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Abstract: Assessing the quality of a trajectory is a prereq-
uisite for correctly interpreting and using the trajectory in
applications such as kinematic laser scanning. Evaluation is
for example done empirically by comparison with a ground-
truth trajectory recorded simultaneously. Depending on the
measurement and sensor configuration, both trajectories
have to be aligned before comparison. Usually, either a simi-
larity transformation or a rigid-body transformation is used
for this purpose. We propose an extended spatio-temporal
alignment, which additionally supports the estimation of
a lever arm and a time offset between both trajectories.
Our method can be used to align two trajectories of the
same vehicle captured simultaneously by different sensors.
We apply the approach on several recorded data sets and
evaluate it empirically. We show that although real-world
data sets can lead to high correlations between parameters,
they can still be successfully aligned and evaluated using
the methodology. To enable replication of our research, we
publish the code which is available here: https://github.com/
gereon-t/trajectopy.

Keywords: trajectory alignment; trajectory evaluation; least
squares; coordinate transformation; benchmark

1 Introduction

Estimating the position and the orientation of a vehicle
over time, i.e. its trajectory, is a crucial component in many
applications such as autonomous driving, public transport
or kinematic laser scanning [1-3]. Besides the estimation
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itself, the ability to provide an uncertainty of the estimated
position and orientation (pose) is often equally important,
especially in safety-critical domains, e.g. in deformation
monitoring. A realistic understanding of the trajectory accu-
racy helps in the interpretation and processing of the deter-
mined poses. The derivation of such an uncertainty is often
done empirically by comparing the estimated trajectory to
a ground-truth trajectory generated using sensors or knowl-
edge of higher accuracy [4-7].

Depending on the sensors used for trajectory estima-
tion, both trajectories may need to be aligned before com-
parison [8]. For example, the ground truth trajectory might
be given in a global reference frame while the estimated
trajectory consists of poses defined in some arbitrary local
frame. Furthermore, due to different mounting positions on
the vehicle, a lever arm might exist between the two sys-
tems. Finally, it may not be possible to fully synchronize both
sensors to a common time reference, resulting in residual
synchronization errors.

The usual approach to this trajectory alignment
problem is to estimate a similarity or rigid body trans-
formation between the two trajectories to compensate for
any differences in the coordinate systems. The closed-form
methods by [9, 10] using a singular value decomposition
of the covariance matrix of the position data have become
particularly popular for this purpose [8]. However, to the
best of our knowledge, there are no alignment approaches
also considering a lever arm and a time shift between both
trajectories. Lever arms are typically either measured or
derived from construction blueprints [4, 11-14]. If both sys-
tems are on the same vehicle, synchronization deviations
can often be avoided using triggered measurements logged
in a central time reference, such as an inertial measurement
unit (IMU) or an onboard computer [13]. In summary, the
alignment of the coordinate systems is therefore mostly
solved mathematically, while the lever arm and the synchro-
nization are taken into account by suitable methods before
and during the measurement.

However, there are situations where the lever arm and
the synchronization between two navigation sensors can-
not be fully controlled. The lever arm could be unknown
or not measurable, because the position of the reference
points of the sensors are unknown or physically inacces-
sible. Furthermore, measurements of some sensors cannot
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be triggered or referenced to the same time frame, result-
ing in time delays. For example, this is usually the case
when global time systems such as GPS time are used in
conjunction with local computer times. A GPS time-based
reference trajectory using non-triggerable total stations is
presented in [15], but this publication is limited to synchro-
nization without comprehensive alignment including simi-
larity transformation and lever arm.

Therefore, we propose a method to align the positions
of two simultaneously recorded trajectories of the same
vehicle in both spatial and temporal domains. This spatio-
temporal alignment supports a similarity transformation, a
lever arm transformation, and a time offset. After aligning
the test trajectory with a recorded ground truth trajectory,
the precision of the test trajectory can be evaluated using
pose-wise comparisons. Since the alignment process cor-
rects for constant systematic deviations of both trajectories,
it is not possible to make a thorough statement about the
accuracy of the test trajectory. However, once the alignment
has been determined, the change in these systematic devia-
tions and the reproducibility of the trajectory estimate can
be examined, which provide valuable information about the
quality.

The second contribution is the empirical evaluation of
the methodology using different datasets. For this purpose,
we apply the method to recorded trajectories of different
speeds and shapes using a GNSS/IMU system and a total
station. The focus of the study is on the quality of the
parameter estimation in terms of correlation and stability
and on the suitability of the spatio-temporal alignment for
trajectory comparisons. Although not covered in this paper,
the methodology presented is not only suitable for the evalu-
ation but also for the combination of different sensors. Once
two sensors have been successfully aligned, the calibration
parameters required for a combination are known.

The remainder of the paper is structured as fol-
lows. In the subsequent Section 2, the methodology of the
spatio-temporal alignment is described. This is followed in
Section 3 by the acquisition of measurement data in the
context of various experiments. Finally, the results of the
experiments are presented and discussed in Section 4.

2 Methodology

The overarching goal is the comparison of two trajectories, a
reference trajectory of superior accuracy and an estimated
test trajectory from a system under test. However, for vari-
ous reasons, it may be necessary to align both trajectories
before comparison. The general procedure of the trajec-
tory evaluation is shown in Figure 1, with the alignment
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Figure 1: General procedure of the trajectory evaluation. The reference
and test trajectories are initially separated by a spatio-temporal
transformation. After alignment, the test trajectory can be compared
with the reference to determine its precision.

step colored in blue. Without going into further detail, we
assess the precision of the test trajectory after alignment
using along- and cross-track deviations as shown in [7] (see
Figure 1, yellow). Our paper focuses on the spatio-temporal
alignment, which is explained in the following sections.

A trajectory T describes the positions p(k) and the
orientations o(k) of a vehicle at N discrete points in time
k, i.e..

T:=(p,0k), k=1,...,N. @

Each pair of a position and an orientation form a pose.
We assume that both the positions and the orientations refer
to the same world coordinate system. We denote the world
frame of the reference by r and that of the estimated test
trajectory by e. In addition to these two coordinate systems,
the sensor frame s of the aligned navigation sensor is also
relevant for the further methodology. Note that, unlike with
the world coordinate systems (r and e), we do not distinguish
between two individual s-frames here, as we assume that
the axes of both s-frames are already aligned and that there
isonly a translation between them. The origin of the s-frame
isusually located inside the navigation sensor while the axis
directions depend on the configuration and mounting of the
particular system, but are usually aligned with the direction
of travel of the vehicle. Figure 2 shows both types of frames,
world frame w and sensor frame s.

»
L

Figure 2: Relevant coordinates systems: w-frame and s-frame, here
shown in 2D.
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2.1 Problem formulation

We would like to compare two trajectories, an estimated
trajectory T° and a reference trajectory T" that describe
the movement of the same vehicle at the same time. We
assume that both trajectories are sampled at the same time
stamps, establishing a direct pose correspondence. This can
be achieved, for example, by interpolation or by appropriate
actions during the measurement. Note that identical times-
tamps of two trajectories do not necessarily mean that they
are synchronized. If the time references of both trajectories
are shifted, e.g. due to limitations of the sensors used, the
matching process will rely on incorrect time stamps, result-
ing in synchronization errors. Furthermore, both trajecto-
ries may be defined in different world coordinate systems
and have differently located sensor origins.

We aim to describe these differences using the positions
of both trajectories. Therefore, the goal of the methodology
is to estimate all unknown parameters of a transformation
g, so that

p'(k) = gp(k) = (p°(k)), k=1,...,N. 2
with

p'(k)=gp°k) =t,+ A, R,

(00 + RGBS+ v A O

First, the positions pé(k) are shifted by the three-
dimensional lever arm b® = [bx,by,bZ]T, which is defined
in the sensor frame of the aligned test system. Within
that frame, the lever arm is constant. In order to trans-
form the lever arm into the world coordinate system
e, the current vehicle orientation Rg(k) = [R,) - Ry(e)-
R, () (k) is required. Then, a synchronization deviation is
taken into account by means of the vehicle velocity v¢(k) =
[vy, Uy, UZ]T and a time offset At. Finally, the positions cor-
rected by the lever arm and the time offset are transformed
with a similarity transformation between e and r, which
contains a translation tg = [tX,ty, tZ]T, a scale ){, and the
three-axis rotation R, = R,(y) - R,(8) - R,(a).

Due to our simplifying assumptions regarding the coor-
dinate systems (see Section 2), we can also align 0¢(k) to
(0°(k))’ using R7;:

(0°(k)) = R}0°(k). 4
In total there are up to 11 parameters
X = [tX’ ty9 tZ’ j’, a’ ﬁ’ y? At9 bX? by’ bz]' (5)

Depending on the sensors used and the measurement
setup, some of those parameters may already be known.

G. Tombrink et al.: Spatio-temporal trajectory alignment for trajectory evaluation === 323

2.2 Least squares adjustment

We estimate any unknown transformation parameters
within an iterative least squares adjustment using N epochs
of observations. The observations actually required for
alignment depend on the parameters to be estimated. In
any case, the positions of both trajectories are necessary.
To estimate the lever arm, the orientation of the vehicle
on which both sensors are mounted is also required. For
estimating the time offset, the three-dimensional velocity
of the vehicle must be available. The orientation and the
velocity information can be provided by the sensors used or,
to further decouple the alignment from the sensors under
investigation, by third independent sensors.

Assuming full parameter estimation, the observation
vector consists of the individual components of the tra-
jectory positions, the vehicle orientation, and the vehicle
velocity, for all time stampsk=1,...,N:

lk: I:pi’ pj/’ pg’ p;’ p;’ p;9¢709qj9ux’vyavz . (6)

The observations can be introduced to the parameter
estimation process with appropriate a-priori variances.

The least-squares adjustment requires a mathematical
model h(l;, X), also called functional model, that relates the
recorded observations 1, to the unknown parameters x. In
our case, the functional model is

hl,,x) = p'(k) — g(p°(k)) = 0. 7)

Since we usually have a large number of observation
epochs, we obtain an overdetermined system of equations.
Due to measurement deviations, usually h(l,, X) # 0, requir-
ing adjustment theory for optimal parameter estimation.
Given the implicit nature of the functional model, we use the
Gauss—Helmert—Model to obtain the alignment parameters.
We refer to the literature for a comprehensive explanation
of the parameter and variance estimation process, as we
follow the standard textbook procedure [16—18].

The fast and successful convergence of the parameter
estimation primarily depends on the quality of their initial
values x°. Therefore, we first compute an initial similarity
transformation using the method described in [10]. After
that, we separately compute initial values for both the lever
arm and the time shift. Based on the pre-aligned trajectory,
the final spatio-temporal alignment is performed within a
single adjustment considering all parameters.

After the adjustment, we verify the consistency of the
functional and the stochastic model using a stochastic global
test. In addition, we divide the observations into groups of
similar stochastic properties. Thus, the horizontal position
components, the vertical position components, the roll and
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pitch angle, the yaw angle, and the velocity each form an
observation group that can be tested separately.

2.3 Limitations

The methodology presented has several limitations that
should not go unmentioned. The orientations are currently
not part of the functional model and can only be aligned if
their alignment parameters can be inferred from the posi-
tion alignment. This is only the case if there is no rotation
between the s-frames of both sensors and if the positions
and the orientations of each trajectory refer to the same w-
frame. As soon as there are different orientations of the two
sensor systems, this can so far only be taken into account
manually, e.g. by calculating the mean rotation difference.
Further limitations of the methodology concern the estima-
bility of the individual parameters and the scope of the
quality analysis that is possible after the alignment.

The successful estimation of all required alignment
parameters strongly depends on the shape and properties of
the trajectory. For example, trajectories along a straight line
or along a circle would be disadvantageous for determining
all three rotation angles of the similarity transformation.
Furthermore, there must be a variation in velocity so that
vé(k)At (see Eq. (3)) does not simply become a constant off-
set that cannot be separated from the lever arm. However,
it should also be noted that Eq. (3) assumes a single velocity
vé(k) for a time interval of length At. If this assumption
is violated, it adversely affects the estimation process. For
instance, with a At of 10 ms, the assumed velocity must
match the true velocity within 0.1 m/s, ensuring that the
resulting deviation is below or equal to one mm. If the time
offset is large compared to the speed variations and cannot
be prevented otherwise, it is recommended to perform the
entire adjustment iteratively and update the matching of
both trajectories between iterations. Additionally, it may be
reasonable to also consider the acceleration of the vehicle.
Regarding the lever arm estimation, it is necessary that
the vehicle orientation changes sufficiently over the course
of the trajectory. A constant orientation R{(k) would lead
to a constant lever arm effect that could not be separated
from the translation of the similarity transformation. Of
course, the difficulties regarding the separation of different
parameters only arise when the parameters are to be esti-
mated simultaneously. Therefore, it is always advantageous,
even despite the possibility of spatio-temporal alignment,
to determine as many parameters as possible in advance.
For example, the entire similarity transformation can be
omitted if it is ensured during the measurement that the
georeferencing of both systems is identical.

DE GRUYTER

Another limitation concerns the quality analysis after
successful alignment. As the alignment inherently aims to
correct systematic deviations between the two trajectories,
these can no longer be detected during a subsequent evalu-
ation. For instance, a constant systematic positioning devi-
ation relative to the vehicle may remain unnoticed, as it
would be incorporated into the lever arm. On the other
hand, with regard to many application areas of mobile map-
ping systems, the change of systematic deviations is much
more critical than the mere existence. A constant systematic
deviation that can be completely absorbed by the alignment
process may not be relevant, depending on the application.
If, for example, a building is captured for deformation mon-
itoring in two epochs, both are equally systematically influ-
enced, which is irrelevant for deciding whether there was a
deformation of the object. However, if the systematic devi-
ations of a system change in an unknown way, its suitabil-
ity for many applications suffers considerably. With regard
to the deformation analysis, a deformation can then no
longer be distinguished from a systematic deviation. How-
ever, such changes can be detected using the methodology
described. Once the alignment parameters have been deter-
mined, they can be applied to different measurements at dif-
ferent times and under different conditions and checked for
consistency.

3 Experiments

In order to investigate the practicability of the proposed
method, we conducted experiments using two sensor sys-
tems. The systems are a GNSS/IMU system and a total station
in kinematic mode, two common sensor systems for pose
or position measurements. The measurement conditions
resemble typical experimental conditions as they appear
in the trajectory estimation of people or vehicles. We per-
formed the experiments to investigate if the method is able
to estimate the necessary parameters to align one system
with the other. We also aim to investigate if the require-
ments in Section 2.3 are easily met and how reproducible
and stable the alignment is.

3.1 Test system

Within our studies, we use the real time extended Kalman
filter (EKF) solution of the Ellipse2-D from SBG-Systems,
which is an inertial navigation system (INS) consisting
of a three-axis inertial measurement unit (IMU) and a
Global Navigation Satellite System (GNSS) receiver with
dual antenna support. We deliberately used the real-time
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solution provided by the manufacturer and avoided a post-
processing trajectory estimation in order to investigate if
the proposed alignment is able to determine all necessary
parameters within realistic conditions. With an active RTK-
link (Real Time Kinematic) and under good GNSS conditions,
the data sheet specifies the horizontal positioning accuracy
with 2 cm and the vertical positioning accuracy with 4 cm.
Orientations follow the Tait-Byran convention and are pro-
vided with an accuracy of 0.1° for the roll and pitch angles,
while the yaw angle has an accuracy of 0.2°. The velocity of
the system is derived with an accuracy 0.03 m/s. We oper-
ate the system with two Leica AS10 GNSS antennas. The
orientations of the IMU follow the North-East-Down (NED)
convention, so the z-axis of its s-frame points downwards.

3.2 Reference system

During all measurements we generate the reference trajec-
tory with a Leica TS60 total station that automatically tracks
a 360° prism. Total stations are a good example in terms
of spatio-temporal alignment. Due to the nature of their
operation, there is a lever arm between the tracked prism
and the system being evaluated. In addition, a time offset
between the total station and the system under test is usu-
ally unavoidable given its internal measurement methodol-
ogy [19]. Furthermore, depending on the environment of the
total station, georeferencing may not be available.

In kinematic mode, the total station has a distance accu-
racy of 3 mm + 1 ppm according to the manufacturer’s data
sheet. Angle measurement is performed with an accuracy of
0.15 mgon, while the accuracy of the tracked prism is spec-
ified as 2 mm. Overall, we assume an accuracy of 4 mm for
the positions determined by the total station. We consider
a total station to be a suitable reference sensor, especially
for GNSS-based systems, mainly because these accuracies
can be achieved very reliably and independently of the
environment.

We use a GPS-capable logging device to control the total
station via the Leica GeoCOM protocol and to record its mea-
surements. Incoming messages from the total station can
thus be acquired in GPS time, similar to the tested systems.
However, there is a time offset between the receipt of the
message and the actual time of measurement. In addition to
the obvious transmission time, this is mainly due to the way
total stations carry out measurements. Several independent
subsystems within the instrument are involved during oper-
ation, resulting in the inability to precisely trigger a sin-
gle measurement [19]. Thus, while GPS-based acquisition of
the incoming total station messages is highly beneficial for
initial synchronization, a final adjustment of the residual
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time offset is necessary, which we aim to provide with our
proposed method.

3.3 Measurement campaigns

In total, two measurement campaigns were conducted using

the described sensors:

(1) Hand-held measurement: Short measurement of an
arbitrary trajectory with both sensors, which requires
the estimation of all alignment parameters except
the scale. This experiment is intended to investigate
the feasibility of estimating the spatio-temporal align-
ment parameters with a short low-effort calibration
measurement.

(2) Repeated rail-bound measurement: The availability of
georeferenced total station data allows this campaign
to focus on estimating the time offset and the lever
arm. Furthermore, this campaign was divided into a
short-term and a long-term measurement. The first
helps to determine all necessary alignment parame-
ters, the second enables us to investigate the long-term
stability of the parameters.

The spatial relationship of the GNSS/IMU system and the
360° prism was not changed between both measurement
campaigns, so we can assume it is the same. The follow-
ing sections will describe the individual measurements in
detail.

3.3.1 Hand-held measurement

The hand-held measurement took place on the campus of
the University of Bonn. The total station (see Figure 3(b))
was placed at an arbitrarily chosen location, horizontally
leveled, but not georeferenced. The GNSS/IMU system (see
Figure 3(c)) was moved by hand in the vicinity of the total
station for approximately 3 min. The GNSS provided new
positions at a rate of 5 Hz while the IMU measured at 100 Hz.
Care was taken to vary the orientation and speed of the
vehicle to meet the requirements mentioned in Section 2.3.
The system was tilted, and variations of the roll and pitch
angles from about —35° to +35° were obtained. The aver-
age speed was 1.1 m/s, with a maximum of about 3.4 m/s.
Figure 3(a) shows both trajectories in their unrelated coor-
dinates systems. The total of 17,581 100 Hz EKF positions of
the GNSS/IMU system were transformed to a local coordi-
nate system tangent to the GRS80 ellipsoid and oriented to
the north. In a second step, they were interpolated onto the
1,249 positions of the tracked 360° prism. These are provided
by the total station with an average data rate of 5.9 Hz and
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(a) = GNSS/IMU
total station

20 30

GNSS/IMU

Figure 3: Hand-held measurement on the campus of the University of
Bonn. (a) Ground track of both recorded trajectories. (b) Leica TS60 total
station. (c) GNSS/IMU inertial navigation system from SBG-Systems.

are given in a local coordinate system, which is tangent
to the geoid due to the leveling of the instrument. The
prism was firmly attached to the GNSS/IMU system housing
between both GNSS antennas (see Figure 3(c)).

3.3.2 Repeated rail-bound measurement

For the repeated rail-bound measurement we used a rail
track (see Figure 4(a)), which is part of a test environment
at the University of Bonn. The approximately 140 m long
closed-loop track has variations in all degrees of freedom
(DOF; three for position, three for orientation) and allows
us to repeat the trajectory precisely. For the measurement,
the GNSS/IMU system and the 360° prism were mounted on
a rail car, displayed in Figure 4(c). The s-frame of the IMU

5

& motorized rail car

Figure 4: Measurement setup of the rail-bound measurement. (a) Aerial
view of the rail-track. (b) Total station used for tracking placed on a pillar
within the rail-track. (c) GNSS/IMU system and the 360° prism mounted
on the rail car.
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was aligned with the direction of travel, i.e. the x-axis is
pointing in the direction of travel, the y-axis to the right and
the z-axis downwards. The total station was placed on one of
multiple geodetic measurement pillars with known ETRS89
coordinates in close proximity to the track (see Figure 4(b)).
Therefore, we were able to georeference the total station
using two pillars, leaving only the lever arm and time offset
for least-squares estimation.

The measurement was divided into two parts. In the
first part, the rail car was moved manually over the track
without motorization. This allowed us to vary the speed,
which is essential for the separation of lever arm and time
offset (see Section 2.3). During the seven-minute measure-
ment, a maximum speed of 5.5 m/s was reached with an
average speed of 1.1 m/s. The data rate of the total station
was 6.2 Hz on average, resulting in 2,658 measured prism
positions. The GNSS/IMU system was configured to record
raw GNSS positions at 5Hz and IMU data at 50 Hz. The
output EKF solution was also set to 50 Hz.

For a second measurement, which lasted 30 min, we
used a motorized rail car to automatically move the sensors
repeatedly along the track with a speed of approx. 0.75 m/s.
This measurement resulted in 91,184 GNSS/IMU poses and
13,545 prism positions and is used to investigate the long-
term stability of the alignment parameters.

4 Results and discussion

This section presents and discusses the results of the exper-
iments using the proposed methodology. For both the hand-
held and the rail-bound measurements, the goal is to align
the positions of the GNSS/IMU with the reference positions
of the total station. This requires knowledge about the ori-
entation and velocity of the vehicle, which we obtain from
the GNSS/IMU system under test. Depending on the mea-
surement configuration, different parameters are unknown
and therefore estimated. The observations required in each
case are included in the adjustment with uncertainties
corresponding to the manufacturer’s specifications (see
Section 3). These variances are used to determine the a-
posteriori variances of the estimated parameters.

4.1 Hand-held estimation results

Table 1 shows the estimated parameters of the hand-held
measurement together with their a-posteriori variances.
Due to the arbitrary positioning of the total station, all
parameters except the scale are of interest. The determined
translation of the similarity transformation reflects the
difference between the origin of the two local coordinate
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Table 1: Parameter estimation results of the hand-held measurement.

Parameter Value Std.
Translation x —10.095 m 0.8 mm
Translation y —3.788m 0.7 mm
Translation z —0.908 m 2.3mm
Rotation x 0.099° 0.021°
Rotation y —0.019° 0.020°
Rotation z —151.162° 0.007°
Time shift —90.3ms 0.5ms
Lever arm x 0.016 m 0.7 mm
Lever army 0.002 m 0.8 mm
Leverarmz —0.695m 2.1 mm

systems. Since the trajectory of the GNSS/IMU system was
transformed into a local system before alignment, the val-
ues are comparatively small. As expected, the rotation
around x and y are also very small and not significantly
different from zero with respect to the corresponding stan-
dard deviations. Apart from measurement deviations, the
two angles describe the plumb deviation between the two
coordinate systems, which is negligible for our applica-
tion. Therefore, we also performed the alignment with-
out estimating the two angles. The results of the other
parameters remain almost unchanged and are therefore
not explicitly listed again. Unlike the rotation around x
and y, the rotation around z is very relevant, especially
when using total stations. Since we have not determined the
orientation of the instrument using known control points,
the estimated angle corresponds to the unknown orien-
tation of the total station. The time offset between the
total station time and the GPS time due to the challenges
described in Section 3 was determined to be —90.3 ms.
As expected, the negative value indicates that the mea-
surements of the total station are recorded with a time
delay.

Due to the mounting of the 360° prism with respect
to the GNSS/IMU system, there is primarily a lever arm in
the z-component, which is confirmed by the determined
parameters for the lever arm components. The z-value is
negative due to the NED definition of the s-frame of the IMU
(see Section 3). Figure 4(c) shows the 360° prism placed along
an axis between the two GNSS antennas. The origin of the
GNSS/IMU system is located in the IMU, which is centered in
the housing below the prism.

Using the determined parameters, the GNSS/IMU tra-
jectory can be aligned to the total station trajectory (see
Figure 5). Based on the spatio-temporal alignment of both
trajectories, further investigations, such as the comparison
of the positions shown in Section 4.5, can be performed.
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Figure 5: Aligned trajectories of the hand-held measurement.

4.2 Rail-track estimation results

We estimated the alignment parameters for both conducted
rail-track measurements. Since the total station has been
georeferenced, only the estimation of the time shift and the
lever arm parameters is necessary. The first measurement
was carried out manually and is characterized by large
velocity variations. Therefore, it is used to estimate the lever
arm and the time offset between the total station and the
GNSS/IMU system. The results of this adjustment are shown
in Table 2 (left).

For the motorized second measurement, we applied the
time offset of —96.8 ms to the total station measurements.
This leaves only the lever arm as an unknown for aligning
the trajectories from the motorized measurement. Due to
the lack of variation in vehicle speed, simultaneous esti-
mation of the lever arm and the time offset would not be
possible (see Section 2.3). The determined components of the
lever arm are listed in Table 2 (right).

Itis noticeable that the common parameters of all three
adjustments differ from each other more than the corre-
sponding standard deviation would suggest. The difference
between the time offset of the handheld measurement and
the time offset of the rail-track measurement is 6.5 ms. Com-
pared to the respective a-posteriori standard deviations of
0.5 ms and 0.3 ms, this is a significant deviation. During the
rail measurement, the x-axis of the IMU s-frame was always
oriented in the direction of travel. Thus, the x-component
of the lever arm and the time offset have a very similar
influence on the alignment result. At the average velocity
of 1.06 m/s, the observed difference of 6.5 ms corresponds
to 6.9 mm. This is similar to the difference in the lever arm

Table 2: Parameter estimation results of the rail-track measurement.

Manual Motorized
Parameter Value Std. Value Std.
Time shift —96.8 ms 0.3ms - -
Lever arm x 0.024 m 0.5 mm 0.028 m 0.2mm
Lever army —0.001m 0.4 mm 0.001m 0.2 mm
Lever arm z —0.694 m 0.8 mm —0.679 m 0.3mm




328 = G.Tombrink et al.: Spatio-temporal trajectory alignment for trajectory evaluation

x-component of both measurements of about 8 mm. Due to
the always identical orientation of the system relative to
the direction of travel, it is possible that the lever arm and
the time offset cannot be sufficiently separated from each
other, resulting in the parameter estimation differences.
This explanation is backed up by the correlation analysis in
Section 4.4.

Another noticeable observation is that the lever arm z-
components differ by 1.5 cm between the two rail track mea-
surements. One reason for this could be systematic devia-
tions in GNSS positioning. Since the alignment is performed
based on the sensor observations, any deviations directly
affect the result of the estimation.

The determined a-posteriori variances are consistently
very small. There are two main reasons for this. First, for
lack of alternatives, we assume that all observations of the
alignment are uncorrelated. In most cases, this assumption
is a simplification of the actual stochastics. On the other
hand, there is a large number of observations, which is con-
trasted with a comparatively small number of parameters.
This very high redundancy combined with uncorrelated
observations leads to small estimates of the a-posteriori
variances, which are often too optimistic, especially with
respect to systematic deviations. To support this hypothesis,
we investigate the temporal variation of the estimated lever
arm in the following section.

4.3 Parameter stability

In this subsection, the time stability of the lever arm esti-
mate is examined using the motorized rail-track measure-
ment. For this purpose, the observations are divided into
overlapping one-minute intervals. The lever arm is esti-
mated for each of these intervals. Figure 6 shows the deter-
mined lever arm components divided into x, y and z direc-
tions as a function of the relative interval start times. It
is immediately evident that the parameters of the lever
arm are not randomly scattered around their overall result,
shown in red. The fluctuations clearly exceed the theoreti-
cal standard deviations from Table 2. There are systematic
deviations, some of which have characteristics that repeat
approximately every 200 s. This roughly corresponds to the
time it takes the rail-car to complete one lap of the track.
The exact repetition of the trajectory thus seems to cause
reproducible deviations in one of the two trajectories. It
is conceivable that systematic deviations occur in both the
total station trajectory and the GNSS/IMU trajectory. If the
shape of one trajectory changes compared to the other, the
current estimated lever arm will reflect this.

For example, deviations of the 360° prism depending on
the angle of incidence of the total station signal could cause
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Figure 6: Stability of the estimated lever arm components derived using
rolling one-minute intervals of observations. The overall estimation
result is represented by the red line.

a deformation of its trajectory [20]. Another possibility are
differences in the w-frames of both sensors, which were not
taken into account during the alignment. Deviations in the
measurement pillars used for the georeferencing of the total
station could influence the lever arm in each lap similarly.
The quality of the GNSS/IMU trajectory is mainly influenced
by the GNSS quality, which is mostly systematic in nature
and depends, among other factors, on the environment of
the GNSS antenna.

Another peculiarity is the z-component of the
lever arm. Compared to the entire measurement,
the z-component is shorter at the beginning of the
measurement. Starting with a deviation of about 3 cm, it
steadily increases over a period of approximately 3 min.
This could be related to the GNSS positioning, which can
show systematic deviations especially in height.

4.4 Parameter correlation

The correlations of the estimated parameters, determined
by using the a-posteriori variances, provide information
about the extent to which individual parameters can be
separated. In principle, the goal is to obtain a correlation of
zero. The considerations from Section 2.3, which show that
the properties of the trajectory play a decisive role, are of
particular importance here.

Figure 7 shows the correlations for the spatio-temporal
alignment of the hand-held measurement as a heatmap.
Most noticeable are the high correlations between the lever
arm and the translation of the similarity transformation.
Especially the z-component is strongly correlated with 0.86.
This is due to the fact that both parameters act in very
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Figure 7: Resulting parameter correlations after spatio-temporal
alignment of the hand-held trajectories.

similar directions. Only by tilting the s-frame relative to the
w-frame, the influence of the z-component of the lever arm
becomes different from the z-translation of the similarity
transformation. Judging from the correlation, the tilting of
the system during the measurement was not sufficient to
allow a truly independent estimation of both parameters.
For trajectories with little tilt variation, such as ground vehi-
cles, it may be reasonable to estimate only one of the two
parameters or, if possible, to measure the lever arm.

The remaining values show that the correlations of the
other parameters are significantly lower, but could not be
completely eliminated. For example, the lever arm is cor-
related significantly with the translation of the similarity
transformation and the time shift, indicating insufficient
variation in the yaw angle. Even if completely uncorrelated
parameters are rather hard to achieve with real data, the
values obtained suggest that the measurement setup can be
further optimized in future work.

For the spatio-temporal alignment of the manual rail-
track measurement, the correlation between the time offset
and the x-component of the lever arm is —0.65. This high
correlation supports the hypothesis from Section 4.2 that the
lack of varying vehicle orientations relative to the direction
of travel complicates parameter separation. The correla-
tions of the remaining parameters are approximately zero.

4.5 Trajectory evaluation

In this subsection, the determined alignment parameters
are used to transform the GNSS/IMU trajectory to the
total station ground truth trajectory. The transformed high-
frequency GNSS/IMU trajectory is interpolated to the lower-
frequency total station trajectory. By comparing both tra-
jectories, the quality of the positions of the GNSS/IMU
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Figure 8: Deviations between the total station trajectory and the aligned
GNSS/IMU trajectory for the hand-held measurement (top) and the
rail-track measurement (bottom), divided into horizontal and vertical
cross-track and along-track direction.

system can be examined. Since the total station provides
only reference positions and no reference orientations, only
the positioning of the GNSS/IMU system can be directly eval-
uated. However, because the orientations of the GNSS/IMU
system were used in the alignment, their deviations are also
indirectly included in the position deviations.

The upper part of Figure 8 shows the deviations
between both trajectories of the hand-held measurement in
histograms divided into along-, horizontal cross- and ver-
tical cross-track directions. All three distributions scatter
around zero, indicating successful alignment of the trajec-
tories. This is because any systematic deviations in the posi-
tioning that can be described by Eq. (3) will be included in
the estimated parameters. Conversely, this also means that
constant deviations cannot be detected by comparison after
alignment. If the GNSS/IMU system would always provide a
globally shifted position, this offset would become part of
the similarity transformation. Similarly, a constant devia-
tion relative to the vehicle-fixed s-frame would be included
in the lever arm. However, it should also be noted that
changes in these systematic deviations can still be revealed.
Furthermore, the estimated parameters of different mea-
surement campaigns can be compared to assess the accu-
racy of the trajectory estimation.

Examining the deviations, it is noticeable that the tra-
jectory estimate scatters similarly in all three directions
relative to the direction of travel. With a spread of approxi-
mately —5to 5 cm, they exceed the manufacturer’s specifica-
tions of 2 cm in the horizontal position and 4 cm in height.
This may be due to non-optimal RTK conditions, the rapid
changes in orientation and direction or deviations in the
spatio-temporal alignment.



330 = G.Tombrink et al.: Spatio-temporal trajectory alignment for trajectory evaluation

The deviations of the rail measurement are shown
in the lower part of Figure 8. Again, they are scattered
around zero for the reasons discussed above. In contrast
to the hand-held measurement, the deviations conform
more closely to a normal distribution and fully meet the
manufacturer’s specifications. In all three directions, the
deviations range from about —2 cm to 2 cm. The qualita-
tively better results compared to the hand-held measure-
ment could be a result of different GNSS conditions, the
much more consistent shape of the rail-track, or a better
alignment because of fewer parameters to estimate. There
are isolated deviations in height of up to —4 cm, which is
probably related to the irregularities of the height compo-
nents already visible in Figure 6 at the beginning of the
measurement.

5 Conclusion and outlook

In this paper, we presented a methodology for aligning two
trajectories that can account for a similarity transforma-
tion, a lever arm transformation, and a time offset. The
aligned trajectories can then be compared to each other
to assess their quality. The proposed iterative least squares
approach considers the stochastic properties of the obser-
vations and can be adapted to the individual requirements
of an application by only estimating parameters that are
actually unknown.

With the help of various experiments, the methodology
was validated and experimentally evaluated. The measure-
ments differed in shape, speed and the number of unknown
alignment parameters. In each case, the trajectories were
successfully aligned, as indicated by deviations around zero.
It should be noted, however, that the approach presented
here is based on actual measurements. This has the conse-
quence that systematic deviations in the observations will
affect the results of the alignment, which was particularly
evident in the height component of the lever arm in the
context of our studies. It is therefore advisable to repeat the
alignment regularly at different times and under different
conditions. This allows a system to be evaluated not only
by comparing it with a reference but also by assessing the
alignment parameters estimated in each case.

Furthermore, it became clear that the parameters could
not always be fully separated from each other due to
the nature of the recorded trajectories. High correlations
occurred for parameters that similarly influence the align-
ment result. While this is not critical for stand-alone evalua-
tion, it may be relevant if the actual values of the alignment
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parameters are of interest, e.g. in the context of a system
calibration.

In future studies, an optimal trajectory shape or an
alignment procedure could be determined that would pro-
vide the best possible parameter estimation. In addition,
improving the stochastic model with respect to correlations
would result in more realistic a-posteriori variances and
better estimation results. Furthermore, the same spatio-
temporal alignment could be used not only to compare but
also to combine sensors. After alignment, a total station can
be integrated into GNSS/IMU based trajectory estimation
algorithms or even replace GNSS fully in certain situations.
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