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1. Proof of Theorem 1

The primal problem is

min, Zwilog(wi)
s.t.
K n
Z{A%[Z w;(mye (T3, X;) — an,k)P} <. (1)
k=1 i=1

Let || 0 ||,= /6% + - + 6% be the l, norm for an arbitrary K-dimensional
vector 0 = (0y,...,0,) and A = diag(\,, ..., \ic), then the inequality constraint
in the primal problem can be rewritten as || 7 | wA(my(T;, X;) —mg) [|,<
V6. Let A C R¥ be a convex set such that A = {a € R¥ :|| a ||,< V/§}. Define
I,(a)=0ifa € A4 and I 4(a) = oo otherwise. Then, the primal problem (1) is
equivalent to the following optimaization problem:

ming, Z w;log(w;) + IA(Z wA(my (T, X;) —mg)).
=1 =1
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Let h(w) = Z:;l w,;log(w;, ), the conjugate function of h is

W (w) = sup, (Y wit; =Y _t;log(t;))
i—1 =1

= sup, Z(witi —t;log(t;))

i=1

= Z supy, (wit; —t;log(t;))

= Z f*(wz
=1

where f*(w;) = sup, (w;t; — t;log(t;)) is the conjugate function of f(w,;) =
w;log(w;). Let g(0) = I ,(0) for any § € R¥, then the conjugate function of g is

K
sup, (D O, — Ty(a))

K
= SupHaHQS\/S(kZ 0,.a;)
=1

= supy 1,511 0 llall @ [1>)
A

Define the mapping H : R™ — R such that Hw = Y. w;A(mg(T;,X;) —
M), then H is a bounded linear map. Let H* be the adjoint operator of H,
then for all 6 = (0,,...,0,) € RX,

g*(0)

K
H'O = (D 0N (mye (T4, X)) — e ) Z Op Ak (M (T, X5) — Mg ) -
P

Define § = H = -5 32" A(mye(T;, X;) — ), where @ = (..., %) €
dom(F'). Here, we choose b to be sufficiently large such that || g ;< V8, then
we obtain that g(@) = 0 and g is continuous at 6. Therefore, 6 € H(dom(F)nN
cont(g)), which implies that H(dom(F) N cont(g)) # 0. Here, dom(F) and
cont(g) denotes the domain of F' and the continuous set of g, respectively.
Therefore, the strong duality condition of the Fenchel duality theorem is verified.
Moreover,

F(H"0) Zf ZQMIC (mg k(T )_mK,k))"’_\/SHQHQ'
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According to the Fenchel duality theorem [1, Theorem B.39], we have

n

min,, Zw log(w;) + IA(Z A (T, X,) —myg))

i=1

= min, Zf*(z O (mpe (T3, X)) — Mg ) + Ve [ 0]l
=1 k=1

Furthermore, since the strong duality condition holds, we can conclude that H 0
is a subgradient of F' at w. That is,

K
Z k(Mg o (T5, X;) — my ) = log(w;) + 1.
=1

Therefore, w; = exp(ZkK:1 ék)\k(mek(T,i, X;)—mp j,)—1). The proof of theorem
1 is completed.

2. Proof of Proposition 1

Using the law of total expectation and Assumption 1-3, we can deduce that

Elw(Y— < B, T >)%

_ o ST 2

= Bl g5V~ < BT >

= E(E[%(Y— <B,T>)?]|T=t,X=x) (thelaw of total expectation)
O oy Tt x

= Elg7g [ FIV = < BT =) | T =6, X =x))

)
(

E[(Y(t)— <B,t >)? | T =t,X = x|f(t | x)dtdx (using Assumption 3)

— < B,t>)?| T =tX=x|f(t)f(x)dtdx

— < Bt >)? | X =x]f(t)f(x)dtdx (using Assumption 1)
xX

E[(Y(t)— < B,t >)2]f(t)dt.

L.
-]
[
-]

Hence, we complete the proof of Proposition 1.



4 —— Juan Chen'2 and Yingchun Zhou'-2 DE GRUYTER

3. Proof of Theorem 2

To prove Theorem 2, we first prove the following lemma.
Lemma 1. There exists a global minimizer # such that

19— 0 [ly= O, (K"/2(logK) [ + K1/>-5), (2)

Proof: Define p(z) = e* 1, A, = B(T,, X;) = A\ M (T;, X;), . s A\ M (T}, X)),
then the optimal objective is

=Y pAT0) VB 6], (3)

where G(-) is convex in #. To show that a minimizier A" of G(6* 4+ A) exists in
C ={A € RE || A ||,< C(KY?(logK)/n?/? + K'/>~%)} for some constant C,
it suffices to show that

E{infrceGO* + ) —G(0*) >0} — 1,as n — o0, (4)

by the continuity of G(-).
To show (3), we use mean value theorem:

G(e* +A) -G
i (AT6)A,) + %N{i@” (ATB)AA]}A —VE || A,
3 _

Z_”AHZHEZ(F)/(A;FG*) ||2+ e {Z NATOAADYA =V || Al

i=1

= L ATE W ATRHAADIA - B LS AT A 1) 1 4
=1

i=1

()

where 0 lies between 6* and 6. The first inequality is due to the triangle in-
equality, || 0 + A |3 — || 0 ||2> — || & |5, the second inequality follows from
Cauchy-Schwarz inequality.
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Next we note that

1 n 7’
I EZ(p (A70)A) Il
i=1

1 n
<|| Z (A]0)A; —w; A) [l + || EzwiAi Iz
i=1

=1

n 1 n
< - ZHA ll2 O )+||EZW¢A1‘H2
im1
1 & o P
SEZHBKQ ) ® gy (T;) — By ® gy || O(K )+HEZU}1A1||2
1 n
S*Z”@mx)@akl( )||2+||5K2®O‘K1”) +H*ZWA||2

Z 18120 U - 1l s () U + 1 Bl 1] et IR)OUE) 1| 23w,
=1 i=1
IS R
< 2sup || oy (T5) [[o sup | Bra((X);) [lo OCK™)+ || n szfL Il
i=1

. 1 n
< O(KV2 %)+ || EzwiAi Iz -
-1

(6)

The first inequality is due to triangle inequality and the second inequality is due
to Assumption 4(iv) and A, < 1,k = 1,..., K . Next, we use the Bernstein’s
inequality to bound the second term.

Recall that the Bernstain’s inequality for random matrix in Tropp et al.
(2015): Let {Z;} be a sequence of independent random matrices with dimension
dy X dy. Assume that FZ, =0 and || Z, ||,< R,, almost surely. Define

o5 = max{|| ZE(ZzZzT) [l2: 1] ZE(Z;Zi) 2}, (7)
i=1 i—1

then for all € > 0,

€2/2

T Rl "

Pl ZZ ll2>0) < (dy + dy)exp(—

For the second term || £ 3=  w; A, ||,, we notice that

i=1

E(w;A;) = E(w;Bgy(X;) ® ey (T,)) — E(w; By ® Agcy)
= E(Bxs(X,)) ® E(ag, (T;)) — E(Bxs) ® E(ag,)
=0. (9)
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Then for || L 3" w,A, ||,, we have

=1 "7

1 1 1/2
I EwiAi I[o< o 1w 2]l A; o< m "

Next, for || £ 32" | E(w?A;Al) ||y, we have

7 7 1

1 n
I *ZE(UEAZAD Il
=l - ZE (Bra(X;) ® et (T;) — Brey ® Ay ) (Brea(X,) ® agey (Ty) = Brea ® ager) " |l

—||*ZE {(Bra(X)Bi2(X,) ") @ (a1 (Ty)ag (T) ") = (Bra(X)Bis) ® (g (T;)ay

— (BraBr2(X) ") ® (A0 (T)T) + (A @geq) ® (Ag1@4c)) ) s

<|| T ZE {(Bra(Xi)Br2(X,) ") @ (ager (T) gt (T)T) = (Brea(X)Bies) @ (e (T))@,

— (BraBr2(X) ") ® (a0 (T)T) + (A @geq) ® (A1 @) ) o
=|| % Z{E(5K2(Xi)5K2(X¢)T) ® E(QK1(T1‘)04K1(T¢)T) - E(ﬁKQ(Xz')BITQ) ® Eagy(T;)

— E(BgaBra(X;)") @ B(agak (T)) + E(ag ) ® E(agag)}) |l

< Il EBr2(X)Bra(Xi)T) Iz - || Elag (T;)ag:(T;)7) |l

+ || E(Bg2(X )BKQ) o - || E(age (T, )5‘}1) 2 + ] E(BKQﬁKZ(Xi)T) 2+ | B(@giag (T;)T
+ 1| EBroBics) |lo - | E(@giae)}) llo}

< 4n, G0y

<cC
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Finally, for || %Z;l E(w?A] A;) |5, we have
53 Baia) I
n . K3 3 (]

E(w?(Ba(X;) ® agey (T;) — Brey ® gey) T (Brea(Xy) ® ey (Ty) — Brea ® agey) |l

Ms

ik
Sle 3=
M«

@
Il
—_

(2{(/8K2(Xi)TﬂK2(Xi>) ® (g (T, )TO‘Kl( ) — (Bra(X i)TBK2)®(aK1(Tz‘)Td1

I
<5K2/3K2( ) ® (@ey gy (Ty) + (fey per) ® (fey@gey)}) |l

7722E {(Bra(X) Br2(X:)) ® (gt (Ty) T g1 (Ty) = (Bra(X;) " Brea) ® (e (Ty) @@

—

— (FhaBrca(X0) ® (@hr0s () + (@a @) ® (@)} |l
Z{E Bca(X,) (X)) ® Bl (T) s (1)) = B(Byea(X) o) @ Bl (T,)'

— B(fafra(X,)) ® By s (1) + B ger) © Bl den)}) Il

< fi{nE(ﬁmanﬁmxm o 11 B () Taga (To) [l

+ || E(BKQ(XZ')TBK2) Pl E(@Kl(Ti)TdKl) ll2 + ] E(B;25K2(Xi)) Pl E(&L1QK1(T1'))
+ I E(BjaBr2) Il - || E(@gyag)}) Iz}

< 4,’72]:(1/2
< C3KV/?
(12)
Therefore,
02 = C,K'2. (13)
Combing (35),(36) and (37) with the Bernstain’s inequality, we have
€2/2
Pl ) wiA; [ls= €) < (K + 1)exp(— ) (14)
Z CyKYV2 +C K2«
The right side goes to zero as K — oo when W > logK. It suffices
3 17 '3
when € = Op(Kl/Qlog(K)/n).
Moreover,

AT (ATHAATAY > erds {Z WA AT)A (15)
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According to ? and Assumption 4(v), the smallest eigenvalue of matrix

LS (wA)(w; A;) T satisfies that A, = O,(n"/2). Then,

min

AT (ATO)AATIAY 2w {53 (4,471

=1 =1
2 Aminnln H A ||%
=0,(n'?) | A5

Combine (5), (13) and (15), we can obtain that

G0+ 1) — G(6)

> 0, (') || A |5 =(V8 + O, (K Plog(K) /n+ K?*=)) [ A |l

>0

(17)

for A = C(% + K'/27%) with large enough constant C' > 0. Hence,

Lemma 1 is proved.

Next, we will prove Theorem 2. Specifically, by Mean Value Theorem, we

can deduce that

[la-wp drex

< sup(g ) | exp{Mp(t,x)70; — 1} | x / | My (t,%x)T(6 — 6°) |2 dF (t,x)

<o) [ | M(6x7(6-07) P dF (e, ),
where 0, lies between 6 and 6*. Since
[ 1 Fttex)™@—0) P dF (e,
- /MK(t, )T (6 — 0°)(8 — 0°)T N (6, %)dF (t, %)

=tr{(6—6")(6—6)T / N (6, %) M (£, %) TdF (£, %)}

<Ctr{(0—6)(6—6)"}

=Cllg—0 |7
K'Y?log(K
= Av—;ﬁLl+K”%%%

Then we have

N K'2log(K
/ | w—w |2 dF(t,x) = Op((T() + K1/27°‘)2)
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Furthermore, one can show that

—Z\MKtx (0 —6°) 2 /|MK(t,x)T(é—e*) 2 dF(t,%) = 0,(1).

Hence,
1 n R
- Z | ; —w; |?
n =1
< sup ) | exp{My(t,x)70, —1} - Z | Ny (t,%)7 (0 — 67) |2

< 0(1)/ | VT (6,%)T (B — 6°) |2 dF (£, %) + 0, (1)

K'?log(K)

_ 1/2—a\2
- p( n3/2 +K/ a) )

Therefore, the proof of Theorem 2 is completed.

4. Proof of Theorem 3

We first show the conclusion of Theorem 3(i).

Since B (as a estimator of B*) is a unique minimizer of 1 2:21 w;(Y;— <
B, T, >)?(regarding Elw(Y— < B, T, >)?|, according to the theory of M-
estimation [3, Theorem 5.7], if

1 n R
SUPgee, | - > 1w, (Y;— < B, T, >)? — Ew(Y— < B,T >)?]) |-, 0,
i=1
then B - B*. Note that

1 n
SUPp.e, E > 5, (Y;— <B, T, >)? — Ew(Y— < B, T >)?) |
i=1
1SN
< supg g, | o Z(wz —w)(Y;— <B,T; >)?|
=1

1 n
+suppe, | > w (Y= <B,T;>)?—EwY-<BT>?)|. (18
i=1
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We first show that supg g | Z::1<15i —w;)(Y;— < B, T; >)?|is 0,(1). Using
the Causchy-Schwarz inequality and the fact that @ —~* w, we have

n

SUPgco, Z )(Y,— < B, T, >)?|

=1

< {% (w; — w;)? }1/25upBeo {- Z (Y,— < B, T, >)?}!/?

( ){SUPBGQ Elw(Y— < B, T >)? }4_%( )}1/2

= 0,(1).

Thereafter, under Assumption 5, we can conclude that supg g | Iy w (V=<
B, T, >)?—E[w(Y— < B, T >)?) | is also 0,(1) [2, Lemma 2.4].Hence, we com-
plete the proof for Theorem 3(i). Next, we give the proof of Theorem 3(ii).
Define

B = argming sz(Yz_ <B,T, >)2.
=1

Assume that 23" w,(Y;— < B*,T; >)A(T;;B*)) = o,(n "/?) holds with

n i=1
probablility to one as n — oo

K2

By Assumption 5 and the uniform law of large number, one can get that

1 mn
= sz(Yz_ <B, T, >)? - E{w(Y— < B, T >)?} in probability uniformly over B,
n 4

which implies || B* — B* [, 0. Let
r(B) = 2E{w(Y— < B, T >)h(T;B)},

which is a differentiable function in B and r(B*) = 0. By mean value theorem,
we have

Var(B*) — 7gr(C) - /(n)(B* — =vnr(B*) =0

where ¢ lies on the line joining B* and B*. Since VBT(B) is continuous at B*
and || B* —B* [, 0, then

Vn(vee B* — vec B*) = ypr(B*) ! - Vr(B*) + 0,(1)

Define the empirical process

Gu(B) = = 3wV < BT, >)M(TB) ~ E{u(y— < BT >)h(T;B)}).
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Then we have

Vn(vec B* — vec B*)

= (B {Var(B*) — Z{w (Y,— < B*, T, >)h(T;; B¥)

f
2 & ~ ~
+ =S {w,(Y,— < B*, T, >)h(T,; B*
Tn ;{ ( )h( )}
= —Var(B) - G, (BY) +0,(1)
= U71 : {Gn(ﬁ*) - Gn(B*) + Gn(B*)} + Op(1>'
By Assumption 5, 6, Theorem 4 and 5 of Andrews(1994), we have G, (B*) —
G, (B*) =, 0. Thus,

Vn(vec B* — vec B*) = U_l% Z{wz(Yl— < BT, >)W(T;B*)} +o0,(1),
i1

then we can get that the asymptotic variance of /n(vec B* — vec B*) is V.
Therefore, \/n(vec B* — vec B*) —; N(0,V). Next, we will prove B —, B*.
Since

1 mn R 1 n
Supgee, | Y Wi(Y;— <B,T;>)?—— 3 (¥~ <B,T; >)*) |

i=1 i=1

1 n R
< SUPgcg, ‘ I Z(U% —w;)(Y;— < B, T; >)*|

n

<{, Z }1/2supBEe {= Z (Y,— < B, T, >)?}1/2
< 0,(1){supg g Ew(Y—<B,T >)2] + 0, (1)}1/2
= Op(l)v

which implies B* —p B. Then by Slutskey’s Theorem, we can draw the conclu-
sion that \/n(vec B — vec B*) —,; N(0,V). Therefore, we have completed the
proof of Theorem 3.

5. Proof of Theorem 4

For convenience, we use a mapping € : RP*9*P x R — RP*9*P to represent the
operator of absorbing the constant into the coefficients of B-spline basis for the
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first predictor. More precisely, € is defined by
Gt = Q(G,¢),

where G; ; 4 = G ;, 4 for (iy,i5) # (1,1) and Gy 4 = Gy 4 + pge,d =
., D. Tt then follows from the property of B-spline functions that

1 1
c+—<G,®(T) >=— <G’ ®(T) >.
Pq Pq

We also write G = Zf:“l By, ° o7 =1,..., Ry. Suppose G, ¢) is a solution to
(19) and

&= im A -
1 2 T

r=1

then by [[? ], Lemma B.1], there exists ¢ € R and

~ < (r)
G = ZAI )
r=1
such that { 1
it — <GO(T)>=é+ — < G,¥T) >, 19
o (T) o ®(T) (19)
where 7, = (@, 1, ... ,&7.’D)/ satisfying
D
Z &, qug =0
d=1
with u, = fol b;(x)dx. Using (27), we have
n R 5 1 o n
Z(wzyz_c_i < G7 Z( —Cp—— < G07 ( ) >)2 (20)
=1 Pq i=1

Let G? = Q(",¢) and Gl = Q(Gy, cy), then

n 1 n
Z w iYi — ]Tq < Gb (I) ) > Z WY; — — < vacb( ) )2' (21)

1= i=1
Therefore, we have
n n

N 1 - - 1
Z((Uh —w; + w;)y; — »a <GYO(T)) >)? < ) (@ —w; +w,)y; — vq < G, 9(

i=1 i=1

Tz) >)2:
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which leads to

(23)

Let G# = GP — Gl, a” = vec(G¥), a) = vec(G}), a® = vec(GP) and
Z = (zy,..,2,) € R”X”‘ID where z, = Vec( (T;)),s = 1,...,n. Let y; =
(0191, ., ®,y,) and y,, = (w,yy,...,w,Yy,) , then using (31) and working out
the squares, we obtain

1 1
§2<7Zéb7y >_2<7zab7y)>
Pq v pg "
1 1
—2—— < Za*,Zaj > +2 < —Za¥ y; —y, >
pq? pq
1
—9< —Za#,yﬁ) —y, > +2< —Za#, > +2 < —Za¥ y, —
Pq Pq pq
(24)

First, we show the upper bound of < iZa#7 Yo — Yy >- Using the Cauchy-
Schwarz inequality, we have

1
< }7qza#7 Yo — Yo =

1
<||w—wll|, || —Za#
I I ||pq [P

Ci+/nh, R
< lo—w ]y - |l a |l (25)
pq
By the conclusion of Theorem 2(ii), we have
" K'?log(K) _
10— wlly= 0y (=55 + K> (26)

Applying (37) to (36), we can obtain that

K'log(K) ___+/nh,
s T K2 Q)T la |y, (27)

1
# —
< qua Y — Y >< O,( 372

Second, by the conclusion of [4, (A.18) and (A.20)], we can obtain the upper
bound of < iZa#, > and < iZaﬁyw - — iZag >, which are

1 C
< p—an#, >< p—; || a# ||, {nh, (R® + R(p+ q) + RD)}'/2. (28)

— —Zag >
prq
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and

S || vee(By,) Iy v

1 1 c
< —Za" y, — — —Zal >< 4 || a#
pq pa- °7 7 pq ITa™llz { pq DT

(29)
Therefore, applying (38), (39) and (40) to (35), we have
Cs %12
— || a < R, || a#* ||,, 30
o la™ |[3< Ry [| a™ [ (30)

where

K'?log(K) L D
e = Sl [2—a -
n3/2 +K ) n

D(R®+ R(p+q) + RD)

n

R,
2,y | vee(By,) ||1} 1
pg Dr-1/2°

R, :CG(

+Crf{ e

+ Ce{
By solving the second order inequality (41), we have
Cs
D la* ||, < R 31
0 la™ |[,< R, (31)
Further, by Assumption 6 and [4, (A.38) of Lemma A.2], we have

. 1
1 5(T) = s(T) ] < Cohn gz | a® ||?

_ CyR?
- D
K'?og(K B R3+ R(p+q)+ RD
_ p(( n3/2( )+K1/2 a)2)+op( ( - ) )
e |l vee(Bo,) Il 1, 1
+ O ({ == = ).
(32)

Hence, the proof of Theorem 4 is completed.

Reference

[1] Mohri, M., Rostamizadeh, A., and Talwalkar, A. (2018). Foundations of ma-
chine learning. MIT press.

[2] Newey, W. K. and McFadden, D. (1994). Large sample estimation and
hypoth- esis testing. Handbook of econometrics, 4:2111-2245.



DE GRUYTER Article title =—— 15

[3] Van der Vaart, A. W. (2000). Asymptotic statistics, volume 3. Cambridge
university press.

[4] Zhou, Y., Wong, R., and He, K. (2020). Broadcasted nonparametric tensor
regression.



	Supplementary Materials for Weighted Euclidean balancing for a matrix exposure in estimating causal effect

