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Abstract: Let f be a meromorphic function in the unit disc and (a\,)"f:1 a set of distinct meromorphic functions
small with respect to f. An analogue of the second main theorem for f and (a\,)"f=1 is given. Upper limits for the
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1 Introduction

We apply the standard notations of value distribution theory of meromorphic functions: N(r, a, f), N(r, f)
and N(r, f) for the functions counting a-points, poles with and without multiplicity, respectively, m(r, a, f)
and m(r, f) for the mean proximity functions, T(r, f) for the characteristic function. We also write §(a, f) for
the Nevanlinna’s defect of f at a value a, A(a, f) for the Valiron’s defect and 6(a, f) for the index of multi-
plicity ([4, 6]).

In the paper we concentrate on meromorphic functions in the unit disc D := {z € C : |z| < 1}. Ifwe replace
constants with functions of relatively slow growth, it is still possible to obtain estimates similar to the one in
the second main theorem of Nevanlinna. The main purpose of this paper is to present a generalisation of
the second main theorem and a defect relation for meromorphic functions in the unit disc and their small
functions. We also show parallel theorems for holomorphic functions in the unit disc. Then we move on to
a few Ullrich-type results following from the defect relations.

The characteristic T(r, f) of a meromorphic function f is a non-decreasing function of r. In case of mero-
morphic functions in C the speed of growth is usually compared with log r in terms of the order of growth. For
various purposes it is also convenient to compare the growth of a function with the characteristic of a fixed
meromorphic function.

Definition 1.1. Let f be a meromorphic function in the complex plane. We say that a functions : [0, +c0) —» R
isan S(r, f) if
S(r) = O(T(r’f))’ r—oo, r¢kE,

for a set E of finite linear measure.

If f and a are meromorphic functions, we say that a is a small function with respect to f if T(r, a) = S(r, f). The
set of all small functions with respect to f will be denoted S(f). As can easily be shown the sum and product
of a finite number of functions belonging to 8(f) are also small functions with respect to f.
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In 1986 Steinmetz proved the following theorem concerning small defective functions of meromorphic
functions in the complex plane.

Theorem 1.2 ([10]). Let f be a nonconstant meromorphic function and let {a‘,}"f=1 be a set of pairwise distinct
meromorphic functions such that for 1 < v < k we have T(r, a,) = o(T(r, f)) (r — oo). Then for any € > 0,

k

m(r, f) + Z m(r,ay,f) <2 +&)T(r, )+ S f.

v=1

Let us remind that a value a ¢ C is called a defective value of a meromorphic function f if

o emnaf) o N(r, a, f)
5(a,f)_11rn_1>(1>glfw_l llrrIL%p .

If a is a meromorphic function, we say that it is a defective function of f if

> 0.

6(a,f) :=6(0,1/(f —a)) > 0.

It follows from Theorem 1.2 that for meromorphic functions in the complex plane the set of their defective
small functions is at most countable and

8(c0, i+ Y 8la,fH<2.
ae8(f)

2 Main results

In case of meromorphic functions in the unit disc we determine the speed of growth of the characteristic in
comparison with log 1/(1 — r). We say that f is admissible if

lim sup I f)

————— = +00.
ro1- —log(l-7)

The order and lower order of a meromorphic in the unit disc function f are defined by

, log* T(r, ) ... log" T(r, f)
=1 —_ =1 f——=——"
) H,rl,sll}p —log(1-r) A Pty —-log(1-r)
An easy observation is that 0 < A(f) < o(f) < +co.
We also define S(r, f) in the following way.

Definition 2.1. Let f be a meromorphic function in the unit disc. We say that a function s : [0,1) —» R is
an S(r, ) if
s(r)=o(I(r,f)), r—17,r¢kE,

d
for a set E such that jE A < +oo.
We can now formulate an extension of the second main theorem in the unit disc.

Theorem 2.2. Let f be a meromorphic function in the unit disc and let a4, . . . , ay be distinct meromorphic small
functions with respect to f. For any € > 0 the following inequality holds:

k
1
m(r,f)+ Y m(r,ay, ) < 2 +e)T(r f) + O(log ﬁ) +Sr, f).
v=1 -
Let us remind that a value a € C is called a (Nevanlinna’s) defective value of a meromorphic function f in the
unit disc if

N
m(r’a’f)—l—limsup (r,a,f)>0.

T(r,f) - r—1- T(r’f)
We define a defective function similarly as in the case of functions meromorphic in the plane.

6(a, f) = liminf
r—1-
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Corollary 2.3. Let f be an admissible meromorphic function in the unit disc. The set of small defective functions
of f is at most countable and
6(00, f) + Z 6(a,f) <2.
ae8(f)
The first sharp estimate of the number of defective functions of an entire function belongs to Chuang [1]. Here
we present a similar estimate for functions holomorphic in the unit disc.

Corollary 2.4. Let f be a holomorphic function in the unit disc and let a,, . . . , ay be distinct meromorphic small
functions with respect to f. For any € > 0 we have the inequality

k

z m(r,ay, ) <1+ )T, f) + O(log %) + S, ).

v=1

A suitable defect relation follows.

Corollary 2.5. Let f be an admissible holomorphic function in the unit disc. The set of small defective functions
with respect to f is at most countable and

z 6(a,f)<1.
ae8(f)

Corollary 2.5 leads to the following analogue of Picard’s theorem for small functions in D.

Corollary 2.6. An admissible holomorphic function f in the unit disc omits at most one function a such that
T(r,a) = S(r, ).

The term ‘omit’ in Corollary 2.6 is used in the meaning that f omits a function a if f — a has no zeros in
the unit disc. The estimate in Theorem 2.2 is sharp. Indeed, the function f(z) = exp(ﬁ) is an admissible
holomorphic function in the unit disc of order g(f) = 1 omitting 0 and co. If a function meromorphic in D is
not admissible and therefore its characteristic does not grow faster than O(log 1%,), then the term O(log ﬁ)
ceases to be a remainder in Theorem 2.2. In this case Picard’s theorem is not valid. For instance, the function
f(z) = z omits all values a such that |a| > 1. Suitable examples of functions with unbounded characteristic
T(r, f) in the unit disc and three or more (even infinite number of) omitted values can be found among auto-
morphic functions [6].
The second main theorem of Nevanlinna leads to the following result shown by Ullrich.

Theorem 2.7 ([12]). Iff is an entire function of finite order, then

Y b8(a,f) < 80,f).

aeC

Letay, ..., arand f be meromorphic functions and let {b1, ..., b,} be the basis of lin({a, . . ., ar}). We put

L(f) :== W(b1,...,bn,f),

where W(b4, ..., by, f) denotes the Wronskian of functions b1, ..., by, f. It is easy to see that if we take
constantsay, . . ., ai, thebasis oflin({ay, . . . , ax}) consists of a single non-zero constant and we get L(f) = f'.
Ontheother hand,ifa, ..., axare small functions with respect to f, it is possible to obtain results similar to

Theorem 2.7 with L(f) in the place of f'. We present here an analogue of Ullrich’s theorem for small functions
with respect to a meromorphic function in the unit disc.
Let f be a meromorphic function in ID and let a € C. We call

. m(r, a, f) .. N af)
A =1 ———=1-1 f———==.
(@) =Hmsup =i g =TT )
Valiron’s defect of f at a. Let us also remind that the multiplicity index of a meromorphic function f in the
unit disc at a value a is defined by
N(r’ a;f) - N(r) a’f‘)
I(r, )

6(a, f) = liminf
r—1-
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Theorem 2.8. Let f be a meromorphic admissible function in the unit disc and a1, . . . , a, meromorphic func-
tions small with respectto f. Let {b1, ..., bn} be the basis of lin({a4, ..., ax}) and put L(f) = W(b4, ..., bn, f).
Then the inequality

k
Y. 8(ay, ) < MO, L(F)(n + 1 - nb(co, f)
v=1

holds. In particular, if f is holomorphic, we have the inequality

k
Y 8(ay, ) < MO, L(f)).
v=1

Remark 2.9. By similar reasoning as in [10] or [3] it is possible to show that for meromorphic functions in C,
k
Y 8(ay, ) < MO, L(F)(n + 1 - nb(co, f)),
v=1
for entire functions,

k
Y 8(av, f) < MO, L(),
v=1

and for entire functions of finite order,

k
Z 6(aV’f) < 5(O’L(f))’
v=1

where L(f) is defined in a similar way as in Theorem 2.8.

It is also possible to formulate a separate result of this kind concerning admissible meromorphic functions
and polynomials.

Theorem 2.10. Let f be a meromorphic admissible function in the unit disc and let p1, . . ., px be polynomials,
d := maxi<,<k deg p,. The inequality

k
Y 8(py, ) < DO, fP)(n+ 1 - nb(co, )
v=1

holdsforn=d+1,d+ 2, ....Inparticular, if f is holomorphic, the inequality

k
Y 8(py, ) < A0, F7)
v=1

holds for all integers n > d.

Theorem 2.11. Let d be a non-negative integer and let P 4 denote the set of all polynomials of degree at most d.
If f is an admissible holomorphic function in D, then for all integers n > d we have

Y 8(p.f) < MO, f™).

pePa

3 Basic notions of Nevanlinna theory. Extensions of the second
main theorem
Let us now give some background for the results presented in the previous section. We begin with the

first and the second fundamental theorems of Nevanlinna for meromorphic functions in the unit disc with
fixed values.
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Theorem 3.1 ([6]). For any meromorphic function f in the unit disc the equality
m(r,a,f) + N(r,a,f) = T(r, /) + O(1)
holds for any valuea € Candr — 1°.

Put
Ni(r, f) = N(r, 1/f") + 2N(r, f) - N(r, f").

Theorem 3.2 ([6]). Let {ak}’V‘:1 be a finite set of pairwise distinct complex numbers and let f be a meromorphic
function in the unit disc. The inequality

k
m(r, f) + Z m(r, ay, f) < 2T(r, f) = N1(r, f) + O(logJr T(r,f) +log %)

v=1

is true for all v — 17, possibly except for r in a set E such that IE % < 400.

Let us recall that the defect relation in the unit disc is

26(a,f)32+%, (3.1)
aeC
where
A :=limsup 1 /)

r—1- - IOg(l - T) ’
provided that 0 < A < +co (see [6, 9]). The examples in [6] show that the equality in the defect relation (3.1)
is possible for a positive value A.
If f is an admissible function, then
Y b(a,f)<2.
aeC

For admissible functions we also have the following extension of Picard’s theorem [11]. If f and a are
meromorphic functions, f is admissible and T(r, a) = O(1) (r — 17), then, apart from the possible two excep-
tional functions a, f — a has infinitely many zeros in the unit disc. Note here that the functions which are
meromorphic in the whole complex plane are of bounded characteristic in the unit disc and therefore not
admissible.

In 1964 Chuang obtained a generalization of the second main theorem of Nevanlinna for the case of entire
functions and their small functions [1]. For meromorphic functions in the plane, but without the ramification
term such a generalization was first proved by Osgood, who used number-theoretic methods (see [7, 8]). In
1986 Frank and Weissenborn, applying the Wronski determinant managed to prove a similar result involving
rational functions.

Theorem 3.3 ([2]). Let f be a transcendental meromorphic function in the complex plane. Then for any € > 0O

and for distinct rational functions q1, . . . , qx we have
k
m(r, f) + Z m(r, qv, ) < 2+¢&)T(r,f) + S, ).
v=1

In the same year, developing the ideas of Frank and Weissenborn, Steinmetz proved his result for small func-
tions in general. The exact analogue of the second main theorem, including the ramification term, was finally
obtained by Yamanoi in 2004.

Theorem 3.4 ([13]). Let f be a nonconstant meromorphic function on C and let a1, . . ., aq be distinct mero-
morphic functions on C. Assume that a, are small functions with respect to f forallv = 1, ..., k. Then we have
the second main theorem,
k
(k-2-e)T(r,f)< Y N(r,ay,/)
v=1

foralle >0, forr - oo, r ¢ E, jE dlogr < oo, and the defect relation,

Y (8(a,f)+6(a,f) <2.
ae8(f)
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4 Auxiliary results

We start with a formulation of a classical theorem of Milloux.
Lemma 4.1 ([4]). Let f be an admissible meromorphic function in the unit disc and let a,, (v = 0, ..., k, k € N)
be meromorphic functions in the unit disc small with respect to f. Put ¥(f)(z) = 2’520 a,(2)fY)(z). Then

m(r, @) =S(r,f) (r-1")

and
T(r,¥(f) < (k+ DT(r,f) +S(r,f) (r— 17).

We should note here that in general for meromorphic functions in ID the relationships would be

m(r, w) = O(log L) +S(r,) r—=17) (4.1)
f 1-r
and 1
T(r, W) < (k+ V)T f) + O(log 1—_r) +SLf) (r—17). (4.2)
Letfi, ..., fr be meromorphic functions. We define the Wronskian of functions f1, . . ., fx in the following
way:
fi a0 fx
fi T i
W(fl:---yfk) = : . .. :
fik—l) fék—l) o flgk—l)

Lemma 4.2 ([5]). Let D c C be a domain and let f1, ..., fi € M(D), where M(D) denotes the space of mero-
morphic functions in D. The Wronskian W(fy, . . ., fx) vanishes identically if and only if f1, . . ., fx are linearly
dependent.

Other useful properties of Wronskians are as follows (see, for instance, [5, Section 1.4]):

W(gfi1,...,8f) =g W(fi,...,fr) forameromorphic function g, (4.3)
W(W(fls e afk’gl)’ ceey W(fl’ ce ’fksgn))
(W(fl9 e 9fk))n_1

The following result concerning poles of meromorphic functions in the unit disc is an analogue of the lemma
proved by Frank and Weissenborn for meromorphic functions in C.

W(fly---yfkagls-'-)gn): (4'4)

Lemma 4.3. Let f be a meromorphic function in the unit disc and let ay, . .., a, be linearly independent (as
vectors in the linear space of meromorphic functions in the unit disc over the field C) functions small with respect
tof.Put L(f) := W(ai,...,an,f). Thenforeverye >0andr — 1°,

nN(, f) < N(r, %) + (1 + &N, ) + O(l i r) +S, .

Proof. The proof follows basically the same lines as in [3]. Let aq, . . ., a, be linearly independent meromor-
phic functions in the unit disc. For a fixed integer s > 0 consider a vector space

Hg :=lin{a’{1...a’,ﬁ":k1,...,kn20, ki +---+kn=s}.

Let now B = {b4, ..., by} be a basis of Hs. By definition, the vectors a1 b1, ..., a1b, belong to Hs,1 and it
can be easily seen that they are linearly independent. It follows that the basis of Hs,1 must contain at least
m vectors. Thus dim Hs < dim Hs, ;. However, the following result is true ([10]):

. dimHgyq

in =1.
seN dim H



DE GRUYTER E. Ciechanowicz, Defective functions of meromorphic functions in the unit disc =— 21

Let then & > 0 be a fixed number and we choose sg such that

dim H50+1

<l+e.
dim Hs,

Let a1, ..., a; be the basis of Hy, and f1, ..., Bj+k the basis of Hs .1, so that ’7‘ < €. For a meromorphic
function f in the unit disc, such that as, ..., a, are small with respect to f, we consider the Wronskians
L(f) = W(a4,...,ay,f) and

Wy = W(B, ... ,ﬁj+k, arfy ..., (Xjf).

We put
We(2)
Az) = ————. (4.5)
(LH(=z)y
We now apply property (4.4) to Wy. We get
W(W(ﬁl’ oo aﬁ]'+ks alf)a sy W(ﬁl» LS rﬁj+ka a}f))
Wr=W(B1,..., Bk a1f,...,af) = . . (4.6)
f B1 Bi+ks a1 j (W(B1, ..., Bj+k))1_1
Applying property (4.3) to the enumerator in (4.5) we have from (4.6),
W(B1,...Bjsk,t1f) W(B1,...,Bj+ic%f)
w ! yeees e
A= (i iip™*”) (4.7)

(W1, ..., BV

Forv=1,...,jwecan see that

ﬁl cee ﬁj+k ayf
By ... ﬁ]’.+k alf + ayf' jrk o
W(ﬁls---sﬁjJrk)an): . . :ZW;/-fl’
. . . . i=0
(j+k) (j+k) j+k ik (+k=1) p(i
B Bj+k i=0 (]; )ay fo

where each WY (i=0,...,j+k) dependson fi,..., B, a and their derivatives only. On the other hand,

a ... an f
! ! !
ay ... ay, f no )
th=|. 1 =Y WO, (4.8)
: . : : ic0
a" oadl o

where each W; (i=0,...,n) depends on as, ..., a, and their derivatives only. For 1 <i<n, 1 <v <j, the
products aya; belong to Hg,+1, SO
W(ﬁla s yﬁj+k’ avai) = 0

As aq, ..., ayarelinearly independent and L(a;) = 0 for 1 < i < n, it follows that

W(ﬁ1’ ey ,Bj+ky avf) = WV(L(f))y

where each W), (1 < v <) is a linear differential polynomial with coefficients depending on ay, 1, . . . , Bj+k»
ai, ..., anand their derivatives only.

Forv =1,...,jwenow consider the fractions WBrse-orBreroar)

. Applying (4.1) we get forr — 17,

L)
W(B1,... ,ﬂj+k, ayf) _ Yy (L(H) _ _ 1
m(r, 5 ) = m<r, W) = O(log - r) +S(r, L) = O<10g - r) +S(rfH. (4.9
By Theorem 3.1,
1 . -1 _
(0 gy ) < T VB B0l ™) +0() =501, + 000, (4.10)
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so it follows from (4.7), (4.9) and (4.10) that
m(r, A) = (log L) + S(r, f). (4.11)
From Theorem 3.1 and (4.11), forr — 1°,
N( L ) <T(r,A)+0(1) < N(r, A) + O(log—) + S(r, f). (4.12)
A

Let now zo be a pole of f of order p, which is a pole of neither of the functions a1, . .., ajnor 1, . .., Bjsk.
Applying (4.3) to Wy, we obtain

Wi =WBi,...,Buk aify -, af) :f2f+"w<l%, o f Ly, . ..,a,-),
so we can see that for z — zg,
W(2) = 0((z - 20) PH*0)
and

A(2) = 0((z - 20) PP = O((z - o) PIP). (4.13)

We put Ng(r, h, N;O(r, h, N;(r, f) for the functions counting once each of the poles of f of order p, where A
has a zero, a pole, or a finite non-zero value, respectively. It follows from (4.13) and (4.12) that forr — 17,

(o0}

Z in—p(i + k)N (rf)<N(r —> Z(p(]+k) inN (rf)+)N( L(f))+0(log—)+3(rf)

and

n S @R < G+0 S pA,H + NS (r,f))+]N( U))+o(logi)+5(rf) (4.14)

p=1 p=1

From (4.13) we also get
JnN,(r, ) < PG + N, (1, ), (4.15)

S0 (4.14) and (4.15) give

jnN(r, f) < ( + K)N(r, f) +jN(r, %) + O(log %) +5(r, ).

It follows that - X L L
nN(r, f) < (1 + 7>N(r,f) +N<r, m) + O(log T r) + S(r, f).
As ’7‘ < &, this completes the proof. O
Lemma 4.4. If f is a meromorphic function in the unit disc and a, . . ., ax are meromorphic functions small
with respect to f, then for r — 1~ we have
k k
Z ( = av> ( ]1 >+S(r,f)+0(1).

Proof. Let f be ameromorphic functioninID and let a4, . . ., a;, be meromorphic functions small with respect
to f. From Theorem 3.1 and the fact that each a, is small with respect to f we have forr — 1-,

T(r, f_lav) — T, f-a)) +0(1) = T(r, /) + S, fH + 0(1) (1 <v<k),
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S0
ém(r, f —1av> =Ko p _élN(r’ f —1av> 5 f)+0). (4.16)
Also
ko1 k k
T(r, L7 av) = T(r, g(f— av)) +0(1) = in T(r,f - ay) + O(1) = kKT(r, f) + S(r, /) + O(1),

so by (4.16) we get

k 1 ko1 k 1
Zm(r,f_ Hf—av)_\;N(r’f—av>+s(r’f)+0(1)

v=1 v=1
ko1
=m(r,ﬂf_av>+8(r,f)+0(1), (4.17)
as desired. O
Lemma 4.5. If f is a meromorphic function in the unit disc and a1, . . ., ay are meromorphic functions small

with respect to f, then forr — 1~ we have

k
1 _
m(r, < T(r, f) + nN(r, —N( )+O(lo >+Sr, s
Yom(n =) < T +nN0) - N1 15 )+ 0o .
where L(f) = W(b4, ..., by, f) and {b4, ..., by} is a basis of lin({a4, ..., ai}).
Proof. Let f be a meromorphic function in the unit disc and let ay, . .., ax be meromorphic functions small

with respect to f. We consider the product ]'[’\f:1 f_La By decomposing it into fractions we obtain

k k A
Uf afg

where A, (1 < v < k) are small functions with respect to f. Now let {b1, ..., by} be abasis of lin({a, . . ., ai})
and put

L(f) := W(b4, ..., by, f).
As by, ..., by, f are linearly independent, by Lemma 4.2 we have L(f) # 0. Also forv =1, ..., k we have

W(bla .. ',bn’ av) =0
which leads to the equality
W(b19 e ,bn;f) = W(bly e ,bn;f) - W(bly sy bn’ av) = W(b19 . ,bn,f_av)

for 1 < v < k. Like in (4.8), for each fixed a, we have

n n
L(H =) Bif? =) Bi(f -a,)?, (4.18)
i=0 i=0
where each B; (i =0, ..., n) is a small function with respect to f and therefore also with respect to f — a,.
Fori=0,...,n,v=1,...,kweputC;, := A, B;, which means that each C;,y is also a small function with

respect to f — a,. This way we have

n
AVL(f) = AVL(f -ay) = z Ci,v(f - av)<i)-

i=0

From (4.1) we get

m(r, fv_Lgv)) (log L) +S(r,f-a,) = (log L) +S(, . (4.19)
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Applying (4.18) and (4.1) we obtain
L y B f(i) y B f(i) 0(1 ! S
= PR < §—_— = _ .
m(r, L(f)) m(r,fg0 7 >_m(r,f)+m(r,i_§0 i ) m(r, f) + <0g1_r>+ nf

Also, if at a point zp, which is not a pole of by, . . ., by, the function f has a pole of order p, then L(f) has
a pole of order p + n at this point. Thus

N(r, L(f)) < N(r, f) + nN(r, ) + S(1, ).

It follows that
T(r, L(f)) < T(r, f) + nN(r, f) + O(log —> + S(r, f). (4.20)

Applying (4.19) and (4.20) into (4.17), we obtain
> m(r )= (s
v=1 f-av

< m(r,

A

4 )+S(r,f)+0(1)

DM~
-

|

Q

<
I
Ju

) + m(r, %) +S(r, /) +0(1)

M~
e
=
S

<
1
—-
\"
|
Q
<

IA
M~
3
=
3>z
~
S

) + m(r, ﬁ) +S(r, f) + 0(1)

- T(r, L(f)) - N(r, %) O(log %) LS,

< T(r, f) + nN(r, f) — N( (1f)>+0(log%)+8(r,f). O

<
Il
-
-
|
Q
<

5 Proofs of the main results

5.1 Proof of Theorem 2.2

The theorem follows directly from Lemma 4.3 and Lemma 4.5.
By Lemma 4.3 we get the estimate

—N(r, %) <-nN(r, )+ (1 + )N, ) + O(log—) +5(r, ),

which together with Lemma 4.5 gives

k 1 1
av) <2T(r, f) + eN(r, ) + O(log ﬁ) + S0, f)

m(r,f)+ Y m<r,f_

v=1

<R+e)T(r, )+ O(log %) + S(r, f).

5.2 Proof of Theorem 2.8

Letfanday, ..., aibelike in the statement of the theorem. Put {b1, ..., b,} for the basis of lin({a, . . ., ax})
and denote L(f) = W(b1, ..., by, f). Ina similar way as in the proof of Lemma 4.5 we can estimate forr — 17,
k 1
Y m ( )<T(r,L(f)) < L(ﬁ>+3(r,f)<m(r, L(D)+S(r,f). (5.1)

v=1

Also, by (4.20),
T(r, L(f)) < T(r, f) + nN(r, f) + S(1, ). (5.2)



DE GRUYTER E. Ciechanowicz, Defective functions of meromorphic functions in the unit disc =— 25

Inequalities (5.1) and (5.2) give

vgklm(r,f_lav)s ( LU))+S(r,f)

(’L(/)
T, L(f))(T(rf)+nN(rf)+S(r D)+ S,
< m(ym)
T(r, L(f))

Dividing both sides of the inequality by T(r, f) and passing to the limit with r — 1~, we get the statement.

((n+1)T(r, ) = n(N(r, f) = N(r, f))) + S(r, f).

5.3 Proof of Theorem 2.10

Let f be an admissible meromorphic function in the unit disc and let p4, ..., px (k > 2) be distinct poly-
nomials. By Lemma 4.4, for r — 1~ we have

k k
‘;m(n}%p\/) = m(r,ﬂf_

Since in this case small functions are polynomials, the term S(r, f) appearing in the estimate in Lemma 4.4
can be replaced in (5.3) by O(1). Decomposing the product into fractions, we obtain

)+ o(1). (5.3)

v

k k
1 dv
= , (5.4)
E f-pv \Z:l f-pv
whereqy, ..., gxarerational functions. Let us take n > d = max <<k deg p,. Then (f — p,)™ = f It follows

that

)+ 0(1)
< z m(r, ff_(";v) ( f(">) im(r qv) + 0(1)

:im(r,ff_(n; ) ( f())+0(1)

Applying (4.1) to %, we getforr — 17,

> m(r

= pv) = m<r’ j%")) + 5@ ). (5.5)

Moreover,
I(r, f™) < T(r, f) + nN(r, f) + S(r, f). (5.6)

From (5.5) and (5.6), similarly as in the proof of Theorem 2.8, we obtain

m(r, fm)

k
Z ( f- p) Tor gomy (1 DTN = n(NG f) = NG, ) + 5. ).

Dividing both sides of the inequality by T(r, f) and passing to the limit with r — 17, we get the statement for
meromorphic functions.
For an admissible holomorphic function f we have T(r, f) = m(r, f), so (5.6) gives

m(r, f™) < m(r, f) + S(r, f).
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Applying (5.5), we obtain

k m(r, 7)
Y m(r, f_lp ) <o ;{;;) (T(r, f) + S(r, ) + S(r, ).
v=1 v ’

We divide both sides of the inequality by T(r, f), pass to the limit with r — 1~ and get the statement in
this case.

5.4 Proof of Theorem 2.11

The statement follows from Theorem 2.10 by the standard argument. Let f be an admissible holomorphic
function in D. Let also a non-negative integer d, an integer n > d and a positive integer s be fixed. By P s
we denote the set of all polynomials in P4 such that if p € Py s, then 8(p, f) > w. It follows from Theo-
rem 2.10 that for ps, ..., pk € Pq s the inequality

A, fW) & (n)
kT < ‘;5(171»,)‘) < A0, fY')

holds. Thus k < s < 0o, so each of the sets Py ; is finite. Moreover, we have the equality Qq(f) = Use; Pa,s»
where Q4(f) denotes the set of all defective polynomials of f of degree at most d. It follows that the set Q4(f)
is at most countable, which leads to the desired inequality.
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