nodes and decrease large probabilities of “lucky” nodes compared to a GCR scheme with a
fixed clustering (Figure 1).

Compared with the HT estimator, a potential drawback of the Hájek estimator, widely known in the
literature, is the potential issue of bias, i.e., �[ ( )] ( )≠z zμ μ˜ and �[ ] ≠τ τ˜ . However, for GATE estimation in
the setting where every node has the same individual treatment effect ( ( ) ( )≜ −τ Y Y1 0i i i ), we observe that it
is somewhat surprisingly an unbiased estimator for the GATE.

Theorem 4.10. If the treatment effect of every node is constant across all nodes, i.e., ≡τ τi , then using either
GCR or RGCR scheme with =p 0.5, we have �[ ] =τ τ˜ .

In practice, individual treatment effects τi are reasonably nonconstant across individuals, making the
Hájek estimator potentially biased. In our simulations in Section 6, which feature nonconstant individual
treatment effects, we find that this bias is modest in our settings and the overall MSE of the Hájek GATE
estimator is broadly superior to that of the HT GATE estimator.

5 The curse of large clusters

In this section, we use a specific network and simple response model to study how the variance of RGCR
can be affected by the network homophily. We conclude that in the setting, we investigate, if the number
of clusters returned by the clustering algorithm is ( )O 1 in the size of the graph, a nonvanishing
variance persists as part of the HT and Hájek estimators. We consider both independent and complete
randomization.

Consider a ring-like network, the cycle graph with n nodes, where each node { }∈ …i n1, 2, , is con-
nected to nodes −i 1 and +i 1 (except for node 1 and n being connected). Further consider the following
simple response model with network drift. For each node i,
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where a, b, and τ are scalar constants.
In the second term, hi is the homophily drift also used in our simulations in Section 6 and described in

detail there. Informally, hi is defined according to a natural disagreement minimization problem on the
graph. On the cycle graph, this problem has the well-known closed-form solution

= ≜h α α i
πn

sin , where
2

.i i i

Here, αi can be thought of as the angular (latent) position of node i along an evenly spaced cycle. The
solution comes from basic properties of the cycle graph Laplacian, which is a symmetric circulant matrix.
This hi term then effectively models how nearby nodes generate similar responses while distant nodes
generate different responses.

The third term in Section 5 represents a linear-in-means treatment effect, where we seek to estimate the
GATE τ. We briefly note that this present model is simpler than the response model we consider in our
simulations in Section 6, yet still sufficient to induce the curse of large clusters we seek to demonstrate.

With a constant >k 0 that divides n, an oracle clustering of this network into k clusters is the k-parti-
tion formed by breaking the “ring” into k equally sized connected arcs. Note that there are /n k such
different oracle k-partitions.

We study the variance of the RGCR scheme with a random oracle k-partition, in the large-network
scenario when → ∞n . We have the following results on the HT estimator, with the proof given in
Appendix C.

Theorem 5.1. Suppose = /p 1 2 and ( )=k o n , then for the HT estimator τ̂ as → ∞n ,
– with independent randomization, we have
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– with complete randomization, we have
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Theorem 5.1 yields two important insights. First, if the clustering algorithm generates a fixed number of
clusters, then the variance of the HT GATE estimator, both for independent randomization and complete
randomization, does not converge to 0 as → ∞n . This is, in part or in full, due to the issue of network
homophily, a phenomenon commonly observed in real-world networks whereby closely connected nodes
share common behaviors [45]. In a large graph with few clusters, nodes in each cluster may generate
different response than other clusters, obfuscate GATE estimation if we assign treatment/control at cluster
level: the difference in the responses of different clusters might be unrelated to the treatment effect, but
instead due to endogenous node properties captured in the network topology [62]. Therefore, in order for
the variance of the estimator to vanish under RGCR, the clustering algorithm needs to generate an
increasing number of clusters as the network grows large.

Second, the analysis also shows a separate deficit of independent randomization, at least in this model:
the variance increases quadratically with the average response a, making the estimation sensitive to the
scaling and shifting of the average responses. In contrast, complete randomization does not suffer from this
issue, with a variance under this response model that is independent of a. Therefore, we recommend using
complete randomization with RGCR whenever possible (when positivity is satisfied), a change from
ordinary GCR where complete randomization typically does not satisfy positivity for any relevant exposure
model.

We also note that the aforementioned complete randomization result for the HT estimator applies
equally for the Hájek estimator, since these two estimators are asymptotically equivalent in this specific
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setting. Under complete randomization, and due to the fact that each cluster in the oracle k-partition
contains the same number of nodes, we always have a constant number of nodes in the treatment and
control groups. Moreover, due to the symmetry of the network, every node has the same exposure prob-
ability �[ ] → /E 1 2z

1 in the limit of → ∞n . Therefore, the denominator of the Hájek estimator concentrates
at a constant n, making it equivalent to the HT estimator. In summary, we also have nonvanishing variance
in the Hájek estimator if the number of clusters k is upper bounded in n as → ∞n .

6 Simulation experiments

In this section, we evaluate the performance of the RGCR scheme in diverse simulations. After introducing
the simulation setup in Sections 6.1 and 6.2, we examine the behavior of the HT estimator in Sections 6.3
and 6.5, and the Hájek estimator in Section 6.6. For each estimator, we first demonstrate significant variance
reduction (as well as bias reduction for the Hájek estimator) under the RGCR scheme compared with GCR
and then compare the bias, variance, and MSE under RGCR employing various random clustering
algorithms.

As randomized clustering algorithms, we consider both randomized 3-net and 1-hop-max, both applied
in unweighted, spectral-weighted, and degree-weighted forms. Note that for RGCR designs, we consider
both independent and complete randomization, while for GCR, we only consider independent randomiza-
tion (complete randomization is unattractive under GCR due to the potential violation of our positivity
assumption). We find that the spectral- and degree-weighted variants of 3-net and 1-hop-max clusterings
further reduce the variance of the HT estimator and the bias and variance of the Hájek estimator (compared
with the unweighted clustering algorithms). In comparing complete randomization and independent ran-
domization, we find that complete randomization leads to lower variance in the HT estimator and the two
approaches have comparable bias and variance for the Hájek estimator.

These estimators require exposure probabilities, which are estimated with Monte Carlo methods intro-
duced in Sections 4.2.2 and B.2. In Section 6.4, we demonstrate the high accuracy in estimation and
visualize how the exposure probabilities vary under different random clustering algorithms. Specifically,
we observe that applying the spectral- or degree-weighting scheme can increase the smallest exposure
probabilities compared with the unweighted versions, offering an explanation of why the variance of the HT
estimator as well as the bias and variance of the Hájek estimator is reduced.

Besides examining the bias, variance, and mean square error (MSE) in each network, we conclude this
section by demonstrating how these quantities decay with the size n of the network. In Section 6.7, we show
that the bias and variance of the Hájek estimator decays with a much higher rate under RGCR compared
with GCR, which results in even more significant bias and variance reduction on large networks. These
results highlight the broad favorability of the RGCR scheme in practice.

We provide code at https://github.com/hyin-stanford/RGCR-code that replicates all the analyses in this
article.

6.1 Networks

We consider two interference networks across the experiments in this section. The first network is drawn from
a variation on the small-world network model proposed by Kleinberg [63], itself a modification of small-world
model proposed by Watts and Strogatz [64]. Besides the two properties of the Watts–Strogatz model of high
clustering and short average pairwise distance, Kleinberg’s small-world model is known for its navigability:
individuals can find short chains from purely local information without centralized search [65].

The navigable small-world network is constructed from a periodic two-dimensional lattice: for each
node, add a prespecified number of long edges, where the other end of each edge is randomly chosen on the
network with probability proportional to the square of the inverse lattice distance, i.e.,
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−v u u vdistnode is the end of random long edge from , .lattice

2

The network we use is generated from a ×96 96 lattice, where the number of long edges at each node is
drawn from a power-law distribution [66] with exponent =α 2.3. The resulting degree distribution is then
heavy-tailed. We draw exactly one network from the model and fix it throughout the majority of our
simulations. At a later point in the simulation discussion, we consider the effects of varying the network
size within the framework of this model; we then sample a single graph for each lattice dimension.

Our second network for simulations is a snapshot the Facebook friendship network among Stanford
students in 2005, included in the FB100 dataset [67]. Some basic properties of these two main networks are
given in Table 2 with more detailed growth statistics given in Appendix A.

6.2 Response model

Our response model is intentionally more complicated than response models studied in pervious simula-
tions of network interference; the added complications are intended to inject realism into the simulations.
We propose that this model is “as simple as possible but not simpler,” where removing any one of these
components can mislead one to conclude that overly simplistic designs or analyses would work well in
practice. We use the following response model throughout this simulation section:

( ) ( )= + ⋅ + ⋅ ⋅Y a b h σ ε d
d

0 ¯ ,i i i
i (13)
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The model has the following components.

6.2.1 Parameters

The parameters a, b, and σ are constants, where a controls the shifting in average node’s response, b
controls the magnitude of homophily that results in a network drift effect (discussed below), and σ controls
the noise level, where ( )ε N~ 0, 1i i i d. . . is independent of any other node attributes. In all our experiments,
we use =a 1, =b 0.5, =σ 0.1, and let = =δ γ 0.5 for the treatment effects.

6.2.2 Interference

Focusing first on the treatment effect, δzi represents the direct effect and
∑

∈γ
z

d
j Ni j

i
represents spillovers. With

this response model, the full-neighborhood exposure model is properly specified, and we have

( ) ( ) ( ) ( )= − = + ⋅τ Y Y δ γ Y1 0 0 ,i i i i (15)

Table 2: Basic properties of the two interference networks studied in our simulations. For more detailed growth statistics on
these two networks, see Appendix A

Network n m d̄ dmax κ

Small world 9,216 55,214 11.98 42 21.8
FB-stanford 11,586 568,309 98.10 1172 586.5
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and the GATE τ becomes

( ) ( )∑= = + ⋅τ
n

τ δ γ μ 01 .
i

i (16)

6.2.3 Degree-correlated responses

The role of the degree di and average degree d̄ induce a strong correlation between node degree and control
response, a realistic phenomenon [68] that also injects heavy-tailed-ness into the response distribution
whenever the degree distribution is heavy-tailed.

6.2.4 Multiplicative treatment effect

Instead of the more common additive treatment effect here the treatment effect is multiplicative at the node
level. This multiplicative model, which has also been studied elsewhere [3], caries forward the correlation
between degree and control response to cause a heterogeneous “individual” global treatment effect. Note
that, according to Theorem 4.10, a heterogeneous treatment effect is required to reveal the bias in Hájek
estimation. A multiplicative treatment effect can also be deemed natural because the different exposure
levels incur the same relative change in a units’ response.

6.2.5 Homophily

Our use of a network homophily term hi is new to the literature on causal inference under interference, and
we believe it provides an important missing piece for evaluating experimental designs under a more
realistic response model. This term represents the network drift phenomenon where closely connected
nodes usually have similar characteristics and consequently similar response, while distant nodes can
be dissimilar. For example, in the United States, many behaviors are correlated with geography, while
the network structure is also very obviously correlated with geography [43]. Failure to consider this network
drift in the response incurs additional variance in the estimation under GCR: assigning all the East Coast
users into the treatment while all West Coast users to control would make GATE estimation sensitive to any
variations related to this network-level drift effect.

We can think of the homophily term hi in the outcome model as arising due to a latent process that also
gave rise to the network. That said, we wish to add outcome homophily to simulations on real-world
networks where no latent process for generating the graph is known. To retrofit homophily into simulation
on real-world graphs, we construct our hi feature as solving the following disagreement minimization
problem:
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Without the constraints, it is clear that any constant hi would minimize the objective, but we are con-
structing hi to be the scalar function that minimizes the disagreement across all edges, subject to their being
nonzero disagreement. This minimization problem is a classic problem in the spectral graph theory, where
the solution is the eigenvector associated with the second smallest eigenvalue of the normalized graph
Laplacian matrix −D L1 [69], i.e.,

=
− h hD L λ ,1

2
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where D is the diagonal degree matrix, and = −L D A is the unnormalized graph Laplacian. In the simple
cycle network studied in Section 5, we saw that hi has a simple closed-form solution =h αsini i, and we can
think of αi here as an explicit latent position in a periodic one-dimensional space. For real-world graphs, hi

derived from the aforementioned disagreement minimization problem generalizes this latent homophily
without requiring an explicit generative model that co-generates the networkG and homophilous response h.

A consequence of using this drift function hi is that, as → ∞n , we have ( ) →μ a0 . Such convergence is

due to∑ =h d 0i i i as in equation (17), and ∑ →ε d 0n i i i
1 since ( )ε N~ 0, 1i i i d. . . , which is also independent of di.

As a result, ( )∑ / =a d d a¯
n i i
1 . Consequently, we have

( )= →τ μ 0 1,

as → ∞n .
In Figure 2, we visualize the node homophily feature hi in our heavy-tailed small-world network as well as

the resulting response under global control ( )Y 0i . Notice that adjacent nodes on the lattice have closer value in
hi, while distant nodes tend to have significantly different hi, broadly mimicking the existence of a latent (in
the small-world network, spatial) component to the response. The variation of hi’s along the lattice is not
smooth due to the existence of a heavy-tailed number of long-range edges in the small-world network.

6.3 Variance reduction of τ̂

In this section, we demonstrate the significant variance reduction of the HT estimator under RGCR com-
pared with the standard GCR scheme.

To make the benefits of randomization concrete, for each RGCR design, we study the variance of HT
GATE estimators when mixing K clusterings, for varying values of K . Specifically, we first generate K
random clusterings from the random clustering algorithm � and fix them. We then let the random clus-
tering distribution �K be the uniform distribution among the K generated clusterings, { }( )

=
c k

k
K

1: in the design
phase, we use a single clustering out of the K clusterings drawn uniformly at random; and in the analysis
phase, the exposure probability of each node under �K is then
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(18)

The benefit of analyzing mixtures of K fixed clusterings is two-fold. First, under this K-cluster design
we can compute the exposure probabilities (equation (18)) exactly (compared to estimating them using a

Figure 2: Heatmap of the node homophily feature hi (left) and the corresponding response under global controlY 0i( ) (right) of a
heavy-tailed small-world network based on the periodic 96 96× lattice.
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Monte Carlo procedure when considering the full clustering distribution � ). Second, it unifies the GCR and
RGCR schemes: With =K 1, we are considering the standard GCR scheme with a single fixed clustering,
while as → ∞K , it approaches the RGCR scheme based on the random clustering algorithm � .

In our simulations, we contrast mixtures of { }∈ …K 1, 10, 10 , ,102 6 clusterings for both our heavy-tailed
small-world network and the FB-Stanford friendship network. The variance of the GATE estimators depend
on the K partitions being randomly generated, and thus, we repeat each partition generation process 400
time to obtain a distribution. We assign each cluster to the treatment group with probability =p 0.5, the
symmetric assignment scenario where we have � �[ ∣ ] [ ∣ ]=� �E Ei i

1 0 .
Figure 3 shows the variance of the HT GATE estimator under each unweighted random clustering

strategy with independent cluster-level assignment. Within each scheme, we observe enormous variance
reduction from randomized clustering in both the synthetic small-world network and the Facebook friend-
ship network. With =K 1, i.e., the standard GCR scheme with a fixed clustering, the variance is uselessly
high due to the existence of many exponentially small exposure probabilities. As K increases, the variance
of the HT GATE estimator decreases monotonically and significantly. Toward the limit of → ∞K , which is
an approximation to the RGCR scheme, the variance is reduced to a realistic level of around 100. The exact
value of the variance depends strongly on both the response model and the size of the networks we use in
our simulations. Consistent with the theory developed in Section 4, such variance reduction agrees with
what one would expect from the exponentially small exposure probabilities being “washed out,” gradually
growing to probabilities that are only polynomially small.

6.4 Exposure probabilities

In Section 6.3, we approximate the RGCR scheme under the random cluster distribution � by using a
uniform clustering from a collection of K clusterings from � . In Sections 6.4.1 and 6.4.2, we examine the
performance of the generic RGCR scheme. Recall that due to the infeasibility of exactly computing the
exposure probabilities (Theorem 4.4), for a generic � , we must rely on estimated probabilities obtained via
Monte Carlo (Sections 4.2.2 and B.2).

We first validate the accuracy in this Monte Carlo procedure and then also examine the estimated
probabilities, comparing them with the theory developed in Section 4. Again all simulations are conducted
under the scenario where we assign each cluster into the treatment group with probability =p 0.5; thus,
� �[ ∣ ] [ ∣ ]=� �E Ei i

1 0 , and we only need to estimate �[ ∣ ]�Ei
1 .

Figure 3: The distribution of τV ar ˆ[ ] when mixing K random clusterings from the unweighted randomized 3-net and 1-hop-max
algorithms in the heavy-tailed Small World network (left) and the FB-Stanford network (right). The number of nodes in each
network is marked by a dashed line. We plot the median (solid line) as well as the 2.5 and 97.5% quantiles (shaded area) of the
variance distribution from our simulations. For both algorithms and both networks, we observe enormous variance reduction
from cluster mixing. Similar trends are also seen in the weighted clustering methods (not shown).
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6.4.1 Accuracy in exposure probabilities estimation

We demonstrate the accuracy of our Monte Carlo procedure for a ×32 32 instance of our heavy-tailed small-
world network model using the unweighted 3-net clustering as an example. To measure the relative error of
the probabilities, as well as how they decay with the number of stratified samples in Monte Carlo estima-
tion, we conduct the estimation procedure with Kn stratified samples, where K ranges from { }…1, 2 , ,21 7 . For
each K , we repeat the estimation 10 times and estimate the relative standard deviation
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of each node i with maximum likelihood, where the subscript K denotes that Kn samples were used. We then
compute the average relative standard deviation of all nodes for each K and summarize the results in the left
subfigure in Figure 4. We observe from the figure that the average relative standard deviation decays as

�( [ ∣ ]) ∝ − /�E Krstdˆ ˆ .K i
1 1 2

When =K 128, the average relative standard deviation is around 1%.
Besides the relative standard deviation, we also examine the distribution of the relative error of a set of

estimated exposure probabilities from n128 stratified samples,
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where we use the average exposure probability across the 10 repetitions as the ground truth exposure
probability of each node. The histogram of the relative errors at all nodes is shown in Figure 4 (right), where
we see the relative errors are bounded within ±5% and mostly within ±2%. Analogous results for other
networks and clustering algorithms (not shown) confirm a broadly satisfying accuracy for the estimated
exposure probabilities. We use these estimated probabilities in place of the exact exposure probabilities in
all our uses of the HT and Hájek GATE estimators.

6.4.2 Visualizing exposure probabilities

Figure 5 furnishes a scatterplot of the estimated exposure probabilities under each randomized clustering
strategy with cluster-level independent randomization versus the size of the 2-ball at each node. In the first
column, where we see the unweighted randomized 3-net and 1-hop-max schemes, the lower bound pro-
vided in Theorem 4.2 is verified (blue dashed line), as well as the slightly stronger lower bound for the
unweighted 1-hop-max scheme from Theorem 4.3. These lower bounds fall off with ∣ ( )∣B i2 , and thus nodes
with larger 2-hop neighborhood can have lower exposure probabilities. Moreover, we observe that the lower
bounds are more tight for nodes with a larger 2-neighborhood.

Figure 4: Left: Average relative standard deviation of the exposure probability estimator with Kn stratified samples in Monte
Carlo estimation. Right: Histogram of the relative error in the estimated exposure probabilities of all nodes, where n128
stratified samples are used in Monte Carlo estimation. Both plots are constructed with the heavy-tailed small-world network.
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The second and third columns of Figure 5 are associated with the weighted 3-net and 1-hop-max
clustering strategies. In the second column, we consider the spectral weighting developed in Appendix
B.3, which obey a uniform lower bound (green dashed line) on the exposure probability independent of
∣ ( )∣B i2 . While the bound is uniform, the slack is not, and we observe that it is again more tight for nodes with
larger ∣ ( )∣B i2 . Besides spectral weighting, in the third column, we consider another scheme where each node
is weighed by its degree. Compared with the spectral weighting, this degree weighting scheme improves the
exposure probabilities at nodes with largest ∣ ( )∣B i2 , while it may harm other nodes: note the dip below the
green dashed line in the 1-hop-max scatterplots for the FB-Stanford network.

We further compare the exposure probability across different schemes in Figure 6. In the first two
columns, we examine how the spectral weighting affects nodes’ exposure probabilities associated the
randomized 3-net and 1-hop-max clustering respectively. For 3-net, under both networks, spectral

Figure 5: Scatterplot of the exposure probability Ei
1�[ ∣ ]� versus B i2∣ ( )∣ at every node i in the heavy-tailed Small World network

(top two rows) and the FB-Stanford network (bottom two rows), under each random clustering scheme with cluster-level
independent randomization. The blue dashed line represents the exposure probability lower bound for unweighted 3-net and 1-
hop-max schemes (Theorem 4.2). The blue dotted line represents the slightly improved lower bound for unweighted 1-hop-max
(Theorem 4.3). The green dashed line represents the uniform lower bound for the spectral-weighted schemes (Theorem B.4).
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weighting effectively increases the exposure probability of nodes whose probability is small under the
unweighted 3-net, at a very small cost of decreasing some large exposure probabilities. In contrast, for
1-hop-max clustering, even though spectral weighting can increase the very small exposure probabilities
seen in the unweighted scheme, it also significantly decreases the probability of many other nodes. Com-
paring 3-net clustering and 1-hop-max as in the last column, we observe that the exposure probabilities
under 3-net are mostly higher than under 1-hop-max, though the smallest exposure probability under
1-hop-max is higher due to the improved lower bound theory in Theorem 4.3.

6.5 HT estimator variance

We now examine the variance of τ̂ under the RGCR scheme with each random clustering strategy. In both
the Small World and FB-Stanford networks, we consider 3-net and 1-hop-max clusterings, each under
uniform-, spectral-, and degree-weighting schemes. We also consider both independent and complete
randomization at the cluster level.

The variances are obtained from equations (4) to (6), the exact ground-truth variance (available in
simulations). In addition to the exposure probability of each node �[ ∣ ]�Ei

1 , the variance formulae require
the exposure probabilities of each pair of nodes, i.e., �[ ∣ ]∩ �E Ei j

z z1 2 for any node pair ∈i j V, and

{ }∈z z 1 0, ,1 1 . We also estimate these co-exposure probabilities using Monte Carlo estimation with Kn
stratified samples, with =K 128 for the Small World network and =K 16 for the FB-Stanford network.

Figure 6: Scatterplot of the exposure probability Ei
1�[ ∣ ]� of each node in the Small World network (first row) and FB-Stanford

network (second row), with different random clustering strategies. The blue dashed line marks the scenario when the exposure
probability under two schemes are same. In the first column, we compare the exposure probability at each node with uniform-
(i.e., unweighted) and spectral-weighted random 3-net clustering, and similar comparison for 1-hop-max clustering is given in
the second column. In the last column, we compare the exposure probabilities with unweighted 3-net and 1-hop-max
clusterings.
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The results are shown in Figure 7, where we make four observations. First, for both networks and every
random clustering and weighting scheme, complete randomization usually yields lower variance than
independent randomization. Such variance reduction can be explained by the negative correlation intro-
duced in the cluster-level assignment process, leading to larger values of �[ ∣ ]∩ �E Ei j

1 0 and a positive

[ ( ) ( )]μ μCov 1 0ˆ , ˆ . However, this reduction is much less substantial in the Facebook network, which we
believe is due to its faster neighborhood growth structure as illustrated in Appendix A.

Second, in both networks and with both the 3-net and 1-hop-max random clustering strategy, the
variance with the spectral-weighted scheme is lower than that of the unweighted version. Such reduction
can be explained by the increase in the lowest exposure probabilities (see the first two columns of Figure 6).
This variance reduction is less significant for 1-hop-max clustering, which is consistent with how the
spectral-weighted scheme also decreases the exposure probabilities of most nodes (second column of
Figure 6).

Third, we observe that degree weighting usually gives lower variance than the spectral-weighted
scheme. According to the discussion begun in Appendix B.3, spectral weighting achieves a uniform lower
bound on the exposure probability of every node, but this lower bound is less tight for nodes with smaller
∣ ( )∣B i2 (see Figure 5), and thus, it is not unexpected that a weighting favoring the nodes with large neigh-
borhood, as degree-weighting does, would increase the minimum exposure probabilities of all nodes and
reduce variance.

We conclude that for HT estimators, RGCR, with randomized 3-net and 1-hop-max are generally com-
parable. Between the two, randomized 3-net usually yields a modestly lower variance. According to Lemma
4.1, 1-hop-max has a local dependency property, and thus, the cross-node terms in the variance formulae
(equations (4)–(6)) decay significantly in the distance between node pairs (and become zero when the
distance is greater than 4). In contrast, randomized 3-net has no local dependency guarantee, and conse-
quently, we do not have a nontrivial theoretical upper bound on the variance. However, in our simulations,
the cross-node terms are also small, making the variance of the HT estimator under randomized 3-net even
lower than using 1-hop-max.

In summary, for the HT GATE estimator for the response model and networks, we study:
• complete randomization yields lower variance than independent randomization,
• randomized 3-net clustering yields lower variance than 1-hop-max,
• spectral- and degree-weighting schemes yields lower variance than unweighted schemes.

Figure 7: Variance of the HT GATE estimator under the RGCR scheme with various random clustering strategies. The suffix of
each clustering method distinguishes independent (- -ind) or complete (- -com) randomization at the cluster level. The variance
of these HT estimators under GCR, not shown, are all dramatically higher (comparable to results in Figure 3).
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6.6 Hájek estimator bias and variance

Unlike the HT estimator, the Hájek estimator does not have close-form formulae to compute the bias,
variance, or MSE, and thus, we estimate these quantities via simulation. We therefore briefly describe
how we evaluate performance via simulation. For GCR, since the estimation performance is associated
with the specific clustering is use, we use the median bias, variance, and MSE across 1,000 randomly
generated clusterings. Specifically for each clustering, we simulate the experimental procedure (assign-
ment, outcome generation, and GATE estimation) and compute the sample bias, variance, and MSE and use
as the proxy of the corresponding measure of the GCR scheme. For RGCR, we simulate the experimental
procedure (random clustering generation, assignment, outcome generation, and GATE estimation) ∗ n50
times and analogously estimate each measures with the sample bias, sample variance, and sample MSE. As
in Appendix B.2, here we use a similar idea of stratified sampling for the weighted 3-net clustering design:
for each node, there are 50 times when it is ranked first among all nodes in generating the random
clustering and guaranteed to be a seed node in the 3-net clustering. In the analysis phase, we use the
exposure probabilities estimated for RGCR in Section 6.4. For GCR, we use the exact exposure probabilities
associated with the clustering in use.

Figure 8 presents the bias, variance, and MSE of the Hájek estimator under GCR and RGCR, focusing on
independent randomization. We make two main observations. First, the bias of the Hájek estimator under
RGCR has been significantly reduced, compared with GCR. Recall that in our response model (Section 6.2),
the ground-truth GATE is =τ 1.0. The bias is reduced from 15% to less than 0.5% in the Small World
network and from 93% to less than 20% in the FB-Stanford network.

One can intuitively interpret this bias reduction as follows. Under GCR, for nodes with exponentially
small exposure probability (in the FB-Stanford network, it can be lower than −10 50), they are almost never
network exposed to treatment or control. As a result, their response Yi are almost never revealed in the
weighted averaging procedure of the Hájek estimator. In every experiment execution, the exposure nodes

Figure 8: Bias, variance, and MSE of the Hájek GATE estimator under GCR and RGCR with 3-net clustering and independent
randomization in the Small World (first row) and FB-Stanford (second row) networks.

Randomized graph cluster randomization  29



are almost only those with large exposure probabilities and mostly those with small degree. A large degree
node may also have a large exposure probability if it is at the center of a cluster; however, it is much less
likely to be at the center of a cluster than a low-degree node, and even if it is exposed, its weight (the inverse
of the exposure probability) is not larger than those low-degree exposed nodes. Therefore, the analysis
procedure in GCR is internally biased against the large degree nodes, favoring the low-degree nodes, which
have smaller individual treatment effects τi in our response model. Consequently, we see how the Hájek
estimator can be severely biased downwards in such settings.

In contrast, for RGCR, the exposed nodes are not so strictly high exposure probabilities. For example, if
a large degree node is at the center of a cluster in a randomly generated clustering, even though it has large
conditional exposure probability under this clustering and thus being likely to be network exposure to
treatment or control, its unconditional exposure probability can still be small. As a result, it is weighted
more heavily in the weighted average procedure of Hájek estimation, making the estimator value shift
toward the response of large degree nodes and thus less biased than that under GCR.

Alongside this understanding of Hájek bias, it is also expected to observe an increase in variance from
RGCR, vs GCR, under Hájek estimation. In Figure 8, we see variance reduction from RGCR in the Small
World network but an increased variance in the FB-Stanford network. Under GCR, since the estimator value
is dominated by the response of low degree nodes, in our response model, the response of low-degree nodes
have a much narrower range than the whole population, resulting in low variance (but overwhelming bias,
we repeat).

Finally, we also compare the bias and MSE of the RGCR scheme with different random clustering
strategies, which we also include complete randomization, and the results are given in Figure 9. In general,
the benefits of complete randomization (over independent randomization) that we see for the HT estimator
do not appear to carry over to Hájek estimation.

In summary, comparing with the GCR scheme, the Hájek estimator under the RGCR scheme has sig-
nificantly lower bias but may have larger variance. Examining the MSE that trades off bias and variance, we
see a lower MSE in the Small World network from RGCR (vs GCR), while we see a higher MSE in the FB-
Stanford network under RGCR (vs GCR).

Figure 9: Bias and MSE of Hájek GATE estimator under RGCR with various clustering algorithms with both independent and
complete randomization.
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6.7 Variance, bias, and network size

Here, we examine how the bias, variance, and MSE change as a function of network size. Recall that the
heavy-tailed small-world network we use throughout our earlier simulations is based on a periodic two-
dimensional lattice of side length 96 (thus, = ∗ =n 96 96 9,216 ). Here, we consider a series of heavy-tailed
small-world networks in this family. Specifically, we generate a sequence of networks based on lattices of
size ∗16 16, ∗24 24, ∗32 32, ∗48 48, ∗64 64, and ∗96 96, while the procedure (and parameters) for
adding long-range edges remains fixed. With this sequence of networks, in Figure 10, we repeat the
aforementioned simulation procedures and compare the bias, variance, and MSE under the GCR and
RGCR schemes. This analysis examines both the Horvitz–Thompson (HT) and Hájek estimators.

From the first plot in Figure 10, we observe that the Hájek estimator under the RGCR scheme has
consistently less bias than under the GCR scheme, across the range of network sizes we study. Moreover,
the bias decays with the network size at a much higher rate for RGCR than for GCR. Recall that the HT
estimator is unbiased (under both GCR and RGCR).

From the second plot, we observe that the variance of the Hájek estimator under RGCR also decays with
higher rate than under GCR. We can explain the slow decay of the variance under GCR by observing that as
the number of nodes n increases, so does the number of nodes with small exposure probabilities. It then
becomes more likely that more nodes with small exposure probabilities have been network exposed. Note
that variance of response among these nodes are large, and thus even though the expected number of
exposed nodes increases proportional to n, due to the introduction of small exposure probability nodes, the
variance of the Hájek estimator decays at a much smaller rate than −n 1. In contrast, the empirical rate of
variance decay of RGCR is close to −n 1. Therefore, even though the variance under GCR might be lower in
small networks, for the reason explained in Section 6.6, the RGCR scheme can significantly reduce variance
in large networks. Meanwhile, the variance of the HT estimator under RGCR, while higher than that of the
Hájek estimator with RGCR, also exhibits an empirical decay rate of −n 1. The variance of HT estimator under
GCR is extremely high across all networks and is not presented in the plot.

Combining both bias and variance, we observe that the MSE of all three methods decays with the
network size, while the decay rate is notably faster for the estimators based on the RGCR scheme. In
summary, with a large interference network, the Hájek estimator with RGCR is preferred.

7 Conclusion

We developed RGCR as a scheme for the design and analysis of randomized experiments in the presence
of interference. This scheme is an improvement on the graph clustering randomization (GCR) scheme in
that it is based on a distribution of random clusterings instead of a single fixed clustering, with favorable
consequences for the bias and variance of standard estimators. Compared to GCR, the RGCR scheme with
proper random clustering generators enjoys significantly reduced variance for both the Horvitz–Thompson

Figure 10: Bias (absolute value), variance, andMSE of the Hájek and HT GATE estimator under GCR and RGCR with unweighted 3-
net clustering in a sequence of increasingly sized heavy-tailed small-world networks.
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and the Hájek estimator of the GATE, and also supports complete randomization. We also discuss how the
network drift pattern in node’s responses, as is observed in real-world settings, plays an important role in
the variance of GATE estimation, and propose a new response model exhibiting homophily in the form of
network drift in responses, facilitating a more careful analysis of realistic estimator performance.
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Appendix

A Empirical study of social network growth rates

As described in Section 1, the theoretical analyses in this work are developed under either a bound on the
maximum degree dmax of the interference graph or a stronger assumption of bounded geometry, assuming
that the interference graph satisfy a restricted growth condition with coefficient κ. Given the central role
that bounded geometry plays in our theoretical analysis, in this appendix, we present an empirical study on
social network growth statistics.

We use the Facebook100 datasets [67,70,71], a collection of complete Facebook friendship networks at
100 American institutions collected and released in September 2005. The networks are quite diverse, most
basically varying in size from 762 to >30,000 nodes, which allows us to also understand how the growth
statistics can vary with network size and other properties. In Table A1, we present growth statistics from a
random subset of 25 networks from the collection, ordered by size n.

The average growth geometry of the full population of 100 networks in the FB100 collection is illu-
strated in Figure A1. The more fine-grained growth of the Small World and FB-Stanford networks are
illustrated in Figure A2.

We here give a concise summary of specific observations from Table A1 and these figures. First, per
Table A1, diameter appears to be independent of network size. This is not surprising, as diameter is a fragile
metric known to be sensitive to whiskers in the network. Second, the maximum degree, restricted growth
coefficient, and network size all appear to be positively correlated. Third, an observation that impacts how
we interpret our theoretical results, the restrictive growth coefficients κ are large and all above 100. They are
typically 25–50% of the max degree dmax .

Looking closer at the results across netowrks in both Table A1 and Figure A1, regarding the average ball-size
at each radius r, we see that for ≤ ≤r1 3, the normalized average ball size ratio decreases with n, while for
≥r 4, the normalized average ball size saturates near 1. For the maximum ball-size at each radius r, for =r 1,

∣ ∣Bmax 1 increases with n, while the ratio ∣ ∣/B nmax 1 decreases with n. For =r 2, ∣ ∣Bmax 2 is usually more than
90% of the nodes, and always at least 70%. Finally, for ≥r 3, ∣ ∣Bmax r is always more than 98% of the nodes.

B Weighted algorithms

B.1 Algorithms

Recall that, in the 1-hop-max clustering algorithm (Algorithm 2), we first independently generate a random
number from the uniform distribution and construct a clustering based on these generated random numbers:
nodes with higher numbers dominate their neighbors and are more likely to be in the center of a cluster. Since
the numbers are generated from a uniform distribution, the probability that a given node generates a larger
number than any other is always 1/2, making higher-degree nodes less likely to dominate all their neighbors.

Algorithm 3: Weighted 1-hop-max clustering

Input: Graph ( )=G V E, , node weights �∈
+

w n

Output: Graph clustering �∈c n

1 for ∈i V do
2 ( )⌊ ←X β w , 1i i

3 for ∈i V do
4 ([ ( )])⌊ ← ∈c X j B imax fori j 1

5 return c
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Our proposed fix to this problem is to change the first step of the algorithm, generating numbers Xi from
a different nonuniform distribution at each node. Let each node i be associated with a weight >w 0i and
then generate its number from a Beta distribution, ( )X β w~ , 1i i . The full algorithm of weighed 1-hop-max is
given in Algorithm 3.

To understand the intuition behind the weighted scheme, we first note the following basic and well-
known properties of the beta distribution, proven for completeness in Appendix C.

Theorem B.1. For independent random variables ( )X β w~ , 1i i , ( )X β w~ , 1j j , we have
(a) �[ ]> =

+

X Xi j
w

w w
i

i j
,

(b) { } ( )+X X β w wmax , ~ , 1i j i j .

According to part (a) of Theorem B.1, a node with a larger weight is more likely to generate a larger
number. Thus, by adopting larger weights at high degree nodes, we can make the large degree nodes more
likely to dominate their neighbors, correcting their disadvantage in the unweighted scheme.

Algorithm 4: Weighted 3-net clustering
Input: Graph ( )=G V E, , node weights �∈

+
w n.

Output: Graph clustering �∈c n

1 for ∈i V do
2 ( )⌊ ←X β w , 1i i

3 ([ ] )← ∈π X descendargsort ,i i V

4 ← ∅S , unmark all nodes
5 for ∈i π do
6
7
8
9

⎢

⎣

⎢
⎢
⎢
⎢
⎢

⎢

⎣

⎢
⎢
⎢

{ }

( )

← ∪

∈

⌊

i is unmarked
S S i

j B i
j

if then

for do
mark node if it is unmarked yet

2

10 for ∈i V do
11 { ( )}⌊ ← ∈ →c j S j i jdistarg min , ,i , i.e., the id of the node in S with shortest graph distance to i

(arbitrary tie breaking)
12 return c

Figure A1: Mean and max ball size at each radius r , for each of the 100 networks in the FB100 collection. The points are colored
based on the size of the networks, n, with smaller networks green and larger networks red.
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This idea of node weighting can also be applied to 3-net clustering. In the unweighted version, we first
generate a uniform random ordering of all nodes, which is used to form a seed set and partition the network.
In a uniform random ordering where each node has an equal probability of ranking first, large degree nodes
are at disadvantage of being selected into the seed set and being the center of a cluster and thus less likely
to be network exposed. To compensate for this disadvantage, we can generate a nonuniform random
ordering where large degree nodes are more likely to rank high. A nonuniform random ordering can be
generated by a combination of Beta-distributed samples and sorting. Specifically, if each node i is asso-
ciated with a weight wi, then we can first generate ( )X β w~ , 1i i and sort the samples in decreasing order. In
this way, nodes associated with a larger weight are more likely to rank higher after sorting. Formally this
weighted 3-net clustering algorithm is given in Algorithm 4.

We note two connections between the weighted 3-net and 1-hop-max clustering algorithms and their
original unweighted versions. First, the weighted version can be considered an extension of the unweighted
algorithms: when all nodes have the same weight, the weighted 3-net and 1-hop-max algorithm are
equivalent to the original algorithm. Second, for either 3-net or 1-hop-max clustering, the distribution of
the random clustering returned from the unweighted and weighted algorithms have the same support, i.e.,
for clusterings that has nonzero probability of being generated from the unweighted version, the probability
of being generated from the weighted version is also nonzero, and vice versa. While the support of possible
clusterings is the same, certain clusterings are more or less likely to be generated in the weighted versions
than the unweighted versions. Consequently, conditioning on the generated clustering and using it in a
GCR scheme, there is no difference between which version is used to generate the clustering. However, in
RGCR, which is based on a distribution of clusterings, the weighted version might have superior properties
due to its node-level adjustments.

Figure A2: The ball sizes B ir∣ ( )∣ and local growth coefficient κ B i B ii r r1∣ ( )∣ ∣ ( )∣= /+ of each node i in the synthetic Small World and
real-world FB-Stanford network used for Section 6.

38  Johan Ugander and Hao Yin



B.2 Properties with arbitrary node weights

In this section, we discuss properties of the weighted 3-net and 1-hop-max algorithms with an arbitrary set of
node weights. The result motivates our discussion on good choices of node weights in section that follows.

First, we have the following lower bound on exposure probabilities at each node. Similar to Theorem
4.2, the result is based on analyzing the probability that a node is ranked first in its 2-hop-neighborhood.
The proof is given in Appendix C.

Theorem B.2.With the weighted 3-net or 1-hop-max random clustering algorithm, using either independent or
complete randomization at the cluster level, the full-neighborhood exposure probabilities for any node i satisfy

� �[ ∣ ] [ ∣ ] ( )
( ) ( )

≥

∑

⋅ ≥

∑

⋅ −

∈ ∈

� �E w
w

p E w
w

p, 1 .i
i

j B i j
i

i

j B i j

1 0

2 2

When all nodes have equal weights, then the weighted 3-net and 1-hop-max algorithm degenerates to
the original version, making Theorem B.2 a generalization of Theorem 4.2.

Computing the exposure probability of each node might now be challenging, but we again show that
Monte Carlo estimation, as in equation (10), can efficiently achieve low relative error.

Theorem B.3. By using either weighted 3-net or weighted 1-hop-max random clustering algorithm, and with K
Monte-Carlo trials, for any node i, the relative error of the Monte-Carlo estimator is upper bounded in MSE as follows:

�
� �

�

⎡

⎣
⎢

[ ∣ ] [ ∣ ]

[ ∣ ]

⎤

⎦
⎥

( )−

≤ ⋅

∑
∈� �

�
�

E E
E Kp

w
w

ˆ 1 .i i

i

j B i j

i

1 1

1

2
2

As stated earlier, stratified sampling can also be adapted for the weighted clustering methods. Similar
to the procedure in Section 4.2.2, we generate Kn clustering samples { }( )c k i, , where in clusterings ( )c k i, ,

{ }∈ …k n1, 2, , , node i is “favored” and deterministically placed first. Note that the likelihood of node i
naturally generating the largest draw is proportional to wi, per Theorem B.1. The sample ( )c k j, should be
weighted accordingly. The estimated exposure probabilities should then be

�
�

[ ∣ ]
[ ∣ ]( )

=

∑ ∑

∑

= =

=

�

c
E

w E
K w

ˆ .z
z

i
k
K

j
n

j i
k j

j
n

j

1 1
,

1

Again this stratified method is preferred over Monte Carlo estimation with independent samples since it
guarantees positivity in the estimated exposure probabilities and reduces variance in the probability estimation.

B.3 Choice of node weights

With the node-level flexibility in the weighted 3-net and 1-hop-max clustering, a natural subsequent
question is to find a good choice of node weights. In this section, we discuss two heuristics that lead to
different sets of node weights. The first heuristic suggests node weights based on the eigenvector of an
eigenvalue problem associated with the network’s squared adjacency matrix. The second heuristic suggests
uniform weights, i.e., the unweighted versions of the algorithms.

B.3.1 Maximizing the minimal exposure probability lower bound

As is discussed in the previous sections, high-degree nodes are less likely than low-degree nodes to be
network exposed using the unweighted 3-net or 1-hop-max clustering. To correct this disadvantage, it
might be ideal if all nodes have the same exposure probability, or at least the same lower bound.
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Given a graph ( )=G V E, , let ( )=G V E,2 2 denote the “squared” graph, i.e., with the same node set V ,
and an edge ( ) ∈i j E, 2 if ( )∈i B j2 in the original network. The adjacency matrix of G2 is an irreducible
nonnegative matrix, and according to the Perron-Frobenius theorem, its spectral radius, denoted as ∗λ , is
also its largest positive eigenvalue. Moreover, for the eigenvector ∗w associated with this eigenvalue, i.e.,

( )

∑ =

∈

∗ ∗ ∗w λ w ,
j B i

j i
2

(A1)

all the elements ∗wi are positive. Therefore, ∗w provides a valid set of node weights, which we call the
spectral weights.

By using these spectral weights in the weighted 3-net or 1-hop-max scheme, we show that as a corollary
of Theorem B.2 and equation (A1) (the proof logic is identical), all nodes now have the same exposure
probability lower bound.

Theorem B.4. With the spectral-weighted 3-net or 1-hop-max random clustering algorithm, using either
independent or complete randomization at the cluster level, the full-neighborhood exposure probabilities
for any node i satisfy

� �[ ∣ ] [ ∣ ]≥ ≥
−

∗ ∗
� �E p

λ
E p

λ
, 1 ,i i

1 0

a uniform lower bound on the full neighborhood exposure probability of all nodes.

We then have the following corollary (of Theorem 4.7) upper bound on the variance of HT GATE
estimators using RGCR with spectral-weighted 1-hop-max random clustering.

Theorem B.5. Using RCGR with spectral-weighted 1-hop-max clustering, if every node’s response is within
[ ]Y0, ¯ , then

[ ( )] ( )≤ ⋅ +
∗ −

�
μ

n
Y λ d κ pVar 1ˆ 1 ¯ 1 ,2

max
3 1

for both independent and complete cluster-level randomization.

Proof. We first note that, with an identical proof, one can verify that Theorem 4.6 also hold with the
weighed 1-hop-max clustering with any weights w. Now similar to the proof of Theorem 4.7, we have

[ ( )] ⎡

⎣⎢
∣ ( )∣⎤

⎦⎥
( )∑≤ ⋅ ≤ ⋅ +

=

∗

∗ −

�
μ Y

n
λ
p

B i
n

Y λ d κ pVar 1ˆ
¯ 1 ¯ 1 ,

i

n2

2
1

4
2

max
3 1

where the first inequality is due to the exposure probability lower bound in Theorem B.4. □

As a final corollary, we have the following upper bound on the variance of the HT GATE estimator, by a
proof identical to that of Theorem 4.8.

Theorem B.6. Using RCGR with spectral-weighted 1-hop-max clustering, if every node’s response is within
[ ]Y0, ¯ , then

[ ] ( ) ( ( ) )≤ ⋅ + + −
∗ − −

�τ
n

Y λ d κ p pVar ˆ 2 ¯ 1 1 ,2
max

3 1 1

for both independent and complete cluster-level randomization.

Of note, according to the Perron-Frobenius theorem, we also have

(∣ ( )∣) ( )≤ ≤ +
∗λ B i d κmax 1 .

i
2 max
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As a result, this variance upper bound using spectral-weighted 1-hop-max clustering can be used to furnish
the variance upper bound for the unweighted 1-hop-max clustering (Theorem 4.8) as well. These final
inequalities are not necessarily strict improvements – they become equalities for a regular graph – but in
practical settings, they can lead to sizable improvements over unweighted clustering methods.

Having the same exposure probabilities at each node is ideal, whereas we note that our spectral weights
do not exactly achieve that. They merely maximize a uniform lower bound, the lower bound given in
Theorem B.2. The tightness of this lower bound might not be equal at each node, since it only captures
the scenario when the node is at the interior of a cluster. If a node is not in the interior and thus adjacent to
multiple clusters, then a lower-degree node is likely to be adjacent to fewer clusters and thus still has higher
exposure probability. Therefore, in reality, one might use a weight where high-degree nodes are even more
aggressively favored than under spectral weighting. In Section 6, besides uniform weight and spectral
weight, we also consider weighting each node by their degree directly. Simulation results show that this
aggressive degree weight strategy usually yields lower variance than both uniform weights and spectral
weights.

B.3.2 Minimizing a variance proxy

The aforementioned heuristic is intended to reduce the estimator variance, but a more direct approach
would be to find the optimal weights that minimize the actual estimator variance.

That said, optimizing the variance, as formulated in equations (4) to (6), is challenging because (i) it
consists of cross-terms associated with the joint exposure probability of node pairs that are hard to analyze,
and (ii) the nodes’ response is unknown before the experiment, but can play a significant role in deter-
mining the variance. One compromise is to use a proxy objective function that resembles the variance
formula. We consider the following function

�
( )

[ ∣ ]
∑=

=
�

w
w

H
E

1
,

,
i

n

i
1

1
(A2)

which overlooks the cross-terms and assumes a uniform response from all nodes.
Note that this proxy function is also intractable since one cannot efficiently compute the exposure

probability of each node given the weights. However, one can obtain an upper bound of ( )wH using the
exposure probability lower bound in Theorem B.2, i.e.,

( )
( )

∑=

∑

=

∈wH
p

w
w

¯ 1 ,
i

n
j B i j

i1

2 (A3)

and attempt to minimize this variance surrogate. We have the following result.

Theorem B.7. The minimum of ( )wH̄ of is achieved with uniform weighting, i.e.,

( ) ( )≤ wH H1¯ ¯

for any �∈
+

w n.

The first heuristic increased the exposure probability of high degree nodes, but came at the cost of
decreasing the exposure probabilities of low degree nodes. Thus, it is not certain whether this heuristic
would actually reduces variance. It is therefore interesting that under this second heuristic, if trusting ( )wH̄
as a surrogate, according to Theorem B.7, the optimal weights are the uniform weights, corresponding to
the unweighted 3-net or 1-hop-max clustering algorithms.

The construction of the surrogate variance, ( )wH̄ , is based on the lower bound exposure probability in
Theorem B.2, whose tightness varies between high and low degree nodes. Specifically, for a low-degree
node i, its exposure probability trivially satisfies �[ ] ≥E pi

d1 i, a bound that could potentially be much higher
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than the lower bound
( )( )/ ∑

∈
pw wi j B i j2

. Consequently, assigning i a low weight would not significantly

increase its inverse exposure probability as penalized in ( )wH̄ . Therefore, for a real-world network with a
wide range of node degrees, it can certainly still be a good idea to use a weighted clustering algorithm with
high weights for high degree nodes. Our simulations presented in Section 6 further demonstrate this intuition.

C Proofs

C.1 Proof of Theorem 4.1

Proof. In the first step of the algorithm (line 1–2), every node independently generates a random number
which can be executed in parallel. Therefore, the depth is ( )O 1 and the work is ( )O n . In the second step (line
3–4), each node i computes the maximum of ∣ ( )∣ ( )=B i O di1 numbers, and parallel implementation of this
max procedure requires ( ( ))O dlog i depth and ( )O di work [59]. Moreover, note that the maximization task at
different nodes can also be executed in parallel, and thus in the second step, the total work is

( ) ( )∑ =O d O mi i and the total depth is ( ( )) ( ( ))=O d O dmax log logi i max . Combining both steps, the total

work is ( )O m and total depth is ( ( ))O dlog max . □

C.2 Proof of Theorem 4.2

Proof. We first show that the probability that node i is in the interior of a cluster is lower bounded by
∣ ( )∣/ B i1 2 , i.e.,

�[ ( ) ∣ ] ∣ ( )∣∀ ∈ = ≥ /�j B i C C B i, 1 .j i1 2

To this end, we consider a sufficient condition of this event, for the 3-net clustering and 1-hop-max
clustering separately. With 3-net clustering, in the first step when we generate a random ordering of all
nodes, if node i ranks first among ( )B i2 , then it must be outside the 2-hop neighborhood of every node ahead
of itself in the ordering. Therefore, it is left unmarked and will be added as a seed, and thus, its neighbors
must belong to the same cluster as i. The probability of this situation, i.e., node i is ranked first amongst

( )B i2 , is ∣ ( )∣/ B i1 2 since we are generating the orderings uniformly. When the 1-hop-max clustering algorithm
is used, in the first step where every node independently generates a random number, if node i generates
the largest number amongst ( )B i2 , then we have =C Xj i for every ( )∈j B i1 . This scenario happens with
probability ∣ ( )∣/ B i1 2 since the random numbers generated at each node is i.i.d.

Now we derive the results in the theorem. Conditioning on the event that node i is in the interior of a
cluster, it is full-neighborhood exposed to the treatment condition if this cluster is assigned into the
treatment group, which happens with probability p. Therefore, by combining the result in the previous
paragraph, we have

� �[ ∣ ] [ ( ) ∣ ]
∣ ( )∣ ( )

≥ ∀ ∈ = ⋅ ≥ ≥

+

� �E j B i C C p p
B i

p
d κ

,
1

.i j i
1

1
2 max

With the same reasoning, it can be easily verified that �[ ∣ ]
∣ ( ) ∣ ( )

≥ ≥
− −

+

�Ei
p

B i
p

d κ
0 1 1

12 max
, and this proof applies to

both independent and complete randomization scenario. □

C.3 Proof of Theorem 4.3

Proof. By symmetry, we only need to consider treatment (control is analogous). Suppose node i generates
the kth largest value in ( )B i2 for some ∣ ( )∣≤ ≤k B i1 2 . If ≤k di, then with the generated clustering c, we have
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�[ ∣ ] ≥cE pi
k1 since node i is adjacent to at most k clusters. If ≥ +k d1 i, then we have �[ ∣ ] ≥ +cE pi

d1 1 i, the
trivial lower bound when every node in ( )B i1 is assigned to a different cluster. By combining the two
scenarios, we have

� � �[ ∣ ] [ [ ∣ ]∣ ]
∣ ( )∣ ∣ ( )∣ ∣ ( )∣

⎡

⎣⎢
(∣ ( )∣ )⎤

⎦⎥
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∑ ∑= ≥ + = ⋅
−

−

+ −

= = +

+

� �CE E p
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p
B i

p
B i

p
p

p B i d1
1

,i i
k

d k

k d

B i d d
d

i
1 1

1 2 1

1

2 2
2

i

i

i i
i

2

where we use the fact that the probability of node i generating the kth largest number in ( )B i2 in the
unweighted 1-hop-max clustering algorithm is ∣ ( )∣/ B i1 2 . As a final step, as ∣ ( )∣ ( )− ≥ / −B i d p1 1i2 we con-
clude �[ ∣ ]

∣ ( ) ∣
≥ ⋅

−

�Ei
p

B i p
1 1

12
. □

C.4 Proof of Theorem 4.4

Proof. Here, we provide a proof for the specific case =r 3, corresponding to the 3-net clustering algorithm
used in the original analysis of the graph cluster randomization scheme. The proof for other r can be
constructed analogously.

We present a polynomial-time reduction to network exposure probability computation from the
minimum maximal distance-3 independent set (MD3IS) problem, which is known to be NP-complete
[72]. This problem is as follows.
– MinimumMaximal Distance-3 Independent Set problem (decision version): Given a graph ( )=G V E, and

an integer ∣ ∣≤K V , determine whether there is a maximal distance-3 independent set of size no greater
than K , i.e., a subset of nodes ⊆V Vs such that
(a) for any pair of nodes ∈u v V, s, their graph distance ( ) ≥u vdist , 3 (i.e., a distance-3 independent set);
(b) Vs is not a subset of any other distance-3 independent set (i.e., maximal);
(c) ∣ ∣ ≤V Ks .
For any instance of the MD3IS problem with input ( )=G V E, and K , we construct the following

instance of network exposure probability computation problem on ( )=G V E˜ ˜ , ˜ around a node i0, and

( ∣ ∣ )= / + !p V1 2 1 . We construct G̃ as follows, where ⊔ is indicates a multi-set union. First, we make two
copes if V and add i0 as an additional node. Let E1 be edges connecting the corresponding nodes in V and
the copy ′V . LetV have edges E from the original graph, while let ′V be a clique. Finally, connect every node
in ′V to i0. More formally:

– { }= ⊔ ′ ⊔V V V i˜ 0 , where there is a bijection ϕ between V and ′V (and consequently ∣ ∣ ∣ ∣= ′V V ).
– = ⊔ ⊔ ⊔E E E E E˜ 1 2 3, where

– {( ( ))∣ }= ∈E u ϕ u u V,1 , i.e., connecting the every pair of corresponding nodes in V and ′V .
– {( )∣ }= ′ ′ ′ ′ ∈ ′ ′ ≠ ′E u v u v V u v, , ,2 , i.e., connecting every pair of nodes in ′V .
– {( )}= ′E u i,3 0 , i.e., connecting node i0 with every node in ′V .

Before connecting this exposure probability computation problem with the original MD3IS instance, we

first present several properties of the maximal distance-3 independent sets of G̃. The proofs are found at the
end of this section.

Lemma C.1. For any node subset in the original graph ⊂V Vs , it is a maximal distance-3 independent set of G̃
if and only if it is a maximal distance-3 independent set of G.

Lemma C.2. Any maximal distance-3 independent set of G̃, unless it is also a maximal distance-3 independent
set of G, contains only a single-node { }′ ∈ ′ ⊔u V i0 .

Lemma C.2 illustrates the two types of maximal distance-3 independent set of G̃. With each of the types
as the seed set in 3-net clustering, the following lemma states the conditional exposure probability of
node i0.
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Lemma C.3. For a random sample of 3-net clustering c on G̃, let Vs be the seed set, then

• with probability ∣ ∣

∣ ∣

+

+

V
V

1
2 1

, { }= ′V us for some { }′ ∈ ′ ⊔u V i0 , and �[ ∣ ] =E c pi
1
0 ;

• with probability ∣ ∣

∣ ∣ +

V
V2 1

, Vs is a maximal distance-3 independent set of G, and �[ ∣ ] = ∣ ∣cE pi
V1 s

0 .

Now we have the following key result connecting the exposure probability value to the MD3IS problem.

Lemma C.4. The exposure probability value of node i0 under randomized 3-net clustering corresponds to the
MD3IS problem instance as the following:

(1) If there exists a maximal distance-3 independent set of size ≤K , then �[ ] ≥ ⋅ +
+

+

+E p pi
n
n

K1 1
2 1

1
0

.

(2) If every maximal distance-3 independent set is of size ≥ +K 1, then �[ ] < ⋅ + ⋅
+

+

+E p pi
n
n

K1 1
2 1

1
2

1
0

.

Combining the aforementioned results, we show that exact computation of the exposure probability

solves the MD3IS instance. Suppose there is a polynomial algorithm such that, for any graph G̃, node i0,
treatment probability p, and any precision >ε 0, it outputs the treatment exposure probability of precision

ε in time ( ( ) ( ) ( ))/G p εpoly sizeof ˜ , sizeof , log 12 . Choosing = ∕
+ε p 4K 1 , we compare the output probability Pout

with = ⋅ +
∗

+

+

+P p pn
n

K1
2 1

3
4

1. If ≥
∗P Pout , due to the precision ε, we have

�[ ] ≥ − =
+

+

⋅ + ⋅
∗ +E P ε n

n
p p1

2 1
1
2

.i
K1 1

0

Now according to scenario (2) in Lemma C.4, the MD3IS instance must have a maximal distance-3 inde-
pendent set of size ≤K . If <

∗P Pout , again due to the precision ε, we have

�[ ] < + =
+

+

⋅ +
∗ +E P ε n

n
p p1

2 1
,i

K1 1
0

and thus, the MD3IS instance cannot have a maximal distance-3 independent set of size ≤K according to
scenario (1) in Lemma C.4.

Given this reduction, we must show that the reduction from the MD3IS is polynomial. The size of

the MD3IS problem is ( ) ∣ ∣ ∣ ∣= +G V Esizeof . For the constructed graph G̃, we have ∣ ∣ ∣ ∣= +V V˜ 2 1, and

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣= + +E E V V˜ 22 , and thus constructing G̃ takes polynomial time and space. In addition, we have

( ) ( ) (( ∣ ∣ ) ) (∣ ∣ (∣ ∣))= / = + ! =p p V O V Vsizeof log 1 log 2 1 log ,2 2

and the log value of required precision ( ) ( ) ( ) ( ∣ ∣ (∣ ∣))/ = + / =ε K p O K V Vlog 1 1 log 1 log2 is also polynomial in
the size of the MD3IS problem. In summary, the reduction is a polynomial reduction. □

Before presenting the proof of Lemma C.1, we first give an auxiliary result.

Lemma C.5. For any distinct nodes ∈u v V, , we have

( ) ( )≥ ⇔ ≥u v u vdist dist, 3 , 3.G G˜ (A4)

Proof. “⇒”. Since all the edges in G are preserved in G̃, we have ( ) ( )≤u v u vdist dist, ,G G˜ . Consequently, if
( ) ≥u vdist , 3G̃ , we must have ( ) ≥u vdist , 3G .
“⇐=”. Note that node ∈u V is not directly connected to any node in { }′ ⊔V i0 other than ( )ϕ u , and thus

for any path connecting nodes u and v through nodes in { }′ ⊔V i0 , the path length is at least 3. Therefore, if
( ) <u vdist , 3G̃ , the shortest path can only consists of nodes and edges in the original graph G, and thus,
( ) <u vdist , 3G . □

Proof (Lemma C.1). Note that a corollary of Lemma C.5 is the following:

• Vs is a distance-3 independent set of G̃ if and only if it is also a distance-3 independent set of G.
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This is the lemma result regarding only the independent set condition.
We first show the sufficiency in Lemma C.1. If Vs is a maximal distance-3 independent set of G, then

according to the argument presented earlier,Vs is also a distance-3 independent set of G̃, and we now show
it is maximal, i.e., introducing any other node w into Vs would break the distance-3 independent set
condition. There are two scenarios: ∈w V and { }∈ ′ ⊔w V i0 . First, for any node ∈ ∉w V w V, s, since Vs is
a maximal distance-3 independent set in G, there exists node ∈u Vs such that ( ) ≤u wdist , 2G , and thus,

( ) ≤u wdist , 2G̃ according to Lemma C.5. Therefore, introducing node v into Vs makes Vs no longer a dis-
tance-3 independent set of G̃. Second, note that Vs must be nonempty and denote u as an arbitrary node
therein. For any node { }∈ ′ ⊔w V i0 , due to the length-2 path ( ( ) )w ϕ u u, , , we have ( ) ≤u wdist , 2G̃ , and thus,
one cannot include node v to Vs while maintaining that it is a distance-3 independent set.

Next we show the necessity in Lemma C.1. If ⊂V Vs is a maximal distance-3 independent set of G̃, again
Vs is a distance-3 independent set ofG and we only need to show its maximality. Suppose it is not maximal,

and there is another node ∈w V , ∉w Vs such that { }⊔V ws is a distance-3 independent set of G̃, then

according to the argument presented earlier, { }⊔V ws is also a distance-3 independent set of G̃. This means

that Vs is not maximal in G̃, which creates a contradiction. □

Proof (Lemma C.2). SupposeVs is a maximal distance-3 independent set of G̃ but not ofG. Note thatVs must
contain a node { }′ ∈ ′ ⊔u V i0 because otherwise with ⊂V Vs , according to Lemma C.1, Vs must also be a
maximal distance-3 independent set of G. Now due to the fact that { }′ ⊔V i0 induces a complete graph, and
thus any other node in { }′ ⊔V i0 cannot be included in Vs. Moreover, for any node ∈u V , we have

( )′ ≤u udist , 2G̃ due to the path ( ( ) )w ϕ u u, , , and thus, Vs cannot contain any node in V . In summary, ′u
is the only node in Vs. □

Proof (Lemma C.3). In 3-net clustering, we use the randomized greedy algorithm to construct a maximal

distance-3 independent set as the seed set. With probability ∣ ∣

∣ ∣

+

+

V
V

1
2 1

, the first randomly selected node is from

{ }′ ⊔V i0 , and the seed set is a single-node set according to Lemma C.2, and the conditional network
exposure probability is �[ ∣ ] =E c pi

1 1
0 .

Similarly, with probability ∣ ∣

∣ ∣ +

V
V2 1

, the first randomly selected node is from V , and the seed set is a

maximal distance-3 independent set ofG. Now we show the conditional network exposure probability. Note
that in 3-net clustering, for any seed node ∈u Vs, node ( ) ∈ ′ϕ u V belong to the same cluster as u’s due to it
being a directed neighbor of node u. Since ( ) { }= ′ ⊔B i V i1 0 0 , ( )B i1 0 has nonempty intersection with all the
∣ ∣Vs clusters in this 3-net clustering, and thus, �[ ∣ ] = ∣ ∣E c pi

V1 s
0 . □

Proof (Lemma C.4). For the first result, if the MD3IS problem has a maximal distance-3 independent set of
size≤ K , then this set will be selected as the seed set in 3-net clustering with probability no less than

( )+ !n
1

2 1
.

Recall that ( ∣ ∣ )= / + !p V1 2 1 by construction. Thus,

�[ ]
( )

≥
+

+

⋅ +

+ !

⋅ =
+

+

⋅ +
+E n

n
p

n
p n

n
p p1

2 1
1

2 1
1

2 1i
K K1 1

0

where the first term comes from the case when a single-node maximal distance-3 independent set is used as
seeds.

For the second result, if every maximal distance-3 independent set of size≥ +K 1 in the MD3IS problem,

then any class-2 maximal independent set of G̃ is of size ≥ +K 1, and thus,

�[ ] ≤
+

+

⋅ +

+

⋅ <
+

+

⋅ + ⋅
+ +E n

n
p n

n
p n

n
p p1

2 1 2 1
1

2 1
1
2

.i
K K1 1 1

0
□
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C.5 Proof of Theorem 4.5

Proof. Unless otherwise stated, all the expectation and variance in this proof are taken conditioned on the
random clustering distribution � in use; thus, to simplify the notation, we sometimes discard the condi-
tional notation in the expectation and variance symbol.

Let C be a random clustering generated from 3-net or 1-hop-max algorithm, we first show that

� �

�

⎡

⎣
⎢

[ ∣ ] [ ∣ ]

[ ∣ ]

⎤

⎦
⎥

∣ ( )∣−

≤�
�

�
C CE E

E
B i

p
Var ~ .i i

i

1 1

1
2

Consider the Bernoulli random variable �[ ]Ei
1 , and we have

� � � �[ [ ]] [ ∣ ] ( [ ∣ ]) [ ∣ ]= ⋅ − ≤� � �E E E EVar 1 .i i i i
1 1 1 1

Moreover, note that � � �[ [ ]∣ ] [ ∣ ]=C CE Ei i
1 1 , and consequently, due to the law of total variance, we have

� � � � �[ [ ∣ ]] [ [ [ ]∣ ]] [ [ ]] [ ∣ ]= ≤ ≤� � �C C C CE E E EVar Var Var~ ~ ,i i i i
1 1 1 1

and thus,
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where the second inequality is due to Theorem 4.2.
Now to prove the inequality in Theorem 4.5, we note that
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and thus,
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Now note that the expected value of � �

�

[ ∣ ] [ ∣ ]

[ ∣ ]

−� �

�

E E
E

ˆ i i

i

1 1

1 is zero due to the fact that �[ ∣ ]�Eˆ i
1 is an unbiased

estimator of �[ ∣ ]�Ei
1 . Thus, the squared error is the same as the variance. □

C.6 Proof of Theorem 4.6

We first present the following result on the joint exposure probability of a pair of nodes.

Lemma C.6. For the 1-hop-max random clustering algorithm, if ( ) >i jdist , 4 for a pair of nodes i and j, then
for =z 1 or =z 0 and
• independent randomization, we have � � �[ ∣ ] [ ∣ ] [ ∣ ]∩ = ⋅� � �E E E Ez z z z

i j i j ;

• complete randomization, we have � � �[ ∣ ] [ ∣ ] [ ∣ ]∩ ≤ ⋅� � �E E E Ez z z z
i j i j .

Proof. We first show that nodes i and j satisfying the aforementioned requirements can not be adjacent to
the same cluster in any clustering generated from 1-hop-max. If otherwise, then there exists nodes ( )′ ∈i B i1

and ( )′ ∈j B j1 such that =′ ′C Ci j , and a node k such that ( )′ ′ ∈i j B k, 1 with = =′ ′C C Xi j k (recall that in the
1-hop-max algorithm, ⋯X X, , n1 are the ( )� 0, 1 samples and also the signifiers of the clusters), we have

( ) ≤i jdist , 4 due to the path [ ]′ ′i i k j j, , , , , contradictory to our assumption that ( ) >i jdist , 4.
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Now we prove the results in the lemma. Due to symmetry, it suffices to just prove for the case of =z 1,
and we first analyze the independent randomization scenario. For any clustering C generated from 1-hop-
max, since i and j are not adjacent to a same cluster in C, we have � � �[ ∣ ] [ ∣ ] [ ∣ ]∩ = ⋅C C CE E E Ei j i i

1 1 1 1 .

Moreover, since ( ) >i jdist , 4, we have ( ) ( )∩ = ∅B i B j2 2 , and according to Lemma 4.1, we have

( )CB i1 and ( )CB j1 independent. Combining both results, and note the fact that � �[ ∣ ] [ ∣ ]( )=C CE Ei i B i
1 1

1 and

� �[ ∣ ] [ ∣ ]( )=C CE Ej j B j
1 1

1 , we have
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where the last but one equality is due to ( )CB i1 and ( )CB j1 being independent.
We now prove the result for the complete randomization scenario. The proof is almost identical to that

of independent randomization, except for the fact that � � �[ ∣ ] [ ∣ ] [ ∣ ]∩ ≤ ⋅C C CE E E Ei j i i
1 1 1 1 which is an equality

in the independent randomization. Here, the joint probability might be smaller due to the scenario if one of
the clusters adjacent to node i is paired with one adjacent to node j, and thus, �[ ∣ ]∩ =CE E 0i j

1 1 . Formally,
we have

� � � � � � � �[ ∣ ] [ [ ∣ ]] [ [ ∣ ] [ ∣ ]] [ ∣ ] [ ∣ ]∩ = ∩ ≤ ⋅ = ⋅� � �C C CE E E E E E E E ,i j i j i i i j
1 1 1 1 1 1 1 1

where the last equality is verified in the proof for independent randomization. □

With this lemma in hand, we now prove Theorem 4.6.

Proof (Theorem 4.6). According to Lemma C.6, for any pair of nodes i and j such that ( )∉j B i4 , we have
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where the second inequality is due to � �[ ∣ ] [ ∣ ]∩ ≤� �E E Ei j j
1 1 1 . □
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C.7 Proof of Theorem 4.8

Proof. Analogous to Theorem 4.7, it can be verified that [ ( )] ( ) ( )≤ ⋅ + −
−

�
μ Y d κ pVar 0ˆ ¯ 1 1n

1 2
max

2 4 1. Now
according to the variance formula in equation (5), we have
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where the second inequality is due to the mean inequality, and the last inequality is due to the variance
upper bound of ( )

�
μ 1ˆ and ( )

�
μ 0ˆ , respectively. □

C.8 Proof of Theorem 4.10

Proof. With a constant treatment effect τ, we have
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where the second equality is due to the symmetry of network exposure to treatment and control, more
specifically, the joint distribution of �{ [ ]}

=
Ei i

n1
1 is the same as that of �{ [ ]}

=
Ei i

n0
1.

Since � �[ ( )] [ ( )]= +μ μ τ1 0˜ ˜ , then � � �[ ] [ ( )] [ ( )]= − =τ μ μ τ1 0˜ ˜ ˜ . □

C.9 Proof of Theorem 5.1

Proof. Note that in any oracle k-partition of a cycle, each cluster contains two nodes on the boundary.
Therefore, for any node i, the probability of being on the boundary of a random such partition is

( )/ =k n o2 1 , and thus, as → ∞n , it is almost surely between nodes in the same cluster and

� �[ ∣ ] [ ∣ ]= →� �E E 1
2

.i i
1 0 (A6)

For any node pair i and j, define their angle distance as

( ) {∣ ∣ ∣ ∣}≜ − − −δ α α α α π α α, min , 2 ,i j i j i j

a quantity in [ ]π0, which is zero if and only if =i j. Note that if =C Ci j, i.e., if i and j belongs to a same
cluster in a oracle k-partition, we must have ( ) <δ α α,i j

π
k

2 . On the contrary, if ( ) <δ α α,i j
π
k

2 , the probability
of them belonging to a same cluster in a random oracle k-partition is ( )− /δ α α1 ,i j

π
k

2 . Therefore, for any
node pair i and j, we have
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2
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i j (A7)
□
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C.9.1 Variance under independent randomization

We start with computing the joint exposure probabilities �[ ∣ ]∩ �E Ei j
1 1 and �[ ∣ ]∩ �E Ei j

1 0 . Note that in the
limit of → ∞n , the probability of either node being on a boundary vanishes, and thus, we have
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By combining with equation (A7), we have
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Now we compute the variance of the mean outcome HT estimators given these probabilities. Note that
the variance, as given in equation (4), is equivalent to
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where the third equality is due to the average of n2 ( )o 1 terms being ( )o 1 . We then take a limit corresponding
to Riemann integration and obtain:
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C.9.2 Variance under complete randomization

We also first compute the joint exposure probabilities �[ ]∩E Ei j
1 1 . If =C Ci j we have �[ ∣ ]∩ = /E E C 1 2i j

1 1 and

�[ ∣ ]∩ =E E C 0i j
1 0 . When ≠C Ci j, i.e., nodes i and j belongs to different clusters, there are two scenarios: the
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1

1
conditional on
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Similarly, one can show that
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C.9.3 Variance with increasing number of clusters

In the end, we show the variance when the number of clusters k increases. Due the fact that ( )− /x x1 cos ~ 22

as →x 0, under the independent randomization scheme, we have
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Under the complete randomization scheme, we have
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C.10 Proof of Theorem B.1

Proof. For result (a), Since the PDF of ( )β w, 1 distribution is ( ) = −f x wxw 1, we have
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For result (b), we have

� � �[ { } ] [ ] [ ]≤ = ≤ ≤ =
+X X x X x X x xmax , ,i j i j

w wi j

which is the CDF of the ( )+β w w , 1i j distribution. □

C.11 Proof of Theorem B.2

We first prove the following useful lemma.

Lemma C.7. If every node generates ( )X β w~ , 1i i independent, then we have �[ ( )]≥ ∀ ∈ =X X j B i,i j 2

( )( )/ ∑
∈

w wi j B i j2
.

Proof. According to the second result in Theorem B.1, the distribution of [ ] ( )( )≜ ∈ ≠X X¯ max j j B i j i,2 is ( )β S , 1i

where
( )

= ∑
∈ ≠

S wi j B i j i j,2
. Moreover, we note that X̄ and Xi are independent, and thus,�[ ] ( )≥ = / +X X w S w¯i i i i

according to the first result in Theorem B.1. This result is equivalent to the lemma statement. □

Proof (Theorem B.2). Analogous to the proof of Theorem 4.2, one only need to show that the probability of

node i being in the interior of a cluster is lower bounded by
( )( )/ ∑

∈
w wi j B i j2

.

For 1-hop-max clustering, similarly a sufficient condition for node i being in the interior of a clustering
is if node i generates the largest number in ( )B i2 , i.e., ≥X Xi j for any ( )∈j B i2 . By Lemma C.7, we have its

52  Johan Ugander and Hao Yin



probability being
( )( )/ ∑

∈
w wi j B i j2

, and which is a lower bound on the probability of node i being in the

interior of a cluster.
For 3-net clustering, again we consider the scenario when node i is ranked first among nodes in ( )B i2 , a

sufficient condition of node i being a seed node and thus in the interior of a cluster. According to the
procedure in Algorithm 4, this is equivalent to node i generating the largest number in ( )B i2 . According to

Lemma C.7, that probability is
( )( )/ ∑

∈
w wi j B i j2

. □

C.12 Proof of Theorem B.3

The proof is almost the same as that of Theorem 4.5, except that in equation (A5), we apply the lower bound
result of Theorem B.2.

C.13 Proof of Theorem B.7

Proof. Note that ( )∈j B i2 is equivalent as ( ) ≤i jdist , 2, and thus,
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where the inequality applies the AM–GM inequality, which holds as equality if all nodes have the same
weight. □
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