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Abstract:

We study the asymptotic behavior of multiscale stochastic spatial gene networks. Multiscaling takes into ac-
count the difference of abundance between molecules, and captures the dynamic of rare species at a mesoscopic
level. We introduce an assumption of spatial correlations for reactions involving rare species and a new law of
large numbers is obtained. According to the scales, the whole system splits into two parts with different but
coupled dynamics. The high scale component converges to the usual spatial model which is the solution of
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which is the solution of an ordinary differential equation. Comparisons are made in the supremum norm.
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1 Introduction

Modern molecular biology emphasizes the important role of gene regulatory networks in the functioning of
living organisms (see [16], [41] or [33]). As many other dynamical systems in a great variety of fields (e. g.
biology, chemistry, epidemic theory or physics), gene regulatory networks belong to the large family of chemical
reaction systems, which has been highly investigated in mathematics, for modeling. We refer to [30, 31], [3], [2],
[17], [18], [37], [13], [12], and many other references therein. Following Arnold in [2], there are two main criteria
according to which reactions in a spatial domain are modeled:

(C1) global description (spatially homogeneous, “well-stirred” case excluding diffusion) versus local de-
scription (spatially inhomogeneous, “spatial model” including diffusion);

(C2) deterministic description (macroscopic, phenomenological, in terms of concentrations) versus stochas-
tic description (mesoscopic, taking into account fluctuations, at the level of particles or molecules).

The combination of these two criteria gives rise to four mathematical models:

- Deterministic-Homogeneous: the concentration is solution to an Ordinary Differential Equation (ODE).
— Stochastic-Homogeneous: the number of particles is a (time) jump Markov process.

— Deterministic-Spatial: the concentration is solution to a Partial Differential Equation (PDE).

— Stochastic-Spatial: the number of particles is a (space-time) jump Markov process.

There is a restrictive assumption for deterministic and many of the stochastic models, in the literature.
Namely, the different species (or reactants) have the same order of population size, which is large, meaning
that the whole system has a fast dynamic. There are many biological — or not — situations for which this is not
true, where different scales of population sizes and speeds of dynamics — fast and slow — are coupled. Gene
regulatory networks are typical situations, where some molecules are present in much greater quantity than
others, and reactions rate constants can vary over several orders of magnitude (see [12], [5]). It is also the case
in neurosciences (see [10, 21, 38] based on Hodgkin-Huxley’s model for the propagation of action potentials
in neurons), in systems pharmacology (see [32] for drug effects for cancer treatment), in population dynamics
(see [4] for biological invasions).

A third criterion of modeling then clearly emerges:

(C3) one-scale description with a unique and large population size scale, with only high reaction rates and
fast dynamics, versus multiscale description with at least two population size scales, with high and low reaction
rates, and, fast and slow dynamics.

Now, with the three criteria (C1), (C2), and (C3) in hands, we can derive: the
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(M1) Deterministic Homogeneous Model,

(M2) Deterministic Spatial Model,

(M3) Stochastic Homogeneous Model,

(M4) Stochastic Spatial Model,

(M5) Multiscale Stochastic Homogeneous Model,
(M6) Multiscale Stochastic Spatial Model.

It should be emphasized that criterion (C3) has been introduced at the mesoscopic level and thus suggests to
preferentially consider a stochastic description for multiscaling. This stresses the importance of, and our focus
on, the multiscale stochastic modeling.

All these models are not independent one from another. The relation between (M1) and (M3) has been
thoroughly investigated by Kurtz (among others, see [30, 31] or [17] with Ethier). A law of large numbers (LLN)
and the corresponding central limit theorem (CTL) have been proved, showing convergence of (M3) to (M1).
The consistency of (M1) and (M2) as well as of (M3) and (M4) have been proved in [2]. In [3], Arnold and
Theodosopulu compared (M2) and (M4) in the L? norm, through a LLN. Blount after Kotelenez did the same
comparison, but much more extensively. Under more and more relaxed assumptions, they proved different
LLNs and the associated CLTs in spaces of distributions. Blount showed a LLN in the supremum norm. We
refer to [24-27], [6-9] among others.

In [37], [13] and [12], Crudu, Debussche, Muller and Radulescu studied (M5). In the latter article, they in-
tegrated the multiscale nature of the system in their modeling approach and proved that the multiscale model
(weakly) converges to a finite dimensional Piecewise Deterministic Markov Process (PDMP). In finite dimen-
sion, PDMPs are hybrid processes which follow between consecutive jumps the flows of ODEs whose param-
eters can jump. They have been well formalised and studied by Davis in [15]. Depending on the interactions
and the scaling, [12] distinguished various types of limiting PDMPs. Stochasticity does not disappear in that
hybrid simplification, and multiscaling appears to be a tool for estimating asymptotically at the first order, the
noise lost in the LLN.

Direct simulation of Markov processes is extremely time consuming for models we are dealing with (see [13]
or [22]). The finite dimensional hybrid simplification made in [37], [13] and [12] allows to consider PDMPs in-
stead of the initial multiscale model for simulations and analysis. This justifies, in the homogeneous context, the
already common use of hybrid model and accelarated algorithms which considerably increase computational
efficiency. Lately, this practice has been extended to spatially inhomogeneous systems, leading to the simu-
lation of multiscale spatial stochastic systems as infinite dimensional hybrid systems. We can cite [1] for cell
regulatory networks and enzyme cascades, [34] for molecular communication or [10, 21, 38] in neurosciences.
It is therefore important to justify mathematically the use of these hybrid approximations for multiscale spatial
systems and to understand whether they are always consistent, or not. This is the aim of this article.

In this article, we initiate the study of (M6) and generalize the approach of [12] to a spatially dependent sit-
uation. Depending on their abundance, we distinguish abundant (“continuous”) and rare (“discrete”) species.
Also, there are different speeds of reactions, according to their rate scale and the species involved. When only
abundant (resp. rare) species are involved, reactions are fast (resp. slow). Otherwise, the speed depends on the
specification of the rate scale. We assume that only abundant reactants diffuse. Also, a spatial correlation for
slow reactions is considered — we explain below why it is necessary to introduce such correlation. Its effects are
inversely proportional to the distance to the location where reactions occurred. In this context, we prove a new
law of large numbers, showing the convergence of (M6) to (M2) coupled with (M1), in the supremum norm.
This shows that, contrary to the normal intuition and to what happens in the homogeneous case, stochasticity
disappears even though there are several scales. Therefore, one must be very careful before using multiscale
spatial stochastic simplified systems. In a forthcoming work, we introduce another situation in which the dis-
crete species remain at the macroscopic level and thus the multiscale character is both in time and space. In
this situation, we obtain a PDMP consisting of reaction-diffusion equations whose coefficients change at some
jumps.

The structure of the article is as follows. In Section 2, we present local models, starting with the existing
ones. We emphasize the notions of infinitesimal generator, debit functions, scaling and density dependence.
Then we present our model of interest (M6). Afterwards, we identify its limit through the asymptotics of its
debit function and of its generator. We also state our main result in Section 2. Future works and how our results
can be used for statistical analysis are indicated. The main result is proved in Section 3. An appendix is devoted
to the proof of technical results used in Section 3.

Some general notations. Let (Z,|| - ||z) and Z,1-1 ) be Banach spaces. The product space Z x Zis equipped
with the norm || - ||z + || - [|;. We introduce:
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Z(Z,Z7): the space of continuous linear maps from Z to Z. If Z = Z, one simply writes #(Z). The operator
norm is denoted | - [|,_, , and when there is no risk of confusion, we denote it || - .

Z': the space of continuous linear forms on Z. It is the topological dual space of Z.

B(Z) (resp. B, (2)): the space of Borel-measurable (resp. bounded Borel-measurable) real valued functions
on Z. The space B;,(Z) is endowed with the supremum norm

Iflls, zy = sup If ()] = [f o
xeZ

C’g (Z), k € N: the space of real valued functions of class CkonZz,i.e. k-continuously Fréchet differentiable on
Z, which are bounded and have uniformly bounded succesive differentials. It is equipped with the norm

k
IFllcz) = ZO IDf Nl oo
i=

where D’f is the i-th differential of f € C’lj (Z2), Cg(Z ) = C,(2) is the set of bounded continuous real valued
functions on Z.

Clk(Z x 7), 1,k € N: the set of real valued functions P of class C! ~with respect to (w.r.t.) the first variable and
of class Ck w.r.t. the second. In particular, C*%(Z x Z) = C(Z x Z).

For (z,%2) € Z x Z, we denote by Dl'kqo(z,i) the (Fréchet) differential of ¢, of order [ w.r.t. z and of order k
w.r.t. Z, computed at (z, 2).

Also, a subscript b can be added - to obtain Cé’k(Z x Z) — in order to specify that the functions and their
succesive differentials are uniformly bounded.

CP(I ): the set of piecewise continuous real valued functions defined on I =10, 1]. It is equipped with the
supremum norm.

C(R,, Z): the set of continuous processes defined on R, with values in Z.

D(R, ,Z): the set of cidlig processes defined on R, and taking values in Z. It is endowed with the Skorohod
topology.

2 Modeling and asymptotics
2.1 One-scale spatial models

Since we are not concerned with the homogeneous models, we only review the mathematical details of the local
models as given by Arnold and Theodosopulu in [3].

2.1.1  Deterministic spatial model

One-scale chemical reactions with diffusion in a spatial domain I ¢ R? are modeled deterministically, at a
macroscopic level, by the reaction-diffusion equation

v

— = DAv + R(v), 1)

ot
where v = v(t, x) is an M-dimensional real vector which gives the concentrations for the M > 1reactants involved
in the interactions, x € I is the spatial coordinate, t > 0is the time. The domain I can be bounded or unbounded,
v is subjected to boundary and initial conditions, 4 is the Laplace operator, D is a diagonal matrix of size M,
with non-negative coefficients on the diagonal, called the diffusion matrix. As it is often the case, we consider
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for simplicity D = 1, the idendity matrix (in the rest of the article, D is the differential operator). Reactions are
represented by R, a polynomial vector field in RM, defined by

Ry) = (Ryy), - Ru@)  with Ry(y):= Y aly",

le|l<n

where n € N*, o = (ay, -, app) € NM is a multi-index, |a| := a, + - +ay,d, € R y= Wy, ,ym) € RM and
® . % &M
¥y =Y Ym -

Well-posedness, generator and debit function. For simplicity, we work on a one dimensional domain, d =1,
that we project on the unit interval I = [0, 1] with periodic boundary conditions: v(t, 0)=v(t, 1), for all t > 0.
Since concentrations are positive quantities, a positive initial data is considered: for all x € I, v(0,x) > 0 in the
sense v;(0,x) > 0, for all 1 < i < M. In order to have some control on the concentrations, it is assumed that
v(0) =v(0, - ) is bounded: v(0, x) < p; < oo, for all x € I, for some p; > 0, and that:

Assumption 2.1
(i) Forally = (Y1, ,ypm) € RM, R;(y) = 0wheny; = 0 forsome 1 <i < M.
(ii) There exists p, > 0 such that (R(y),y) < 0 for all y € RM satisfying |y| > p,.

We have denoted by | - | and (-, -) the vector norm and the inner product of RM respectively. Assumption
2.1 is natural, and ensures the consistency of the model through a priori estimates for (1). In fact, (i) yieds
positiveness: v;(t,x) > 0, for all t, x, and for all i, whereas (ii) yields boundedness: v(t, x) < p, for all ¢, x with
p 1= max(py, p;) + 1, thanks to the maximum principle.

As species all have the same dynamic in one-scale models, it is sufficient to consider a unique reactant, i. e.
M =1. The function R is written in the form R(y) = b(y) — d(y), where b and d refer to variations due to births
and deaths respectively. They are real valued polynomials with non-negative coefficients. We consider this case
in this section.

We now consider an initial condition v(0) = v, € C*(I). In [24], Kotelenez showed that, under the preceding
conditions, the Cauchy problem associated with (1) has a unique mild solution v € C (R, ; C*(I)) satisfying

t
v(t) = T(t)v, +/ T(t —s)R(v(s))ds,
0

and 0 < v(t) < p forall t > 0. Here, T(t) := e?! is the semigroup associated with the Laplace operator A4 with
periodic boundary conditions. We notice that v, € C*(I) is not necessary if the purpose is to solve the equation.
Well-posedness still holds for much more general v,. For more details, see [14], Section 5, or [3], Lemma 2 (based
on [29]).

Informally, the (weak) infinitesimal generator of the PDE (1) reads

dpu) = (D,@u), Au+ R(u)) = (Dyeu), Au+ R(u)),, ()

for test functions ¢ € Clli (Cl(l )). The bracket (-, -), is the inner product of L? := L%(I), the space of square
integrable real valued functions on I, and (-, -) denotes the duality pairing. Let us give some probabilistic
heuristics for understanding (2). Let X( - ) be a solution to (1), and denote by ®( - ,u) the solution starting at u €
C*(I). Viewing (X(t)),., as a C*(I)-valued deterministic — thus Markov — process on some filtered probability
space (Q, F, (F,) s, P), its semigroup (P;);>, on B(C3(I)) reads

Pipu) := E[@(X(1))|X(0) =u] = p(P(t,u)).

Then as usual, we interpret the generator & as the derivative of the semigroup w.r.t. ¢, at t = 0. Thus, for every
test function ¢ € C} (C'(I)), the chain rule leads to

0
dou) 1= g(p(@(t,u)) = (De(u), Au + R(u)) .
£=0

Finally, Do(u) being the differential of ¢ at u, it belongs to (C*(I ))’. We identify it with the (abstract) gradient
of ¢ at u since C'(I) C L?, and write

(Dg(u), Au + R(u)) = (Dp(u), Au + R(u))2 ,

thanks to the Riesz representation theorem. Relation (2) then follows.
Finally, we define the corresponding debit function as

P(u) = Au + R(u).

Itis the vector field, in C!(I) here, determining the flow of the equation. More precisely, u — Au (resp. u — R(u))
is the debit function related to diffusions (resp. reactions).
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2.1.2 Stochastic spatial model

Following [3], we divide the unit interval into N smaller intervals of equal length N~": I; = ((j — DN',jN'],
forj=1,--,N, called sites. Molecules are produced — birth — or removed — death — on each site according to
chemical reactions. They also diffuse between sites by simple random walks, at rates proportional to N2. This
couples the site reactants and extends Kurtz’s model (M3) to the spatially inhomogeneous case (M4). Define:

- X]N the number of molecules on sitej,j =1, ,N,

- XN = (X]N ) € NN: the molecular composition of the whole system,

1SN
— R: the set of possible onsite reactions (we assume that R is finite).

Consider the natural completed filtration {%N ,t >0}, where %N is the completion of the o-algebra
o ({XN(s) : s < t}) with null probability measure sets. This will be the filtration considered by default for each
process we consider. From [30, 31] or Chapter 4, Section 2, p.162-164 of [17], we know that {XN H),t > 0} isa
time homogeneous NN-valued jump Markov process, with the following transitions on any j:

Onsite reactions. A chemical reaction ¥ € R occurs on site j:

N N N
X]. - X]- + % Vs €Z atrate A, (Xj ) .

Diffusions. A molecule moves from site j to site j — 1 or to site j + 1:

{(XN XN) — (XN, +1,XN ~1), atrate N°XY,

-1
(XN,XN) — (XN -1,XN,+1), atrate N°XN.

j+1
At the level of the whole vector, we getfor 1 <j < N

XN — XN 19 e; at rate A, (X]N) ,

XN — XN +¢_; —¢; atrate N°XY,

XN — XN+, —e atrate N°XY,
where {ej, j=1,-,N } is the canonical basis of RN.

In all the article, we assume that the rates of onsite reactions are polynomial functions and that there are a
finite number of reaction in R.

Two types of events are clearly distinguishable: onsite or chemical reactions, and diffusions. We sometimes
say reaction for each of them, but we avoid any possibility of confusion. The vectors v; ,¢;, ¢;_; —e;, - appearing
in transitions are the stocheometric coefficients of the corresponding event. They point out the different possible
directions that the jump due to an event can take. We also denote them by jump height or simply jump.

We insist on the fact that the directions of jumps are actually characterized by two parameters: a “true” event
— reaction or diffusion — and a location — site — where that event occurs. Furthermore, they are independently
chosen and the total jump rate, denoted by AV, is the sum of the rates over all the possible directions of jump:

N
AN(XNY =3 1Y A, (XN) + N2 (XN 4+ 2xN + xN ) |
j=1LreR

In general, the jump height of an onsite reaction may depend both on the reaction and on the site where it
occurs. In the present model, onsite reactions are assumed to be spatially homogeneous, that is

Y= forall 1 <j<N.

Well-posedness, generator and debit function. Such a Markov process can be constructed, relying on a sequence
(T1)i>1 of independent random waiting times with exponential distributions. We set Ty = 0 and Ty = 7,4+ 7

fork > 1. {Ty, k > 1} is a family of {9*7N }—stopping times such that XV is constant on each [T;_;, Ty), and has a
jump at Ty. The parameter of 7y is the total jump rate AN (XN (Tk_y)), at time Ty_,. For t >0,

P{ty > t|Tr_1} =exp {—t)\N (XN(Tk_I))} .
At time Ty, a given event (or direction of jump) is chosen with probability

rate of the direction of jump at time T _,

total rate of jump at time Tj _,
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Periodic boundary conditions are considered on the spatial domain, and X]N is viewed as a sequence satisfying

X].I\er = X]N for all j (as in [6], see p.10). The infinitesimal generator of our jump Markov process then reads

d 1
dNp(X) 1= ZEx [p (XN®)]|  =1limEx [p (XN 1) - p(X)]
t=0
N
=22 [e(X+me) — 9], (X)) 3)
j=1reR

N
+ Z [(P (X+eii—¢) +@ (X +e—g) - 2§0(X)]N2X]-.

We need not specify the complete domain of the generator &/. The limit above holds, for test functions ¢ €
Cp (RN) (see [17] p.162-164).

In this stochastic description, the global debit is the function which sums the jump heights weighted with
the corresponding rates, under the possible directions of jump. It is a vector field in the state space. If we denote
itby PN then

N
PNX) =) 1A (Xpe; + N2 ey — 2¢; + €11 X;
j=1reR
N @)
= Zl ( me\r(xj) + N2 (X, — 2X; + X]-H)) ¢
j=1 \re

for X € NN, thanks to periodicity and a change of subscript. We clearly identify the debit of onsite reactions,
and that of diffusions. The latter, the linear part in X, defines a discrete Laplace operator that we introduce later.

Scaling and density dependence: The following are parts of the main assumptions in the framework of one-
scale models.

— On each site, the reactant has a population size of order p. Typically, u# is large and represents the initial
average number of particles on each site.

— Density dependence holds for reaction rates. That is: for all € R, there exists A, satisfying

vy =i (5 ‘
A,(Xi ):y/\r o forall j=1,-,N.

Density dependence is a natural assumption when dealing with chemical reaction systems (see [30], or
Chapter 11 of [17]). It clearly holds for linear rates for instance, and can be understood as the fact that reducing
the scale is somehow increasing the density, and results in speeding up the dynamic.

In general # depends on N and we omit to mention the dependence on .

We rescale our process, setting

XN
U]N = U]N’” =—, and UN:= (UN) o
U ] /1gj<N

and do not distinguish A, from A, in the rest of the article, for all ¥ € R. The new scaled process UN has values in
RN and gives the proportions of the reactant on each site. With some abuse, we often say concentration instead
of proportion.

In order to achieve a pointwise modeling over the whole spatial domain, a space-time jump Markov process
is constructed, which is the stochastic counterpart of the solution to (1). As in [3], [25] or [6, 7], we introduce
the step function

N

ulN(t,x) = Z UN), t=0, xel (5)
j=1

where 1 j(') =1 I (+) is the indicator function of the j—th site I]-. Note that for all £ > 0, N > 1, the function

uN (t,-) can be identified with the vector UN () of RN. Furthermore, since we consider a periodic framework
we have U}\er(t) = LI]N and uN (¢, -) is 1—periodic. Below, we use the standard identification ulN () = ulN(, ).


http://rivervalleytechnologies.com/products/

Automatically generated rough PDF by ProofCheck from River Valley Technologies Ltd

DEGRUYTER Debussche and Nguepedja Nankep e

Let HY denote the subspace of L? which consists of real-valued and 1-periodic step functions that are con-
stant on the intervals I]-, 1 < j < N. Therefore, ulN = {uN (t),t > 0} is a cadlag (time-space) Markov process,

with values in HY and jumps given by:

uN — N 4 ﬁlj, at rate pA, (u]N) ,forr € R,

1.
-1
uN — N+ 2= T atrate yNzu}V, for1<j<N,

Lig— 1,
ulN — N + %, at rate yNzu}V, for1<j<N.

Here, uf\’ = U]N is the j—th “coordinate” of "N, obtained by the canonical projection

Py i L2 HN

_ 3 . (6)
uwe Pyu= ) ul;, where u;:=N [ u(x)dx.
= i

The infinitesimal generator o/~ := /N of uV is given by

j=1re

N
QYN(P(u) = . [go (u + %1/) - go(u)],u)xr (uj)
N - _— @)
+]§1 [go (u + %) +¢ (u + %) - Zgo(u)]yNzuj,
on the domain G, (I]-I]N ) It can be extended to Cy, (L?) by
AN o) := AN p(Pyu).

Such a Markov process does exist and is unique (see [28] whose result is based on [17]) until a possible blow-up
time. In addition, under natural assumptions on reaction rates, we have uN (t) > 0 forallt, as soon as ulN (0) > 0.

As already mentioned, the convergence of u™N to u solution of (1) has been the object of several articles. This
implies in particular that for N large enough there is no blow-up.

N
For f,¢ € HY, the L? inner product reads (f,8), = N7'3. figj- We denote by | - ||, the L% norm. Also, the
j=1

supremum norm is given by |fll.. = sup;<;<p If;l- Setting H := U n>1HY, the following obviously holds.

Proposition 2.1

(i) (I]-I]N, (-, -)2) is a finite dimensional Hilbert space with {\/ﬁﬂj, 1<j< N} as an orthonormal basis.

(i) 1\}im IPnu — ull, — 0 for u € L?, and (H, || - Il,) is dense in (L2, ]| - ;).

(iii) Py is a contracting linear continuous operator on (Cp (D, I'leo ) such that H C Cp(l) and Z\}l_r)noo IPyu—ulloe — 0
foru e CP(I).

2.2 Multiscale stochastic spatial model

Now we wish to generalize [12] to a spatially dependent context. We consider two orders of population sizes
and use similar arguments as above to write down the infinitesimal generator. Note that at least two types
of reactants are needed, i.e. M > 2 is necessary. For simplicity, we consider exactly two reactants, i. e. we take
M =2, that we denote by C and D. The former is abundant and the latter is rare. Henceforth, the super/subscript
C (resp. D) refers to the species C (resp. D).

The set R of possible onsite reactions is divided in three disjoint subsets

%:mcuchumD.

Reactions in R (resp. Rp) involve only molecules of C (resp. D) as reactants and products, whereas, reactions
in Rpc involve both types of reactants and/or products. We assume:

Assumption 2.2

(i) Density dependence holds for reactions in Rc.

(ii) Reactions r € R are spatially homogeneous and fast (“pure fast reactions”), whereas reactions r € Rp, are slow
(“pure slow reactions”).

(iii) The molecules of C diffuse, whereas those of D do not.
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Now, we define

_ X]N < (resp. X]N D ) as the number of molecules of C (resp. D) on site j,

- XN = (X N = (xNP

i )1sj5N' p = (X )ls]’sN and XN := (XN, xN) e NN,

Scales are set such that on every site, the initial average number of molecules for C is of order y;, whereas
it is of order x for D, with u > x. Namely, if the total initial population is MM = M- + Mp, then M- ~ N x u
whereas My ~ N x k. We set

N,C

X:
N N,u,D
uNcC .= N .= 1 yND .- yN#P .- xND
] ] ] ] ]
up = (uMc , up = (uM?

and finally
uN# = UN := (UN,up).

The new scaled process UN has values in RN x NV, Its generator has the form

N 7Cr
0 ety = 34 3 [t 2oyt | - gttt (1)

j=1 \reRc

C
7,
- [q, (Uc n %e]., Up + ’y].,Dre]-) — o(Uc, UD)}A, (ur,upP)

reRpc

+ ) Lo (Ue tp +17) = 9Uc, Up) |4, (UP)}

reRp
o ¢-1-¢ G416

+) {[4) (Uc LT ,UD> +¢ (LIC + ,uD> — 20U, uD)] HN2US
j=1

for test functions ¢ € C, (IRZN ) and U = (U, Up) € R,
Below, we discuss the nature of reactions in R, and consider situations where 'y].r’D and A, need to be

rescaled, for r € Rp and some r € Rpc.
Next, we introduce the step function

N
uN(t,x) =) UMD, t20,x €, ®)
j:l

which belongs to HY x HN. It involves the following functions for each component ul(t,x) =

N
N C(H1;(x) and up (t,x) = Z w2 (1)1x),
=1

j=1 j=

where 1" () := Pyull () = N/ulg(t,x)dx = U (),
I
7

and a similar relation holds for the reactant D. Therefore, uN := {uN (t),t > O} isa HN x HN-valued cadlag
jump Markov process, with transitions:

N N N i N N,C
(uc,uD) — (uc + ]74 ﬂj,uD>, at rate pA, (u]. ’ ), forr € R,
C
7'r
(uN,ufN) — (uz(\:’ + %ﬂj,ug + ')/}?rﬂ]) , atrate A, (u;\"c,u]N'D) , forr € Rpc,
N,D
(ulN,uN) — (u](\:’,uD +7].’:,’r1]]), atrate A, (u]. ), forr € Rp, )
1,1, .
(ulN,uN) — (ul(\:’ + L ],ulf\)’), atrateNZuf\"C, for1<j<N,
. ,
(ulN,ul) — (ulg + ”;4 7,1%’), atrateNzu]I.\I’C, for1<j<N.

We endow HN x HN with the norm

11 f) oo 00 2= Ifilleo + Wfalloo, fOT f1, f, € HN.
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As before, we assume that onsite reactions in R are spatially homogeneous, that is
’Y]r—% forall1 <j< N, reRc.
Let us specify the description of the mixed reactions.

Assumption 2.3
In some S; C Rpc, reactions are spatially homogeneous, fast and do not affect the discrete species:

- 'y] )= 0and the rate is yA, forr € 5, C Rpc.

( N.C N, D)
]

Again we omit the tilde below.

The limit N — oo of the above system creates mathematical difficulties (see Remark 3.3 and Remark A.1
below). We introduce some spatial correlations for reactions in (Rpc\S;) U Rp.

All reactions in (Rpc\S;) U Rp are slow. We assume that when such a reaction occurs on a site, it affects
the neighboring sites. A natural way to do this is to assume that when reaction ¥ € (Rpc\S;) U Rp occurs at
asitej € {1,...,N}, each site i € {1, ..., N}, is affected in the following way:

%NND

N,C N,D) — (u + 771] ,

(=, u;

A first possibility is to take vYY = L for |i — j| < A, describing the case when a reaction at site i triggers simulta-
P y Vi = A ) g 88

neously the same reaction at sites at distance less than %, while keeping the global effect of order 1. The above
model corresponds to A =1 but below we assume that A has the same order as N. More generally, we choose a
1-periodic CP(I ) function a and choose:

It is natural to assume that 2 is maximum at zero, and is even decaying w.r.t. [x|. The preceding case is recovered
with a being an indicator function. Note that we should require y? ')/l] to be an integer, but it is complicated to
write general conditions to ensure this.

This modeling has a problem. Indeed, the positivity of the proportion of molecules is ensured by the fact
that the rate vanishes when the proportion vanishes, but now, since we have a nonlocal effect, this is not true.
It would not be realistic to consider a rate which depends on the proportion at all neighboring sites. Instead,
we simply assume that when a reaction occurs at site j, it has an effect at a site i only if that reaction is possible.
Thus we would like to replace (10) by

€Dy — (a4 T, N 1 Py an

with 6;; = 0;; (uN < uf\] Dy = WNC L€ N >01]M] PN 07 where 7¢ = 0 for r € Rp. Again, this creates mathe-
s

matical difficulties, since the 1nd1cat0r function is not smooth. We replace it by a smooth function 8 equal to 0
on (—c0,0],to 1 on [1, o) and smoothly increasing on [0, 1]. We are now able to write the multiscale model we
consider.

Assumption 2.4
When a slow reaction r € (Rpc\S;) U Rp occurs on a site j, it affects C and D on a site 1 < i < N in the following
way:

— N,C _ N C . N,D
15 =y u) =0 ZvNﬂzeg )
and
—_ . N,D . N C . N,D
’Y]?r = ,)/]',y (ula]/ ”g) = /)/7' Z ’YN‘]]ZQZ’] ul )I

where'ﬁ]\.’ :=/a( L )dx and@’(uNC ulN Py = g(ulNC + s ')/1])9(uND+'yr 71])-
I

i
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Remark 2.1

Assumption 2.4 reflects some spatial correlation for slow reactions. The slow reactions start on a source site j, and then,
their effect spreads inside the system. This is a natural assumption in molecular biology. In the cell, the synthesis of some
rare proteins activates a sequence of chemical reactions in chain. This kind of phenomenon precedes the activation of a gene
on DNA (DeoxyriboNucleic Acid) for instance.

N < ﬂ(o)

Since 1;(x) is nonzero only on I; and 1;; , we clearly have:

_ e [yE1a(0)

pcot ], < e

N (12)

uN
and H% ;g )”oo =
The infinitesimal generator of u™ on C,, ([H]N x HN ) then reads

N C
AN (uc,up) = Z{ Z [¢ (uc + %ﬂj,uD) - qo(uc,uD)] UA, (u]C)

j=1 \reRc

t)

res,

N,C
Y7 (uc,up)
Ly [go(uch,quﬁDwC,um) ¢<uc,un>}m (D) (3)

r€Rpc\S;

+C
(uc + = ﬂ],uD) — @(uc, uD)] A, (u]C, u]D)

+ Z [gﬁ (uc, up + 'yjll\]r'D(uc, uD)) — @(uc, uD)]/Xr (u]D)}

reRp
1 ﬂj 1]]'+1 - 1]/
+ Z |: (HC + T,M])) + ¢ (uc + TIMD> — ZQ(M(:,MD)] ]/lNZM]C.

It can be extended to C;, (L? x L?) by

AN guc,up) := AN p(Pyuc, Pyup).

For u := (uc,up) € L? x L?, we often use the notation Pyu := (Pyuc, Pyup)-
Again, such a process exists until a possible blow-up time. If the process blows up, we say that from this
time it takes a cemetery value A whose distance to any point is 1.

2.3 Mainresult: convergence of (Mé6)

We discuss the asymptotic behavior as N and # go to infinity of the sequence uN of Markov processes repre-
senting (M6) and described in the previous section for polynomial (onsite) reaction rates. More precisely, we
prove that uN converges to u solution of the coupled equations:

85_tc = Avc + F(ve, vp)(PDE) coupled to (ODE)dZ—f = G(v¢,vp).
where G(u) = 0(uc)0(up)a * g(u), F and g are the debit functions associated to the continuous and discrete
species, see (17),(19) and (20) below. The precise result is given in Theorem 2.2.

This result is a law of large numbers. It differs from the classical one proved first in [3]. This is essentially
due to the additional presence of discrete species in our model, which leads to multiscaling. That consideration
complements classical one-scale stochastic spatial models, which were already very useful, to more realistic
situation.

With the results in [12] in mind in the homogeneous case, it may seem counter-intuitive that stochasticity
disappears at the limit. This is due to the fact that in our setting the discrete species are still in large number
— even though the continuous ones are much more abundant. The number of discrete molecules is of order N
while the number of continuous ones is of order uN and y — oo faster than logN.

Thus even if the initial model (M6) is a typical hybrid stochastic system, its limit may have no discrete
variable anymore, and jumps totally disappear. Our result gives conditions under which one does not obtain a
hybrid approximation for a multiscale spatial model. That is opposite to many recent common hybrid modeling
and algorithimic approaches, where a hybrid stochastic behavior is considered for similar biological systems

10
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[19, 20, 34, 39, 40]. In a forthcoming work, we study another situations where the discrete species have a different
scale also in space, hence their number is not large, stochasticity remains in the limit and an infinite dimensional
PDMP appears, as an offspring of reaction-diffusion PDEs and jump processes.

We believe that our rigorous approach allows to state precise conditions which can be used to simplify such
stochastic models with spatial dependence.

Our results can be extended to higher dimensions at the level of both the space and the number of species,
at the prize of very cumbersome notation. The extension to a larger number of species is more of less trivial. For
higher dimension in space, one has to be careful about particular details including for instance the resolution
of the partial differential equations.

In the near future, we will study the fluctuations of the model around its deterministic limit, and get the
speeds of convergence of the initial fast and slow dynamics through a central limit theorem.

Our present and future results will pave the way to making statistical inference, using inverse problem
methods. Based on empirical data, it would be interesting to estimate the parameters involved in the model
(pointwise and with confidence regions) and to try and validate the model. Estimating procedures may also, in
time, prove useful to elaborate control strategies. Numerous inverse problem methods are available for deter-
ministic models (see for instance [11, 35, 36, 42] and references therein), but not so many for stochastic models
in the presence of limited data. A law of large numbers, as established in our work, and our future central limit
theorem could be instrumental in the development of such a method. A law of large numbers, as established
in our work, provides a tool for this.

In the remaining of this section we first take formally the limit of the generator and obtain the generator
of the coupled system above. Then we introduce some notations and the limit equations so that we can state
rigorously our main result.

2.3.1 ldentification of the limit

Some preliminaries: a discrete Laplace. For f € Cp (I) and for x€[0, 1], we set

1 1
Vif(x) ;=N [f (x + ﬁ) —f(x)] and Vyf(x) := N [f(x) —f (x _ N)]
Then, we define the discrete Laplace
AN (X):= VE VS (X)

=V Vif(x) = sz[<x— %) —2f(x) +f <x+ %)]

If f € HY in particular, then

N
Anf() = Y [N?(fimy = 2f; + fra) 11, (0).
j=1

From the spectral analysis of Ay, it is well known that, if N is an odd integer, letting 0 < m < N —1 with m even,

letting 9o v = 1, @y v (¥) = V2cos (mmjN~=1) and PN (X) = V2sin (mmjN=1) forx € I;, then, {@,, N, ¥m N} are
eigenfunctions of Ay with eigenvalues given by —f,, y = —2N? (1 — cos (mmN~!)) < 0.If N is even, we need

the additional eigenfunction ¢y n = cos(7rj) for x € I;. The following (classical) properties are derived from

[6], Lemma 2.12 p.12, [7], Lemma 4.2 for the parts (i)-(vi), and from [23], Chapter 9, Section 3 for the part (vi).

Proposition 2.2
(Some properties of the discrete Laplace)
(i) The family {Pm N, wmlN}forms an orthonormal basis of (I]-I]N, (-, -)2).

Consider f,g € HN and let Tn(t) = eANt denote the semigroup on HN generated by Ay.
(i) Tn(BDf = ) e PN ((F, @ 2@ N + s P, N2 ¥ N )-
m
(iii) (Vif, Q) = (f, VNQ)2 and Ty (HAnf = ANTn (D -
(iv) Ay and Ty () are self-adjoint on (I]-I]N, (-, -)2>.
(v) T () is a positive contraction semigroup on both (I]-I]N, (-, -)2) and (I]-I]N, II - ||oo).

11
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(vi) The projection Py; commutes with Ay, and forall T > 0, f € C3(I),

| ANf —Af oo - 0as N — oo,
I ANPNf = Afllo0 = as N — oo,

sup | Ty(B)Pnf —T(@#)f Il oo - 0s N — oo.
te[0,T]

An 0
0 0
(vii) Ay is a bounded linear operator on (I]-I]N x HY, || - ||oo,oo)-

(wiii) Ty (1) = (TN(” 0

We introduce the operator Ay := ( ) on HN x HN, and denote by Ty (t) := BNt the associated semigroup.

0 Iy
have denoted by 1 is the identity operator on HN.

) , and defines a bounded positive contraction semigroup on (I]-I]N x HN, || - ”oo,oo)' We

Debit functions and ]5 ormal limit of the generator. We consider the generator o/N of (M6) given by (13),
applied to a C,i(l]-l]N x H™) test function ¢. We use a Taylor expansion of order 2 of ¢. From Section 2.1.2, we
know that the generator is (informally) obtained as the image of the corresponding debit by the differential of
the test function.

In Appendix A.1, we give heuristics showing that the terms related to the second order of the Taylor expan-
sion vanish, under the very strong condition #~!N? — 0 as N, 4 — oo. In our rigorous proof below, we only
assume y~'logN — 0.

Concerning the first order terms, we identify the differential operator with the gradient as usual, and get

N
(Dg(uc,up), ¥ (uc,up)) = <Dl'°¢<uc/uo>'2( > A ) + ) WFAr(uff“f))) “f>
2

j=1 \reRc res;

N,C
ryj r (uC/ uD)

N
+ <D1'°(p(uc, up), Z ( Z ’—/\,(u]C, u]D ) 1]]->
J=1\T€RpC\S, K 2

N
+ <D1f0g0(uc,uD),ZN2 (1]]'—1 —21; + ﬂj+1) u]C>
2

j=1
N
N,D N,D
+<D°'1go<uc,uD>,Z( Y P uc,up)A (uE,uP) + Y P i, up)A, (uP)
j=1 \r€Rpc\S; reRp

where D0 (resp. D%!) denotes the differential w.r.t. uc (resp. up).
On the one hand, we derive the debit function ‘Iflg cHY x N — HNY , related to the reactant C and defined

by
YN (ue, up) 1= Antic + Fluc, up) + FN (uc, up). (14)

The first term on the right hand side (r.h.s.) is the debit of the diffusions of molecules of C. Asin (4), it is obtained
using the periodicity and a change of index:

N N
ZNz(ﬂj—l_2ﬂj+ﬂ/+l) Z 2(u, —2uf +uf )1, = Ayuc. (15)

The second term is associated with fast onsite reactions (they all influence C). It is given by

Flucn)=3( 3 280 ) + 98 () )3

j=1 \reRc res,;

= > A (ue) + Y A, (uc, up).

reRc res,

(16)

The third term corresponds to slow onsite reactions influencing C and vanishes at the limit. It is defined by

1N
Pfl\’(uc,uD):;Z > Z%fynle{] C uPA uf,uP). 17)

j=1 VEWDC\S1 i=1

12
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On the other hand, we have ‘P% s HY xHN — HN, the debit related to D. It corresponds to slow onsite reactions
— only them has an effect on D — and is given by

N N
WY (uc,up) = ) ) YN8y uc, up) =: GN (uc, up), (18)
=%

—_

where

gij(MCI uD) = Z 711’)0{](1’{1(3/ u?)Ar(uCl u]D) + Z r)/lpezrj(ulcl MP))L,,(M]D)
r€Rpc\S; reRp

The global debit on HY x HY then reads
N (uc, up) = (¥ (uc, up), ¥j (uc, up)) -

We finally define the extra debit type function G : CP(I ) x Cp (I — Cp (I), thanks to

1
G(uc,up)(x) := 9(uc(x))9(uD(x)>/ guc,up) (y)a(x —y)dy (19)
0
for all x& I. It is the limit of GN (see appendix A.4). Here,

gucup) = Y APAuc,up)+ Y APA(up). (20)
rERpe\S, reRp

Remark 2.2

We notice that Ay, F, F{\] and GN map CIIJ (I x Cp (I on Cp (I). This follows from the definition of the discrete
Laplace, and from we are considering polynomial reaction rates. Here above, we have considered these three
functions on HN x HN, as they were introduced to define the debit function, on HN x HN.

Besides, the debit can be extended to Cp I x Cp (I), not by taking Ay, F, F{\’ and GN as maps on C]L7 () x Cp (D),
but using the projection Py introduced earlier, in a similar way as for extending the generator. Namely, the
global debit extends to

(Mc,MD) — (‘ylg(PNuc,PNMD),“PIE\)I(PNuc,PNMD)> .

Furthermore, it should be emphasized that each of F, F{\] and A,, r € R is a function of real variables, actually.
Still, we use the notation F(u) for u € Cp(I ) X CP(I ). That is, for a given u, we define a function f(u) : I - R
thanks to

fu)(x) = F(u(x)),x € [0,1].

If F is (locally) Lipschitz, then f is (locally) Lipschitz too, accordingly, with the corresponding norms. We do not
distinguish between F and f in our notation, and do the same for the functions FY and A,, r € RR.

Fix u = (uc,up) € Cy(I) x C,(I) and let N, ¢ — co. Clearly, FN(Pyu) — 0. From Proposition 2.1 and the
continuity of F, F(Pyu) — F(u). Therefore, if u- € C*(I), ‘Iflg (Pyu) — Auc+F(u) thanks to Proposition 2.2 (vi).
We also prove below that ¥N (Pyu) = GN(Pyu) — G(u). Therefore, under the strong assumption y~'N? — 0
and uc € C*(I), we obtain the limit generator

AV ¢ (uc,up) = (DY@(uc, up), Auc + F(uc,up)),

21
+ (D" @ (uc, up), Guc, uD)>2. @1)

The condition #~*N? — 0 was used By Arnold and Theodosopulu in [3], to prove a LLN for (M4) in the L?
norm. However, that condition is not optimal. Indeed, in [7], Blount proved a LLN for (M4) in the supremum
norm, requiring only #~'log N — 0. Our convergence result for (M6) falls within the latter framework.

We now look for a process admitting &/ defined by (21) as infinitesimal generator.

13
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2.3.2 Thelimiting problem

Well-posedness. Proceding as in Section 2.1.1, we see that to &/, corresponds

0 d
% = Avc + F(ve,vp)(PDE) coupled to (ODE)% = G(vc,vp)-

Hence, we shall consider the following system of differential equations, for x& I, t > 0, with periodic boundary

conditions and initial data v, = (v§,0}):

%vc(t,x) = Avc(t,x) + F(vc(t, x),vp(t, x))

Evp(t,x) = G(vc(t, x),vp(t,x))
Uc(t,O) = Uc(t,l) and UD(t,O) = UD(t,l),t >0
vc(0,%) = o5 (x) > 0and vy (0,x) = V5 (x) > 0.

A compact form of the system is:
d ~
Ev(t) = Av(t) + R(v(t))

v(t,0) =v(t,1),t >0
v(0) =7y =0,

(22)

A O

where A = (0 0

) : CP(I) X CP(I) - CP(I) is a linear operator we define on the domain C?(I) x CP(I),

and whose associated semigroup T = e is of contraction. For u € CP(I) X CP(I), Ru) = (F(u) ), with

G(u)
G(u) = 0(uc)0(up)a * g(u).
Before, we give the counterpart of Assumption 2.1 for (22), let us introduce the HN-valued function |g| defined
by Igla) := YL, 1gl;)1; for u = (uc, up) € Cy(D) x C, (1), where

ghtuc,up) == ) PA@EuP) + Y PP,
r€EXpc\S; reERp

so that

gl = Y WP g up) + Y IPIA(up).

rERpc\S; reERp

Below, we introduce different quantities and functions such as |g|, related to debit type functions, and explain
the intuition behind them. We call |g| the “amplitude function” associated with the debit type function g. Then
as usual, we may view |g| as a real valued function defined on R?%. Now, we make the following

Assumption 2.5

(C1) F is locally Lipschitz and F(y) > 0 fory = (y;,y,) € R? such that y; = 0.

(C2) There exists 0 < pc < oo such that |y| > pc yields F(y) < 0 forally € R™.

(D1) 8(y)=0fory < 0.

(D2) g is locally Lipschitz, and |g| has at most linear growth w.r.t. its second variable: for all ¢ > 0 there exists
M, (C) = 0 such that, for ly;| < ¢, 1811, Y2) < M;(E)(ly,l + 1).

Concerning the reactant C, Assumption 2.5 (C1) and (C2) correspond to Assumption 2.1. These conditions
are met in particular, as soon as the rate of each fast reaction satisfies (C1) and (C2) in the place of F. Yet, there is
difference with D. First of all, in order to ensure positivity for its concentration, we have introduced the function
0in Assumption 2.4. Moreover, the debit associated with D involves a convolution product at the limit. It seems
difficult to write an assumption similar to (C2) and we assume linear growth which is less general.

The upcoming result states that o/ is the generator of a unique process. It is a straightforward adaptation
of the result of Kotelenez in [24], about well-posedness for the one-scale deterministic spatial model.

Proposition 2.3
Assume that:
(i) the rates of onsite reactions are polynomial and such that Assumption 2.5 holds,
(i) vy = (v, vP) € C3(I) x C3(),

14
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(iii) pc, pp > 1 such that ||v0C||oo < pc < oo and ||Z)0D||OO < pp < 0.
Then, (22) has a unique global mild solution v := v(t,v,) satisfying

v = (ve,vp) € C(R,; C3(I) x C3(I)) (23)
and
t
o(t) = T(t)v, +/ T(t —s)R(v(s))ds,t > 0. (24)
0
Moreover,
vc(t) 20, ovp(t) =20, t>0,
{ loc(Dlleo < pc) t>0, (25)
lop M)l < (pp + 1)e?OMP ¢ >0,

A discretization of the limit. We define a discrete version o™ = (vl,vl) of the limiting problem. Hence-
forth, v = (vc, vp) denotes the solution to (22) given by Proposition 2.3. For x € I, t > 0, we consider the system:

%zﬂg(t,x) = ANON (8, x) + F (v (t,x), o8 (£, x))
%vﬁ(t,x) =G (oN(t,x), 0Nt %)),

vg(t,o) =oN(t,1) and vy (t,0) = vN (1 1),

0N (0,x) = PNouc(0) and 0y (0) := Pyop (0).

Note that o™ (0) = Pyv(0), where we recall Pyo := (Pyove, Pyop ). Using the operators introduced in Proposition
2.2, a compact version for this system of ODEs reads

divN(t) = ANoN () + R (0N (1), 0N (1))
oN(t,0) = oN (¢, 1) (26)
oN (0) = Pyov(0).

The next result gives a relation between the limiting problem and its discretization. Its proof is reported to
Appendix A.2.

Theorem 2.1
If the rates of onsite reactions are polynomial and Assumption 2.5 holds, then (26) has a unique global mild solution
oN = N, oN) € C(R,;HN x HN) satisfying

. s b F (vN(s))
N gy — -

oV (1) = T () Pyo(0) + /0 Tn(t—s) (G (vN(s))> ds (27)

forall t > 0. Furthermore, for any fixed T > 0,

o (Dl < (o +1)/2, >0,
{ (Bl < &p = (M, T,a(0), 0<t<T, 29)
and
sup [[oN (t) —o(t)|_ . — 0. (29)
te[0,T] ’

2.3.3 Mainresult: the law of large numbers

Now, we state and prove our main result.

Theorem 2.2

Consider a sequence uN = (uN,ulN) of Markov processes starting at uN (0) = (uX (0),uly (0)), with infinitesimal
generators AN given by (7). Assume that the assumptions of Proposition 2.3 hold and:

(i) N, u — oo in such a way that y~*logN — 0,

(ii) u™ (0) > 0 and [uN (0) — v(0)|| _ . — 0 in probability.

Then, forall T > 0, '

sup |[ulN(t) — o) — 0 in probability. (30)
te[0,T] ,
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3 Proof of the mainresult

Let T > 0 be fixed. Our goal is to show that foralle > 0 P { sup [[uN (t) — o, > e} — 0.
[0,T] ’

It follows from Theorem 2.1 that it is sufficient to prove that for all € > 0
P { sup [[ulN(t) — vN(t)”Oo o> e} — 0. (31)
[0,T] ’

The rest of the proof is divided in two principal steps. In the first step, we successively consider some martin-
gales associated to our model (M6) and, an adequate truncation of our process in time, using the properties of
these martingales. The aim is to work only with the truncated model in the place of the initial one. Next, we
conclude using a Gronwall-Bellman argument.

3.1 Accompanying martingales

Different types of martingales are associated to jump Markov processes such as uN. Before specifying some of
them, we introduce:
Some useful notation.Letj=1,---,N and u = (uc,up) € CP(I) X CP(I) be fixed.

- /\]C(u) (resp. A]-D (u)) is the rate for fast (resp. slow) reactions on site j:

)L]C(Mc,uD) = y( Z A, (ulc) + ZS‘ A, (ulc,u]p) + ZNZuJC),and

reRc res;

W= ¥ 2,(af)+ ¥ A P).

reRpc\S; reRp

- /\j(u) = A].C(u) + A].D (u) is the total rate for reactions on site j.

N
- AN@w) = Z /\j (u) is the total rate for reactions in the system:
j=1

N
)\N(MC/MD) = yZ ( Z A, (u]C) + Z A, (uf,u?) + 2N2u]C)

j=1 \reRc res,;

L GEAP) Y A ))

] (
j=1 \reRpc\S; reRp

+

— When reaction rates are bounded, we set A := max (A, Ap) where,

Ac= ) Wle, Ap= > Nl

reRcUS,; re(Rpc\S)URp

- ¥ :=max (j¢,yp) with ¥p := max( Z |')/rD|, Z |’yrD )

reERpc\S; reRp

The notation 7 is the counterpart for fast reactions.
Recall that the debit of a process is defined as the sum of its jumps weighted by the corresponding rates,
over all its possible jump directions. Let

5u}\f(t) = u}\’(t) - ujN(t_)
be the jump of u]N at time ¢, and denote by |5u]N (t)| the amplitude of that jump, where |(y;, )| = [yl + [y,

Firstly, we define the “amplitude” |\I/I(\:] lj (resp. |\I/I]5] | ]-) of the debit ‘I’]N'C (resp. ‘PJN’D), as the debit function of the
process

(Zléuf\]’c(t)l) [resp. (Z |5u]N’D(t)|) l
£20 t>0

s<t s<t
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This notion of “amplitude” is perfectly adapted to any of the specific debit functions Ay, F, F{V ,or GN.
Especially, we have for the part related to C:

- |AN|]. (uc) =N2( ¢ +2u +u]+1)
= |Fl;(uc,up) = Z s Ay (”]C) + Z 7y Ay (”JC’”]'D)'
reRc res,

— IF¥|;(uc, up) = - Z Y. 65 E, uP)A uE uP),

i=1reRpc\S;
— [, (e, up) = 1Ayl (o) + Iy ) + Y], (e, up)-
For the part related to the reactant D, we have

- Blyjuc,up) = Y [PlenwE, uP)r, wE,uPy + Y P16 s, uP)A, uP), forall1 < i < N.

r€Rpc\S; reRp

N
= B (uc up) = ) 17 Il ue, up) = IGN|;(uc, up).
i=1

N
Then we set |‘IJN|]. (u) := |‘I’Ig|] (u) + |\1ﬂ,5’|]. (u) and [¥N| (u) := Z |‘PN|]. (u).
j=1
We analogously define the “square amplitude” [¥N (resp N | ) of ‘If]Z-\]’C (resp. ‘I’?I’D), as the debit function
of the process

(Zwuf\"c(t)f) [resp. (Z|§u§\"D(t>|2,) l
s<t >0 s<t >0

Then,

2
— AN (ue) = NZ( )+ 2uf +u]+1)

~ FRuc,up) = Y I CPA, (uf) + Y nCPA, (uf,uP),

reRc reS;

1 N
= FYRucup) ==Y Y WO @, uP) A, upP),

i=1reRpc\S,

2
~ 1 ) = 1N} ) + I o) + [FY |]. (uc, up),

— I8l (uc,up) = > [ PI16] (uE, uP) A, (uf, ul) + Y [P 16] (uE, uP) A, (uP), forall 1 <i < N,

reRpc\S; reRp

N
2 2
~ ¥ uc,up) = ) 1 Plgl (ue, up) =2 IGN]} (uc, up).

i=1

N
And we set [PV (u) = |\ng|; (1) + |\1/15’|]2. () and [¥N[* o) = ) ] ).
j=1
In addition, we introduce the very useful “square amplitude function” associated with the debit ¥V. It is
defined by

N
2 2
N[y = ¥ 1.
j=1
We also denote it by N2, as the “square amplitude”. Both functions are defined on HY x HY. But still, if the

former is HY — valued, the latter has non-negative real values. In order to avoid any confusion in the rest of the
article, the notation [¥N|? refers to the “square amplitude function”, unless another precision is made.
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Moreover, as for the “square amplitude” introduced first, the “square amplitude function” can be easily
derived for each of the specific debit functions we have introduced above. For instance, the “square amplitude
function” corresponding to F is just

N
IFP(u) =) IFEao)1,.
j=1

The so-called accompanying martingales. It is well known from [30] or Proposition 2.1 of [31] that, if the total
reaction rate AN and the global “amplitude” — that of the global debit ¥V — of u are bounded, or in other words
if

sup AN(u)<oo and sup [¥N(u)| < oo, (32)

u€HN xHN uEHN xHN

then the processes defined by

t
ZN () = ulN () — ulN (0) —/ N (uN(s)) ds
0

t
ZN@) == ul () —uR(0) —/ N (uN(s))ds (33)
0

t
ZR () = uld () — uly(0) — / N (uN(s))
0
are N = %N’” -martingales, with ZN (t) = (ZN(t), ZN()) taking values in HN x HY, for all t > 0. Note that
(32) holds when reaction rates are bounded for instance. Furthermore, if 7 is a %N -stopping time such that

su%) ||uN(t A T)”Oo o SC(T,N,p) < 0, (34)
(0,T] ’

then uN (+ A T) has a bounded total jump rate, and ZN(t A T), Zlg (t A T)and Zg(t A T) are martingales. In all
these, t AT denotes the infimum between t and .

The following result is similar to Lemma 2.2, p.8. in [6]. It presents a first type of martingales related to u™.
We give its proof in Appendix A.3.

Lemma 3.1
Assume there exists T satisfying (34). Then, for all j € {1,---,N} and all t > 0, the following define mean zero
FN-martingales:

1 tAT
Mg1) ) [5ujN'C<s>]2—ﬁ/0 (AR + IF2 + plFN ) (uN(s)) ds,

S<EAT

tAT
(Mg2)-(Mg3) Z [5u]1.\]’c(s)] [(5uﬁ’f(s)] + %/0 " N? (u]N’C(s) + uﬁ’f(s)) ds,

SSEINT
N,D ] T GNDE N
Mgd) > [ou)P(s)] —/ [P (N (s)) ds.
S<ENT 0

We move on to the second martingale type. The result is a variant of Lemma 2.16, p.19 in [6], and Lemma
1.1 in [25]. Find the proof in Appendix A.3.

Lemma 3.2
Consider ¢ € HN and t satisfying (34). Then for t > 0, the following are mean 0 martigales:

INT
(Mg5) [5<zy<s>,q)>2]2—Niy/o [(uy(s>,(v;,¢)2+(v;,¢)2>2+<(|F|2+y|P§V|2)(uN<s)),(p2>2]ds,

S<IAT

Mgo) Y [5<Zg<s>,¢<s>>2]2—%/WQ‘I’%IZ (V) 9?) ds.
0

S<IAT
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3.2 Truncation
We define a stopping time satisfying (34). Set
Ti=T(N, ) =inf {2 0: [uN() — N > e},

for fixed €, € [0, 1]. By definition of 7, the process uN N —

(ag, a) by

exists and takes finite value on [0,7] . Now, define i

{aNa):uN(tm) for0<t< 1< oo,

t
N =uN{t AT +/ (AniiN (s) + RN (aN(s))) ds for T <t < oo, (35)

tAT
F(u)
GN (u)
then running it deterministically afterwards, if T < co.
Note that 7 is a stopping time such that

where RN (1) := ( ) for u € C,(I) x C,(I). The process iV is obtained by running u"V until time 7 and

P{sup [uN ) =N, > eo} <P { sup [uN(t AT) —oNEAT, > eo} < P{sup [aN @) —oN )|, = eo}.
[0,T] ' [0,T] ' [0,T] '
Therefore, it follows from (31) that showing
P { sup [[aN (t) —oN ()| > eo} — 0 (36)
[0,T] '

is sufficient for proving the main result.

Boundedness. From Proposition 2.3, we know that [[o(t)|| . < pr With o7 = pc+ (op + 1)e?OMi(pOT for a]]
t€[0,T]. Since we are assuming [|u™ (0) — v(0)|| _ __ — 0 in probability, we may, by conditioning on [[u™ (0) _ _ <
o7 + 1if necessary, assume without loss of genérality that ,

[uN )|, . <pr+1 forallN. (37)
From Theorem 2.1, we also have

sup [Nl <pc,  sup [N B, < (op + 1)e?@Miec)T,
tefo,T] tefo,T]

Therefore, by definition of 7, for ¢, < 1,
SEAD],  <pct+l [uEEAD| < (op+Det@MPIT 41 foro<t<T. (38)
Thanks to Assumption 2.5, we obtain
[EN Bl o < Pr = pc+ 1+ (pp +2)eOMPHIT - foro <t <T. (39)
Indeed, given (38), we prove (39) if for T < t < T, we show the inequalities

lag 0, < pc+1 (C)
[ay (D], < (op + 2)e*@OMiectDT Dy,

Suppose that ﬁ]Z.\]'C(t) > pc + 1 for some te[r,T],1 < j < N. Since ﬁf(\j’(t) € HN, thereis 1 < i < N and to
satisfying

n () = sup [ad )| = @ ®) > pc + 1.
selt,T]

Therefore, Assumption 2.5 (i) yields

F(a (ty)) = F(i; " (ky), iy P (1)) < 0.
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Moreover
ANTNC (tg) = TN (ty) — 200 C (ty) + N (1) < 0.

Combining these two arguments with (35), we get
— iV C(ty) = ANTINC (ty) + F(iN (ty)) < 0.
By (38) t, > T and necessarily %ﬁﬁ.\’ ’C(to) > 0 in contradiction with the above. Thus, (C«) follows.

Now,let 7 <t < Tand 1 < i < N be fixed. Let T < s < t. Observing that |gl-]~(uN(s)| < g™ () lloo,
Assumption 2.5 (ii) and (Cx) yield

\GN(aN'D<s>)|<i| Nl <uN<s>>|<i@m N ()]
i = Vij 8 4N s S

< a(0)M;(oc + D (A7 ()l + 1)

Thus,

GN(ﬁg(s))Hm < a(0)M, (pc + 1)(||ﬁg(s)||m + 1), and, (35) with (38) lead to
t
Il < e n ol + [N @ L) ds

t
< (pp + 1)e"OMPAT 1 + M, (pc + 1)11(0)/ ([ay )|, + 1)ds
T

The result follows from Gronwall lemma. (D) follows, and (39) is proved. O
In the rest of the article, we consider ¢ as a generic constant depending on g and T.

Remark 3.1

As we are considering the truncated process i in the following, we consider that reaction rates are bounded and
Lipschitz as functions defined on R%. Indeed, thanks to (39), we know that the family {iN (t),t > 0} « lies in the bounded
set

&5, = {u € WY x Y : full o < fr}
Thus {iN (t,x),t > 0,x € I}N C B(0, or), where B(0, fr), the closed ball of R? of radius p, and centered at zero. Now,
since reaction rates are functions of the concentrations of the truncated process, we only consider their restrictions to the
compact B(0, o). These latter are bounded and Lipschitz, as the rates are polynomial. Their bounds depend on pr and are
also denoted A(pr). O

We have the following result, proved in Appendix A.4.

Proposition 3.1
(i) The debit functions F, FN, G and GN are Lipschitz.
(ii) For all ueC(I) x C(D), ||GN (u) — G(u)|| , — 0.

Martingale and jumps. The stopping time 7 satisfies (34). Thus,
ZNEAT) :=uN(EAT) —uN(0) — /OMT (AnulN (s) + RN (uN(s))) ds
is a mean 0 martingale. From the definition of i1,
aN () = ulN(0) + /Ot (AniN(s) + RN (N (s)))ds + ZN (¢t A 7). (40)

In fact, if t < T, then

t
aN () —ulN(0) —/ (AniiN (s) + RN (N (s))) ds
0

t
= uN (A T) —ulN(0) —/ (ANuN(s AT) + RN (uN(s A 1)) ds
0
AT

=uN{t A1) —uN(0) —/ (AnuN(s) + RN (uN(s)))ds = ZN(t A 7).
0
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Otherwise f > T and, since N and uN are the same before time 7,

t

alN () —ulN(0) — / (AniN (s) + RN (N (s)))ds
0
t t

=uN({EAT) + / (AniN (s) + RN (N (s)))ds — uN (0) — / (AniN (s) + RN (N (s)))ds
INT 0
INT

=uN(t A1) —uN(0) - / (AniN (s) + RN (N (s)))ds
0

tAT
=uNt AT —ulN©) - / (AnulN(s) + RN (uN(s)))ds = ZN(t A 7). O
0

Also, setting Jf := (5f7)1<j<N for f € HY, the jumps related to uN and @iV satisfy

e @], = [6Z2 ¢ A D] = [t A D] < (v O < 7
N ep N = N “ <A -1 -1 (41)
lbap @l = 1625 ¢ A D = oup ¢ A Dl < Fpa@NT! < yN
for all ¢ > 0, for some constant v > 0. We refer to (12) in particular for the bound related to D.
3.3 AGronwall-Bellman argument
We want to study the difference
aN @) —oN@) = (a¥ ) —o¥ @), ad ) —oR(®)).
Using variation of constant at (40), we get
_ . fa F (iN(s))
Ny — N _ N
i (t) = T (H)u'™ (0) +/0 Tyn(t—5) (GN (ﬁN(S))> ds + YN (1), (42)

. N J

N - [ N N iY._ (% SAT’N) . .

where YN (t) = Tn(t—s)dZV (sAT).Notethat ZY | s A T, = | := i< |,1<j<N,isofbounded
0 N Zg S/\T,%)

variation in s, and Tyy may be viewed as a 2N x 2N matrix-valued function. Ty is indeed identified to an N x N
matrix-valued function. Hence, YN (t, %), 1 <j < N, is defined as a Stieltjes integral. From the mild forms of
oN and @iV at (27) and (42) respectively,
_ . F i F(iN(s)) —F (vN(s))
Nigy _ oNp — Ny _ N _ N
aN () —oN () = Ty () (uN (0) — 0N (0)) + /0 Tn(t—s) (GN () -G (vN(s))> +YN(1).
Since the semigroup TN(t) is of contraction,

[a & =N D <[V -V Ol + VG

F(iN(s)) = F (vN(s)) N 0 ds
GN () =GN (N ©) Moo IN GV @NE) =G (N®) L

t

+/

0

We have

F (N (s)) = F (vN(s)) N N
”(GN (IN©) - 6N (N ) )| ST = Ol
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and

ey
=GN (V) =G (N &),
<|GN (oN(s)) = GN (w(s))|, + [|GN (v(s)) = G (w(s)|,
+|G (v(s)) = G (ZJN(S))HOO
< 2LV (s) = v, o, +IGN () = G @G,

where L is a Lipschitz constant common to F, G and GN. Therefore,
GG N
t
<0 =N O+ VO w2 [N oVl
, , o ,
t
+ / (2L[pN ) 0], . + GV @) = G ) ds.
o .
Taking the supremum in time on [0,T] and applying Gronwall lemma, we obtain
sup [[aN (t) —oN (@),
0,T] ’
< {lev@ —F o+ s PVl @)
T
+2LT sup [oN () — o, .+ / |GN (v(s)) — G(s)| ds} x e?LT
[0,T] ! 0
Now, by assumption,

[ ©) =N O < [V O =20+ [P ~ 20— 0

T
in probability. Also, / ||GN (v(s)) — G(‘(J(S))”oo — 0, thanks to Proposition 3.1 and dominated convergence.
0
Moreover, Theorem 2.1 yields sup [[oN (t) — o), ., — 0.
[0,T] !

Finally, we claim that:

sup [YN (8[| _ — 0 in probability. (44)
[0,T] !
The proof of Theorem 2.2 is completed, if our claim is justified. We write
f e ZN(s A T) [ETN(t=9)dZN(s A T) YN(#)
N = —_ d = 0 N C =
Y ® /O In(t=s) (Zé’(s/\r)) ( ZN(t A T) ) (YD(t)>’
where Zlg (tAT)and ZII\)] (t A T) are HN —valued martingales. It follows that
sup [YN ()] < sup [[YE® + sup [IZ5 ¢ A D -
[0,T] ’ [0,T] [0,T]

Therefore, it is sufficient to show that each term on the r.h.s. of the inequality converges to zero in probability.
For that purpose, we need the subsequent results, whose proofs are differed to Appendix A.5.

Lemma 3.3 )
(Lemma 4.3, [7) Set f = NU. Then ((VATn()f)" +(VRTnON* + (Tn(O)*1), <
t
hN(t),with/hN(s)dssKN+t. O
0
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Lemma 3.4
(Lemma 4.4, [7]) Let m(t) be a bounded martingale of finite variation defined on [t,,t,], with m(t,) = 0, and
satisfying:
(i) m is right-continuous with left limits.
(i) [sm(H| < 1forty <t < t,.
t

(iii) Z [6m(s)]? — / g(s)ds is a mean 0 martingale with 0 < g(s) < h(s), where h(s) is a bounded deterministic

to<s<t ty
function and g(s) is FN-adapted.
Then,

3 [k
E [em(t1)] < exp (E / h(S)dS) .
t

0

Let us go back to the proof of 44.

3.3.1 Martingale continuous component term

— 0.

We want to show that P { sup [YY (B, > €
[0,T]

——

Fixt€ (0,T]andj € {1,--,N}. For 0 < t < f, set

t
f:=N1;, and rmic(t) := </ TN(f—s)dZI(\:’(s/\ T),f> .
0

2

Then, 7iic := {fc(t),0 < t < F} is a mean zero martingale such that
1 f
me(F) = N//TN(E—s)dzfg (s A T,%) 1;(x)dx
00

E . .
7 ] ]
=/0 TN(t—s)dZIe’<s/\T,N)=YIC\’<t,N>.

We need the additional upcoming result, that we prove in Appendix A.5.

Lemma 3.5
(A third type of accompanying martingale)

Y Lome]

S<IAT

1 INT B 2 B 2
_N_#/ [<u]g(s),(Vf(,TN(t—s)f) + (VNTN(E=9)f) >2
0

+((IFP + ulENP) (N (s)) , (T (F — s)f)2>2] ds
defines a mean 0 cadlag martingale for 0 < t < L.

Remark 3.2
In [7], Blount uses this result and claims that it is a consequence of Lemma 3.2, whose proof uses Lemma 3.1. We have
not been able to reproduce his proof. Our proof uses Lemma 3.1 directly.

From (2.2), we know that Ty () is a contraction on (I]-[IN - ||Oo). Thus, (41) yields

N
<[ozg tn ol = lloug t A D < ypt

6771 (1)] = ‘TN(E— tHozN (t AT, i)‘ S| Tn(E=08ZY (AT

For 6 € [0,77!], the process m defined by

me(t) == Ouing(t) foro<t<F
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is a mean 0 cadlag martingale such that [0m(¢)] = @y |67 (s)| < 1. Thus,

AT
> [5mc(5)]2—/ 8¢ (8)ds
0

S<EAT

is a mean 0 cadldg martingale thanks to Lemma 3.5, where for 0 <s <t A T,

92 _ _
gN(s) = Wﬂ [<ulg(s), (VETN(E=8)f )’ + (VT (F = s)f)2>2

+((FE + WENE) (1N (), (Ty (= 9)f)°), |

Since ulg is positive and reaction rates are bounded, (38) and Lemma 3.3 yield

92 _ _ _
gNGs) < W”c‘<1, (Vi Tn (= 9)f ) + (VR Tn(E—9)f)* + (Tn(E— s)f)2>2

0%u _ _
< WChll\l’C (t—s),

. t

where we know from (55) that we can take hi\]'c(t) =1+4 Z e 2Bmn (=) (.Bm,N + 1),and it satisﬁes/ hi\]'c(f—
m>0 0

s)ds < KN +t,for 0 < t < f. Hence, gN is an .%N -adapted process such that

0 < gN(s) < hN(s),

02
where hz(\:](s) = C"Wyhi\]’c

may assume IN~! < 1 and get

(t — s) is a bounded deterministic function on [0,#]. Since N - ccand f < T < oo, we

i
/0 hN (s)ds < 0% (K + IN7') < éfp.
Therefore, Lemma 3.4 implies E [emc(;)] < exp (¢6%u). Thanks to Markov’s inequality,
P {Yéj (f, #) > 60} =P{mc (F) > e} = P{mc (F) > Oue,} = P{emc(f) > egl‘e"}
< e Oraf [emc®] < exp [0u (60— €)] -
Thus we can choose 6 such that

P {YIC\’ (E, #) > eo} < e <k for a = ¢(pr, T) > 0,

independently of N, y, j and f (one may solve ¢6> — €,0 + ae2 < 0in #). The same relation holds for

P {—Y(I}] (f, %) > eo}, by replacing the processes 7iic and YN by their opposites —iiic and —YY respectively,
and repeating the argument. Therefore,

°|
Since ||Yé’(t)||oo = 12}1<pN

YN (t,%)‘ > eo} < 2e7%€iM, for 0<t<Tandje{1,-,N}

YN (t%)

PV Ol >} =P

SZP{

and YN (0) =0,

N

YN (t, Ii\])’ > 60} < 2Ne #ein

YI(}’ (t, J )‘ > €, for somej € {1,---,N}}
(45)
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for0 <t <T,a = a(p) > 0. We now show that (45) holds with ||Yz(}l(t)||oo replaced by supy, 1 ||Y27(t)||oo and N —
t

on the r.h.s. - replaced by N*. From Duhamel formula, Y(I}] (t) = / Tyn(t— s)dZI(\:] (s A T) satisfies the Stochastic
0
Differential Equation (SDE)

dYN(t) = ANYN () +dZN (A T).

whose integral form is

t
YN =ZN@t A1) +/ ANYN (s)ds. (46)
0
We subdivide [0, T] into N? subintervals I, (T) := [”N—TZ, (nt1) T] < n < N?—1.Then taking t = ”T in (46) yields
nT nT e
YN( )—ZN<—/\T)+/ ANYN (5)ds
C |\ N2 c\ N2 o N'ic
One writes
z :
YN(h=ZN@t A T) +/ANYgf(s)ds+/ANYgf(s)ds
0 nT

N2

t

=ZN(EAT) + [YNG\;) Zé’(?\—g; /\r)] +/ANY§(s)ds

nT

N2

t

T
= YN (%) + /ANYg(s)ds + e ()

fiic(t) = ZN(t A T) —zfg(—z A r)

defines a mean 0 martingale, for t € I,(T). Thus,

YN(A;)

since |[Ayll < 4N?. With the notation sup = sup, a Gronwall argument leads to
tel,(T)  L«(T)

(5

We now want to proceed as previously, by finding a suitable martingale associated with . Fixj € {1,---,N},
0e [O, |')/|_1] and set

[y ol <

t
‘ vt [l s+ imecol,

NZ

YN <
sup Yol < (

‘ + sup ||ﬁ1c(f)||oo) e'l. (47)
T)

n

o j nT (n+1)T
me () = Ouiic (t,ﬁ),for teL(T) = [NZ'T

Fors € [,(T),s > N_ yields |6mc(s)| = 9;{ |01 (s)] = (9;4 |(5ZN C(s A T)| < 1. Thanks to Lemma 3.2,

AT
Y tmewl - [ g

Xl—g/\Tgsgt/\T NZNT
is a mean 0 martingale for t € I,,(T), where

gN(s) = 6%u [Nz (ujl\i’lc(s) + 2u Cs) + u]+1 (s)) <|F|]2- + ‘14|F{\]|]2,> (uN(s))] .
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Now, 0 < g%’ (s) < hlg (s) thanks to (38) and the local boundedness of reaction rates, where hlg (s) =
_ _ ENT _
0% (4N?p1 + YcA(pr) satisfies / hN(s) < e0*uT.

1L AT

NZ

Lemma 3.4 then implies

. [exp {mc (“’L—j”>}] < exp (GBT)

Applying Doob’s inequalities, we have

- ' 4 n+1)T
S ]
< exp [u(c8 — )] < e,

where a = ¢(g7, T) > 0, independently of N, 1 and j. We have chosen a suitable 6 as previously. Again, the same

inequality holds for —#ic | ¢, % and consequently,

[P’{ sup [[ic ()] > eo} < 2Ne%€ik, (48)
L, (T)

From (45), (47) and (48),

nT ~
P{e‘4T sup Y& > €0} < P{ e (W) ’ + S e ®l., > 60}
1,(T) o L)
nT € - €o O (49)
<P{|YN (= —(+tP t S
<ell ()] > 3+ e {e s o > )

b . . 2
< 2Ne ™3 ¥ 4 aNe ™3 # = aNe™*7# < ANe *6H
Hence,

N2-1
P {e_4T sup [YN (1) > 60} < Z P {e“‘T sup YN _ > eo} < 4N3e €k
[0,T] °° L,(T) «

n=0 n

where « = a(p7, T) > 0. We deduce

P { sup Y (1), > (—:0} < 4N3exp (—ae_léTzegy) < exp(log4 + 3logN — ap),
[0,T]

with « = a(gr, T, €)). The r.h.s. vanishes, since we are assuming ' log N — 0. This proves the convergence of
the continuous part. 0O
3.3.2 Martingale discrete component term
We want to show that
P { sup ||Yg](t)||Oo > eo} — 0.
[0,T]
We use the same procedure as for the continuous part. Fix t € (0,T]and j € {1,-,N}. For 0 <t < f, set

fi=N1;, and mp(t) := (ZN(t A T),f)

5"

Z|~

Then, the process fiip := {ifip(t),0 <t < f} defines a mean zero martingale, such that iy (f) = YN (f, )
Taking ¢ =f in Lemma 3.2 yields

tAT
IR0 /0 (IGN (uN () £2) ds (50)

S<ENT
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is a mean 0 martingale for 0 < t < t. From (41),

|6mp ()] = ‘52% (t AT, #)‘ <|6Z§ ¢t A D), = [louRt AT <N

Since N — oo, we may assume N~ < 1. Then, For § € [0,77'],
mp(t) = ONp (t)

defines a mean 0 cadldg martingale such that |dmp (£)| < 1 and [ZSmD(S)]2 = §2N? [57?1,3(5)]2 for 0 <t < t. Thus,
from Lemma 3.2,

EAT
Z[(SmD(s)]Z—/ gN(s)ds

s<t 0

is a mean 0 cadlig martingale, where
gN(s) == 92N<|GN| (uN(s)) ,f2>2 = 92N2‘GJN‘2 (uN(s))

N
= 6°N? Zl I PIgl; (uM (s)) < 6%N,
i=

thanks to the boundedness of reaction rates. It follows that 0 < gN(s) < hlN(s), where Il (s) := %CN satisfies
t T —
/ hg(s)ds < 02N foro < t < F < T. Therefore, Lemma 3.4 implies [E[emD(t)] < exp (92EN). Markov’s
0
inequality yields

P{Yg (t‘,
P{Yg (t‘,

We can choose 0 such that

) > eo} =P {mp (f) > €,} = P{mp (f) > ONe¢y} = IP{e’”D(E) > eéNGO}

< e—ONe [emD<t)] < exp [9N(C_g - €)1

) > 60} =P {mp (f) > &} = P{mD (£ > éNeo} = IP{emD(E) > eéNeo}

< e—éNEOIE [emD(t)] < exp [éN(Et‘j — €0)],

P {Yg (f, %) > eo} < e_"‘egN, fora = ¢(M,,p,T) >0,

independently of N, y, j and . The same relation holds for P {—Yg (f, I%l) > eo}. Therefore,

P{‘Yg (t,%)‘ > 60} <2e %N foro<t<Tandj€1,...,N.

and YN (0) =0,

Since ||YII:\)I(t)||oo = 12L'l<pN‘Yg (t, %)
<j<

[P’{”Yg(t)n00 > 60} = [P’{‘Yg (t,%)’ > €,, forsomej € {1,---,N}}

Z P{‘Yg (t,%)‘ > eo} < 2Ne €N
1<j<N

for 0 < t < T. We now show that (51) holds with Y} (t)]| _ replaced by sup Y} (#)|_ and N (on the right)
[0,T1]

(1)

IN

replaced by N3. With the introduced subdivision of [0,T] into N? subintervals I,,(T) = [;‘\]—TZ, (”;\r]—lzﬂ"], 0<n<

N? — 1, one can always write

T T
YR () = iiip(t) + Z (% A T) =7fip(t) + YN (%)
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nT
where iiip (1) := ZN(t A T) — ZN (— A T) is a mean zero martingale for t € I,,(T). Thus,

NZ

sup Y0,

n

< sup |ip (1),
L,(T)

and set

mp(t) = ONip (t,%),for teL(T) = [

YN(ND

As previously, we now want to find a suitable martingale associated with 7i1ip. Fixj € {1, -

‘ . (52)

/N}/ é € [Or')/_l]

nT (n+1)T
Nz N2 |

T _
Fors e [,(T),s > % yields |6mp (s)| = 9N|5Z]N’D(s A T)‘ < 1. From Lemma 3.2,

)3

nT 2T AT
mgsst/\"r NZ

is a mean 0 martingale, with gD (s)

tAT
0 <

e oo

gN(@s) < hN(s), where hN(s) = 62N satisﬁes/
sl AT
NZ

(n+1)T
INE

P sup 7iip
L,(T)

AT
[omp ()] — / gN

(s)ds

6°N? |GN |]2 (uN(s)) < B%N. Since reaction rates are bounded,

hN(s) < ¢0°N. Thus, Lemma 3.4 implies

)}] < exp (¢6°N). Doob’s inequalities, lead to

(t, %) > 60} < e NeE [exp {mD (

n+1)T
INE

)]

< exp [ON(c0 — €y)] < e7eN

where « = ¢(fr, T) > 0, independently of N, 1 and j. We have chosen a suitable  as previously. Also, the same

A

holds for —1iip (t, ) This shows that

z

IP{ sup |t (1], > eo} < 2Ne#€iN, (53)
L,(T)
From (51),(52) and (53), we have
IP’{ 4T sup ||YN(t)|| > eo} <P {H (I\T) + sup lp ()], > eo}
L,(T)
nT € (54)
< i
< (N N> 5} rle ppmon. > 3}
< 2Ne™® N L oNe™ N < 4Ne—*€iN
Hence,
N2-1 ,
P {e_4T sup ||Y,I:\)’(t)||00 > eo} < Z P {e_4T sup ||Yg(t)||00 > eo} < 4AN3ea&N
[0,T] n=0 L,(T)

Setting ¢ := ae™*T ¢, > 0, it follows that

P{sup ||Yg’(t)||Oo > eo} < 4N3%e™N 5 0asN - oo,
[0,T1]

which shows the convergence for the discrete part. The proofs of (44) and thus of Theorem 2.2 are complete.

Remark 3.3

In this proof we have used in a crucial way that at each point, the jump of the discrete component is of order 3. For the
original model, without spatial correlation of the slow reactions, this does not hold since the jump of discrete components
are of order 1. Clearly, we could slightly change our assumption and assume that slow reactions affects neighboring sites
at distance of order N~a, a€[0,1), whereas we have considered only o = 0 above. With this new setting, the discrete jump
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A Appendix

A1 Formal limit of the generator

We consider the sequence &/ = o/N'* of generators defined by (13). We consider a L?(I) framework and con-
sider test functions ¢ € C#(L*(I) x L*(I)). Each line is expanded at order two thanks to Taylor expansion.
The first order expansion has already been examined to understand the limiting generator. For k = 1,---,5,
denote by Tj(N) the second order term corresponding to the k-th line in the expression of the generator. Let
u= (Uc,up) € CP(I) X CP(I) be fixed and let N, pt — oo.

We assume that reaction rates are bounded.

At order 1. We already know that the whole terms together read

A p(Pyu) = (DY p(Pyu), ANPyuic + F(Pyu) + F{\’(PNM)>Z
+(D!g(Pyu), GN (Pyu)),.
For uc € C3(I), it converges to
A% pu) = (DYo(u), Auc + F(u)), + (Do'lqo(u),G(u)>2,
requiring GN (Pyu) — G(u), which follows from Proposition 2.1, Proposition 3.1 and
IGN (Pyu) = G|, < [|GN (Pyu) = GN )|, +IGN ) = G|
< LollPNtt = oo o + |GV () = Gw)|| _ ,

where we use the same notation as in appendix A.4.
At order 2. We introduce ¢ \/_ NT1. jr for 1 < j < N. Since the functions (1; )1</< N are pairwise orthogonal in
L? and of norm ||1 ]-||2 = T’ the farruly { 1 £j < N} forms an orthonormal basis of (l]-l]N LI+ 1l). Also, ¢ denotes
N

a generic constant and ||D"kqo||O<> denotes a uniform bound of D¢ @, for0 < Lk <2,1+k < 2. Let us treat the
term appearing from the second line,

C C 52
V" 7
T,(N) = § § D (Pyu) <7’ﬂj,7’ﬂj> U, (u]-c,u]-)ST”D“goHooN E ||e||2<ﬁﬁo
2

reS]]

The first term is similar and also vanishes at the limit, using the same argument. Next, the third term reads

noo=; 3 3o (%, %) 1, (u)
2

reRpc\S; j=1
1 -
od 5 Soma (Fr o) o)
re€Rpc\S, j=1 2
1
+ - Z ZD“q)(P u) - <’)/]r (Pnup), ’Y]r (PN”)> (])
r€Rpc\S; j=1
We have
T31(N) = ZNZVEWDC\S ZD ¢(P u) - <7ej’ry7r€f>/\ (uj)
c||D2 Oq)”ooN;ﬂ Z ] = — 0.
Observing that

[P @], < 1P IZ Iy DI, < [rP] 2

‘/_
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forall 1 <j < N, we deduce from the inequality of Cauchy-Schwarz

T5p(N) :-L‘/N > ZD”qv(P u) - < &,y <PNu>> Ay ()
2

reERpc\S; j=1

) 3 c
< cIIDl’Iﬁﬂllm‘/—Ty; lll, H%/I\LID(PNL{)”? = \/_Tll v

on the one hand, and, on the other hand

1
TNy = ) ZD“qo(P u) - (VP Py, 1) <PNu>> - ()
r€Rpc\S; j=1
Recall that, setting Pyu=uN,

N
N.D JNC ND
Vi r (”C ’ ) =Yy Z N1 1917] SUu; ),

where %l]\'l = /‘1 <x - %) dx, and 0;j (UNC ND) = Q(uN Chr Vi )G(u?]’D +'yrD')/f]\-]). Define the operator A,
I

by:

Avey = VN1 )y NP = o vafe’-w% Ay (e

Then, using standard property of the trace,

1

N
T33 (N) = m Emz g Zl DO,Zq)(uN) . <Are]., Are].>2
r€Rpc\oyJ=

1
N Tr (A;D*"2puN)A,)

r€ERpc\S;

1
S0 e M)l Y Tr(AA,).

reRpc\S;

IN

Also

Tr (AZA,) = Z 1A, ¢l < A(pr)7? Z rh 1P
j=1 gl

. . 2
1
and since |’yl/ N2 = / a (x — I%l) dx = — <a ( - I%l) ,e,-> we have thanks to Parseval identity:
I

JIN
Z 2 =

i

= Nnan%

It follows that
Tr (A:A,) < AF?|all3,
and as a result, T;(N) — 0. The fourth term also vanishes at the limit, using the same argument.

Remark A.1
Again, we see why we had to consider some spatial correlation in our model. Indeed, the case without spatial correlation
for the discrete species corresponds to 'yf]\-] = 1for i=j and is 0 otherwise, obtained with a being the Dirac mass. In this

case Tr (A;A,) is of order N and T3 (N) does not converge to 0.

Let us consider the fifth. From

2
||1]/+1 - ﬂj“% = N = ||1]]'—1 - 1]/"%/
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we have

N

T5(N) = %Z

j=1

N ... =1, 1...—1.
D09 (Pyu) < ]+1y AR ]>
2

_ T.,—1. 1., -1,
+D2'0§0(PNM)‘ j—1 J, j—1 ] ‘uNzu.C
I3 I )
N2 N ) )
< ucoo2||D2(p||oo7 Zl (Vo —124+7,,-17)
]:
<cu”IN? >0,

if y7IN?> > 0as N,y > co.
Hence, under the additional condition #~'N? — 0, all the terms of the second order in the Taylor expansion
vanish at the limit and hence, &/ is indeed formally the limit of &/ N o

A.2 Relation between the limit and its discretization

Proof of Theorem 2.1. Let T > 0 be fixed. Since the operator Ay is linear, it is Lipschitz. Next, the vector field
R =(F, G) islocally Lipschitz continuous. Therefore, the initial value problem (26) has a unique local solution o™
thanks to the Picard-Lindelof theorem. The bounds (28) are proved thanks to the discrete maximum principle
and Gronwall lemma as in Section 3.2 and we deduce that o is in fact a global solution.

Thanks to (28) and (25), we may assume that F and G are globally Lipschitz and we choose L such that

”F(uéj/ MID) _F(u%/ Z’lZD)”oo < L”(uérulD) - (uzcr uzD)”O0,00I

”G(ug:/ ullj) - G(MZC/ u%j)”oo S L”(u%:/ ullj) - (uZC/ u%j)”oo,oo/

provided |lucll < pc, luplleo < (op + 1) OMiPT,

we have
oN(t) —u(t) = Ty () Pyu(0) — T(H)u(0)

fe F(UN(S))>_~ B (F(M(S))>

+A T (t—5s) (G(UN(S)) T(t—s) G(u(s)) ds.

[Nt —u]| . < [TnHPyu) = ThHu©O)_

tH . N -

[ Ive=o (&) -2 (i)l
e o 5 (F@e)HY _ a ., . (F@s) H

+/0 Tt S)PN(G(u(s))> I S><G<u<s>>> L

Since HY is stable by F and G, we rely on Proposition 2.1 and Proposition 2.2 to find an upper bound for each
term on the r.h.s. of the inequality above.

t N _ t
T,(N) < / Py (P (07 () = F (v(s)) )H ds < 2L/ [[oN (s) — v(s)|, . ds
0 00,00 0 !

G (vN(s)) — G (v(s))
t
and T5(N) = / | Tn (t = s)PNF(u(s)) — T(t —s)F(u(s))||, ds.
0

Hence,

for all t > 0. Then,

[Nt = o), o, < ITn®PNO) = TV

t
+ / | Tn (t = s)PNF(v(s)) = T(t —s)F(v(s))||, ds
0

t
+ ZL/ [oN (s) = v(s)|  ds.
. ,
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Taking the supremum in ¢ on [0,T] and using Gronwall lemma leads to

sup [N ¢t = o), (sup ITN (HPyo(0) = T(HoO)],

T
+/ sup (|Tn(t = s)PNF(v(s)) — T(t —s)F(v(s))| ﬂ(sst))ds) x e?LT,
0 tefo,T]

Firstly,

sup ITn (HPNo(0) = T

< [%up TN () Pnuc(0) = T(B)uc(0)], + IPyup(0) —up(0)||, — 0,

where the first term vanishes thanks to Proposition 2.2 (vi), since uc(0) € C3(I). Secondly, we fix t€[0,T] and
s€[0,t]. Since F(u(s)) € C3(I), we have

[Tn (8 —s)PNF(u(s)) — T(t —s)F(u(s))||, — O,
thanks to Proposition 2.2 (vi) again. Moreover, the convergence is uniform w.r.t. t, on [0,T]. Thus,

sup ([T (t = $)PNF(u(s)) = T(t — $)F ()|l Ts<ry) — O
te[0,T]

T
Hence, / sup ([T (t = $)PyF(u(s)) — T(t = $)Fu(s)| Ts<py) ds — 0,
0o telo,T]

thanks to the dominated convergence theorem. 0O

A.3 Theaccompanying martingales

Proof of Lemma 3.1.
Fix 1 <j < N and define YN (t) = (YN (t), -, YN, ,(1)) by

YN (t) :=ull (t) for 1<k <N,
W= [oad ][50

s<t

YN, (1) = [5@’@(5)]2
s<t

YN0 =) [0S ()] [sully ()]
s<t

YN 0= [5u§\’f’3(s)]2.
s<t

YN is a Markov process with values in IRZN 4. From (9), Assumptions 2.3 and 2.4, we know that YN enjoys the

i itions: YN N 2(,NC, NC . o
following transitions: Yy, ; — Yy, — y2 at rate uN (uj_l + U ) so that the corresponding debit is

N? 2
C _. [gN,C
- (e, +uf) =N |]. (u).
Similarly, YN ,, — YN, — 2 — at rate uN? ( 4 u] Mo ) and the associated debit is

NZ
- — (uf +uf,) = |\1/i"c|2 ().

Now,
N,C
YN, - YN |% | at rate #A (uj ) forr & e
N+z 7~ INez F U2 UA, (u]N'C, ulV D) forre S,

|7r | N,C ,ND

YN, > YN, +—5 at rate A, ( U )forrei)%DC\s1
1

YN, = YN, + iz at rate yN? ( €y 2u Cy ”]+1 ) for a diffusion.
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The joined debit is

1
CIN (b 2uf )+ 3 WA () + ) A (uf uP)
‘u reRc reS;
1 N
=) NP, uP)PA, (uf, uP)
W=t revipens,
1

1
= P (lAN|2 (MJC) + |F|]2'(uC/uD) + |F{\]|]2 (MC/uD)) = i |‘1’Ié]’j (uc,up).

2
Finally, fori =1, ,N, YN, , — YN , + ‘fy,-j(N)| |’yP|2 |491.r].(ulc, uP)|? at rate

I ]

A, (uN’D) forr € Rp.

{ A, (uN’C,uN'D) forr € Rpc\S,
]

Theses transitions admit as debit function
2 N 2
¥R} (uc,up) = Y 1 Plgl ue, up) =: 1GN [} (uc, up).-
i=1

Furthermore,
sup sup [YN(EAT)|=sup sup [ull(tAT)
[0,T] 1<k<N [0,T] 1<k<N

< ¢ sup max (||ulg(t A T)|
[0,T]

’

[Nt A T)”OO)

OO/

<csup [uNtATD) . <C(Tn, 1)
[0,T] ’

since uN satisfies (34). Therefore, YV satisfies (34) too, and has a bounded total jump rates when stopped at 7.
We then applying Proposition 2.1 of [31] to YV, and the proof is complete. O

Proof of Lemma 3.2 Set ¢; :=¢<%> for 1 <j < N.Since ZY has the same jumps as uY,
N sl AN (o ] j
5<Zc(s),go>2_5 N;ZC S,N @ N
1 N
‘NZ% (5);
j=1
1 Ne
ZNZ‘S”/ ()¢,
j=1

Recall that [5u§\]’c(s)] [(5ukN’C(s)] =0fork ¢ {j—1,j,j +1}. Thus,

N
(22090, ]' = 5 (0925 0] <] g+ [ oo

8] [55 9] yg)
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By Lemma 3.1,

Y [s(z¥s,9),]

S<ENT

AT
1 N

:N_Z/u; §0]Z/[N (uyr () + 2ulC () + ull £ ()
- 0

+ (IF + pIFN ) (uN(s)) | ds

INT

— @iPj-1 / N2 (MJN’C(S) + u].l\i'lc(s)) ds
0

tAT

¢]¢]+1 / NZ NC(S) +u]+1 (S))ds +M(t)/

where M(t) is a martingale. Therefore, using the 1—periodicity of our processes w.r.t. the space variable and
proceeding to a change of superscript in j, we get

2

. [s(zr <o),

S<IAT

tat | N N.C
/ Zu] (SIN (@7, + 207 + @71 — 20,197 — 20;9j41)

j=1

+ ; <|F|12‘ + ?‘|P{V|;) (uN(s)) @7 | ds + M()

/t/\T
0

N
Z (IFI2 + uFYT; ) (uN () ¢}
j

N 2
Z (S)([N(qv] 1 4’,)] + [N(pj1 = 9p)] )

2
Zl=

ds + M(#)

t

>
<

S~ 1

[(¥ ), (V0)" + (Tn9)?),

Z| - 2|

Z‘_
=
o\‘;

[Z NC(S)N2(§0] 1207 + 9fh1 — 20519 — 20,941

N
+ ) (IFE + uFYE) (uN () @7 | ds + M)
j=1
tAT N
1 1
:N_y/[NZ“JN’C(S)([N<%—1—%>]2+[N<¢j+1—qo,->]2)
j=1

1
N (|F|]? + N ) (uN(5)) (p]z.l ds + M(t)

T

= [ (o, (Vo) + 7x0)?),

_§
S~z ||Mz °

+{(IFP + pIFNR) (uN(s)) ,¢2>2] ds + M(t).

This shows that (Mg5) defines a martingale. The case of (Mg6) is treated similarly, replacing |F|? by |GV |2. There
is no term with the discrete gradient. [
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A.4 Regularity and convergence of the debits

Proof of Proposition 3.1. Denote by L) the Lipschitz constant common to all reactions rates. Fix u = (uc,up),v =
(vc,vp) € CP(I) X CP(I).
We start with the debit F defined by (16).

IF(u(x)) — F(v(x))l
< Y WA e = A el + Y rEIIA ) = A, (o))

reRc reS,

< Ly(Juc@) —oc@] Y |+ u@) — o1 Y 1re|)
reRc reSs;

< Lyye [luc(x) —ve ()| + |up (x) — vp (0)] + [up (x) — vp (x)]]

< Lg (luc —vcll, + lup —vplle) = Lelltt = vl o -

Thus, F is Lipschitz. The Lipschitz property of the debit FN given by (17) immediately follows from that of
reaction rates, as F is a linear combination of some of them.
The function g defined by (19) is Lipschitz. Indeed,

g(ux)) —g(v(x))]
< > PPIM@®) =A@+ Y Pl (upx) = A, (op ()]

r€ERpe\S, r€ERp
< Lyyp [luc(x) — vc(x)| + lup (x) — vp (x)| + lup (x) — vp (x)]]
< Le(luc — vello + llup = vpllae) = Lglltt = Vlleo oo,

and g is Lipschitz. As a result, it follows easily that G is Lipschitz.
Recall

GN(u) = nyl] 8ij()1;, where g;;(u) = Zy?@{j(ui)/\,(ui),
ij r

withj,i=1,---,Nandr € (Zpc\S;) URp. Fixj, i, letx € I; and let Ly be a Lipschitz constant for the function
8. We successively have

7

|9fj(ui) - Q{j(vi)| < ‘Q(Mic + ’: Vij NY — (o€ + rZ Vij M 0(us + ’)/rD'Yz] )

+ g(vzc + i 71] ) ‘9(1’[ +7r ,)/z] ) - 9(0 +'Yr ’)/1] )‘

< Lo(lu¢ — oS |+ [P —oP)) < Lyl — ull o,

1957() = & (@) < Y~ Iy PI[165 () — 65, (0i)A, (1) + 07, (0N, () = A, (v))] ]
r
< LoYAPD I = Vo 00 + LAY 14y = 011601 = Dlleg oo,
and it easily follows that G is Lipschtiz uniformly in N.
Since GN and G are Lipschitz with a uniform constant and using a density argument, we may assume that

u = (uc,up) € Ci(I) x C1(I). Also, G and GV are continuous w.r.t. a for the L! topology. Indeed, since 6 is
bounded by 1 and g is a bounded function

N .

AA G J
IGN (W)l < ¥A(Fr)  max N//a (z - —) dzdy = ||glllallf -
1% 1:1,...,N]; L N Yy =18 Li(D)

The same bound holds for G and by linearity, we deduce the continuity property. By density of periodic C*(I)
function in L'(I), we may assume thata € C!(I).
Write for x € I;, and r varying over (Zpc\S;) U #p:

N
GNwyx) =) Y yPo(u +—%])) WP + 9Py N/A <u>/ ( )dzdy,
=T
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and

N
Gu)(x) = ZZyPH(uC(x))G(uD(x))N//\,(u(y))/u(x—y)dzdy.
I I;

j=r 7
Thus, since 6 is bounded by 1, a by a(0) and is a bounded function,
IGN (u) (x) — G(u) (x)]

N
Sa(O)ZI"nDIZ/|g(u,-) — g(uy))|dy
r ]':1 I]~

9(11 + %%} ))G(u + ')/r Vij NY) = 0(uC(x))0(uP (x))

a(z—%)—a(x—y)

This clearly goes to zero when N — oo thanks to (41) and the Lipschitz property of 6, g,aand u. O

+a(0)y Apr)

dzdy

A.5 Onthe Gronwall-Bellman argument

Proof of Lemma 3.3. From Proposition 2.2 and the observations at the beginning of Section 2.3,
2
<(V1J_:1TN(t)f) / 1>2: (Tn@Bf, ANf),
Z [<If Pm, N |2 +If, ¢ N> |2] “Huntp,, N
m

Z <(Pm N ( ) + lpan,N (%))e_Zﬁm'Nt,Bm,N
DXL

I/\

Similarly,
<(TN(t)f)2, 1>2 <142 Z e~ 2BunNt.

m>0

The result then holds for
Iy =1+4) e PNt (B, +1), (55)

m>0

since By y = 0 and B, y > cm? for m > 0 and ¢ > 0, where ¢ is independent of m and N. O
Proof of Lemma 3.4. Let f (x) = ¢* and note

0<f"(x+y) =fO)f(y) <3f(x) iflyl <1

Using change of variables for functions of bounded variation, we have for t, <t <t,,

t
fm) =14 [ f (m(s7))dm(s)
ty

+ Y [fm(s) = fm(sT)) — ' (m (s7)dm (s)]

to<s<t

t 3
<1+ [ fim(s))dms) + 2 Y fm(sT)) (0m(s))?,

ty to<s<t

thanks to Taylor’s theorem, (ii) of Lemma 3.4 and our observations at the start of the proof. Note that
t

f' (m(s™)) dm(s) has mean 0 and after applying (iii) of Lemma 3.4 and taking expectations, we have
ty

3 rt
Ef (m(t)) <1+ 5/ Ef (m(s))h(s)ds.

ty

36


http://rivervalleytechnologies.com/products/

Automatically generated rough PDF by ProofCheck from River Valley Technologies Ltd

DEGRUYTER Debussche and Nguepedja Nankep e

The result then follows form Gronwall’s inequality. O
Proof of Lemma 3.5. We want to identify the martingale part of Z [6mc ()] Integrating rm(t) by parts

s<t

leads to

t

me(t) = TN(E—t>ng(t/\r)+/ANTN(E—5)Zy(sAr)ds,f

0 2

t

= (Tn(F=HZN (¢t A T),f>2 + /ANTN(E— $)ZN (s A T)ds, f

0 2

t
Since t — / ANTN (F— s)ZZg (s A T)ds is continuous, the corresponding term does not jump and consequently
0
i (t) = 6 (Tn(E—HZN (A T),f>2 = [6Tn(F = Hug(t A D],
where j has been fixed within {1, ---, N}. Observing that
—_ N —_
[Tn(E—HuN )] =Y ul O[Ty (- H1,];,
i=1

we have

Mz

2
> [} BTy (E = by, )

1

M= \f ~

> ([eCo ] 1Tn - D1

1

+ [0 S (O] [ou O] [Ty (= D1 [T (F= D1y ],

+ [ou} O ] [ O] (Tn = DI TN E = D111, )

—

We need the forthcoming.

Lemma A.1
We have [Tn(H1;]; = [TN(t)ﬂj]l-for all1 <i<N.

Proof
Let1 <i < N andt > 0 be fixed. We first remark that

(i, @) = @; =0v(j/N), ¢ € HN.
Then, from the spectral decomposition of TN(t) on (HN ,{:,+)5) (see Proposition 2.2),
j = Z e_le,Nt ((‘“l’ ¢m1N>2(P]m/N + <Hl/ IljmrN>2¢]m,N)
m

= e PNt (gl (1 @)y + ¢ (1 ¥mn),) = [Tn(BT];. O
m
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Now, from Lemma 3.1, there exists a martingale M(t) such that, using periodicity and Lemma A.1, we get

B N 1 INT
Z [6TN (F— s)uz(\:’(t)]]z. = Z ﬁ / {[Nz(uﬁ'lc(s) + Zuy’c(s)uﬁl(s))
i=1 0

s<t
+ (IF + WEN[) (uN () | [T (F = $)1,12
= N2 (5) + up S () [T (E = )1, [T (F— $)T,4];
=N (S (s) + uly T () [T (F = ) 1,1 [T (F = 5) 14,1} ds + M)
1

AT (N
= ;/ {Z uNC (SN2 ([Ty (F - )T 17 +2[Tn (=) 117 + [Ty (F=5)1:4, 17
0 i=1

—2[TN(E = )Ty JI TN (E=9)T,]))
N
+ Z (IFZ + PN ) (N (s)) [Ty (F = 5)1]1-]12-} ds + M(t)

=1

~.

1 INT 1 B ]
0 =1
+

(N[Ty(F = NT,J; = [Ty (F=9)NT,1,,)

1N _
+5 ; (IF + ulFNT) (uN(s)) [Ty (F = s)N]]l-]]z.} ds + M(t)

1 tIANT _ _
- ;TN/O [<u2’(s),(vj{,TN(t—s)f)2 + (v;,TN(t—s)ff)Z

+((IF2 + pENP) (N (s)) , (T (F — s)f)2>2] ds + M(t). O
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