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1 Definition of counterfactuals
For the sake of completeness, we briefly review basic facts about counterfactuals,
using the same notations as in Wasserman (2010). Without loss of generality, we
consider a binary treatment T as it is often the case in epidemiology. We intro-
duce the potential outcomes Y (1) et Y (0). Y (1) is the potential outcome status that
would result under the treatment and Y (0) the potential status under the absence of
treatment. The relation between the outcome and the potential outcome is:

Y =

{
Y (0) if T = 0
Y (1) if T = 1 = Y (T )

Note that, according to this consistency relationship, only one of the two potential
outcomes is observable, the other is called counterfactual and corresponds to the
random value that would have governed Y if T was fixed to the other value.
To define causal mediation effects we extend the previous notions. Consider the
causal diagram in Figure 1.
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Figure 1: Simple mediation model with one mediator M and no confounding co-
variates.

As M is a post-treatment variable, we introduce two potential mediators, M(0) and
M(1):

M =

{
M(0) if T = 0
M(1) if T = 1 = M(T ).

As Y is post-treatment and post-mediator, we introduce four counterfactuals. Two
of them, namely Y (0,M(0)) and Y (1,M(1)) can be observed while two others,
Y (0,M(1)) et Y (1,M(0)), cannot. The interpretation of the observed ones is trivial:



Y =

{
Y (0,M(0)) if T = 0
Y (1,M(1)) if T = 1 = Y (T,M).

The interpretation of the two others is more complex: for t 6= t ′, Y (t,M(t ′)) is the
potential value of the outcome had the treatment been set to t and had the mediator
been fixed at the level it would have had under treatment t ′.

2 Assumptions
Our results are based on the following hypothesis that we called Sequential Ignor-
ability for Multiple Mediators Assumption (SIMMA):

Y (t,m,w),M(t ′),W (t ′′) ⊥⊥ T |X = x, (2.1)
Y (t ′,m,w) ⊥⊥ (M(t),W (t)) |T = t,X = x (2.2)
Y (t,m,w) ⊥⊥

(
M(t ′),W (t)

)
|T = t,X = x (2.3)

where P(T = t|X = x) > 0 et P(M = m,W = w|T = t,X = x) > 0 for all
x, t, t ′,m,w.

3 Identifiability
Theorem 3.1. Under SIMMA and assuming K mediators that can be either inde-
pendent or uncausally correlated, the following results hold:

The average indirect effect of the mediator of interest is given by:

δ (t) =
∫ ∫

RK
E [Y |M = m,W = w,T = t,X = x]

{dF(M(1),W (t))|X=x(m,w)−dF(M(0),W (t))|X=x(m,w)}dFX(x),
(3.1)

Moreover the joint indirect effect, the direct effect and the total effect are
respectively identified non-parametrically by:



δ
Z(t) =

∫ ∫
RK

E [Y |Z = z,T = t,X = x]dFZ|T=1,X=x(z)

−
∫

RK
E [Y |Z = z,T = t,X = x]dFZ|T=0,X=x(z)dFX(x),

ζ (t) =
∫ ∫

RK
E(Y |Z = z,T = 1,X = x)dFZ|T=t,X=x(z)

−
∫

RK
E(Y |Z = z,T = 0,X = x)dFZ|T=t,X=x(z)dFX(x),

τ =
∫ (∫

RK
E(Y |Z = z,T = 1,X = x)dFZ|T=1,X=x(z)

−
∫

RK
E(Y |Z = z,T = 0,X = x)dFZ|T=0,X=x(z)

)
dFX(x).

4 Continuous Outcome
Corollary 4.1 (Corollary 3.2 in the main article). With K mediators and P covari-
ables we assume the following linear model

Z = α2 +β2T +ξ
Γ
2 X +ϒ2 (4.1)

Y = α3 +β3T + γ
ΓZ +ξ

Γ
3 X + ε3, (4.2)

where α2,β2,γ ∈ RK , ξ Γ
2 ∈ RK×RP, ξ Γ

3 ∈ RP, and ϒ2 ∼N (0,Σ2) is the vector of
residuals with covariance matrix Σ2 ∈ RK×RK and ε3 ∼N (0,σ2

3 ), with σ3 ∈ R.
We assume that the K mediators are either independent or not causally cor-

related. In the latter case, we assume that pairwise correlations between potential
mediators do not depend on the treatments governing them:

cor
(
Mi(t),M j(t ′)|T,X

)
= ρi j,∀ t, t ′ ∈ {0,1}, ∀ i, j ∈ [1,K]. (4.3)

Under SIMMA the indirect effect of the k-th mediator is identified and given
by:

δ
k(0) = δ

k(1) = γkβ
k
2 .

Moreover, the joint indirect effect is the sum of the average indirect effects
by each mediator:



δ
Z(t) =

K

∑
k=1

δ
k(t).

The direct effect of the k-th mediator is also identified and given by

ζ (0) = ζ (1) = β3.

The coefficients of the equations (4.1) and (4.2) are identified under the assumptions
of Theorem 3.1. Indeed by rewriting equations (4.1) and (4.2) with counterfactuals
we have :

Z(T ) = α
Γ
2 +β

Γ
2 T +ξ

Γ
2 X +ϒ2(T ) (4.4)

Y (T,Z(T )) = α3 +β3T + γ
ΓZ(T )+ξ

Γ
3 X + ε3(T,Z(T )) (4.5)

where E [ϒ2(t)] = E [ε3(t,z)] = 0.
Assumptions (2.1) and (2.2) implies the following independences:

ϒ2(t) ⊥⊥ T |X = x
ε3(t,z) ⊥⊥ T |X = x.

Assumption (2.2) implies the following independence:

ε3(t,z) ⊥⊥ Z(t)|T = t,X = x.

We have

E [Z(T )|T = t,X = x] = α
Γ
2 +β

Γ
2 t +ξ

Γ
2 x+E [ϒ2(T )|T = t,X = x]

= α
Γ
2 +β

Γ
2 t +ξ

Γ
2 x+E [ϒ2(t)|T = t,X = x]

= α
Γ
2 +β

Γ
2 t +ξ

Γ
2 x+E [ϒ2(t)]

= α
Γ
2 +β

Γ
2 t +ξ

Γ
2 x.

Then coefficients of (4.1) are identified.



Furthermore

E [Y (T,Z(T ))|Z = z,T = t,X = x] = α3 +β3t + γ
Γz+ξ

Γ
3 x

+E [ε3(T,Z(T ))|Z = z,T = t,X = x]
= α3 +β3t + γ

Γz+ξ
Γ
3 x

+E [ε3(t,z)|Z = z,T = t,X = x]
= α3 +β3t + γ

Γz+ξ
Γ
3 x

+E [ε3(t,z)]
= α3 +β3t + γ

Γz+ξ
Γ
3 x.

Then coefficients of (4.2) are identified.

According to Theorem 3.1 we have:

δ
1(t) =

∫ ∫
RK

E [Y |M = m,W = w,T = t,X = x]

{dF(M(1),W (t))|X=x(m,w)−dF(M(0),W (t))|X=x(m,w)}dFX(x)

=
∫ ∫

RK

(
α3 +β3t +

K

∑
j=1

γ jm j +ξ
Γ
3 x

)
{dF(M(1),W (t))|X=x(m,w)−dF(M(0),W (t))|X=x(m,w)}dFX(x)

=
∫ ∫

RK

(
α3 +β3t +ξ

Γ
3 x
)
{dF(M(1),W (t))|X=x(m,w)−dF(M(0),W (t))|X=x(m,w)}

+
∫

RK

K

∑
j=1

γ jm j{dF(M(1),W (t))|X=x(m,w)−dF(M(0),W (t))|X=x(m,w)}dFX(x).

δ
1(t) =

∫ ∫
RK

K

∑
j=1

γ jm j{dF(M(1),W (t))|X=x(m,w)−dF(M(0),W (t))|X=x(m,w)}dFX(x)

=
∫ ∫

RK

K

∑
j=1

γ jm jdF(M(1),W (t))|X=x(m,w)

−
∫

RK

K

∑
k=1

γ jm jdF(M(0),W (t))|X=x(m,w)dFX(x).

By the following substitutions m1 = α1
2 + β 1

2 t ′+ ξ Γ1
2 x+ e1

2 and m j = α
j

2 + β
j

2 t +
ξ

Γ j
2 x+ e j

2,∀ j ∈ [2,K], we have :



((M(t ′),W (t))|X = x)∼N (µ(t ′,t),Σ2) with µ(t ′,t)=


α1

2 +β 1
2 t ′+ξ Γ1

2 x
α2

2 +β 2
2 t +ξ Γ2

2 x
α3

2 +β 3
2 t +ξ Γ3

2 x
...

αK
2 +β K

2 t +ξ ΓK
2 x


and where it follows from assumption (4.3) that Σ2 is the covariance matrix of ε

j
2 .

It follows that :

f(M(t ′),W (t))|X=x(m,w) =
1√

2π|Σ2|1/2
exp
(

1
2

((
m
w

)
−µ(t ′,t)

)
Σ
−1
2

((
m
w

)
−µ(t ′,t)

))

=
1√

2π|Σ2|1/2
exp

1
2

 e1
2
...

eK
2

Σ
−1
2

 e1
2
...

eK
2




= fϒ

 e1
2
...

eK
2

 .

By plugging the joint density of the counterfactual mediators into the previous equa-
tion of the indirect effect δ 1(t) we have:

δ
1(t) =

∫ ∫
RK

γ1
(
α

1
2 +β

1
2 ×1+ξ

Γ1
2 x+ e1

2
)
+

K

∑
j=2

γ j

(
α

j
2 +β

j
2 t +ξ

Γ j
2 x+ e j

2

)

dFϒ

 e1
2
...

eK
2


−
∫

RK
γ1
(
α

1
2 +β

1
2 ×0+ξ

Γ1
2 x+ e1

2
)
+

K

∑
j=2

γ j

(
α

j
2 +β

j
2 t +ξ

Γ j
2 x+ e j

2

)

dFϒ

 e1
2
...

eK
2

dFX(x)

=
∫ ∫

RK
γ1β

1
2 dFϒ

 e1
2
...

eK
2

dFX(x)

= γ1β
1
2 .



We then conclude that in general we have for k ∈ [1,K], δ k(t) = γkβ k
2 .

ζ (t) =
∫ ∫

E(Y |Z = z,T = 1,X = x)−E(Y |Z = z,T = 0,X = x)

dFZ|T=t,X=x(z)dFX(x)

=
∫ ∫
{α3 +β3 + γ

Γz+ξ
Γ
3 x−α3− γ

Γz−ξ
Γ
3 x}dFZ|T=t(z)dFX(x)

=
∫ ∫

β3dFZ|T=t(z)dFX(x)

= β3.

where γΓ = (γ1, . . . ,γK)
Γ. Note that:

η
1(t) =

∫ ∫
RK

E [Y |M = m,W = w,T = t,X = x]

{dF(M(1−t),W (1))|X=x(m,w)−dF(M(1−t),W (0))|X=x(m,w)}dFX(x)

=
∫ ∫

RK

(
α3 +β3t +

K

∑
j=1

γ jm j +ξ
Γ
3 x

)
{dF(M(1−t),W (1))|X=x(m,w)−dF(M(1−t),W (0))|X=x(m,w)}dFX(x)

=
∫ ∫

RK

K

∑
j=1

γ jm jdF(M(1−t),W (1))|X=x(m,w)

−
∫

RK

K

∑
j=1

γ jm jdF(M(1−t),W (0))|X=x(m,w)dFX(x)

By the following substitutions m1 = α1
2 + β 1

2 (1− t) + ξ Γ1
2 x+ e1

2 and m j = α
j

2 +

β
j

2 t ′+ξ
Γ j
2 x+ e j

2,∀ j ∈ [2,K], we have:

η1(t) =
∫ ∫

RK
γ1
(
α

1
2 +β

1
2 (1− t)+ξ

Γ1
2 x+ e1

2
)

+
K

∑
j=2

γ j

(
α

j
2 +β

j
2 ×1+ξ

Γ j
2 x+ e j

2

)
dFϒ

 e1
2
...

eK
2


−
∫

RK
γ1
(
α

1
2 +β

1
2 (1− t)+ξ

Γ1
2 x+ e1

2
)

+
K

∑
j=2

γ j

(
α

j
2 +β

j
2 ×0+ξ

Γ j
2 x+ e j

2

)
dFϒ

 e1
2
...

eK
2

dFX(x),



and therefore

η1(t) =
∫ ∫

RK

K

∑
j=2

γ jβ
j

2 dFϒ

 e1
2
...

eK
2

dFX(x)

=
K

∑
j=2

γ jβ
j

2

=
K

∑
j=2

δ
j(t).

We conclude that in general for k ∈ [1,K], ηk(t) =
K

∑
j=1, j 6=k

δ
j(t). We have :

δ
Z(t) =

K

∑
k=1

(
δ

k(t)+η
k(t)
)

K

=

K

∑
k=1

(
δ

k(t)+
K

∑
j=1, j 6=k

δ
j(t)

)
K

=

K
K

∑
k=1

δ
k(t)

K

=
K

∑
k=1

δ
k(t).

5 Binary outcome
We now address the case of a binary outcome. As for simple mediation, we consider
either the probit regression

P(Y = 1|T,Z,X) = ΦN (0,σ2
3 )
(α3 +β3T + γ

ΓZ +ξ
Γ
3 X),

or the logistic regression

logit (P(Y = 1|T,Z,X)) = α3 +β3T + γ
ΓZ +ξ

Γ
3 X .



Corollary 5.1 (Corollary 3.3 in the main text). Assume the following model with a
binary outcome :

Z = α2 +β
Γ
2 T +ξ

Γ
2 X +ϒ2, (5.1)

Y ∗ = α3 +β3T + γ
ΓZ +ξ

Γ
3 X + ε3, (5.2)

Y = 1{Y ∗>0} (5.3)

where ϒ2 ∼N (0,Σ2) and where ε3 ∼N (0,σ2
3 ) or L (0,1).

We assume that the K mediators are either independent or not causally cor-
related. In the latter case, we assume that pairwise correlations between potential
mediators do not depend on the treatments governing them as in condition (4.3).
Under SIMMA, the effects of interest are given by:

δ
k(t) =

∫
FU

(
(α3 +

K

∑
j=1

γ jα
j

2)+(β3 +
K

∑
j=1, j 6=k

γ jβ
j

2 )t + γkβ
k
2 ×1+(ξ3 +

K

∑
j=1

γ jξ
Γ j
2 )x

)

−FU

(
(α3 +

K

∑
j=1

γ jα
j

2)+(β3 +
K

∑
j=1, j 6=k

γ jβ
j

2 )t + γkβ
k
2 ×0+(ξ3 +

K

∑
j=1

γ jξ
Γ j
2 )x

)
dFX(x),

δ
Z(t) =

∫
FU

(
(α3 +

K

∑
k=1

γkα
k
2)+β3t +

K

∑
k=1

γkβ
k
2 ×1+(ξ3 +

K

∑
k=1

γkξ
Γk
2 )x

)

−FU

(
(α3 +

K

∑
k=1

γkα
k
2)+β3t +

K

∑
k=1

γkβ
k
2 ×0+(ξ3 +

K

∑
k=1

γkξ
Γk
2 )x

)
dFX(x),

ζ (t) =
∫

FU

(
(α3 +

K

∑
k=1

γkα
k
2)+β3×1+(

K

∑
k=1

γkβ
k
2 )× t +(ξ3 +

K

∑
k=1

γkξ
Γk
2 )x

)

−FU

(
(α3 +

K

∑
k=1

γkα
k
2)+β3×0+(

K

∑
k=1

γkβ
k
2 )× t +(ξ3 +

K

∑
k=1

γkξ
Γk
2 )x

)
dFX(x),

where for a probit regression we have

FU(z) = Φ


z√√√√σ2

3 +
K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

 ,



and for a logit regression we have

FU(z) =
∫

R
Φ


z− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)


ee3

(1+ ee3)2 de3.

By injecting (5.1) in (5.2), we have:

Y ∗ = (α3 +
K

∑
k=1

γkα2)+(β3 +
K

∑
k=1

γkβ
k
2 )T +(ε3 +

K

∑
k=1

γkε
k
2).

We set ε =
K

∑
k=1

γkε
k
2 and U = ε3 + ε .

The errors of the mediators form a gaussian vector ϒ =

 ε1
2
...

εK
2

. This implies that

ε = ∑
K
k=1 γkεk

2 follows a Gaussian law.
First, let us determine the distribution function of U , denoted FU for both a probit
and logit model.

Probit modeling. In the case of a probit model, ε3 ∼N (0,σ2
3 ), and, because of

equations (2.1) and (2.2), ε3 ⊥⊥ ϒ. We therefore deduce that U follows a Gaussian
law and the distribution functions of U are:

fU(z) =

exp

 z2

2(σ2
3 +

K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2))


√

2π

√√√√σ2
3 +

K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)



FU(z) = Φ


z√√√√σ2

3 +
K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)


Note that 1−FU(−z) = FU(z) by symmetry of the density function.

Logit modeling. In the case of a logit model, ε3∼L (0,1) and fε3(z)=
exp(−z)

(1+ exp(−z))2 .

To determine the density function of U , consider a generic continuous function
G with compact support. The density of U is then the function fU(u) such that

E[G(U)] =
∫

G(u) fU(u)du. According to (2.2), ε3 ⊥⊥ ϒ and then ε3 ⊥⊥ ε .

E[G(U)] = E [G(ε + ε3)]

=
∫

R

∫
R

G(e+ e3) fε(e) fε3(e3)dede3.

We make the following substitutions:

z = e+ e3

e = z− e3

de = dz. (5.4)

Then we have:



E[G(U)] =
∫

R

∫
R

G(z) fε(z− e3) fε3(e3)dzde3

=
∫

R

∫
R

G(z)

exp

 (z− e3)
2

2(
K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2))


√

2π

√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

fε3(e3)dzde3

=
∫

R
G(z)

1√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

∫
R

fN (0,1)


z− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)


fε3(e3)de3dz.

We deduce the density function of U :

fU(u) =
1√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

∫
R

fN (0,1)


u− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

 fε3(e3)de3.

Then the distribution function of U is:



FU(z) =
∫ z

−∞

fU(u)du

=
∫ z

−∞

1√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

∫
R

fN (0,1)


u− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
i2)


fε3(e3)de3du

=
∫

R

1√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

∫ z

−∞

fN (0,1)


u− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)


du fε3(e3)de3.

We make the following substitution:

t =
u− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

du = dt

√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

The bounds of the integral thus become:

u -∞ z

t -∞
z− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)



We set b =
z− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

, then we have:

FU(z) =
∫

R

1√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

∫ b

−∞

fN (0,1)(t)

√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2) dt fε3(e3)de3

=
∫

R

∫ b

−∞

fN (0,1)(t)dt fε3(e3)de3

=
∫

R
Φ(b) fε3(e3)de3

=
∫

R
Φ

 z− e3√
∑

K
k=1 ∑

K
j=1 γkγ jcov(εk

2 ,ε
j

2)

 fε3(e3)de3

=
∫

R
Φ


z− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)


exp(−e3)

(1+ exp(−e3))2 de3.

As we have

fε3(e3) =
exp(−e3)

(1+ exp(−e3))2

=
exp(e3)

(1+ exp(e3))2 ,

we conclude that

FU(z) =
∫

R
Φ


z− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)


exp(e3)

(1+ exp(e3))2 de3.



Moreover, even in this situation we can prove that 1−FU(−z) = FU(z), as we ob-
served for the probit modeling.

1−FU(−z) = 1−
∫

R
Φ


−z− e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)


exp(e3)

(1+ exp(e3))2 de3

= 1−
∫

R
Φ

−
z+ e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)


exp(e3)

(1+ exp(e3))2 de3

= 1−
∫

R

1−Φ


z+ e3√√√√ K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)




exp(e3)

(1+ exp(e3))2 de3

= 1−
∫

R

exp(e3)

(1+ exp(e3))2 de3

+
∫

R
Φ

(
z+ e3

∑
K
k=1 ∑

K
j=1 γkγ jcov(εk

2 ,ε
j

2)

)
exp(e3)

(1+ exp(e3))2 de3

= 1−1+
∫

R
Φ

 z+ e3
K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

 exp(e3)

(1+ exp(e3))2 de3



=
∫

R
Φ

 z+ e3
K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

 exp(e3)

(1+ exp(e3))2 de3

=
∫

R
Φ

 z− e3
K

∑
k=1

K

∑
j=1

γkγ jcov(εk
2 ,ε

j
2)

 exp(e3)

(1+ exp(e3))2 de3
(a)

= FU(z).

Now that we have determined the distribution function of U for both probit and logit
outcomes, we can prove the equalities in the corollary. To facilitate the development
of the proof we set:

δ
Z(t) =

∫
At1−At0dFX(x)

ζ (t) =
∫

B1t ′−B0t ′dFX(x),

where:

Att ′ =
∫

RK
E[Y |T = t,M = m,W = w,X = x]dF(M(t ′),W (t))|X=x(m,w)

Btt ′ =
∫

RK
E[Y |Z = z,T = t,X = x]dFZ|T=t ′,X=x(z).

For the indirect effect δ (t) we have :

Att ′ =
∫

RK
E[Y |T = t,M = m,W = w,X = x]dF(M(t ′),W (t))|X=x(m,w)

=
∫

RK
E[1{Y ∗>0}|T = t,M = m,W = w,X = x]dF(M(t ′),W (t))|X=x(m,w)

=
∫

RK
P[Y ∗ > 0|T = t,M = m,W = w,X = x]dF(M(t ′),W (t))|X=x(m,w).

We replace Y ∗ by its expression and obtain:
(a)Here we substitute e3 by −e3.



Att ′ =
∫

RK
P[(α3 +β3t +

K

∑
k=2

γkmk + γm+ξ
Γ
3 x+ ε3 > 0]dF(M(t ′),W (t))|X=x(m,w).

By the substitutions m1 =α1
2 +β 1

2 t ′+ξ Γ1
2 x+e1

2 and mk =αk
2 +β k

2 t+ξ Γk
2 x+ek

2∀k≥
2, we have:

Att ′ =
∫

RK
P

[
(α3 +

K

∑
k=1

γkα
k
2)+(β3 +

K

∑
k=2

γkβ
k
2 )t + γβ

1
2 t ′+(ξ Γ

3 +
K

∑
k=1

γkξ
Γk
2 )x+(ε3 +

K

∑
k=1

γke j
2)> 0

]

dFϒ

 e1
2
...

eK
2


=

∫
R

P

[
(α3 +

K

∑
k=1

γkα
k
2)+(β3 +

K

∑
k=2

γkβ
k
2 )t + γβ

1
2 t ′+(ξ Γ

3 +
K

∑
k=1

γkξ
Γk
2 )x+(ε3 + e)> 0

]
dFε(e)

=
∫

R
E
[
1{(α3+∑

K
k=1 γkαk

2)+(β3+∑
K
k=2 γkβ k

2 )t+γβ 1
2 t ′+(ξ Γ

3 +∑
K
k=1 γkξ Γk

2 )x+(ε3+e)>0}
]

dFε(e)

=
∫

R

∫
R

1{(α3+∑
K
k=1 γkαk

2)+(β3+∑
K
k=2 γkβ k

2 )t+γβ 1
2 t ′+(ξ Γ

3 +∑
K
k=1 γkξ Γk

2 )x+(e3+e)>0} dFε3(e3)dFε(e)

=
∫

R
1{(α3+∑

K
k=1 γkαk

2)+(β3+∑
K
k=2 γkβ k

2 )t+γβ 1
2 t ′+(ξ Γ

3 +∑
K
k=1 γkξ Γk

2 )x+u>0} dFU(u)

= E
[
1{(α3+∑

K
k=1 γkαk

2)+(β3+∑
K
k=2 γkβ k

2 )t+γβ 1
2 t ′+(ξ Γ

3 +∑
K
k=1 γkξ Γk

2 )x+U>0}
]

= P

(
(α3 +

K

∑
k=1

γkα
k
2)+(β3 +

K

∑
k=2

γkβ
k
2 )t + γβ

1
2 t ′+(ξ Γ

3 +
K

∑
k=1

γkξ
Γk
2 )x+U > 0

)

= P

(
U >−(α3 +

J

∑
j=1

γkα
k
2)− (β3 +

K

∑
k=2

γkβ
k
2 )t− γβ

1
2 t ′− (ξ3 +

K

∑
k=1

γkξ
Γk
2 )x

)

= 1−P

(
U ≤−(α3 +

K

∑
k=1

γkα
k
2)− (β3 +

K

∑
k=2

γkβ
k
2 )t− γβ

1
2 t ′− (ξ Γ

3 +
K

∑
k=1

γkξ
Γk
2 )x

)

= 1−FU

(
−(α3 +

K

∑
k=1

γkα
k
2)− (β3 +

K

∑
k=2

γkβ
k
2 )t− γβ

1
2 t ′− (ξ Γ

3 +
K

∑
k=1

γkξ
Γk
2 )x

)
Because 1−FU(−z) = FU(z), the last equation becomes:

Att ′ = FU

(
(α3 +

K

∑
k=1

γkα
k
2)+(β3 +

K

∑
k=2

γkβ
k
2 )t + γβ

1
2 t ′+(ξ Γ

3 +
K

∑
k=1

γkξ
Γk
2 )x

)



By replacing Att ′ given by this last expression in δ (t) =
∫

At1−At0dFX(x) , we ob-
tain the result stated in the corollary. Analogous proofs hold for the other mediation
effects in the corollary.

6 Complementary results
One of assumptions needed for our results is that correlations between the po-
tential mediators are the same whatever the treatment governing the mediators:
cor(Mi(t),M j(t ′)|T,X) = ρi j for all t, t ′. In the two following data generating mod-
els for the mediators we do not consider this assumption. M1(t) and M2(t) follow
a bivariate normal distribution with covariance Σ for each t = 0,1 separately. Then,
clearly the simulated data has cor(M1(1),M2(0)) = 0. Analysing the data gener-
ated with models 1 and 2, we check the robustness of our method to a departure
from our assumption. Note that we have choose the same value of parameter that
the model used in subsection 4.3.

Results for bias and coverage probability can be seen in Figures 3 and 4.
This figure clearly shows that our approach allows an unbiased estimation, contrary
to the simple analyses, for both direct and indirect effects. The interpretations of
these results are very close to those of the analysis with the model respecting our
assumption in the article.

Model 1: Continuous outcome and continuous mediators

• T follows a Bernoulli distribution B(0.3).
• The joint distribution of the two counterfactual mediators is(

M1(t)
M2(t)

)
∼ N

(
µ =

(
1+4t
2+6t

)
,Σ

)
.

• The counterfactual outcome follows the normal distribution

Y
(
t,M1(t ′),M2(t ′′)

)
∼ N (1+10t +5M1(t ′)+4M2(t ′′),1).

In table 1, we show the real causal effect values entailed by model 1.

δ Z δ 1 δ 2 ζ τ

44 20 24 10 54

Table 1: Real values of the causal effects entailed by model 1.



Figure 2: Binary outcome (model 2): Variation in causal effects due to correlation

Model 2: Binary outcome (logit) with continuous mediators

• T follows a Bernoulli distribution B(0.3).
• The joint distribution of the two counterfactual mediators is(

M1(t)
M2(t)

)
∼ N

(
µ =

(
0.1+0.6t
0.2+0.8t

)
,Σ

)
.

• The counterfactual outcome follows the logistic regression:

Y (t,M1(t ′),M2(t ′′)) ∼ B

(
1

1+ exp(−2+0.4t +0.6M1(t ′)+0.8M2(t ′′))

)
.

With this choice of parameters, 30% of the sampled observations are cases. As
we can see in Corollary 5.1, with binary outcome, causal effects are related to the
covariance of mediators. Figure 2 shows how the true causal values change when
correlation changes.
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Model 3: Continuous outcome and continuous mediators

• T follows a Bernoulli distribution B(0.3).
• The joint distribution of the two counterfactual mediators is(

M1(t)
M2(t)

)
∼ N

(
µ =

( 1
2
+

3
2

t

2+6t

)
,Σ

)
.

• The counterfactual outcome follows the normal distribution

Y
(
t,M1(t ′),M2(t ′′)

)
∼ N (4+35t +2M1(t ′)+3M2(t ′′),1).

Model 4: Binary outcome (probit) with continuous mediators

• T follows a Bernoulli distribution B(0.3).
• The joint distribution of the two counterfactual mediators is(

M1(t)
M2(t)

)
∼ N

(
µ =

(
0.2+0.7t
0.4+0.7t

)
,Σ

)
.

• The counterfactual outcome follows the probit distribution:

Y (t,M1(t ′),M2(t ′′)) ∼ B
(
Φ
(
−0.5+0.8t +0.7M1(t ′)+0.7M2(t ′′)

))
.

Model 5: Binary outcome (logit) with continuous mediators

• T follows a Bernoulli distribution B(0.3).
• The joint distribution of the two counterfactual mediators is(

M1(t)
M2(t)

)
∼ N

(
µ =

(
0.2+0.7t
0.4+0.7t

)
,Σ

)
.

• The counterfactual outcome follows the logistic distribution:

Y (t,M1(t ′),M2(t ′′)) ∼ B

(
1

1+ exp(0.5−0.8t−0.7M1(t ′)−0.7M2(t ′′))

)
.

Correlated and independent mediators

For all models, we consider two situations:



• model I when Σ =

(
1 0
0 1

)
(independent mediators)

• model C when Σ =

(
1 0.9

0.9 1

)
(correlated mediators).

For instance Model 4 C refers to probit binary outcomes with correlated continuous
mediators.

Table 2 summarizes the estimates provided by our multiple mediation analy-
sis and by two simple mediation analyses, one for each mediator, for data simulated
according to the six models. We can see that when mediators are independent, both
the two simple analyses and our multiple analysis estimate correctly the individual
indirect effects, the total effect and the proportion mediated. As expected the esti-
mates of the direct effect provided by the two simple analyses is distant from the
true value which does not even belong to the confidence intervals. On the contrary,
our multiple analysis provide an accurate and precise estimate of the direct effect.
When analyzing data with correlated mediators generated by Model 3 C, simple
analysis provide wrong estimates of both the direct and indirect effects. Propor-
tions mediated are largely overestimated. Unlike Model 3 I, where mediators are
independent, the sum of the indirect effects estimated by the two simple analysis
does not correspond to the joint indirect effect, thus showing one of the limits of
applying multiple simple analyses in parallel. On the contrary, our multiple analysis
provides accurate and precise estimates of the joint indirect effect when mediators
are correlated. For data simulated from Model 4 C and Model 5 C, simple analyses
provide wrong estimates of the indirect effects and accurate and precise estimate of
the direct effect. Our method produces accurate and precise estimates of all effects.
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