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Abstract:

We consider the situation where a temporal process is composed of contiguous segments with differing slopes
and replicated noise-corrupted time series measurements are observed. The unknown mean of the data gen-
erating process is modelled as a piecewise linear function of time with an unknown number of change-points.
We develop a Bayesian approach to infer the joint posterior distribution of the number and position of change-
points as well as the unknown mean parameters. A-priori, the proposed model uses an overfitting number of
mean parameters but, conditionally on a set of change-points, only a subset of them influences the likelihood.
An exponentially decreasing prior distribution on the number of change-points gives rise to a posterior dis-
tribution concentrating on sparse representations of the underlying sequence. A Metropolis-Hastings Markov
chain Monte Carlo (MCMC) sampler is constructed for approximating the posterior distribution. Our method
is benchmarked using simulated data and is applied to uncover differences in the dynamics of fungal growth
from imaging time course data collected from different strains. The source code is available on CRAN.

Keywords: Change-point detection, Fungal growth data, Markov chain Monte Carlo
DOI: 10.1515/1jb-2018-0052
Received: May 24, 2018; Revised: May 17, 2019; Accepted: July 6, 2019

1 Introduction

In many applications a non-stationary time series consists of an unknown number of segments. The observed
data is described by different statistical generative models within each segment. In such cases, the objective is
to identify the number and position of change-points which give rise to different segments of the data as well
as to infer all remaining parameters of the underlying statistical model. In principle, there are two approaches
for answering these questions: online and offline segmentation [1], which refer to the task of inferring changes
during or after the observation process, respectively. In this work, the latter scenario is considered.

We develop a Bayesian method for detecting an unknown number of change-points in the slope of multiple
replicated time series. There are many methods for detecting change-points, with the majority of them focused
on analysis of univariate time series (reviewed below). Our problem differs from these as we model changes in
slope rather than fitting a step function to the mean, and we consider multiple time series with replication. For
a given period t =1, ..., T we observe multiple time series which are assumed independent, each one consisting
of multiple measurements (replicates). Each time series is assumed to have its own segmentation, which is
common among its replicates. Thus, different time series have distinct mean structures in the underlying normal
distribution.

Our method is motivated by the need to analyse fungal growth attributes on a massively parallel scale.
Specifically, we are interested in identifying mutations which affect fitness in the major human fungal pathogen
Aspergillus fumigatus. In such studies, growth is characterized by different phases which can be reasonably de-
scribed by a piecewise linear model, as illustrated in Figure 1. Microbial growth is a complex characteristic
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which is heavily influenced by nutritional, metabolic, proliferative, physiological and genetic factors. Multi-
ple techniques have been developed with which to quantify microbial growth, including direct quantitation
of cell counts using flow cytometry or microscopy, colony counts, biomass quantitation, or indirect methods
involving light scattering or turbidity measurement in liquid phase cultures, or dye-based methods. Optimi-
sation of data acquisition and analysis has received rather less attention, particularly where the quantitation
of growth characteristics in filamentous and aggregative microorganisms, such as A. fumigatus or Streptomyces
coelicolor is complicated by the occurrence of one or several morphological shifts during the mitotic life cycle
[2] leading to altered light scattering patterns dependent upon the size and shape of the particulate sample
(bacteria or yeast), as well as difference in the index of refraction between the particles and the culture media
[3]. In the latter instance an accurate means of defining the number and timing of change-points during growth
curve analysis would significantly empower the optimisation of drug discovery screens where inhibitors of
microbial growth might be sought; or in optimisation of biotechnological processes where moderation of mi-
crobial growth conditions to favour a particular growth phase might boost industrial production of enzymes
or metabolites.
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Figure 1: A subset of four growth data series described in Section 4.2, consisting of the growth level of three replicates
(red, green and blue), measured every 10 minutes for a series of T =289 time-points. The boxplots display the marginal
posterior distribution of each change-point, conditionally on the inferred Maximum A Posteriori number of change-
points according to the MCMC sampler detailed in Section 3.1.

In the seminal paper of Green [4], the Reversible Jump MCMC (RIMCMC) algorithm used to detect the num-
ber of change-points in coal mining disaster data. Subsequently, the RIMCMC methodology was applied to
a variety of change-point detection problems [5-8]. Lavielle and Lebarbier [9] proposed an MCMC sampler
to estimate the number of change-points by introducing a latent sequence of independent and identically dis-
tributed Bernoulli random variables r;; t =1, ..., T, with T denoting the number of time-points. In this context,
rj = 1 indicates that a change occurs at time f =j, while r; = 0 means that no change occurs. This approach
has the advantage that it can infer the target posterior distribution using an MCMC sampler that operates on
random variables of constant dimension, in contrast to the RIMCMC approach. However, it turns out that the
estimated marginal posterior probabilities of these artificial binary random variables overestimates the true
number of change-points. We illustrate that similar issues arise in our set-up when imposing typical prior as-
sumptions on the number of change-points, such as a Poisson distribution. To overcome this problem, Lavielle
and Lebarbier [9] inferred configurations of change-points of high probability by sampling from a modified
posterior distribution which is a tempered version of the original target, using a simulated annealing MCMC
algorithm. In our set-up, we demonstrate that we are able to accurately infer the number of change-points when
using priors that heavily penalize large values of change-points [10].

Chib [11] formulates the change-point model in terms of a latent discrete state variable corresponding to the
regime from which a particular observation has been drawn. The posterior distribution for a given number of
change-points is then approximated using MCMC sampling, while inference on the number of change-points
is carried out by estimating the marginal likelihood of the model using the method in Chib [12]. Fearnhead
[13] discusses exact Bayesian inference by assuming that the joint posterior distribution of the parameters is
independent across the segments of the time series and also presents an extension that allows the signal to
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perform a random walk within each segment. Other Bayesian methods include Dobigeon et al. [14], Hutter
[16], Kim and Cheon [17], Rudoy et al. [18], Schiitz and Holschneider [19], He [15], Schwaller and Robin [20].
In all of the aforementioned studies, change-points are defined via a step-function in the mean, assuming that
segment parameters are independent. This is not the case in our approach, where we are explicitly imposing
a continuity assumption between segments which allows us to detect changes in slope. With the exception of
Dobigeon et al. [14], Schwaller and Robin [20], all other methods are focusing on univariate time-series.

There are relatively few studies looking specifically at a change-in-slope model [21] [22-25], although they
only consider a single time-series. Popular non-Bayesian methods such as binary segmentation [26, 27] do not
work for detecting changes-in-slope [22]. Furthermore, standard dynamic programming approaches [28, 29]
cannot be directly applied to our problem as discussed by Fearnhead et al. [24].

There is a wide range of non-Bayesian approaches to change-point estimation, see for example Halpern
[32], Lu etal. [33], Picard et al. [34], Yildirim [35], Chamroukhi et al. [30], Frick et al. [31]. However, we choose
a Bayesian approach for its competency in quantifying uncertainty and flexibility for incorporating prior infor-
mation.

We construct a Metropolis-Hastings MCMC sampler [36, 37] for jointly inferring the number and position of
change-points as well as the related mean parameters by adopting ideas from inference over sparse representa-
tions of sequences [10]. An advantage of our approach is that the proposed MCMC algorithm is straightforward
to implement since it is based on standard Metropolis—Hastings move types and demands small modelling ef-
fort compared to other methods. Although exact integration is possible given the number and locations of
change-points, it is time consuming hence we exploit the convenience of the MCMC sampler to approximately
sample from the joint posterior distribution of the parameters. The dimensionality of the parameter space is
fixed, thus our method avoids the complex step of designing trans—dimensional MCMC transitions as required
by RIMCMC methods. Furthermore, we do not have to consider modified versions of the target posterior dis-
tribution [9], and there is no requirement for fitting the same model under different number of change-points
and approximating the marginal likelihood for model selection.

The rest of the paper is organised as follows. Section 2 introduces the proposed model and the corresponding
prior assumptions are presented in Section 2.1. The main MCMC sampler we use is detailed in Section 3.1.
Sections 3.2 and 3.3 discuss variance estimation procedures, depending whether the variance is treated as a
known parameter or not. The proposed method is illustrated in simulated and real data in Sections 4.1 and 4.2,
respectively. The paper concludes in Section 5. More details on the simulation procedure and additional results
are given in the Appendix.

2 Model

Let X,,;, denote a random variable describing replicate r at time point f for time seriesn, n=1,...,N;t=1,...,T;
r=1,..., R Itis assumed that {X,,;,;7 = 1, ..., R} is a normally distributed random sample and furthermore that
measurements are independent across time, that is:

Xntr ~N (gntl Uﬁt) ’ Gnt € IR/ J;%t >0 (1)

independent (given the model parameters) forn=1,...,N;t=1,...,T,r=1, ..., R, where /#(:,-) denotes the nor-
mal distribution. At first, we will consider that the variances {¢?,,n = 1,...,N;t = 1, ..., n} are known. In
practice, the variance per time-point is estimated at a pre-processing stage as exemplified in Section 3.2. The
general case where the variance is treated as a random variable is addressed in Section 3.3. Without any further
assumptions, the parameterization of the normal distributions in eq. (1) introduces a large number of mean
parameters: a distinct mean parameter 8,; € © = R is assigned to each sample () and time-point (t). However,
0,; is shared across replicates (7).

For sample n and an unknown non-negative integer {,, >> 0, assume that there are {,, + 1 underlying phases
of mean behaviour, identified by the ordered time points

1< Ty < Tpp < oo < Ty, < T (2)

Note that both the elements as well as the length of the ordered {,-tuple T,, = (Tnl, vy Tnen) depends on n.
Assume that for each phase the mean function is linear in time. For phasej = 1, ..., {, + 1, the piecewise linear
mean measurement levels are defined as follows:

91’[1',1]- o enTn;j—l
H (t; enl Tn) = enT,,.j,l + (t - Tn;j—l) 4 Tn;j—l St Tnj/ (3)
i Tnj — Tnjj—1
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where we also define 7, := 1and 7, := T; Vn=1, ..., N. Note that eq. (3) imposes continuity in the segment
means, which is a crucial difference with other approaches (mentioned in the Introduction): the mean for the
end of one segment should be equal to the mean at the start of the next segment.

Thus, for sample 7, conditionally on 7, we can write that

XntV'Tn ~N (}1 (t; enr Tn) ’, Jrzlt) 4 (4)

independentforn=1,...,N;t=1,..., T;r=1, ..., R. Note that given 7, the likelihood depends on 8 only through
the subset

n

0r, = {01, Onr,s s Onry s Ont) ()
To be precise, the likelihood is defined as

E,, Tn;j+1

R R
f (xnlornlai) = 1_[ QD (xnlr; Gnlr 0'1%1) 1_[ I—[ (P (xntr; P‘(f} oann)' 0-1%1‘) s (6)
r=1

=0 =T, +17=1
where ¢(-; 1, 0?) denotes the probability density function of the normal distribution with mean y and variance
oc?and u(t;0,,T,) defined in eq. (3).

2.1 Priorassumptions

For the mean parameters we assume that

Tt
Ous ~ (1 2 ”)
Yo

independent forn=1,...,N;t=1, ..., T. The quantities v, > 0 and y; € R;t=1,..., T, correspond to fixed hyper-
parameters. The following default values are considered: yio; = % erjzl Zle Xppr fort=1, ..., T.Itis suggested
that the parameter v, should be sufficiently small so that the prior distribution in (7) has large variability around
the global mean. This is particularly important in cases where the multiple time series of an experiment exhibit
strong heterogeneity. Values between 5 x 1072 < v, < 5 x 107! performed reasonably well in our setup. The
variance 0%, may be fixed (see Section 3.2) or not (see Section 3.3).

In order to specify the prior distribution of locations for a given number of change-points (¢£,,), we are taking
into account the prior assumption that later time-points are more likely to contain changes than earlier time-
points. The growth levels of ¢,, consecutive time-points during the end of the observation period are more likely
to break collinearity than earlier stages. For example, all time-series consist of an initial period with very small
and almost constant growth level in which no change is expected to occur. On the other hand, the last part of
the observation period may exhibit larger heterogeneity. A simple and efficient way to incorporate such a prior
information while supporting (with positive probability) all possible configurations with respect to constraint
(2) is the following.

Letg(i;i;,1,) = #ﬂ (i; € i £ iy) denote the probability mass function of the discrete uniform distribution
defined over the finite set of integers i such that i; < i < i,, where I(-) denotes the indicator function. For j=1
we assume that 7,,, ~ ¢(;2,T — ;). For j > 2 and conditionally on the event (7,,; = t;, ..., Tpy;j_y = t;_;), we
assume that 7,,; follows a (discrete) uniform prior distribution defined overt;,_; +1 < 7,,; < T—¥{, +j— 1. Thus,
the prior distribution f (7,¢,, > 0) for a specific realization (¢, ..., ty,) of T, is defined as

flty, oty 16, >0) =P (T =ty o, Ty, =t 10, >0)
[/

= [FD(THI = tl) I—IZIP(TTZ] = t]'|Tn;]'71 = t]'fll ey Tnl = tl)
j=

0, , 8)
=gy, T=4) [1gti +1,T—04,+j—1)
j=2
_ 1 n 1
= T—tn—ljl;lz T—R,,+]'—t]-,1—lu(1 <t <..<ty, <T).

Note that according toeq. (8), P(7,; = T—1{,, Ty = T—{, +1, ..., Ty = T—1¢,,) = 1/T, whileP(7,,; = 2,7, =
3, s Ty, = by +1IE,) = 1/ T'», which satisfies our prior expectation discussed in the previous paragraph. We
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assume a-priori independence of 7, for n=1, ..., N. Obviously, T,, makes sense only in the case that the total
number of change-points is strictly positive, thus eq. (8) is defined conditionally on the event {,, > 0.

Finally, the prior distribution of the number of change-points should be defined. Recall that the distribution
in eq. (1) assigns a distinct mean parameter per time-point. However, given {,,, only a small subset of 8’s will
influence the likelihood in eq. (4) and the rest of them will affect the posterior solely due to their contribution
to the prior distribution. Our motivation is based on the fact that we are trying to find very minimal models
with few change points because it makes the data easier to interpret.

For a given number of change-points (£), the number of possible models is (%), a number which grows
rapidly with {, where T* = T — 2. In order to penalize model complexity we consider prior distributions which
favour sparse configurations. A natural way to incorporate such information on our prior distribution is to
assume that the prior probability of ¢ change-points is inversely proportional to (%), that is, the number of
models of size (. This approach is also justified by the work of [10], where they consider that the number of
change-points follows an exponentially decreasing prior distribution.

The prior P(-) has exponential decrease if, for some constants C>0and D <1,

P, =0 <DP(, =¢—1), €>Ct, ©)

where {, denotes the true value of ¢,. In the context of multivariate normal mean models with an underly-
ing sparse true mean vector, it has been shown [10] that asymptotically, priors satisfying (9) lead to posterior
distributions that concentrate on the sparse underlying true generative model. Members of the family of the
so-called “complexity priors”, defined as,

f) =P, = 1) e~ ®02®T/0 5 b >0,0=0,1,2, ... (10)

have exponential decrease (9) for b > 1 + ¢ [10]. In our applications we consider the choices b=3.72 and a =2
as default values, but we also report various prior sensitivity checks in the Appendix. As noted by Castillo and
van der Vaart [10] it holds that e!108 (T"/0 ¢ (17y L et1oe€T" /0 implying that (10) is inversely proportional to the
number of models of size {. Thus, this choice is suited to the purpose of penalizing model complexity. Note that
the right hand side of eq. (10) for ¢ = 0 should be perceived as the limit limy, e~#!10e®T"/0) = 1,

Finally, we mention that typical prior assumptions on the number of change-points (for example a truncated
Poisson or a uniform distribution over a pre-specified set of non-negative integer values) tend to overfit the
number of change-points. This behaviour is demonstrated in Section 4.1 using simulated data with a known
number of change-points, as well as in Section C of the Appendix using our real dataset.

3 Inference

3.1 Metropolis—Hastings MCMC Sampler

Assume first that the variances o = {¢?;n =1, ..., N,t = 1, ..., T} are given. This assumption will be relaxed
at the end of this section. Observe that conditionally on the vector o?,{,,¢,1t,);n=1,..,N}are a-posteriori
independent. Therefore, the inferential procedure breaks down to N independent tasks. The posterior distri-
bution is written as

N
f6,¢tx,0?) = nf(en,ﬁn,rn|xn,o'$1) (11)
n=1
< [T, f (x41602,,0%)f (8,10%) f(T,ll)f (L) (12)

Although analytical evaluation of the marginal posterior distribution f (T, 8|x, 0'?) = f of (0, T,lx, 0’2) dé is pos-
sible since we use conjugate prior assumptions, the integration cannot be carried out independently within
each segment due to the continuity constraint. This fact makes the use of standard dynamic programming
approaches not applicable in our set-up and the discrete nature of the sampling problem will make the com-
putation of the involved expressions a time consuming task since the possible combinations of change-points
increases rapidly with T. Thus, in order to make inference we sample from the target posterior distribution
using a Metropolis-Hastings MCMC sampler that updates (0, ¢, T).

At each step, the state of the chain is updated using four move-types: move 1 updates the number of change-
points, move 2 updates the mean parameters by using a random walk proposal centered at the current values,
move 3 updates the position of change-points and move 4 updates the subset of mean parameters that are not
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allocated to a change-point. In each case the proposed move is accepted according to the usual Metropolis-
Hastings acceptance ratio, that is, R,, = min{1, «,,} where

f (0,6, Thlx,, 07) Pprop ({0;1121,’1/1—;1} - {oglm)leilm)lrl(”lm)})
f (on/ Eanann/o—gl) Ppl‘Op ({enr en/ Tn} - {0;1/ E"an:ﬂ})

In eq. (13), (8, ¢, T,,) denotes the current state of the n-th chain and (0, ¢}, T;,) denotes the candidate state.
Moreover, we use the notation Pprop (¥ — y) to denote the probability of proposing state y when the current
state of the chain is x.

Move 1 This move updates the number of change-points, while keeping the mean parameters constant. We
introduce two move types which propose to update the total number of change-points by 1. These move-types
are complementary to each other: addition/deletion of a change-point. In the following, {7, U t} denotes the
resulting ordered set when a new change-point t is added to the current configuration 7,,. In a similar fashion,
{T,\t} denotes the remaining set when a specific member ¢ of 7,, is removed from the ¢ urrent configuration.

At a given state consisting of {,, change-points, we propose addition/deletion with probabilities p,({,,) and
pa(l,) =1—p,(L,), respectively. The addition probabilities are defined as

&y = (13)

1, 6, =0
pat) =11/2, 1<, <L-1 (14)
0, 0, =1L,

where L denotes the maximum number of change-points (L < T — 2). In case of addition, we propose to add
a randomly drawn change-point between two successive ones. The probability of proposing the addition of
change-point t, such that 7,,;_; < t, < 7,5 forsomej = 1, ..., {, + 1, is equal to pa((’,n)ﬁﬁ. In
case that 7,; — 7,,;_; = 1 the proposed move is immediately rejected. In the reverse move, a the previously
added change-point is selected with probability p,;({,, + 1) ﬁ and is deleted from 7,, U t,. Thus, the acceptace

probability for an addition move is equal to

f (xa10z, 060,02 f (T, ULNE, +1) (1= p,(l, + 1))
(2B ,02)f (T,10,) Lo

nj n;j—1""

w,({,,0,,T,, T, = , (15)

In the case of proposing deletion of a change-point 7,,;, the corresponding acceptance ratio term is equal to

1

“d(e /9 ;T /T’): .
e (U = 1,8, AT\ Ty}, Ty

(16)

At this point we underline that using an overfitted set of model parameters (one mean 6,; per time-point
t=1,...,T) allows us to use the standard Metropolis-Hastings ratio for proposing additions/deletions of
change-points. This would not be true if the number of mean parameters was defined conditionally on €,,:
in such a case the Reversible Jump algorithm or integration of mean parameters is required.

Move 2 In this move the update of mean parameters 8 is proposed, while all other parameters remain
unchanged. For this purpose a random walk centered at the current values of the chain is used. For subject
n=1,...,N, let §,; denote the current value of the mean parameters at time-point t =1, ..., T. Then a new state
is proposed according to

O ~ N (Gntfwﬁt) ’

independent for all t and 1, for some constant ¢ > 0. Recall that %, denotes the variance of the random sample
(Xut1s -+ » Xipr) Which is assumed known. Note that the ratio of the proposal distribution for the transitions
0, — 0, and 0, — 0, is 1. Thus, the Metropolis-Hastings acceptance ratio (13) simplifies to

f(x,16; ,0%)f (6;,10%)
f (2010r,,0%) f (8sle)
Move 3.a The candidate state is generated by using a proposal distribution which will jointly update the change-

points T,, while the total number of change-points {,, and mean parameters 8, are kept constant. Let ¢ =
(€1, ,€g,) and

/

u,(1,,0,,0,) =

17)

& ~ g(/ _dlldl)/
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where d; > 0 denotes a pre-specified positive integer and g(-; —d;, d;) denotes the discrete uniform distribution
over {—d,,—d; + 1, ..., d; — 1,d;}. Then, the proposed state is generated as

I
Tni = Tni i

independently fori = 1, ..., {,, while {;, = {,, as well as 8;, = 8,,. In this case, the proposal ratio in eq. (13) is
equal to 1 so the acceptance ratio is written as the posterior probability ratio.

f (%410 ,02) f (ThIE,)
f (267 ,02)f (T,l0,)

where 0, as in (5). A small value for d; will be capable of achieving optimal acceptance rates. Thus, this move
is oriented towards the local exploration of the posterior surface, given the current state.

Move 3.b This is a similar proposal to Move 3.b, but instead of proposing the simultaneous update of all
cut-points, just one entry is modified and the rest remain the same. As in Move 3.a, both the number of change-
points as well as the values of mean parameters remain the same. Thus, let i* denote a randomly drawn index
from the set {1, ..., {,,} and

w4,,0,, T, T, = (18)

&~ g(/ _d2/d2)/

where d, > 0 denotes a pre-specified positive integer. The proposed state is generated as

Ty = {T’”” v (19)
T,i+e i=1%

The Metropolis-Hastings acceptance probability simplifies to eq. (18). In this case, a sufficiently large value for

d, will propose moves that are more likely to be accepted compared to Move 3.a, since only one entry is changed.

Thus, move 3.b will be used as complementary to move 3.a, in order to facilitate the ability of escaping from

local modes of the posterior distribution.

Move 4 Let 0,/ | denote the mean of those time-points that do not correspond to change-points for time
series 7. In this case it can be easily seen that the full conditional distribution of (8,,;_¢ 1T, X, {,) is the prior
distribution in eq. (7). Hence, a draw from the prior distribution will perfom a Gibbs update to 8,,;_; ;

Note that both moves 3.a and 3.b are able to propose states that have zero prior probability in eq. (8). Al-
though this is not a frequent event, in this case the proposed state is immediately rejected, since the prior
probability ratio is equal to zero.

Recall that the previous MCMC steps are defined conditionally on 2. The next subsection deals with the
case where the variance is estimated at a pre-processing stage and plugged into the previously described
MCMC sampler. For this purpose, we consider that the variance can be either shared between different time
series or not and two estimators are derived. We assume that we have enough data in order to obtain a robust
estimate of variance, which is the case in our application. The more general case where the variance is treated
as a random variable is discussed in Subsection 3.3. In this case, the variance is updated by the full conditional
distribution using a Gibbs sampling step.

3.2 Variance estimation at a pre-processing stage

In this case the variance is considered known and in practice it should be estimated at a pre-processing stage.
We use the posterior mean arising from a multivariate normal-inverse gamma model as a point estimate. For
this purpose we ignore the piecewise linear parameterization of the mean function and use the same likelihood
as in eq. (1) and the same prior assumptions for 6,; as in eq. (7).

We will assume two parameterizations: the full model where the variances are a-priori distributed as:

Urzlt ~ JY (D(Or.BO)/ (20

independent for n=1,...,,N; t=1, ..., T, where & («, ) denotes the inverse Gamma distribution. The second
model parameterization imposes the restriction of common variance across different time series and replicates,
that is,

ol =0} n=1,..,N. (21)
Under (21), a-priori it is assumed that

ot~ G (a,Bo),
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independent for t =1, ..., T. The quantities &, > 0 and B, > 0 correspond to fixed hyper-parameters.
Let us define the function

2
R R R
Ropfy + (R+ 1) Y X0y, — (Z xntr) — 2VoHhot D Xnr
B _ r=1 r=1 r=1
nt - 7

2(R + vy)

fort=1,...,T;n=1,.., N. It easily follows that under (20):
ol ~ IG (g + R/2, By + But) ,

independent forn=1,...,N;t=1, ..., N. In the case of the restricted parameterization in (21), the corresponding
posterior distribution is

NR N
oilx ~ IE (oc0+ T,ﬂ0+ Z/Bnt),
n=1

independent for t =1, ..., T. Then, we use the posterior means as the plug-in point estimates of the variance per
time-point, that is,

BotBu

E(c%lx) = Ry t=1,..,T;n=1,..,N (22)
0 2
N ~
Bo + 2=y Bt
E(cflx) = —S2=L2 t=1,..,T, (23)
o+ MR g

provided that a; + R/2 > 1 so that both posterior expectations exist. The default values we use for the constants
in eq. (22) and (23) are #y = 1 and B, = 1, but we also report some prior sensitivity checks in the simulation
section. We will use the labels “s1” and “s2” to refer to the MCMC sampler using the plug-in estimates (22) and
(23), respectively.

3.3 Updating the variance

Here we discuss the case where the variance in eq. (1) is unknown. In the case where all variances are unre-
stricted (eq. (20)), the full conditional distributions are:

R+1 1

R v
x0T~ 5% [T + o, Z{xntr —ut;0,T,)*+ ?O(Gnt — )2+ Bo |, (24)
r=1

independent forn=1,...,N, t=1, ..., T. Note that in this case, the full conditional distribution depends on the
piecewise linear mean function y(t; 6,,, 7,,). Under restriction (21), it follows that:

oilx,0,T ~ IZ

N(R+1) 1
A , (25)

N R vy &
oz 2, ) W = pE 0, TN + 5 ) B = o) + o

independent fort=1, ..., T.

We will use the labels “s3” and “s4” to refer to the MCMC sampler using the Gibbs steps (20) and (21),
respectively. Since the full conditional distribution of ,,; in eq. (20) depends only on the quantities (x,,,0,, T,),
the joint posterior distribution factorizes over n =1, ..., N. Thus, we can split the MCMC sampling into N inde-
pendent samplers, as also done to the case where the variance is fixed. However, this does not hold for eq. (21)
where the state of the parameters yu(t;0,, T,) of all time-series (n=1, ..., N) is required. This imposes a large
computational burden since N can be quite large. Therefore, in the examples of the next section we have only
applied the first three MCMC samplers (s1, s2 and s3).
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4 Results

4.1 Simulation study

We considered simulated datasets of length T =1000 time-points consisting of N =1000 independent multi-
variate observations, while the number of replicates (R) is equal to R =3. Forn =1, ..., N, the number of change-
points £, is drawn uniformly at random from the set {0, 1, ..., 9}. A detailed description of the simulation mech-
anism is given in Section B of the Appendix.

All three samplers were applied using the following set of hyper-parameter values: oy = 0.1, B, = 0.1, v, =
0.005. The prior distribution on the number of change-points corresponds to the complexity prior distribution
in (10), with parameters o =2 and b = 3.72. The fixed-variance samplers (s1 and s2) are initialized from a state
with 1 change-point with parameters randomly generated from the prior distribution. On the other hand, we
observed the sampler s3 remains trapped in areas of low posterior probability when using random starting
values. In order to deal with this issue, we initialized sampler s3 using a run of sampler s1 (with 30000 iterations).
The inference is based on 50000 iterations following a burn-in period of 20000 iterations.

Our results are benchmarked against the not package available in the Comprehensive R Archive Network,
which implements the narrowest-over-threshold method of Baranowski et al. [22]. The number of change-points
is inferred using a strengthened version of the Bayesian Information Criterion [26, 38]. For the problem of
detecting changes in the slope, this approach only considers univariate time-series with constant variance,
thus, it is not suitable for multivariate time-series where the variance varies with time (which is the case in our
datasets). In order to apply this method we averaged across the replicates of the time-series.

Figure 2 displays the difference of the estimated number of change-points (@) from the true number (¢),
stratified according to the true number of change-points used to generate the data. We conclude that in all
cases the estimates are centered in the true value of the number of change-points. At the lower panel of Figure
2 we calculated the Mean Absolute Error (MAE) of the resulting estimates, with error bars corresponding to the
standard error. For smaller number of change-points the MAE is consistently higher for sampler s1. Although
the simulation scenario does not assume the same variance per time-series, note that the sampler s2 (which
uses the pooled variance estimate in eq. (21)) gives slightly better results.
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Figure 2: Benchmarking the estimation of the number of change-points arising from the narrowest-over-threshold (“not”)
method of [22] and our MCMC sampler with fixed different variance (s1), fixed shared variance (s2) and unknown dif-
ferent variance (s3) per time-series, under the complexity prior distribution. The number after the name of each sampler
indicates the true number of change-points and for each value 100 synthetic datasets were simulated. Each time-series
consists of three replicates and 1000 time-points.

We conclude that in many cases the method of [22] tends to overfit the number of change-points, resulting
to worse performance than our method. Clearly, benchmarking against this simpler approach should not be
perceived as a fair comparison between the two methods, but as a means of highlighting the usefulness of our
modelling.

Figure 3 displays the output of the MCMC sampler sl (lower panel) and s2 (upper panel) for a time-series
where the true number of change-points equals to 8. The output of sampler s3 is almost identical to the lower
panel of Figure 3. The posterior distribution of the number of change-points is shown at the left panels, consid-
ering both the complexity prior distribution (gray trace) as well as a Poisson(1) distribution truncated on the
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set {0, 1, ..., 30}. Observe that the first choice quickly converges to a state with 8 change-points (that is, the true
number). This is not the case under the Poisson prior distribution, which supports larger values than the true
number of change-points. This behaviour is typical in other simulated datasets we tried, therefore, all results
in the remaining sections are based on the complexity prior. The right panels display the posterior distribution
of change-point locations (under the complexity prior) and it evident that the method is able to accurately infer
all change-point locations.

15
1

# change-points
10
L

Complexity prior
Poisson(1) prior
T T T T
0 20000 40000 60000

MCMC iteration

15

# change-points
10
1

Complexity prior
Poisson(1) prior
T T T T T T T T T T
0 20000 40000 60000 0 200 400 600 800 1000

MCMC iteration t

Figure 3: Example of a simulated time-series with 8 change-points. Replicates are shown in red, blue and green color.
Left: MCMC trace of the sampled number of change-points considering both the complexity and a truncated Poisson(1)
prior distributions (every 20th iteration is displayed). Right: output of the MCMC sampler conditionally on the estimated
MAP of changepoints (which is equal to 8) according to the complexity prior. The upper and lower panels correspond to
the MCMC sampler using the variance estimates arising from eq. (23) (sampler s2) and (22) (sampler s1), respectively. The
gray lines correspond to the posterior mean estimates of the piecewise linear mean function and the boxplots display the
posterior marginal distribution of each change-point. Vertical dotted lines correspond to the central line of each boxplot
(median). The coloured outer regions correspond to two estimated standard deviations from the mean.

Additional results based on synthetic data are provided in Section B of the Appendix, including prior sensitivity
checks as well as alternative simulation scenarios. Further comparisons against not are provided in Section D
of the Appendix.

4.2 Phasedetection in parallel time-series analysis of fungal growth

The filamentous fungal pathogen Aspergillus fumigatus is a major pathogen of the human lung causing more
deaths per annum than tuberculosis or malaria [39]. A time series study of fungal growth was performed in
liquid culture by analysing, in parallel, the growth characteristics of 411 independent transcription factor gene
deletion mutants. The mutant strains were cultivated in a microtiter plate containing 200 xL of a fungal culture
medium and incubated at 37 °C. Optical density (at 600 nm) was measured at 10 minute intervals for a total
period of 48 hours. The growth analysis was performed on three separate occasions.

The observed data consists of N x R x T growth levels for R = 3 replicates of N =411 objects (mutants) mea-
sured every 10 minutes for T =289 time-points. Figure 1 displays the observed time series for four mutants.
Visual inspection reveals that describing growth with a piecewise linear mean function with an unknown num-
ber of segments is a reasonable assumption for the observed data. Regarding the fixed hyper-parameter values,
we considered that a =2 (eq. (10)) and v, = 107! (eq. (7) and (23)). After estimating the variance per time-point
using the estimator in (23), the MCMC sampler s2 ran for m = 50000 iterations, following a burn-in period of
20000.

The boxplots in Figure 1 correspond to the estimate of the marginal posterior distribution of each change-
point for specific subset of four mutants, conditionally on the mode of the posterior distribution of the number of
change-points. Figure 4 displays the averaged profile per mutant (mean of three replicates) coloured according
to the most probable number of change-points for each of N = 411 subjects. We conclude that the majority of the
mutants (343) consist of three growth phases. It is clear that mutants with a smaller number of change-points

10
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are also the more slowly growing mutants, which is reasonable since these mutants most likely have not been
able to reach the later growth phases in the time of the experiment. In particular the method inferred 35 mutants
with only 2 growth phases and slow growth behaviour while 12 mutants have a single phase and very slow
growth behaviour. Finally, 21 mutants consist of 4 growth phases and some of them exhibit a faster growth rate
at later observation stages (t > 220).

w
= 7] MAP number of change—-points:
1 (12 mutants)
2 (35 mutants)
3 (343 mutants)

4 (21 mutants)

1.0

average growth level

0.0

0 50 100 150 200 250 300

Figure 4: Visualization of the growth dataset with respect to the estimated MAP number of phases. For plotting conve-
nience, each curve corresponds to the average growth time series across the three replicates.

Amongst 12 fungal mutants identified as having a single change-point during growth curve analysis, and there-
fore exhibiting severely retarded growth kinetics, seven mutants had previously been characterised [40—45].
Without exception previously characterised mutants had been reported as having various morphological de-
fects, and these morphogenesis mutants were correctly identified in our analysis. The remaining five mutants
have, until now, remained uncharacterised and therefore provide promising candidates to investigate further in
order to establish their roles in fungal morphogenesis. Detailed phenotypical characterisations of the identified
mutants will be described elsewhere.

a

We have also considered a Poisson(1) prior distribution on the number of change-points. As already demon-
strated in Section 4.1, in this case the sampler selects a larger number of change-points which are less inter-
pretable. The reader is referred to Section C of the Appendix.

5 Discussion

A method for inferring the number of change-points in the underlying piecewise linear mean function of repli-
cated time-series has been presented. A crucial characteristic of the model is that each time-point may have its
own mean, an assumption which introduces an overfitting number of parameters. The method is able to penal-
ize overfitting models by using an exponentially decreasing prior distribution [10] on the number of change-
points and it was demon strated that this approach leads to a posterior distribution that can accurately recover
the underlying sparse structure of the model.

We considered that the variance may be fixed or treated as unknown. In the first case we used a plug-
in estimate arising from a pre-processing stage of the data. Moreover two different variance parameterizations
were introduced, depending on whether the variance of each time-point is shared between different time-series
or not. We have also discussed the case where the variance is treated as unknown, updating its state by an
extra Gibbs sampling step. According to our simulations, the samplers with fixed variance (s1 and s2) are quite
competitive with the sampler s3 which also updates the variance.

There are many interesting extensions of our research. For example, one could assume more general mod-
els between replicates, such as a multivariate normal distribution with full covariance matrix and/or replicate-
dependent means, or even models that are not necessarily normal. The core mechanism of the proposed MCMC
sampler will be the same in these situations and it would be interesting to investigate whether the method can
produce robust results in such settings. In our setup we observed that our sampler does not face any conver-
gence issues and quickly reaches to a state where the number of change-points reflects the underlying struc-
ture of the model. In the previously mentioned generalizations however, it might be beneficial to seek ways
of improving the mixing and accelerating convergence by e.g. embedding our sampler to parallel-tempering

11
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schemes. Another interesting extension of our research is to explore the usage of data transformations for sta-
bilizing the variance of time series along time.

In our biological application, we found that all of the slow-growing mutant strains identified by our method,
and which had previously been characterised in the literature, were known to play roles in fungal morphogen-
esis. Further experiments are planned to explore how the growth dynamics of the mutants considered here
changes under different environmental conditions. Our simple change-point method provides a useful low-
dimensional model of the growth dynamics to explore gene-environment effects on the growth phenotype.

6 Software and data availability

Our algorithm is available as an R package [46] at the Comprehensive R Archive Net-
work [47]. Scripts to reproduce real and simulated data analysis are available online at
https://github.com/mgbssppe/growthPhaseMCMC.
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A Details of the MCMC sampler

The following pseudo-code summarizes the workflow of the proposed Metropolis—Hastings MCMC sampler
for samplers s1 and s2.

1. Pre-processing step to estimate the variance according to eq. (22) (for sampler s1) or (23) (for sampler s2).
2. Forn=1,..., N

a. Give some initial values ¢, 8, t{?

b. Form=1,... M

i. Move 1: Propose addition or deletion of a change-point and accept the candidate state (;, T}, ac-
cording to eq. (15) or (16), respectively. In case of acceptance set (Eﬁlm ), T;m)) = (4, T;), otherwise
<€£1m), T;m)) — (eilm—l), Tglm—l) )

ii. Move 2: Propose to update the mean parameters and accept the candidate state 8;, according to eq.
(17). In case of acceptance set 8™ = ), otherwise 85, = 65" ~".

iii. Propose to update the change-points: with probability 0.5 choose Move 3.a, otherwise choose Move
3.b. Accept the candidate state T/, according to (18). In case of acceptance set 3" = T/,.

iv. Move 4: Update the mean parameters that are not allocated to a change-point by sampling from the
prior distribution.

In the case that the variance is unknown,the sampler is augmented by an extra Gibbs sampling step, which will
update the variances using the full conditional distributions descibed in Section 3.3 of the paper.

In the presented applications we considered that the total number of MCMC iterations is equal to M = 70000,
while the first 20000 are discarded as burn-in period. The parameters of the MCMC sampler are defines as
follows: ¢ = 0.05 (Move 2),d, = 1 (Move 3.a),d, = T /20 (Move 3.b). The MCMC sampler is initialized from a state
with one randomly selected change-point. The parameters ,, are initialized from the mean of the multivariate
normal distribution corresponding to the posterior distribution arising from eq. (7) and (20), forn=1, ..., N.

12
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B Simulation study details

We considered simulated datasets of length T =1000 time-points consisting of N =1000 independent multi-
variate observations. Three simulated datasets of dimensionality N x R x T were genera ted according to (4)
considering that the number of replicates (R) is equal to R=3 or 6. For n =1, ..., N, the number of change-points
{,, is drawn uniformly at random from the set {0, 1, ..., 9}. Given {,, > 0, the “global position” of the j-th change-
point is generated as

T .
where y; denote independent draws from the Binomial(100,0.5) distribution,j = 1, ..., {,;n=1, ..., N. According
to this scheme note that [E(T]-Jrl -7 = ﬁ and Var(T]-+1 —T;) =50.

Recall that our model assumes that the replicates are iid random variables for a given time-point t and time-
series n. However, we would rather benchmark our method in case that this assumption is not necessarily true.
In order to introduce extra noise between replicates we assumed that the true change-point for each replicate
has some variation around the time-point in eq. (26). Therefore, it was considered that replicate r changes its
mean function at time

T].’r = T; +dz;, (27)

where d ~ 2%{—-1,1} and z ~ P(2), independent for 7, j, where &(-) denotes the Poisson distribution. The
expression level of each subject n =1, ..., N was initialized at time-point ¢t =1 by a baseline mean equal to zero
for the first phase. In case that the number of change-points for subject n is positive ({,, > 0), the expression level
for each phase was assumed to correspond to a linear function by randomly generating the slope S; for each
consecutive phase according to Sj = ijYjI where Yj ~ /(0,0.3%), independent forj = 1, ..., {,. wj denotes a
discrete random variable with values in {—1, 1}, distributed according to a Markov process with P (w; = 1wy =
—-1) = [P’(w]- =-llw;_; =1) =p, where p=0.8.

Each replicate was allowed to have some variation around the endpoints of each phase according to the
N (0, U%ep) distribution, where

U%ep =1. (28)

B.1 Simulation study 1: different variance per time-series

Regarding the observation variance o7, it is assumed that

2 0.9 T—-0.1
0oy~ G l,—ﬁf-i-ﬁ ,

independent for t=1,...,T and n=1, ..., N. Note that {szt; n =1, ..., N} is a random sample of size N from a
Gamma distribution. In order to estimate the variance per time point and time series both estimators (22) and
(23) are considered.

Figure 5 illustrates a random subset of 10 simulated time-series with a number of change-points ranging
in 0,1, ...,9. Note that there is strong heterogeneity between time-series and that there are instances where
replicates deviate from the iid assumption. We will refer to the specific data generation procedure with the
term “noisy scenario”. Note that when d =0 in eq. (27) and ‘frzep — 0in eq. (28) the simulation scenario does

not introduce any extra noise between replicates and the data is generated by the assumptions imposed by the
proposed model. Note that the results of this simulation procedure are shown in Figure 2 of the main paper.
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Figure 5: An example of 10 subjects from the simulated time-series with T =1000 time-points with 3 replicates (blue, red,
green) and number of change-points equal to 0, 1, ..., 9 (indicated by dashed vertical lines).

Next we perform some prior sensitivity checks by considering different combinations of the hyper-parameters.
Figure 6 shows the selected number of change-points using the approximate MAP estimate from the MCMC
sample. Prior-sensitivity checks are performed by considering that a € {1, 2} in eq. (10), v, € {0.01,0.1} in eq.
(7) and (a, By) € {(0.1,0.1), (1,1)} in eqgs. (22)-(23). The results are stratified with respect to the true number
of change-points used to generate each time series and we conclude that it is accurately estimated in most
cases. Recall that the parameter a controls how fast is the exponential decrease in the prior distribution of the
number of change-points, hence larger values of « yield heavier penalties for complex models. This behaviour
is reflected in Figure 6 where we observe that @ =1 tends to produce larger MAP estimates than a = 2. Observe
also that the results are reasonably robust with respect to the parameter v;,.

0 5 10

0 4 8 12

5 10 15

0

8 12

0
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0 4 8 12

5 10 15

0 4 8 12

03|
3
3

(a) Using variance estimator (22) (b) Using variance estimator (23)

Figure 6: Estimation of the number of change-points on synthetic datasets generated under different variance per time se-
ries. The variance was estimated according to (a): the different variance estimator (22) and (b): the same variance estima-
tor (23). Different combinations of prior parameters («, v, &,, B,) were used to the MCMC sampler. Each pair of numbers
in the horizontal axis displays the true number of change-points (first entry) and number of replicates (second entry).

B.2 Simulation study 2: same variance per time-series

In this section we replicate the “noisy” simulation scenario of Section B but now the variance is restricted to be
the same between time series. More specifically, it is assumed that 0%, = ¢ foralln=1, ...,N and that

e 0.9t T-0.1
of ~ et =,
t T—1 " T-1

independent for t =1, ..., T. Furthermore, we also consider the “exact” simulation scenario where no additional
noise is introduced between replicates and expression levels. In order to estimate the variance per time point
and time series we used the estimator in (23). Then, the MCMC sampler was run with the same number of
iterations and burn-in period as previously (70000 and 20000, respectively).
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The estimate of the number of change-points are shown in Figure 7(a) and Figure 7(b) for the noisy and
exact simulation scenarios. We should note that the results are improved when replicating the analysis based on
simulated datasets which are generated exactly by the assumed model, as illustrated in Figure 7(b), particularly
when a=1and v, = 0.01.
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Figure 7: Benchmarking the estimation of the number of change-points on synthetic datasets according to the “noisy”
and “exact” simulation scenarios. Different combinations of prior parameters v, in eq. (7) and « in eq. (10) were used to
the MCMC sampler. Each pair of numbers in the horizontal axis displays the true number of change-points (first entry)
and number of replicates (second entry).

C Benchmarking against the Poisson distribution on the real dataset

Recall that in Section 4.1 we demonstrated, using simulated data, that the estimated number of change-points
tends to overfit when using a Poisson instead the complexity prior distribution. Here, we illustrate that this is
also the case on our real dataset. We consider again a Poisson(1) distribution, truncated on the set {0, 1, ..., 30}
and use the same four time-series of the real dataset, depicted in Figure 1 of the main paper. As shown in Fig-
ure 8, the posterior distribution of the number of change-points under the Poisson prior distribution supports
much larger values than the complexity prior. The estimated posterior mode of the number of change-points
correspond to 5 for “plate 5 E1” (instead of 1 under the complexity prior), 5 for “plate 1 F4” (instead of 2), 6
for “plate 1 A3” (instead of 3) and 7 for “plate 2 C4” (instead of 4). We conclude that in this case the sampler
assigns additional change-points to intermediate observation periods, compared to the ones selected under the
complexity prior. These additional change-points identify very small changes in the slope of the time-series
and they do not contribute much in the interpretation of growth characteristics.
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Figure 8: Change-point locations conditionally on the MAP number of change-points according to a Poisson(1) prior dis-
tribution, truncated on the set {0, 1, ..., 30} for four time-series of our real dataset.

In order to further inspect the differences between the results arising from the two different prior assumptions,
let us define the following random variables:

- {1, ifte {‘["1,...,Tgn} 29)

0, otherwise

fort=1,...,T,n=1,..., N.Note that z,,; is a binary random variable with 1 denoting the event that a change-point
is assigned at time-point ¢, t =1, ..., T, for time-series n=1, ..., N. The posterior probability P(z,; = 1x,{,) can
be estimated directly by averaging across the MCMC output. Figure 9 illustrates the estimates of these posterior
probabilities for a subset of four time-series. The peaks correspond to the locations of sampled change-points
across the MCMC run. Notice that a blue peak is always accompanied by a red one, which means that under
the Poisson distribution the set of inferred change-points actually contains the change-points locations selected
from the complexity prior. However, the reverse is not necessarily true, especially for the first time series ("plate
5 E1”). Finally, notice that under the complexity prior distribution all intermediate time-points between two
peaks are assigned zero posterior probabilities of containing change-points. This is not the case for the Poisson
prior distribution, where all time-points contain a change-point with strictly positive posterior probabilities,
which is due to the presence of the additional change-points.
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Figure 9: Estimated posterior probabilities of the binary state variables z,,,, t =1, ..., T in eq. 29 for four time-series of the
real dataset, conditionally on the most probable number of change-points (1), according to the complexity and Poisson(1)
prior distributions on the number of change-points. The results are averaged across 20 independent chains.
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D Additional benchmarking against the narrowest-over-threshold method

In this section we provide some additional results regarding synthetic and true datasets when using the not
package of Baranowski et al. [22]. We consider one of our simulated datasets as well as one time-series of our real
data, which illustrate the typical performance of each method in our data. As already mentioned, not deals with
univariate time-series so in order to apply this method we averaged across the replicates of the time-series. The
results are illustrated in Figure 10. The first column consists of a simulated dataset (using the same generating
mechanism described in Section B, where the number of change-points is equal to 3 and our proposed method
is able to succesfully detect it (shown in first row of Figure 10). On the other hand, the method of Baranowski
etal. [22] overfits the number of change-points. A similar pattern is illustrated for the real dataset shown in
the second column of Figure 10, where the narrowest-over-threshold method infers a much larger number of
change-points compared to our approach, which is not realistic.

proposed method (simulated data) proposed method (real data)

| I L |
1

0 20 40 60 80 100
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T T T T T T T T T T T T
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Figure 10: Comparison with the narrowest-over-threshold method as implemented in the not R package. Inferred
change-points are indicated by dotted lines.
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