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1. Proof of Theorem 1
The primal problem is

minw

𝑛
∑
𝑖=1

𝑤𝑖𝑙𝑜𝑔(𝑤𝑖)

s.t.
𝐾

∑
𝑘=1

{𝜆2
𝑘[

𝑛
∑
𝑖=1

𝑤𝑖(𝑚𝐾,𝑘(T𝑖, X𝑖) − 𝑚̄𝐾,𝑘)]2} ≤ 𝛿. (1)

Let ∣∣ 𝜃 ∣∣2= √𝜃2
1 + ⋯ + 𝜃2

𝐾 be the 𝑙2 norm for an arbitrary 𝐾-dimensional
vector 𝜃 = (𝜃1, … , 𝜃𝐾)′ and Λ = 𝑑𝑖𝑎𝑔(𝜆1, … , 𝜆𝐾), then the inequality constraint
in the primal problem can be rewritten as ∣∣ ∑𝑛

𝑖=1 𝑤𝑖Λ(𝑚𝐾(T𝑖, X𝑖) − 𝑚̄𝐾) ∣∣2≤√
𝛿. Let 𝒜 ⊆ 𝑅𝐾 be a convex set such that 𝒜 = {𝑎 ∈ 𝑅𝐾 ∶∣∣ 𝑎 ∣∣2≤

√
𝛿}. Define

𝐼𝒜(𝑎) = 0 if 𝑎 ∈ 𝒜 and 𝐼𝒜(𝑎) = ∞ otherwise. Then, the primal problem (1) is
equivalent to the following optimaization problem:

minw

𝑛
∑
𝑖=1

𝑤𝑖𝑙𝑜𝑔(𝑤𝑖) + 𝐼𝒜(
𝑛

∑
𝑖=1

𝑤𝑖Λ(𝑚𝐾(T𝑖, X𝑖) − 𝑚̄𝐾)).
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Let ℎ(𝑤) = ∑𝑛
𝑖=1 𝑤𝑖𝑙𝑜𝑔(𝑤𝑖), the conjugate function of ℎ is

ℎ∗(𝑤) = 𝑠𝑢𝑝𝑡(
𝑛

∑
𝑖=1

𝑤𝑖𝑡𝑖 −
𝑛

∑
𝑖=1

𝑡𝑖𝑙𝑜𝑔(𝑡𝑖))

= 𝑠𝑢𝑝𝑡

𝑛
∑
𝑖=1

(𝑤𝑖𝑡𝑖 − 𝑡𝑖𝑙𝑜𝑔(𝑡𝑖))

=
𝑛

∑
𝑖=1

𝑠𝑢𝑝𝑡𝑖
(𝑤𝑖𝑡𝑖 − 𝑡𝑖𝑙𝑜𝑔(𝑡𝑖))

=
𝑛

∑
𝑖=1

𝑓∗(𝑤𝑖),

where 𝑓∗(𝑤𝑖) = sup𝑡𝑖
(𝑤𝑖𝑡𝑖 − 𝑡𝑖𝑙𝑜𝑔(𝑡𝑖)) is the conjugate function of 𝑓(𝑤𝑖) =

𝑤𝑖𝑙𝑜𝑔(𝑤𝑖). Let 𝑔(𝜃) = 𝐼𝒜(𝜃) for any 𝜃 ∈ 𝑅𝐾 , then the conjugate function of 𝑔 is

𝑔∗(𝜃) = sup𝑎(
𝐾

∑
𝑘=1

𝜃𝑘𝑎𝑘 − 𝑇𝒜(𝑎))

= sup∣∣𝑎∣∣2≤
√

𝛿(
𝐾

∑
𝑘=1

𝜃𝑘𝑎𝑘)

= sup∣∣𝑎∣∣2≤
√

𝛿(∣∣ 𝜃 ∣∣2∣∣ 𝑎 ∣∣2)
=

√
𝛿 ∣∣ 𝜃 ∣∣2 .

Define the mapping 𝐻 ∶ 𝑅𝑛 → 𝑅𝐾 such that 𝐻𝑤 = ∑𝑛
𝑖=1 𝑤𝑖Λ(𝑚𝐾(T𝑖, X𝑖) −

𝑚̄𝐾), then 𝐻 is a bounded linear map. Let 𝐻∗ be the adjoint operator of 𝐻,
then for all 𝜃 = (𝜃1, … , 𝜃𝐾)′ ∈ 𝑅𝐾 ,

𝐻∗𝜃 = (
𝐾

∑
𝑘=1

𝜃𝑘𝜆𝑘(𝑚𝐾,𝑘(T1, X1) − 𝑚̄𝐾,𝑘), … ,
𝐾

∑
𝑘=1

𝜃𝑘𝜆𝑘(𝑚𝐾,𝑘(T𝑛, X𝑛) − 𝑚̄𝐾,𝑘))′ .

Define ̃𝜃 = 𝐻𝑤̃ = 1
𝑛𝑟 ∑𝑛

𝑖=1 Λ(𝑚𝐾(T𝑖, X𝑖) − 𝑚̄𝐾), where 𝑤̃ = ( 1
𝑛𝑟 , … , 1

𝑛𝑟 )′ ∈
𝑑𝑜𝑚(𝐹). Here, we choose 𝑏 to be sufficiently large such that ∣∣ ̃𝜃 ∣∣2≤

√
𝛿, then

we obtain that 𝑔( ̃𝜃) = 0 and 𝑔 is continuous at ̃𝜃. Therefore, ̃𝜃 ∈ 𝐻(𝑑𝑜𝑚(𝐹) ∩
𝑐𝑜𝑛𝑡(𝑔)), which implies that 𝐻(𝑑𝑜𝑚(𝐹) ∩ 𝑐𝑜𝑛𝑡(𝑔)) ≠ ∅. Here, 𝑑𝑜𝑚(𝐹) and
𝑐𝑜𝑛𝑡(𝑔) denotes the domain of 𝐹 and the continuous set of 𝑔, respectively.
Therefore, the strong duality condition of the Fenchel duality theorem is verified.
Moreover,

𝐹(𝐻∗𝜃) + 𝑔∗(−𝜃) =
𝑛

∑
𝑖=1

𝑓∗(
𝐾

∑
𝑘=1

𝜃𝑘𝜆𝑘(𝑚𝐾,𝑘(T𝑖, X𝑖) − 𝑚̄𝐾,𝑘)) +
√

𝛿 ∣∣ 𝜃 ∣∣2 .
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According to the Fenchel duality theorem [1, Theorem B.39], we have

min𝑤

𝑛
∑
𝑖=1

𝑤𝑖𝑙𝑜𝑔(𝑤𝑖) + 𝐼𝒜(
𝑛

∑
𝑖=1

𝑤𝑖Λ(𝑚𝐾(T𝑖, X𝑖) − 𝑚̄𝐾))

= min𝜃

𝑛
∑
𝑖=1

𝑓∗(
𝐾

∑
𝑘=1

𝜃𝑘𝜆𝑘(𝑚𝐾,𝑘(T𝑖, X𝑖) − 𝑚̄𝐾,𝑘)) +
√

𝛿 ∣∣ 𝜃 ∣∣2

Furthermore, since the strong duality condition holds, we can conclude that 𝐻∗ ̂𝜃
is a subgradient of 𝐹 at 𝑤̂. That is,

𝐾
∑
𝑘=1

̂𝜃𝑘𝜆𝑘(𝑚𝐾,𝑘(T𝑖, X𝑖) − 𝑚̄𝐾,𝑘) = 𝑙𝑜𝑔(𝑤̂𝑖) + 1.

Therefore, 𝑤̂𝑖 = exp(∑𝐾
𝑘=1

̂𝜃𝑘𝜆𝑘(𝑚𝐾,𝑘(T𝑖, X𝑖)−𝑚̄𝐾,𝑘)−1). The proof of theorem
1 is completed.

2. Proof of Proposition 1
Using the law of total expectation and Assumption 1-3, we can deduce that

𝔼[𝑤(𝑌 − < B, T >)2]

= 𝐸[ 𝑓(T)
𝑓(T ∣ X) (𝑌 − < B, T >)2]

= 𝔼(𝔼[ 𝑓(T)
𝑓(T ∣ X) (𝑌 − < B, T >)2] ∣ T = t, X = x) (the law of total expectation)

= 𝔼( 𝑓(t)
𝑓(t ∣ x)𝔼([(𝑌 − < B, T >)2] ∣ T = t, X = x))

= ∫
𝒯×𝒳

𝑓(t)
𝑓(t ∣ x)𝔼[(𝑌 (t)− < B, t >)2 ∣ T = t, X = x]𝑓(t ∣ x)𝑑t𝑑x (using Assumption 3)

= ∫
𝒯×𝒳

𝔼[(𝑌 (t)− < B, t >)2 ∣ T = t, X = x]𝑓(t)𝑓(x)𝑑t𝑑x

= ∫
𝒯×𝒳

𝔼[(𝑌 (t)− < B, t >)2 ∣ X = x]𝑓(t)𝑓(x)𝑑t𝑑x (using Assumption 1)

= ∫
𝒯

𝔼[(𝑌 (t)− < B, t >)2]𝑓(t)𝑑t.

Hence, we complete the proof of Proposition 1.
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3. Proof of Theorem 2
To prove Theorem 2, we first prove the following lemma.
Lemma 1. There exists a global minimizer ̂𝜃 such that

∣∣ ̂𝜃 − 𝜃∗ ∣∣2= 𝑂𝑝(𝐾1/2(𝑙𝑜𝑔𝐾)/𝑛3/2 + 𝐾1/2−𝛼̃). (2)

Proof : Define 𝜌(𝑥) = 𝑒𝑥−1, 𝐴𝑖 = 𝐵(𝑇𝑖, 𝑋𝑖) = (𝜆1𝑀1(𝑇𝑖, 𝑋𝑖), … , 𝜆𝐾𝑀𝐾(𝑇𝑖, 𝑋𝑖)),
then the optimal objective is

𝐺(𝜃) = 1
𝑛

𝑛
∑
𝑖=1

𝜌(𝐴⊤
𝑖 𝜃) +

√
𝛿 ∣∣ 𝜃 ∣∣2, (3)

where 𝐺(⋅) is convex in 𝜃. To show that a minimizier △∗ of 𝐺(𝜃∗ + △) exists in
𝒞 = {△ ∈ 𝑅𝐾 ∶∣∣ △ ∣∣2≤ 𝐶(𝐾1/2(𝑙𝑜𝑔𝐾)/𝑛3/2 + 𝐾1/2−𝛼̃)} for some constant 𝐶,
it suffices to show that

𝐸{𝑖𝑛𝑓△∈𝒞𝐺(𝜃∗ + △) − 𝐺(𝜃∗) > 0} → 1, 𝑎𝑠 𝑛 → ∞, (4)

by the continuity of 𝐺(⋅).
To show (3), we use mean value theorem:

𝐺(𝜃∗ + △) − 𝐺(𝜃∗)

≥ 1
𝑛△⊤

𝑛
∑
𝑖=1

(𝜌′ (𝐴⊤
𝑖 𝜃∗)𝐴𝑖) + 1

2𝑛△⊤{
𝑛

∑
𝑖=1

(𝜌″ (𝐴⊤
𝑖 ̃𝜃)𝐴𝑖𝐴⊤

𝑖 )}△ −
√

𝛿 ∣∣ △ ∣∣2

≥ − ∣∣ △ ∣∣2∣∣ 1
𝑛

𝑛
∑
𝑖=1

(𝜌′ (𝐴⊤
𝑖 𝜃∗)𝐴𝑖) ∣∣2 + 1

2𝑛△⊤{
𝑛

∑
𝑖=1

(𝜌″ (𝐴⊤
𝑖 ̃𝜃)𝐴𝑖𝐴⊤

𝑖 )}△ −
√

𝛿 ∣∣ △ ∣∣2

= 1
2𝑛△⊤{

𝑛
∑
𝑖=1

(𝜌″ (𝐴⊤
𝑖 ̃𝜃)𝐴𝑖𝐴⊤

𝑖 )}△ − (
√

𝛿+ ∣∣ 1
𝑛

𝑛
∑
𝑖=1

(𝜌′ (𝐴⊤
𝑖 𝜃∗)𝐴𝑖) ∣∣2) ∣∣ △ ∣∣2

(5)

where ̃𝜃 lies between 𝜃∗ and ̂𝜃. The first inequality is due to the triangle in-
equality, ∣∣ 𝜃∗ + △ ∣∣2 − ∣∣ 𝜃∗ ∣∣2≥ − ∣∣ △ ∣∣2, the second inequality follows from
Cauchy-Schwarz inequality.
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Next we note that

∣∣ 1
𝑛

𝑛
∑
𝑖=1

(𝜌′ (𝐴⊤
𝑖 𝜃)𝐴𝑖) ∣∣2

≤∣∣ 1
𝑛

𝑛
∑
𝑖=1

(𝜌′ (𝐴⊤
𝑖 𝜃)𝐴𝑖 − 𝑤𝑖𝐴𝑖) ∣∣2 + ∣∣ 1

𝑛
𝑛

∑
𝑖=1

𝑤𝑖𝐴𝑖 ∣∣2

≤ 1
𝑛

𝑛
∑
𝑖=1

∣∣ 𝐴𝑖 ∣∣2 𝑂(𝐾−𝛼̃)+ ∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝑤𝑖𝐴𝑖 ∣∣2

≤ 1
𝑛

𝑛
∑
𝑖=1

∣∣ 𝛽𝐾2(X𝑖) ⊗ 𝛼𝐾1(T𝑖) − ̄𝛽𝐾2 ⊗ ̄𝛼𝐾1 ∣∣2 𝑂(𝐾−𝛼̃)+ ∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝑤𝑖𝐴𝑖 ∣∣2

≤ 1
𝑛

𝑛
∑
𝑖=1

(∣∣ 𝛽𝐾2(X𝑖) ⊗ 𝛼𝐾1(T𝑖) ∣∣2 + ∣∣ ̄𝛽𝐾2 ⊗ ̄𝛼𝐾1 ∣∣2)𝑂(𝐾−𝛼̃)+ ∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝑤𝑖𝐴𝑖 ∣∣2

= 1
𝑛

𝑛
∑
𝑖=1

(∣∣ 𝛽𝐾2(X𝑖) ∣∣2 ⋅ ∣∣ 𝛼𝐾1(T𝑖) ∣∣2 + ∣∣ ̄𝛽𝐾2 ∣∣2 ⋅ ∣∣ ̄𝛼𝐾1 ∣∣2)𝑂(𝐾−𝛼̃)+ ∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝑤𝑖𝐴𝑖 ∣∣2

≤ 2sup ∣∣ 𝛼𝐾1(T𝑖) ∣∣2 sup ∣∣ 𝛽𝐾2((𝑋)𝑖) ∣∣2 𝑂(𝐾−𝛼̃)+ ∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝑤𝑖𝐴𝑖 ∣∣2

≤ 𝑂(𝐾1/2−𝛼̃)+ ∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝑤𝑖𝐴𝑖 ∣∣2 .

(6)

The first inequality is due to triangle inequality and the second inequality is due
to Assumption 4(iv) and 𝜆𝑘 ≤ 1, 𝑘 = 1, … , 𝐾 . Next, we use the Bernstein’s
inequality to bound the second term.

Recall that the Bernstain’s inequality for random matrix in Tropp et al.
(2015): Let {𝑍𝑖} be a sequence of independent random matrices with dimension
𝑑1 × 𝑑2. Assume that 𝐸𝑍𝑖 = 0 and ∣∣ 𝑍𝑖 ∣∣2≤ 𝑅𝑛 almost surely. Define

𝜎2
𝑛 = max{∣∣

𝑛
∑
𝑖=1

𝐸(𝑍𝑖𝑍⊤
𝑖 ) ∣∣2, ∣∣

𝑛
∑
𝑖=1

𝐸(𝑍⊤
𝑖 𝑍𝑖) ∣∣2}, (7)

then for all 𝜖 ≥ 0,

𝑃(∣∣
𝑛

∑
𝑖=1

𝑍𝑖 ∣∣2≥ 0) ≤ (𝑑1 + 𝑑2)exp(− 𝜖2/2
𝜎2𝑛 + 𝑅𝑛𝜖/3). (8)

For the second term ∣∣ 1
𝑛 ∑𝑛

𝑖=1 𝑤𝑖𝐴𝑖 ∣∣2, we notice that

𝐸(𝑤𝑖𝐴𝑖) = 𝐸(𝑤𝑖𝛽𝐾2(X𝑖) ⊗ 𝛼𝐾1(T𝑖)) − 𝐸(𝑤𝑖 ̄𝛽𝐾2 ⊗ ̄𝛼𝐾1)
= 𝐸(𝛽𝐾2(X𝑖)) ⊗ 𝐸(𝛼𝐾1(T𝑖)) − 𝐸( ̄𝛽𝐾2) ⊗ 𝐸( ̄𝛼𝐾1)
= 0. (9)
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Then for ∣∣ 1
𝑛 ∑𝑛

𝑖=1 𝑤𝑖𝐴𝑖 ∣∣2, we have

∣∣ 1
𝑛𝑤𝑖𝐴𝑖 ∣∣2≤ 1

𝑛 ∣∣ 𝑤𝑖 ∣∣2∣∣ 𝐴𝑖 ∣∣2≤ 𝜂1
𝐾1/2

𝑛 (10)

Next, for ∣∣ 1
𝑛 ∑𝑛

𝑖=1 𝐸(𝑤2
𝑖 𝐴𝑖𝐴⊤

𝑖 ) ∣∣2, we have

∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝐸(𝑤2
𝑖 𝐴𝑖𝐴⊤

𝑖 ) ∣∣2

=∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝐸(𝑤2
𝑖 (𝛽𝐾2(X𝑖) ⊗ 𝛼𝐾1(T𝑖) − ̄𝛽𝐾2 ⊗ ̄𝛼𝐾1)(𝛽𝐾2(X𝑖) ⊗ 𝛼𝐾1(T𝑖) − ̄𝛽𝐾2 ⊗ ̄𝛼𝐾1)⊤ ∣∣2

=∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝐸(𝑤2
𝑖 {(𝛽𝐾2(X𝑖)𝛽𝐾2(X𝑖)⊤) ⊗ (𝛼𝐾1(T𝑖)𝛼𝐾1(T𝑖)⊤) − (𝛽𝐾2(X𝑖) ̄𝛽⊤

𝐾2) ⊗ (𝛼𝐾1(T𝑖) ̄𝛼⊤
𝐾1)

− ( ̄𝛽𝐾2𝛽𝐾2(X𝑖)⊤) ⊗ ( ̄𝛼𝐾1𝛼𝐾1(T𝑖)⊤) + ( ̄𝛼𝐾1 ̄𝛼⊤
𝐾1) ⊗ ( ̄𝛼𝐾1 ̄𝛼⊤

𝐾1)}) ∣∣2

≤∣∣ 𝜂2
𝑛

𝑛
∑
𝑖=1

𝐸(𝑤𝑖{(𝛽𝐾2(X𝑖)𝛽𝐾2(X𝑖)⊤) ⊗ (𝛼𝐾1(T𝑖)𝛼𝐾1(T𝑖)⊤) − (𝛽𝐾2(X𝑖) ̄𝛽⊤
𝐾2) ⊗ (𝛼𝐾1(T𝑖) ̄𝛼⊤

𝐾1)

− ( ̄𝛽𝐾2𝛽𝐾2(X𝑖)⊤) ⊗ ( ̄𝛼𝐾1𝛼𝐾1(T𝑖)⊤) + ( ̄𝛼𝐾1 ̄𝛼⊤
𝐾1) ⊗ ( ̄𝛼𝐾1 ̄𝛼⊤

𝐾1)}) ∣∣2

=∣∣ 𝜂2
𝑛

𝑛
∑
𝑖=1

{𝐸(𝛽𝐾2(X𝑖)𝛽𝐾2(X𝑖)⊤) ⊗ 𝐸(𝛼𝐾1(T𝑖)𝛼𝐾1(T𝑖)⊤) − 𝐸(𝛽𝐾2(X𝑖) ̄𝛽⊤
𝐾2) ⊗ 𝐸(𝛼𝐾1(T𝑖) ̄𝛼⊤

𝐾1)

− 𝐸( ̄𝛽𝐾2𝛽𝐾2(X𝑖)⊤) ⊗ 𝐸( ̄𝛼𝐾1𝛼𝐾1(T𝑖)⊤) + 𝐸( ̄𝛼𝐾1 ̄𝛼⊤
𝐾1) ⊗ 𝐸( ̄𝛼𝐾1 ̄𝛼⊤

𝐾1)}) ∣∣2
≤ 𝜂2{∣∣ 𝐸(𝛽𝐾2(X𝑖)𝛽𝐾2(X𝑖)⊤) ∣∣2 ⋅ ∣∣ 𝐸(𝛼𝐾1(T𝑖)𝛼𝐾1(T𝑖)⊤) ∣∣2
+ ∣∣ 𝐸(𝛽𝐾2(X𝑖) ̄𝛽⊤

𝐾2) ∣∣2 ⋅ ∣∣ 𝐸(𝛼𝐾1(T𝑖) ̄𝛼⊤
𝐾1) ∣∣2 + ∣∣ 𝐸( ̄𝛽𝐾2𝛽𝐾2(X𝑖)⊤) ∣∣2 ⋅ ∣∣ 𝐸( ̄𝛼𝐾1𝛼𝐾1(T𝑖)⊤) ∣∣2

+ ∣∣ 𝐸( ̄𝛽𝐾2 ̄𝛽⊤
𝐾2) ∣∣2 ⋅ ∣∣ 𝐸( ̄𝛼𝐾1 ̄𝛼⊤

𝐾1)}) ∣∣2}
≤ 4𝜂2𝐶1𝐶2

≤ 𝐶
(11)
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Finally, for ∣∣ 1
𝑛 ∑𝑛

𝑖=1 𝐸(𝑤2
𝑖 𝐴⊤

𝑖 𝐴𝑖) ∣∣2, we have

∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝐸(𝑤2
𝑖 𝐴⊤

𝑖 𝐴𝑖) ∣∣2

=∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝐸(𝑤2
𝑖 (𝛽𝐾2(X𝑖) ⊗ 𝛼𝐾1(T𝑖) − ̄𝛽𝐾2 ⊗ ̄𝛼𝐾1)⊤(𝛽𝐾2(X𝑖) ⊗ 𝛼𝐾1(T𝑖) − ̄𝛽𝐾2 ⊗ ̄𝛼𝐾1) ∣∣2

=∣∣ 1
𝑛

𝑛
∑
𝑖=1

𝐸(𝑤2
𝑖 {(𝛽𝐾2(X𝑖)⊤𝛽𝐾2(X𝑖)) ⊗ (𝛼𝐾1(T𝑖)⊤𝛼𝐾1(T𝑖)) − (𝛽𝐾2(X𝑖)⊤ ̄𝛽𝐾2) ⊗ (𝛼𝐾1(T𝑖)⊤ ̄𝛼𝐾1)

− ( ̄𝛽⊤
𝐾2𝛽𝐾2(X𝑖)) ⊗ ( ̄𝛼⊤

𝐾1𝛼𝐾1(T𝑖)) + ( ̄𝛼⊤
𝐾1 ̄𝛼𝐾1) ⊗ ( ̄𝛼⊤

𝐾1 ̄𝛼𝐾1)}) ∣∣2

≤∣∣ 𝜂2
𝑛

𝑛
∑
𝑖=1

𝐸(𝑤𝑖{(𝛽𝐾2(X𝑖)⊤𝛽𝐾2(X𝑖)) ⊗ (𝛼𝐾1(T𝑖)⊤𝛼𝐾1(T𝑖)) − (𝛽𝐾2(X𝑖)⊤ ̄𝛽𝐾2) ⊗ (𝛼𝐾1(T𝑖)⊤ ̄𝛼𝐾1)

− ( ̄𝛽⊤
𝐾2𝛽𝐾2(X𝑖)) ⊗ ( ̄𝛼⊤

𝐾1𝛼𝐾1(T𝑖)) + ( ̄𝛼⊤
𝐾1 ̄𝛼𝐾1) ⊗ ( ̄𝛼⊤

𝐾1 ̄𝛼𝐾1)}) ∣∣2

=∣∣ 𝜂2
𝑛

𝑛
∑
𝑖=1

{𝐸(𝛽𝐾2(X𝑖)⊤𝛽𝐾2(X𝑖)) ⊗ 𝐸(𝛼𝐾1(T𝑖)⊤𝛼𝐾1(T𝑖)) − 𝐸(𝛽𝐾2(X𝑖)⊤ ̄𝛽𝐾2) ⊗ 𝐸(𝛼𝐾1(T𝑖)⊤ ̄𝛼𝐾1)

− 𝐸( ̄𝛽⊤
𝐾2𝛽𝐾2(X𝑖)) ⊗ 𝐸( ̄𝛼⊤

𝐾1𝛼𝐾1(T𝑖)) + 𝐸( ̄𝛼⊤
𝐾1 ̄𝛼𝐾1) ⊗ 𝐸( ̄𝛼⊤

𝐾1 ̄𝛼𝐾1)}) ∣∣2

≤ 𝜂2
𝑛

𝑛
∑
𝑖=1

{∣∣ 𝐸(𝛽𝐾2(X𝑖)⊤𝛽𝐾2(X𝑖)) ∣∣2 ⋅ ∣∣ 𝐸(𝛼𝐾1(T𝑖)⊤𝛼𝐾1(T𝑖)) ∣∣2

+ ∣∣ 𝐸(𝛽𝐾2(X𝑖)⊤ ̄𝛽𝐾2) ∣∣2 ⋅ ∣∣ 𝐸(𝛼𝐾1(T𝑖)⊤ ̄𝛼𝐾1) ∣∣2 + ∣∣ 𝐸( ̄𝛽⊤
𝐾2𝛽𝐾2(X𝑖)) ∣∣2 ⋅ ∣∣ 𝐸( ̄𝛼⊤

𝐾1𝛼𝐾1(T𝑖)) ∣∣2
+ ∣∣ 𝐸( ̄𝛽⊤

𝐾2 ̄𝛽𝐾2) ∣∣2 ⋅ ∣∣ 𝐸( ̄𝛼⊤
𝐾1 ̄𝛼𝐾1)}) ∣∣2}

≤ 4𝜂2𝐾1/2

≤ 𝐶3𝐾1/2

(12)

Therefore,
𝜎2

𝑛 = 𝐶3𝐾1/2. (13)

Combing (35),(36) and (37) with the Bernstain’s inequality, we have

𝑃(∣∣
𝑛

∑
𝑖=1

𝑤𝑖𝐴𝑖 ∣∣2≥ 𝜖) ≤ (𝐾 + 1)exp(− 𝜖2/2
𝐶3𝐾1/2 + 𝐶1

𝐾1/2
𝑛 ⋅ 𝜖

3
). (14)

The right side goes to zero as 𝐾 → ∞ when 𝜖2/2
𝐶3𝐾1/2+𝐶1

𝐾1/2
𝑛 ⋅ 𝜖

3
> log𝐾. It suffices

when 𝜖 = 𝑂𝑝(𝐾1/2𝑙𝑜𝑔(𝐾)/𝑛).
Moreover,

△⊤{
𝑛

∑
𝑖=1

(𝜌″ (𝐴⊤
𝑖 ̃𝜃)𝐴𝑖𝐴⊤

𝑖 )△} ≥ 𝑐1𝜂2
2△⊤{

𝑛
∑
𝑖=1

(𝑤2
𝑖 𝐴𝑖𝐴⊤

𝑖 )△} (15)
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According to ? and Assumption 4(v), the smallest eigenvalue of matrix
1
𝑛 ∑𝑛

𝑖=1(𝑤𝑖𝐴𝑖)(𝑤𝑖𝐴𝑖)⊤ satisfies that 𝜆min = 𝑂𝑝(𝑛−1/2). Then,

△⊤{
𝑛

∑
𝑖=1

(𝜌″ (𝐴⊤
𝑖 𝜃)𝐴𝑖𝐴⊤

𝑖 )△} ≥ 𝜂1𝑛△⊤{ 1
𝑛

𝑛
∑
𝑖=1

(𝐴𝑖𝐴⊤
𝑖 )△}

≥ 𝜆min𝜂1𝑛 ∣∣ △ ∣∣22
= 𝑂𝑝(𝑛1/2) ∣∣ △ ∣∣22 . (16)

Combine (5), (13) and (15), we can obtain that

𝐺(𝜃 + △) − 𝐺(𝜃)
≥ 𝑂𝑝(𝑛1/2) ∣∣ △ ∣∣22 −(

√
𝛿 + 𝑂𝑝(𝐾1/2𝑙𝑜𝑔(𝐾)/𝑛 + 𝐾1/2−𝛼̃)) ∣∣ △ ∣∣2

≥ 0 (17)

for △ = 𝐶( 𝐾1/2log(𝐾)
𝑛3/2 + 𝐾1/2−𝛼) with large enough constant 𝐶 > 0. Hence,

Lemma 1 is proved.
Next, we will prove Theorem 2. Specifically, by Mean Value Theorem, we

can deduce that

∫ ∣ 𝑤̂ − 𝑤 ∣2 𝑑𝐹(t, x)

≤ sup(t,x) ∣ exp{𝑀̃𝐾(t, x)⊤𝜃1 − 1} ∣2 × ∫ ∣ 𝑀̃𝐾(t, x)⊤( ̂𝜃 − 𝜃∗) ∣2 𝑑𝐹(t, x)

≤ 𝑂(1) ⋅ ∫ ∣ 𝑀̃𝐾(t, x)⊤( ̂𝜃 − 𝜃∗) ∣2 𝑑𝐹(t, x),

where 𝜃1 lies between ̂𝜃 and 𝜃∗. Since

∫ ∣ 𝑀̃𝐾(t, x)⊤( ̂𝜃 − 𝜃∗) ∣2 𝑑𝐹(t, x)

= ∫ 𝑀̃𝐾(t, x)⊤( ̂𝜃 − 𝜃∗)( ̂𝜃 − 𝜃∗)⊤𝑀̃𝐾(t, x)𝑑𝐹(t, x)

= 𝑡𝑟{( ̂𝜃 − 𝜃∗)( ̂𝜃 − 𝜃∗)⊤ ∫ 𝑀̃𝐾(t, x)𝑀̃𝐾(t, x)⊤𝑑𝐹(t, x)}

≤ 𝐶𝑡𝑟{( ̂𝜃 − 𝜃∗)( ̂𝜃 − 𝜃∗)⊤}
= 𝐶 ∣∣ ̂𝜃 − 𝜃∗ ∣∣2

= 𝑂𝑝((𝐾1/2log(𝐾)
𝑛3/2 + 𝐾1/2−𝛼)2).

Then we have

∫ ∣ 𝑤̂ − 𝑤 ∣2 𝑑𝐹(t, x) = 𝑂𝑝((𝐾1/2log(𝐾)
𝑛3/2 + 𝐾1/2−𝛼)2)
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Furthermore, one can show that

1
𝑛

𝑛
∑
𝑖=1

∣ 𝑀̃𝐾(t, x)⊤( ̂𝜃 − 𝜃∗) ∣2 − ∫ ∣ 𝑀̃𝐾(t, x)⊤( ̂𝜃 − 𝜃∗) ∣2 𝑑𝐹(t, x) = 𝑜𝑝(1).

Hence,

1
𝑛

𝑛
∑
𝑖=1

∣ 𝑤̂𝑖 − 𝑤𝑖 ∣2

≤ sup(t,x) ∣ exp{𝑀̃𝐾(t, x)⊤𝜃1 − 1} ∣2 ⋅ 1
𝑛

𝑛
∑
𝑖=1

∣ 𝑀̃𝐾(t, x)⊤( ̂𝜃 − 𝜃∗) ∣2

≤ 𝑂(1) ∫ ∣ 𝑀̃𝐾(t, x)⊤( ̂𝜃 − 𝜃∗) ∣2 𝑑𝐹(t, x) + 𝑜𝑝(1)

= 𝑂𝑝((𝐾1/2log(𝐾)
𝑛3/2 + 𝐾1/2−𝛼)2).

Therefore, the proof of Theorem 2 is completed.

4. Proof of Theorem 3
We first show the conclusion of Theorem 3(i).

Since B̂ (as a estimator of B∗) is a unique minimizer of 1
𝑛 ∑𝑛

𝑖=1 𝑤̂𝑖(𝑌𝑖− <
B, T𝑖 >)2(regarding 𝔼[𝑤(𝑌 − < B, T𝑖 >)2], according to the theory of M-
estimation [3, Theorem 5.7], if

sup𝛽∈Θ1
∣ 1

𝑛
𝑛

∑
𝑖=1

̂𝑤𝑖(𝑌𝑖− < B, T𝑖 >)2 − 𝔼[𝑤(𝑌 − < B, T >)2]) ∣→𝑝 0,

then B̂ →𝑝 B∗. Note that

supB∈Θ1
∣ 1

𝑛
𝑛

∑
𝑖=1

̂𝑤𝑖(𝑌𝑖− < B, T𝑖 >)2 − 𝔼[𝑤(𝑌 − < B, T >)2]) ∣

≤ supB∈Θ1
∣ 1

𝑛
𝑛

∑
𝑖=1

( ̂𝑤𝑖 − 𝑤𝑖)(𝑌𝑖− < B, T𝑖 >)2 ∣

+supB∈Θ1
∣ 1

𝑛
𝑛

∑
𝑖=1

𝑤𝑖(𝑌𝑖− < B, T𝑖 >)2 − 𝔼[𝑤(𝑌 − < B, T >)2]) ∣ . (18)
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We first show that supB∈Θ1
∣ 1

𝑛 ∑𝑛
𝑖=1( ̂𝑤𝑖 −𝑤𝑖)(𝑌𝑖− < B, T𝑖 >)2 ∣ is 𝑜𝑝(1). Using

the Causchy-Schwarz inequality and the fact that 𝑤̂ →𝐿2 𝑤, we have

supB∈Θ1
∣ 1

𝑛
𝑛

∑
𝑖=1

( ̂𝑤𝑖 − 𝑤𝑖)(𝑌𝑖− < B, T𝑖 >)2 ∣

≤ { 1
𝑛

𝑛
∑
𝑖=1

( ̂𝑤𝑖 − 𝑤𝑖)2}1/2supB∈Θ1
{ 1

𝑛
𝑛

∑
𝑖=1

(𝑌𝑖− < B, T𝑖 >)2}1/2

≤ 𝑜𝑝(1){supB∈Θ1
𝔼[𝑤(𝑌 − < B, T >)2] + 𝑜𝑝(1)}1/2

= 𝑜𝑝(1).

Thereafter, under Assumption 5, we can conclude that supB∈Θ1
∣ 1

𝑛 ∑𝑛
𝑖=1 𝑤𝑖(𝑌𝑖− <

B, T𝑖 >)2 −𝔼[𝑤(𝑌 − < B, T >)2]) ∣ is also 𝑜𝑝(1) [2, Lemma 2.4].Hence, we com-
plete the proof for Theorem 3(i). Next, we give the proof of Theorem 3(ii).
Define

B̂∗ = argminB

𝑛
∑
𝑖=1

𝑤𝑖(𝑌𝑖− < B, T𝑖 >)2.

Assume that 1
𝑛 ∑𝑛

𝑖=1 𝑤𝑖(𝑌𝑖− < B̂∗, T𝑖 >)ℎ(T𝑖; B̂∗)) = 𝑜𝑝(𝑛−1/2) holds with
probablility to one as 𝑛 → ∞

By Assumption 5 and the uniform law of large number, one can get that

1
𝑛

𝑛
∑
𝑖=1

𝑤𝑖(𝑌𝑖− < B, T𝑖 >)2 → 𝔼{𝑤(𝑌 − < B, T >)2} in probability uniformly over B,

which implies ∣∣ B̂∗ − B∗ ∣∣→𝑝 0. Let

𝑟(B) = 2𝔼{𝑤(𝑌 − < B, T >)ℎ(T; B)},

which is a differentiable function in B and 𝑟(B∗) = 0. By mean value theorem,
we have √𝑛𝑟(B̂∗) − ▽B𝑟(𝜁) ⋅ √(𝑛)(B̂∗ − B∗) = √𝑛𝑟(B∗) = 0
where 𝜁 lies on the line joining B̂∗ and B∗. Since ▽B𝑟(B) is continuous at B∗

and ∣∣ B̂∗ − B∗ ∣∣→𝑝 0, then
√𝑛(vec B̂∗ − vec B∗) = ▽B𝑟(B∗)−1 ⋅ √𝑛𝑟(B̂∗) + 𝑜𝑝(1)

Define the empirical process

𝐺𝑛(B) = 2√𝑛
𝑛

∑
𝑖=1

{𝑤𝑖(𝑌𝑖− < B, T𝑖 >)ℎ(T𝑖; B) − 𝔼{𝑤(𝑌 − < B, T >)ℎ(T; B)}}.
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Then we have
√𝑛(vec B̂∗ − vec B∗)

= ▽𝛽𝑟(B∗)−1 ⋅ {√𝑛𝑟(B̂∗) − 2√𝑛
𝑛

∑
𝑖=1

{𝑤𝑖(𝑌𝑖− < B̂∗, T𝑖 >)ℎ(T𝑖; B̂∗)

+ 2√𝑛
𝑛

∑
𝑖=1

{𝑤𝑖(𝑌𝑖− < B̂∗, T𝑖 >)ℎ(T𝑖; B̂∗)}

= −▽𝛽𝑟(B∗)−1 ⋅ 𝐺𝑛(B̂∗) + 𝑜𝑝(1)
= 𝑈−1 ⋅ {𝐺𝑛(B̂∗) − 𝐺𝑛(B∗) + 𝐺𝑛(B∗)} + 𝑜𝑝(1).

By Assumption 5, 6, Theorem 4 and 5 of Andrews(1994), we have 𝐺𝑛(B̂∗) −
𝐺𝑛(B∗) →𝑝 0. Thus,

√𝑛(vec B̂∗ − vec B∗) = 𝑈−1 2√𝑛
𝑛

∑
𝑖=1

{𝑤𝑖(𝑌𝑖− < B∗, T𝑖 >)ℎ(T𝑖; B∗)} + 𝑜𝑝(1),

then we can get that the asymptotic variance of
√𝑛(vec B̂∗ − vec B∗) is 𝑉 .

Therefore,
√𝑛(vec B̂∗ − vec B∗) →𝑑 𝑁(0, 𝑉 ). Next, we will prove B̂ →𝑝 B̂∗.

Since

supB∈Θ1
∣ 1

𝑛
𝑛

∑
𝑖=1

̂𝑤𝑖(𝑌𝑖− < B, T𝑖 >)2 − 1
𝑛

𝑛
∑
𝑖=1

𝑤𝑖(𝑌𝑖− < B, T𝑖 >)2) ∣

≤ supB∈Θ1
∣ 1

𝑛
𝑛

∑
𝑖=1

( ̂𝑤𝑖 − 𝑤𝑖)(𝑌𝑖− < B, T𝑖 >)2 ∣

≤ { 1
𝑛

𝑛
∑
𝑖=1

( ̂𝑤𝑖 − 𝑤𝑖)2}1/2supB∈Θ1
{ 1

𝑛
𝑛

∑
𝑖=1

(𝑌𝑖− < B, T𝑖 >)2}1/2

≤ 𝑜𝑝(1){supB∈Θ1
𝔼[𝑤(𝑌 − < B, T >)2] + 𝑜𝑝(1)}1/2

= 𝑜𝑝(1),

which implies B̂∗ →𝑝 B̂. Then by Slutskey’s Theorem, we can draw the conclu-
sion that

√𝑛(vec B̂ − vec B∗) →𝑑 𝑁(0, 𝑉 ). Therefore, we have completed the
proof of Theorem 3.

5. Proof of Theorem 4
For convenience, we use a mapping Ω ∶ 𝑅𝑝×𝑞×𝐷 × 𝑅 → 𝑅𝑝×𝑞×𝐷 to represent the
operator of absorbing the constant into the coefficients of B-spline basis for the
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first predictor. More precisely, Ω is defined by

G𝑏 = Ω(G, 𝑐),

where G𝑖1,𝑖2,𝑑 = G𝑖1,𝑖2,𝑑 for (𝑖1, 𝑖2) ≠ (1, 1) and G1,1,𝑑 = G1,1,𝑑 + 𝑝𝑞𝑐, 𝑑 =
1, … , 𝐷. It then follows from the property of B-spline functions that

𝑐 + 1
𝑝𝑞 < G, Φ(T) >= 1

𝑝𝑞 < G𝑏, Φ(T) > .

We also write G0 = ∑𝑅0
𝑟=1 B0𝑟 ∘ �0𝑟, 𝑟 = 1, … , 𝑅0. Suppose Ĝ, ̂𝑐) is a solution to

(19) and

Ĝ =
𝑅

∑
𝑟=1

̂�(𝑟)
1 ∘ ̂�(𝑟)

2 ∘ ̂�𝑟,

then by [[? ], Lemma B.1], there exists ̌𝑐 ∈ 𝑅 and

Ǧ =
𝑅

∑
𝑟=1

̂�(𝑟)
1 ∘ ̂�(𝑟)

2 ∘ ̌�𝑟,

such that
̌𝑐 + 1

𝑝𝑞 < Ǧ, Φ(T) >= ̂𝑐 + 1
𝑝𝑞 < Ĝ, Φ̃(T) >, (19)

where ̌�𝑟 = ( ̌𝛼𝑟,1, … , ̌𝛼𝑟,𝐷)′ satisfying

𝐷
∑
𝑑=1

̌𝛼𝑟,𝑑𝑢𝑑 = 0

with 𝑢𝑑 = ∫1
0 𝑏𝑑(𝑥)𝑑𝑥. Using (27), we have

𝑛
∑
𝑖=1

(𝑤̂𝑖𝑦𝑖 − ̌𝑐− 1
𝑝𝑞 < Ǧ, Φ(T𝑖) >)2 ≤

𝑛
∑
𝑖=1

(𝑤̂𝑖𝑦𝑖 −𝑐0 − 1
𝑝𝑞 < G0, Φ(T𝑖) >)2. (20)

Let Ǧ𝑏 = Ω( ̌�, ̌𝑐) and G𝑏
0 = Ω(G0, 𝑐0), then

𝑛
∑
𝑖=1

(𝑤̂𝑖𝑦𝑖 − 1
𝑝𝑞 < Ǧ𝑏, Φ(T𝑖) >)2 ≤

𝑛
∑
𝑖=1

(𝑤̂𝑖𝑦𝑖 − 1
𝑝𝑞 < G𝑏

0, Φ(T𝑖) >)2. (21)

Therefore, we have
𝑛

∑
𝑖=1

((𝑤̂𝑖 − 𝑤𝑖 + 𝑤𝑖)𝑦𝑖 − 1
𝑝𝑞 < Ǧ𝑏, Φ(T𝑖) >)2 ≤

𝑛
∑
𝑖=1

((𝑤̂𝑖 − 𝑤𝑖 + 𝑤𝑖)𝑦𝑖 − 1
𝑝𝑞 < G𝑏

0, Φ(T𝑖) >)2,

(22)



Article title 13

which leads to
𝑛

∑
𝑖=1

(𝑤𝑖𝑦𝑖 − 1
𝑝𝑞 < Ǧ𝑏, Φ(T𝑖) >)2 ≤

𝑛
∑
𝑖=1

(𝑤𝑖𝑦𝑖 − 1
𝑝𝑞 < G𝑏

0, Φ(T𝑖) >)2

+ 2
𝑛

∑
𝑖=1

(𝑤̂𝑖 − 𝑤𝑖)𝑦𝑖(
1
𝑝𝑞 < Ǧ𝑏 − G0, Φ(T𝑖)).

(23)

Let G# = Ǧ𝑏 − G𝑏
0, a# = vec(G#), a𝑏

0 = vec(G𝑏
0), ǎ𝑏 = vec(Ǧ𝑏) and

Z = (z1, … , z𝑛)′ ∈ 𝑅𝑛×𝑝𝑞𝐷, where z𝑖 = vec(Φ(T𝑖)), 𝑖 = 1, … , 𝑛. Let 𝑦𝑤̂ =
(𝑤̂1𝑦1, … , 𝑤̂𝑛𝑦𝑛)′ and 𝑦𝑤 = (𝑤1𝑦1, … , 𝑤𝑛𝑦𝑛)′ , then using (31) and working out
the squares, we obtain

1
𝑝2𝑞2 ∣∣ Za# ∣∣2 ≤ 2 < 1

𝑝𝑞 Zǎ𝑏, 𝑦𝑤 > −2 < 1
𝑝𝑞 Za𝑏

0, 𝑦𝑤 >

− 2 1
𝑝2𝑞2 < Za#, Za𝑏

0 > +2 < 1
𝑝𝑞 Za#, 𝑦𝑤̂ − 𝑦𝑤 >

= 2 < 1
𝑝𝑞 Za#, 𝑦𝑤̂ − 𝑦𝑤 > +2 < 1

𝑝𝑞 Za#, � > +2 < 1
𝑝𝑞 Za#, 𝑦𝑤 − � − 1

𝑝𝑞 Za𝑏
0 >

(24)

First, we show the upper bound of < 1
𝑝𝑞 Za#, 𝑦𝑤̂ − 𝑦𝑤 >. Using the Cauchy-

Schwarz inequality, we have

< 1
𝑝𝑞 Za#, 𝑦𝑤̂ − 𝑦𝑤 >

≤∣∣ 𝑤̂ − 𝑤 ∣∣2 ⋅ ∣∣ 1
𝑝𝑞 Za# ∣∣2

≤ 𝐶1√𝑛ℎ𝑛
𝑝𝑞 ⋅ ∣∣ 𝑤̂ − 𝑤 ∣∣2 ⋅ ∣∣ a# ∣∣2 (25)

By the conclusion of Theorem 2(ii), we have

∣∣ 𝑤̂ − 𝑤 ∣∣2= 𝑂𝑝(𝐾1/2log(𝐾)
𝑛3/2 + 𝐾1/2−𝛼) (26)

Applying (37) to (36), we can obtain that

< 1
𝑝𝑞 Za#, 𝑦𝑤̂ − 𝑦𝑤 >≤ 𝑂𝑝(𝐾1/2log(𝐾)

𝑛3/2 + 𝐾1/2−𝛼)√𝑛ℎ𝑛
𝑝𝑞 ∣∣ a# ∣∣2 . (27)

Second, by the conclusion of [4, (A.18) and (A.20)], we can obtain the upper
bound of < 1

𝑝𝑞 Za#, � > and < 1
𝑝𝑞 Za#, 𝑦𝑤 − � − 1

𝑝𝑞 Za𝑏
0 >, which are

< 1
𝑝𝑞 Za#, � >≤ 𝐶3

𝑝𝑞 ∣∣ a# ∣∣2 {𝑛ℎ𝑛(𝑅3 + 𝑅(𝑝 + 𝑞) + 𝑅𝐷)}1/2. (28)
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and

< 1
𝑝𝑞 Za#, 𝑦𝑤 − � − 1

𝑝𝑞 Za𝑏
0 >≤ 𝐶4

𝑝𝑞 ∣∣ a# ∣∣2 {∑𝑅0
𝑟=1 ∣∣ vec(B0𝑟) ∣∣1

𝑝𝑞 }𝑛√ℎ𝑛
𝐷𝜏 (29)

Therefore, applying (38), (39) and (40) to (35), we have

𝐶5
𝑝𝑞 ∣∣ a# ∣∣22≤ 𝑅1 ∣∣ a# ∣∣2, (30)

where

𝑅1 = 𝐶6(𝐾1/2log(𝐾)
𝑛3/2 + 𝐾1/2−𝛼)√𝐷

𝑛
+ 𝐶7{𝐷(𝑅3 + 𝑅(𝑝 + 𝑞) + 𝑅𝐷)

𝑛 }1/2

+ 𝐶8{∑𝑅0
𝑟=1 ∣∣ vec(B0𝑟) ∣∣1

𝑝𝑞 } 1
𝐷𝜏−1/2 .

By solving the second order inequality (41), we have

𝐶5
𝑝𝑞 ∣∣ a# ∣∣2≤ 𝑅1 (31)

Further, by Assumption 6 and [4, (A.38) of Lemma A.2], we have

∣∣ ̂𝑠(T) − 𝑠(T) ∣∣2 ≤ 𝐶9ℎ𝑛
1

𝑝2𝑞2 ∣∣ a# ∣∣2

= 𝐶10𝑅2
1

𝐷
= 𝑂𝑝((𝐾1/2log(𝐾)

𝑛3/2 + 𝐾1/2−𝛼)2) + 𝑂𝑝(𝑅3 + 𝑅(𝑝 + 𝑞) + 𝑅𝐷
𝑛 )

+ 𝑂𝑝({∑𝑅0
𝑟=1 ∣∣ vec(B0𝑟) ∣∣1

𝑝𝑞 }2 1
𝐷2𝜏 ).

(32)

Hence, the proof of Theorem 4 is completed.
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