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Abstract:
To estimate or test the treatment effect in randomized clinical trials, it is important to adjust for the potential
influence of covariates that are likely to affect the association between the treatment or control group and the
response. If these covariates are known at the start of the trial, random assignment of the treatment within each
stratum would be considered. On the other hand, if these covariates are not clear at the start of the trial, or if it
is difficult to allocate the treatment within each stratum, completely randomized assignment of the treatment
would be performed. In both sampling structures, the use of a stratified adjusted test is a useful way to evaluate
the significance of the overall treatment effect by reducing the variance and/or bias of the result. If the trial has
a binary endpoint, the Cochran and Mantel-Haenszel tests are generally used. These tests are constructed based
on the assumption that the number of patients within a stratum is fixed. However, in practice, the stratum sizes
are not fixed at the start of the trial in many situations, and are instead allowed to vary. Therefore, there is
a risk that using these tests under such situations would result in an error in the estimated variation of the
test statistics. To handle the problem, we propose new test statistics under both sampling structures based on
multinomial distributions. Our proposed approach is based on the Cochran test, and the difference between
the two tests tends to have similar values in the case of a large number of patients. When the total number of
patients is small, our approach yields a more conservative result. Through simulation studies, we show that
the new approach could correctly maintain the type I error better than the traditional approach.
Keywords: binary data, random stratum sizes, risk difference, type I error
DOI: 10.1515/ijb-2016-0047

1 Introduction

In several medical studies conducted to test a treatment effect, such as a new drug or operative method, the
response is frequently given as a binary endpoint such as “success” vs. “failure”. The two groups compared are
frequently referred to as the “treatment” and “control” groups. Then, the results of the study are summarized
in a 2 × 2 contingency table that is dichotomous by treatment and result.

In practice, there is also a covariate that will likely affect the association between the treatment or control
group and the response. When there is an imbalance of the covariate between the two groups, evaluating the
overall treatment effect while ignoring this imbalance would lead to a biased result. This issue is equally relevant
when considering either a multicenter clinical trial or a meta-analysis. That is, there is a possibility that the
potential background factors of patient, treatment environment, or medical skills differ between each center or
trial. To adjust for such imbalances, stratified analyses or analyses based on an appropriate regression model
such as logistic regression are widely used [1, 2]. In this study, we focus on the use of a stratified analysis.

The most commonly used measures of a treatment effect are relative risk, odds ratio, and risk difference.
The advantages and disadvantages of these measures are described in Lachin [1] and Fleiss et al. [3]. Although
the following discussion may also be relevant when considering any criteria, we specifically consider the case
based on risk difference for the sake of simplicity and to allow for natural interpretation. If the true success
probabilities of the treatment and control groups in stratum 𝑖 are represented as 𝑝u�u� and 𝑝u�u�, respectively, then
the risk difference in the stratum is defined as 𝛿u� = 𝑝u�u� − 𝑝u�u�. Thus, the true overall treatment effect is expressed
as 𝛿 = ∑u� 𝜋u�𝛿u�, where 𝜋u� is the true ratio of patients that would have entered stratum 𝑖 in the population [4].

To examine the statistical significance of the true overall treatment effect under the case in which the strata
are imbalanced, several approximation test statistics of the hypothesis 𝐻0 ∶ 𝛿 = 0 are proposed. As a simple
approach based on the weight of the reciprocal of the squared standard error of 𝛿u�, the weighted mean divided
by its standard error can be used. This statistic approximately follows the chi-square distribution with 1 de-
gree of freedom under 𝐻0 [3]. However, it is also known that the performance of this approach is not good in
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many situations. The most commonly used approaches are the Cochran test [5] and Mantel-Haenszel test [6].
There are several ways to derive these test statistics; for example, these can be viewed as summarized statistics
based on risk differences weighted by the harmonic mean of the number of patients in each stratum [7]. From
another perspective, the Cochran test can be viewed as a test based on two independent groups according to
the binomial distribution in each stratum [1]. The Mantel-Haenszel test can be considered to be based on the
hypergeometric distribution [1]. The results of these tests are often very similar, and quickly converge to the
same value. Yusuf et al. [8] proposed a Mantel-Haenszel test with the continuity correction term removed. A
comparison of these methods based on simulation studies is described in Sánchez-Meca and Mar\’in-Martńez
[7]. Mehrotra and Railkar [4] proposed another test method that could minimize the squared error between
the true overall treatment effect and the estimated treatment effect. A detailed discussion of this approach to a
treatment by stratum interaction is provided by Mehrotra [9].

As a more general framework, many estimators that adjust for covariates in randomized trials (to estimate
the overall treatment effect) are proposed. The comparative research on the estimators that are focused on the
binary outcome cases was published by Colantuoni and Rosenblum [10]. In their research, the seven estimators
are studied in terms of the properties and performance based on simulations. Although these estimators can
be applied to the case of the randomized stratification, as discussed in their paper, we consider simpler cases
in this study. That is, we consider the case where the independence of the outcome and covariates (that are not
used in the stratification) is satisfied.

There are two types of sampling structures for a stratified analysis in a randomized clinical trial: random
assignment of a treatment within each stratum, and completely randomized assignment of the treatment. If the
covariates that are likely to affect the association between the treatment or control group and the response are
known at the start of the trial, random assignment of the treatment within each stratum would be considered.
On the other hand, if these covariates are not clear at the start of the trial, or if it is difficult to allocate the treat-
ment within each stratum, completely randomized assignment of the treatment would be performed. Although
the debate as to which structure is preferable continues, in both sampling structures, the stratified adjusted tests
described above are generally used to assess the significance of the overall treatment effect. Following the ter-
minology employed by Ganju and Zhou [11], we refer to the random assignment of a treatment within each
stratum as pre-stratification, and the completely randomized assignment is referred to as post-stratification.

Although the stratified adjusted tests such as the Cochran test show good performance for assessing the
significance of an overall treatment effect in a stratified analysis, these tests are constructed based on the as-
sumption that the number of patients within a stratum is fixed. However, in practice, the stratum sizes are not
fixed at the start of the trial in many situations, and are instead allowed to vary. For example, in a multicenter
trial using a pre-stratification design, the total sample size might be fixed but it is nevertheless difficult to con-
trol the sample size in each stratum in many cases [12]. In a randomized clinical trial using the post-stratification
design, it would be impossible to fix the number of patients in each stratum (such as sex and age) before the
start of the clinical trial. Therefore, there is a risk that using such tests under these situations will lead to poten-
tially ignoring the variance in the number of patients in each stratum. Consequently, the variation in the test
statistics is considered underestimated in many situations.

To handle this problem, we propose new test statistics applicable for the pre-stratification and post-
stratification designs. In our approach, the number of patients in the strata are assumed to follow a multi-
nomial distribution. This assumption is reasonable for many randomized clinical trials. In fact, [12] proposed
a test statistic under this same assumption for evaluating the significance of the overall treatment effect using
continuous data in multicenter trials with post-stratification. With this assumption, the number of success pa-
tients in each stratum is viewed as a result of a two-step process. That is, the number of patients in a stratum is
given by following the multinomial distribution in the first stage, and then the number of success patients for
the treatment in each stratum is given by following the binomial distribution. From another perspective, the
number of success patients in each treatment can also be considered to be given by a finite mixture model.

Since we assume that the two independent groups have the binomial distributions in each stratum, our pro-
posed approach is based on the Cochran test. The difference between the proposed test and ordinary Cochran
test is given by the difference in the estimator of the variance of the overall treatment effect. When the total
number of patients is small, this variance estimator of our proposed approach tends to become larger than
that of the Cochran test because the variability of the estimator of the treatment effect in each stratum becomes
large or the number of patients included in the two groups tends to become imbalanced in each stratum. This
variability or imbalance is reduced by increasing the total number of patients, and as a result, our proposed
approach and the Cochran test yield similar values.

In our proposed approach, the variation of the estimated treatment effect is expected to be higher than that
obtained with the traditional approach in many situations. This fact seems to be similar to the approach con-
sidering a random-effects model for combining the evidence of several studies to compare two treatments in a
meta-analysis [13, 14]. Although the results of these two approaches show trends in the same direction, their
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basic underlying ideas and assumptions are distinct. In the random-effects approach, the model assumes ran-
dom variation among the strata with respect to the expected treatment effect, and thus the estimated variation
of the statistics is higher than that obtained with a fixed-effects approach. In our approach, on the other hand,
the expected treatment effect is fixed in each stratum. The change in the variation of the estimated treatment
effect is instead due to the variation in the number of patients in each stratum.

The remainder of this paper is organized as follows. In Section 2, we introduce the notation and traditional
stratified adjusted test used to assess the significance of an overall treatment effect. In Section 3 and Section
4, the new approaches considering the variation in the number of patients in the strata are described for the
pre-stratification and post-stratification contexts. In Section 5, the results of simulation studies to assess the type
I error for each approach are described. The results of applying the proposed method to data from previous
randomized clinical trials are described in Section 6. Finally, concluding remarks are given in Section 7.

2 Notation and traditional approaches

2.1 Notation

Let 𝜋u� be the true ratio of patients that would have entered stratum 𝑖 in the target population, where 𝑖 =
1, 2, ⋯ , 𝐾, with the number of strata 𝐾 fixed. If the true success probabilities of the treatment and control groups
in stratum 𝑖 are represented as 𝑝u�u� and 𝑝u�u�, respectively, the risk difference in 𝑖 is defined as 𝛿u� = 𝑝u�u� − 𝑝u�u�. As
used in the general medical research (e.g. Ganju and Mehrotra [12]), the true overall treatment effect is defined
as follows:

𝛿 =
u�

∑
u�=1

𝜋u�𝛿u�.

Now, our goal is to assess the significance of 𝛿 by testing the null hypothesis 𝐻0 ∶ 𝛿 = 0.
Let 𝑛u�u� and 𝑛u�u� be the sample sizes for the treatment and control groups, respectively. In the traditional

approaches, 𝑛u�u� and 𝑛u�u� are fixed. In our approach, on the other hand, 𝑛u�u� and 𝑛u�u� are treated as random
variables. The total number of patients in stratum 𝑖 is represented as 𝑛u� = 𝑛u�u� + 𝑛u�u�. The number of success
patients in the treatment and control groups for stratum 𝑖 is represented as 𝑎u� and 𝑏u�, respectively. If 𝑛u�u� is fixed,
𝑎u� follows a binomial distribution with 𝑛u�u� and 𝑝u�u�. Similarly, if 𝑛u�u� is fixed, 𝑏u� follows a binomial distribution
with 𝑛u�u� and 𝑝u�u�. The total number of patients in the treatment and control groups is denoted by 𝑁u� = ∑u� 𝑛u�u�
and 𝑁u� = ∑u� 𝑛u�u�, respectively, and 𝑁 = 𝑁u� + 𝑁u� represents the total number of patients included in the trial.

Depending on the context, 𝜋u� can be either known or unknown. For example, if the target population com-
prises patients with a disease that has been previously well-studied on a large scale, the composition ratio of
such patients such as age and sex can be used for 𝜋u�. On the other hand, if there is no available information
about the target disease, then 𝜋u� needs to be estimated by

〠𝜋u� =
𝑛u�u� + 𝑛u�u�

𝑁
. (1)

2.2 The test for assessing the overall treatment e昀�fect

As described in the Introduction, several asymptotic tests for assessing the overall treatment effect can be con-
sidered. The typical and simple methods are Cochran are Mantel-Haenszel tests. Because the difference between
these tests is given by the difference between the sample size of 1 in denominators of the test statistics [1], these
statistics take similar values. The difference between these tests can be viewed as the difference in the model
assumptions. That is, the Cochran and Mantel-Haenszel tests are based on the assumption that the patients
included in a stratum follow two independent binomial distributions or a hypergeometric distribution, respec-
tively. Because in this study, we assume that the two independent groups have the binomial distributions in
each stratum, we consider the following argument based on the Cochran test. The argument based on the other
complicated methods, e.g., including continuous correction or covariate adjustments described by Colantuoni
and Rosenblum [10] would be possible. These extensions are further works.

The Cochran test can be viewed as summarized statistics based on risk differences weighted by the harmonic
mean of the number of patients in each stratum. The individual risk differences of the strata are estimated by
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̂𝛿u� = ̂𝑝u�u� − ̂𝑝u�u�, where ̂𝑝u�u� = 𝑎u�/𝑛u�u� and ̂𝑝u�u� = 𝑏u�/𝑛u�u� are the observed success probabilities in the treatment and
control groups, respectively. Then, the test statistic can be calculated as follows:

𝜒2
u� =

̂𝛿2

〠𝑉𝑎𝑟u�( ̂𝛿)
, (2)

where ̂𝛿 = ∑u� 𝑤u� ̂𝛿u� represents the estimator of the overall treatment effect. 𝑤u� represents the harmonic mean of
the number of patients in 𝑖:

𝑤u� =
𝑛u�u�𝑛u�u�

𝑛u�u� + 𝑛u�u�
. (3)

The variance of ̂𝛿 is estimated as

〠𝑉𝑎𝑟u�( ̂𝛿) = ∑
u�

𝑤u� ̂𝑝u�(1 − ̂𝑝u�), (4)

where ̂𝑝u� is the success probability of two treatments under the null hypothesis in 𝑖:

̂𝑝u� =
𝑎u� + 𝑏u�

𝑛u�
. (5)

From the independence of strata and Slutsky’s theorem, 𝜒2
u� is asymptotically distributed following the chi

square distribution with 1 degree of freedom under 𝐻0.

3 Proposed test under pre-stratification

In this section and Section 4, we introduce a new statistic for testing 𝐻0 ∶ 𝛿 = 0 based on eq. (2) under the
assumption that the number of patients in each stratum follows multinomial distributions:

(𝑛u�1, 𝑛u�2, ⋯ , 𝑛u�u�) ∼ 𝑀𝑢𝑙𝑡𝑖𝑛𝑜𝑚𝑖𝑎𝑙 (𝑁u�, (𝜋1, 𝜋2, ⋯ , 𝜋u�)) ,
(𝑛u�1, 𝑛u�2, ⋯ , 𝑛u�u�) ∼ 𝑀𝑢𝑙𝑡𝑖𝑛𝑜𝑚𝑖𝑎𝑙 (𝑁u�, (𝜋1, 𝜋2, ⋯ , 𝜋u�)) .

In a pre-stratification analysis, the patients are randomized within each stratum. Therefore, we can assume that
the ratio of the number of patients in the two groups is exactly 𝑛u�u�/𝑛u�u� = 𝑘u�/𝑘u� in arbitrary stratum 𝑖, where
𝑘u� and 𝑘u� represent positive integers. That is, 𝑛u�u� can be represented as

𝑛u�u� =
𝑘u�
𝑘u�

𝑛u�u� (6)

for 𝑖 = 1, 2, ⋯ , 𝐾.
The variance of the estimator of the overall treatment effect ̂𝛿 is represented as

𝑉𝑎𝑟( ̂𝛿) = 𝐸 ⎡⎢
⎣
𝑉𝑎𝑟 ⎛⎜

⎝
∑

u�
𝑤u� ̂𝛿u�∣𝑛u�u�, 𝑛u�u�

⎞⎟
⎠

⎤⎥
⎦

+ 𝑉𝑎𝑟 ⎡⎢
⎣
𝐸 ⎛⎜

⎝
∑

u�
𝑤u� ̂𝛿u�∣𝑛u�u�, 𝑛u�u�

⎫}
⎬}⎭

⎤⎥
⎦

. (7)

By tedious calculation, the exact formulation of this variance is derived as

𝑉𝑎𝑟u�u�u�( ̂𝛿) = 𝑁u� (
𝑘u�

𝑘u� + 𝑘u�
)
2
⎡⎢
⎣
1

𝑘u�
∑

u�
𝜋u�{𝑘u�𝑝u�u�(1 − 𝑝u�u�) + 𝑘u�𝑝u�u�(1 − 𝑝u�u�)} + ∑

u�
(𝛿u� − 𝛿)2⎤⎥

⎦
. (8)

The detailed derivation of eq. (8) is given in Appendix A. With replacement of the unknown parameters 𝑝u�u� and
𝑝u�u� by ̂𝑝u� in eq. (5), replacement of 𝛿u� and 𝛿 by the estimator, and under the null hypothesis, a new test statistic
is proposed as follows:
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𝜒2
u�u�u� =

𝑘u� (∑u� 𝑛u�u� ̂𝛿u�)
2

𝑁u�(𝑘u� + 𝑘u�) [∑u� 𝜋u� ̂𝑝(1 − ̂𝑝) + ∑u�( ̂𝛿u� − ̂𝛿)2]
. (9)

When 𝜋u� is unknown, its value is replaced by 〠𝜋u� in eq. (1). This test statistic tests the significance of the overall
treatment effect as 𝜒2

u� by using the chi square distribution with 1 degree of freedom.
In the case of pre-stratification, by using eq. (6), the estimator of the variance in eq. (4) can be reduced to

〠𝑉𝑎𝑟u�⋅u�u�u�( ̂𝛿) =
𝑘u�

𝑘u� + 𝑘u�
∑

u�
𝑛u�u� ̂𝑝u�(1 − ̂𝑝u�).

On the other hand, if 𝜋u� is replaced by 〠𝜋u�, the estimator of the variance in eq. (8) can be represented as

〠𝑉𝑎𝑟u�u�u�( ̂𝛿) = 〠𝑉𝑎𝑟u�⋅u�u�u�( ̂𝛿) + 𝑁u� (
𝑘u�

𝑘u� + 𝑘u�
)
2
∑

u�
( ̂𝛿u� − ̂𝛿)2. (10)

Because the second term in eq. (10) is always a positive value, if the number of patients is not fixed at the begin-
ning of a trial, and randomization is conducted by pre-stratification, the value of the statistic in eq. (2) will be
larger than that in eq. (9). As a result, using the Cochran test in such situations carries the risk of over-detecting
the treatment effect. In addition, the value of this term approaches 0 when the true value of 𝛿u� equals 𝛿 in the
arbitrary stratum because ̂𝛿u� and ̂𝛿 are consistent estimators of 𝛿u� and 𝛿, respectively. In this case, the value of the
statistic in eq. (9) will be close to that in eq. (2) because of the increase in the sample size. When the sample size
is small, because the variability of the difference between ̂𝛿u� and ̂𝛿 in each stratum is large, the second term in
eq. (10) tends to have a large value, and as a result, our proposed statistic will yield a more conservative result.

4 Proposed test under post-stratification

In a post-stratification analysis, the randomization is conducted for all patients. Although the total number of
patients that will be assigned to either of the two groups is fixed, the ratios of the number of patients in the
strata could differ according to each stratum. Therefore, in this case, we can only assume that 𝑁u� and 𝑁u� are
fixed. Of course, in this case, the variation in the number of patients is expected to be larger than that in the
case of pre-stratification, because 𝑛u�u� and 𝑛u�u� follow independent distributions.

The variance of ̂𝛿 can be calculated from eq. (7) as in the pre-stratification case. However, as an additional
difficulty that is distinct from the previous case, it is necessary to calculate the expected value and variance
of a complex function that is constructed from 𝑛u�1, 𝑛u�2, ⋯ , 𝑛u�u� and 𝑛u�1, 𝑛u�2, ⋯ , 𝑛u�u�. Although the details of
the calculation are given in Appendix B, to address this problem, we used the multivariate first-order Taylor
expansion around the expected values. As a result, the approximation of the variance of ̂𝛿 is given by

𝑉𝑎𝑟( ̂𝛿) ≈
𝑁u�𝑁u�

𝑁2 ∑
u�

{𝑁u�𝜋u�𝑝u�u�(1 − 𝑝u�u�) + 𝑁u�𝜋u�𝑝u�u�(1 − 𝑝u�u�)}

+
𝑁u�𝑁u�

𝑁4 (𝑁3
u� + 𝑁3

u�) ∑
u�

𝜋u�(𝛿u� − ∑
u�

𝜋u�𝛿u�)2. (11)

With replacement of unknown parameters 𝑝u�u� and 𝑝u�u� by ̂𝑝u� in eq. (5), and replacement of 𝛿u� by the estimator,
the estimation of eq. (11) is given by

〠𝑉𝑎𝑟u�u�u�u�( ̂𝛿) =
𝑁u�𝑁u�

𝑁
∑

u�
𝜋u� ̂𝑝u�(1 − ̂𝑝u�)

+
𝑁u�𝑁u�

𝑁4 (𝑁3
u� + 𝑁3

u�) ∑
u�

𝜋u�( ̂𝛿u� − ∑
u�

𝜋u� ̂𝛿u�)2. (12)

Then, we propose a new test statistic based on eq. (2) as follows:
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𝜒2
u�u�u�u� =

̂𝛿2

〠𝑉𝑎𝑟u�u�u�u�( ̂𝛿)
. (13)

As in the case of 𝜒2
u�u�u�, 𝜋u� is replaced by 〠𝜋u� in eq. (1) when 𝜋u� is unknown. The test statistic is compared to the

chi square distribution with 1 degree of freedom to test the significance.
In post-stratification, the difference between 〠𝑉𝑎𝑟u�( ̂𝛿) and 〠𝑉𝑎𝑟u�u�u�u�( ̂𝛿) cannot be as easily compared as in the

pre-stratification case with eq. (10). If 𝜋u� is unknown, the difference between the first term of eq. (12) and 〠𝑉𝑎𝑟u�( ̂𝛿)
is given as

∑
u�

⎧{
⎨{⎩

𝑁u�𝑁u�
𝑁2 −

𝑛u�u�𝑛u�u�

𝑛2
u�

⎫}
⎬}⎭

𝑛u� ̂𝑝u�(1 − ̂𝑝u�). (14)

Therefore, the difference between these two values can be considered by the magnitude of the difference be-
tween the heterogeneities of the two groups, which are calculated from the total number of patients (𝑁u�𝑁u�/𝑁2)
and the number of patients in each stratum (𝑛u�u�𝑛u�u�/𝑛2

u� ). When the total number of patients in the two groups is
completely balanced (𝑁u� = 𝑁u�), the value of eq. (14) always becomes positive, because the value of 𝑛u� ̂𝑝u�(1− ̂𝑝u�)
is at least 0. In this case, if the numbers of patients in each stratum are completely balanced (𝑛u�u� = 𝑛u�u�, ∀𝑖), then
eq. (14) becomes 0. When the total number of patients becomes large, the number of patients in each stratum
becomes balanced, and as a result, the value of eq. (13) approximates eq. (2). On the other hand, if the total num-
ber of patients is small, the imbalance of patients in each stratum becomes large within the poststratification
framework, and as a result, the value of eq. (13) becomes more conservative than eq. (2).

Even if the total number of patients in the two groups is unbalanced, the value is expected to become positive
since the number of patients in each stratum will be unbalanced in many cases. As a special case, when the total
number of patients is unbalanced and the true values of 𝑝u�u�, 𝑝u�u�, and 𝜋u� are extremely skewed, eq. (14) could
become a negative value. In almost all cases, however, the first term of eq. (12) becomes greater than 〠𝑉𝑎𝑟u�( ̂𝛿).
In addition, the second term of eq. (12) always becomes greater than 0. As a result, the value of the test statistic
based on eq. (13) will be less than 𝜒2

u� in many situations. In addition, for the case of this unbalanced total
number of patients, when the total number of patients becomes large, the difference between eqs (2) and (13)
is expected to become small because the value in the first pair of parentheses of eq. (14) approaches 0.

5 Simulations

We here present the results of simulation studies to demonstrate the excessively high type I error obtained with
the Cochran test and the reasonably controlled type I error obtained using the proposed test under the situation
of a stratified randomized clinical trial. As mentioned above, there are several tests in addition to the Cochran
test for assessing the overall treatment effects. However, since our proposed approaches are constructed based
on eqs (2) and (3), we focus only on the comparison to the Cochran test in this study. To assess the type I error,
we generated the simulated data from hypothetical stratified trials under several situations of 𝐻0 ∶ 𝛿 = 0 and
compared the percentage of times the null hypothesis was rejected among all tests according to the significance
level 𝛼 = 0.05.

For each setting, the simulations were repeated 50,000 times. The number of treatment patients in strata
(𝑛u�1, 𝑛u�2, ⋯ , 𝑛u�u�) is given by a multinomial random number with 𝑁u� and (𝜋1, 𝜋2 ⋯ , 𝜋u�). The number of pa-
tients in the control group is given by (𝑛u�1, 𝑛u�2, ⋯ , 𝑛u�u�)=(𝑛u�1, 𝑛u�2, ⋯ , 𝑛u�u�) × 𝑘u�/𝑘u� for the pre-stratification
case. In the post-stratification case, (𝑛u�1, 𝑛u�2, ⋯ , 𝑛u�u�) is given by a multinomial random number with 𝑁u� and
(𝜋1, 𝜋2 ⋯ , 𝜋u�).

For both pre-stratification and post-stratification, the settings of the simulations were equivalent. The only
difference was whether or not there is the exact setting of the ratio of the number of patients in the two groups
𝑘u�/𝑘u�. We set 𝑘u�/𝑘u� = 1 for all simulations in the pre-stratification case. In the post-stratification case, we set
𝑁u� = 𝑁u� for all settings. Therefore, the total number of patients in the two groups was set to be equivalent in
all simulations for both cases. The number of strata 𝐾 was set to 2, 5, or 10. The setting of the low number of
strata is assumed for a situation in which there is a general covariate such as sex or stratified age that should be
considered to affect the associations between the two groups and the response in a randomized clinical trial.
On the other hand, the setting with a high number of strata is assumed to represent a large-scale study such as
a multicenter trial or meta-analysis.
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In the case of 𝐾 = 2, the success probabilities of the two groups were set to (𝑝u�1, 𝑝u�2) = (𝑝u�1, 𝑝u�2) = (0.7, 0.4).
In the cases of 𝐾 = 5 and 𝐾 = 10, the probabilities were set to (𝑝u�1, ⋯ , 𝑝u�5) = (𝑝u�1, ⋯ , 𝑝u�5) = (0.7, 0.6, 0.5, 0.4, 0.3)
and (𝑝u�1, ⋯ , 𝑝u�10) = (𝑝u�1, ⋯ , 𝑝u�10) = (0.75, 0.7, 0.65, 0.6, 0.55, 0.5, 0.45, 0.4, 0.35, 0.3), respectively. The other set-
tings and results are shown in Table 1-Table 4. In all Tables, the percentages of times the null hypothesis was re-
jected by the Cochran test (𝜒2

u�) and the proposed tests (𝜒2
u�u�u� or 𝜒2

u�u�u�u�) are shown for the cases when (𝜋1, 𝜋2, ⋯ , 𝜋u�)
is known and unknown.

Table 1: Results of the 50,000 simulated randomized trials in the case of prestratification, and the stratum size u� = 2. The
type I errors for the Cochran test and proposed tests when u� is known and unknown are shown. The significance level is
set to u� = 0.05.

[u�1, u�2] u�u� u�u�2
u�

u�u�2
u�u�u�

(u� known) u�u�2
u�u�u�

(u� unknown)

[0.5, 0.5] 10 5.84 5.13 4.86
20 5.46 4.89 4.86
50 4.88 4.72 4.75
100 4.83 4.73 4.73
200 5.06 5.03 5.02

[0.7, 0.3] 10 5.74 4.67 4.36
20 5.50 4.92 4.93
50 4.97 4.80 4.81
100 5.07 4.90 4.90
200 5.00 4.96 4.96

[0.1, 0.9] 50 5.04 4.91 4.94
[0.2, 0.8] 50 4.97 4.89 4.90
[0.3, 0.7] 50 4.96 4.89 4.89
[0.4, 0.6] 50 4.94 4.82 4.80
[0.6, 0.4] 50 4.96 4.82 4.83
[0.7, 0.3] 50 4.97 4.80 4.81
[0.8, 0.2] 50 4.99 4.82 4.83
[0.9, 0.1] 50 5.16 4.93 4.91

Note: u�u�2
u�

: type I errors for the Cochran test ×100, u�u�2
u�u�u�

(u� known): type I errors for the proposed tests when u� is known ×100, u�u�2
u�u�u�

(u� unknown): type I
errors for the proposed tests when u� is unknown ×100.

Table 1 shows the results for the pre-stratification and 𝐾 = 2 case. As expected, the percentage of times the
null hypothesis was rejected was lower with the proposed approach than with the Cochran approach in all
cases. In the two-strata case, the Cochran test showed a nearly nominal significance level in almost all cases.
When the sample size was small, however, the percentage of times 𝐻0 was rejected became too high, regardless
of the strata proportion in the population. In addition, the proportion of times 𝐻0 was rejected increased when
the heterogeneity of the strata became very high. However, in such situations, the proposed test could also
control the nominal significance level well. During a comparison of the results of the proposed tests when
(𝜋1, 𝜋2) was known and unknown, the test that estimates (𝜋1, 𝜋2) tended to become more conservative when
the sample size was small. After the number of samples was increased, these two test statistics quickly showed
convergent values.

Table 2: Results of the 50,000 simulated randomized trials in the case of prestratification and the stratum size u� = 5 and
10. The type I errors for the Cochran test and proposed tests when u� is known and unknown are shown. The significance
level is set to u� = 0.05.

u� [u�1, ⋯ , u�u�] u�u� u�u�2
u�

u�u�2
u�u�u�

(u� known) u�u�2
u�u�u�

(u�
unknown)

5 [0.2, 0.2, 0.2, 0.2, 0.2] 25 6.00 4.34 4.32
50 5.31 4.61 4.64
125 5.38 4.94 4.92
250 5.08 4.82 4.82
500 5.04 4.93 4.94

5 [0.1, 0.1, 0.2, 0.3, 0.3] 25 6.05 3.88 3.95
50 5.36 4.57 4.60
125 5.35 4.86 4.87
250 5.09 4.85 4.85
500 5.13 5.05 5.05

10 [0.1, 0.1, ⋯ , 0.1] 50 6.20 3.96 4.10
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100 5.52 4.47 4.49
250 5.25 4.76 4.74
500 5.03 4.83 4.84
1000 4.95 4.81 4.81

Note: See note in Table 1.

Table 2 shows the results for the pre-stratification and 𝐾 = 5 and 10 cases. If the number of strata was large,
the Cochran test tended to over reject 𝐻0 in almost all situations. On the other hand, the proposed test tended
to be more conservative, especially when the sample size was small. Both tests approximated to the nominal
level of the test as the number of samples increased. As the reason for this finding, the effect of the second
term in eq. (10) can be considered. That is, when the total number of patients is small, the variation between
estimators of the treatment effect in each stratum becomes large, and the value of the second term in eq. (10)
tends to become large. Consequently, our proposed test tends to be conservative in this case. This second term
in eq. (10) approximates 0 if the number of patients is increased in this simulation setting, and the result of our
proposed test approximates the result of the Cochran test. Judging by the results in Table 1 and Table 2, if the
sampling structure in a stratified randomized trial is a prestratification case, we recommend our approach to
control the type I error at the nominal level. Especially, when the number of patients included in a stratum is
less than 25, we strongly recommend our approach.

Table 3: Results of the 50,000 simulated randomized trials in the case of post-stratification, and the stratum size u� = 2.
The type I errors for the Cochran test and proposed tests when u� is known and unknown are shown. The significance
level is set to u� = 0.05.

[u�1, u�2] u�u� u�u�2
u�

u�u�2
u�u�u�

(u� known) u�u�2
u�u�u�

(u� unknown)

[0.5, 0.5] 10 5.93 5.03 4.87
20 5.40 4.78 4.76
50 5.27 5.02 5.04
100 5.07 4.95 4.95
200 5.19 5.13 5.12

[0.7, 0.3] 10 5.75 4.70 4.47
20 5.46 4.80 4.78
50 5.27 5.02 5.04
100 5.03 4.92 4.92
200 5.06 5.00 5.00

[0.1, 0.9] 50 5.05 4.81 4.81
[0.2, 0.8] 50 5.19 4.99 4.99
[0.3, 0.7] 50 5.18 4.96 4.95
[0.4, 0.6] 50 5.18 4.93 4.94
[0.6, 0.4] 50 5.27 4.99 4.99
[0.7, 0.3] 50 5.27 5.02 5.04
[0.8, 0.2] 50 5.27 4.98 4.98
[0.9, 0.1] 50 5.19 4.91 4.88

Note: See note in Table 1.

Table 4: Results of the 50,000 simulated randomized trials in the case of poststratification and the stratum size u� = 5 and
10. The type I errors for the Cochran test and proposed tests when u� is known and unknown are shown. The significance
level is set to u� = 0.05.

u� [u�1, ⋯ , u�u�] u�u� u�u�2
u�

u�u�2
u�u�u�

(u� known) u�u�2
u�u�u�

(u�
unknown)

5 [0.2, 0.2, 0.2, 0.2, 0.2] 25 6.09 4.09 4.05
50 5.54 4.57 4.55
125 4.99 4.67 4.67
250 5.05 4.86 4.85
500 5.00 4.91 4.92

5 [0.1, 0.1, 0.2, 0.3, 0.3] 25 6.02 3.20 3.18
50 5.56 4.49 4.47
125 5.04 4.65 4.65
250 5.02 4.84 4.83
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500 5.04 4.97 4.97
10 [0.1, 0.1, ⋯ , 0.1] 50 6.31 3.71 3.66

100 5.58 4.47 4.46
250 5.14 4.75 4.74
500 5.06 4.88 4.88
1,000 5.13 5.02 5.02

Note: See note in Table 1.

Table 3 and Table 4 show the results for the case of post-stratification with the same settings shown in
Table 1 and Table 2, respectively. Essentially, the results were the same as observed in the corresponding pre-
stratification cases. However, in the post-stratification analyses, the tendency of over rejection of the null hy-
pothesis by the Cochran test was stronger. The proposed approach showed better performance than the tradi-
tional approach in all situations, especially for the results shown in Table 3. In accordance with these results, we
recommend the proposed approach when the sampling structure is the poststratification framework. In partic-
ular, when the number of patients included in a stratum is less than 25, we strongly recommend our approach
as in the case of the prestratification.

These simulation studies confirmed that the Cochran approach has a risk of obtaining a higher type I er-
ror than the nominal level in both pre-stratification and post-stratification situations. In particular, when the
number of patients is small in a post-stratification analysis, this risk becomes higher. On the other hand, as
expected, our proposed approach could control the type I error well. Although the proposed approach tends
to become slightly conservative, it can be considered to more appropriate than the Cochran test with respect to
consideration of the significance of a type I error in clinical trials. Of course as the trade-off of increasing the
estimation value of the variance of ̂𝛿, our approach has lower power than the traditional approach. However,
as previously mentioned, the type I error has to be controlled by the nominal significance level first in almost
all situations.

6 Examples

We here present two examples of the analysis of randomized clinical trial data using the proposed methods.

6.1 Data from esophagitis patients

As the first example, we analyzed the data of patients with reflux esophagitis. This study was first reported by
Vigneri et al. [15] and then subsequently taken up by Berger et al. [16]. The data are shown in Table 5. First,
the patients were stratified according to the initial grade of esophagitis (Grade 1 or Grade 2). Then, the patients
were randomly assigned to the treatment with cisapride or omeprazole at the same ratio. Therefore, this study
can be viewed as a prestratification trial at 𝑘u�/𝑘u� = 1.

Table 5: Esophagitis patient data.

Response
Grade Treatment Recurrence No recurrence

1 Cisapride 3 12
Omeprazole 0 15

2 Cisapride 4 11
Omeprazole 2 13

The 𝑝-value of the Cochran test for the significance of the overall treatment difference was about 0.0679, and
if we choose the significance level as 0.05, there would be no reason to reject the hypothesis that the probabilities
of recurrence under the two treatments are equal. In our approach, we used 𝜒2

u�u�u� because (𝜋1, 𝜋2) is unknown,
and the 𝑝-value was approximately 0.0685. Although the conclusions from the two tests are the same, the 𝑝-value
of the proposed test was slightly greater than that of the Cochran test, as expected.
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6.2 Data of patients with duodenal ulcers

As the second example, we analyzed the hypothetical clinical trial data of patients with duodenal ulcers. The
details of these data are described in Blum [17] and the data were analyzed in Lachin [1]. Although the data
were obtained from two hypothetical separate studies described in Blum [17], we focused on one side only, as
in Lachin [1]. In the clinical trial, 200 patients with any of three ulcer types were randomized to either a drug
or placebo group without consideration of ulcer type. Therefore, this simple randomized trial can be viewed
as a poststratification trial at 𝑁u� = 𝑁u� = 100. The results of this trial are given in Table 6.

Table 6: Hypothetical duodenal ulcers patient data.

Response
Group Treatment Succes Failuer

Drug-dependent Drug 16 26
Placebo 20 27

Acid-dependent Drug 9 3
Placebo 4 5

Intermediate Drug 28 18
Placebo 16 28

To estimate the overall treatment effect, we used the methods discussed in [10]. First, the unadjusted estimate
of the risk difference, which is merely difference of the sample means in drug and placebo groups, was 0.13.
Second, the doubly-robust weighted least squares (DR-WLS) estimate, which uses weighted logistic regression
model to estimate the conditional probability of response given treatment effect and ulcer type, was 0.1225.
This estimator is attributed to Marshall Joffe by Robins et al. [18].

The PLEASE (“precise, locally, augmented, simple estimator”) estimate, which was first introduced by
Colantuoni and Rosenblum [10], was 0.1225. The value is exactly same as that of the DR-WLS estimate in this
setting. It is easy to understand why.

Like the DR-WLS estimate, the PLEASE uses a weighted logistic regression model to estimate the condi-
tional probability of response. The only difference lies in the addition of new variables into the logistic re-
gression model for the weight calculation. In this data setting, however, the newly added variables are linear
combinations of the variables originally included in the model. Therefore, the coefficient estimates of these new
variables in the logistic regression model equal 0, and the weights for calculating the PLEASE and the DR-WLS
coincide. The R and SAS code for implementation of the estimators is given in the supplementary material of
Colantuoni and Rosenblum [10].

The estimated standard errors of the unadjusted estimator and the DR-WLS estimator using the nonpara-
metric bootstrap are both 0.0700. The 𝑝-values obtained by the Wald tests for the unadjusted and DR-WLS
estimates were about 0.0632 and 0.0801, respectively.

The 𝑝-value obtained by the Cochran test was about 0.0807, and the null hypothesis was not rejected based
on a significance level of 0.05. On the other hand, the 𝑝-value obtained by the proposed approach 𝜒2

u�u�u�u�, where
(𝜋1, 𝜋2, 𝜋3) is unknown, was about 0.0848. As expected, the proposed approach once again gave a slightly more
conservative result.

7 Conclusion

In this paper, we focused on the variability in the number of patients in different strata of randomized clinical
trials with a binary endpoint. In traditional approaches to test the significance of the overall treatment effect,
the number of patients in each stratum is assumed to be fixed. However, in several situations of comparative
trials, the patient number in different strata is allowed to vary. Therefore, using traditional approaches in such
situations comes with a potential risk of underestimating the variability of the estimated treatment effect, which
consequently increases the type I error over the nominal level. This problem can be illustrated with the results
of simulation studies.

To deal with this problem, we calculated the new variance of the estimated treatment effect defined by the
risk difference in both pre-stratification and post-stratification situations. We assumed that the number of pa-
tients follows a multinomial distribution. As seen in eqs (10), (14), and the results of the simulation studies, the
proposed approach could effectively control the type I error in almost all situations. Furthermore, in examples
of patient data, our approaches clearly resulted in greater 𝑝-values than those yielded by the Cochran test.
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Although we focused on the test of the significance of the overall treatment effect in this study, our approach
can easily be extended to the calculation of the confidence interval of the treatment effect. Of course, in such
cases, the interval constructed from our approach would be expected to include the true overall treatment
effect with a nominal level, although the length of the interval would become wider than that of traditional
approaches.

From the perspective of increasing the variance, our approach can be considered to be similar to an ap-
proach that considers a random effect of the treatment between strata. However, the assumptions of the two
approaches are essentially different. In fact, the rejection probabilities were almost 0 for all situations modeled
in our simulation when using DerSimonian’s approach [13], which is a typical method used in meta-analyses
to consider random effects with a binary endpoint.

Finally, our approach can be extended to applications with many methods, including other criteria for eval-
uating a treatment effect such as relative risk or odds ratio, other sampling structures such as a case-control
study, and other endpoints such as a continuous variable or inclusion of censored cases. In several cases, it is
difficult to calculate the variances exactly, and the obtained formula would be complex. However, it is worth
carefully considering the variation in each of these situations from the point of view of aiming to achieve precise
control over the type I error.
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Appendix A

The derivation of eq. (8) is given in this appendix. The notations and assumptions are the same as described in
Section 2 and Section 3. The variance of ̂𝛿u� conditional on 𝑛u�u� = 𝑚u�u� is given by:
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𝑉𝑎𝑟 ( ̂𝛿u�∣𝑛u�u� = 𝑚u�u�) = 𝑉𝑎𝑟 ( ̂𝑝u�u� − ̂𝑝u�u�∣𝑛u�u� = 𝑚u�u�)

= 1
𝑚2

u�u�
𝑉𝑎𝑟 (𝑎u�∣𝑛u�u� = 𝑚u�u�) + 1

𝑚2
u�u�

𝑉𝑎𝑟 (𝑏u�∣𝑛u�u� = 𝑚u�u�)

= 1
𝑘u�𝑚u�u�

{𝑘u�𝑝u�u�(1 − 𝑝u�u�) + 𝑘u�𝑝u�u�(1 − 𝑝u�u�)} . (15)

The expected value of ̂𝛿u� conditional on 𝑛u�u� = 𝑚u�u� is given by:

𝐸 ( ̂𝛿u�∣𝑛u�u� = 𝑚u�u�) = 𝐸 ( ̂𝑝u�u� − ̂𝑝u�u�∣𝑛u�u� = 𝑚u�u�)

= 1
𝑚u�u�

𝐸 (𝑎u�∣𝑛u�u� = 𝑚u�u�) + 1
𝑚u�u�

𝐸 (𝑏u�∣𝑛u�u� = 𝑚u�u�)

= 𝛿u�. (16)

Under the assumption of pre-stratification, the harmonic mean in eq. (3) can be expanded as

𝑤u� =
𝑘u�

𝑘u� + 𝑘u�
𝑛u�u�.

Then, the variance of ̂𝛿 can be extended as follows:

𝑉𝑎𝑟u�u�u�( ̂𝛿) = 𝑉𝑎𝑟 ⎛⎜
⎝

𝑘u�
𝑘u� + 𝑘u�

∑
u�

𝑛u�u� ̂𝛿u�
⎞⎟
⎠

= 𝐸 ⎡⎢
⎣
(

𝑘u�
𝑘u� + 𝑘u�

)
2
∑

u�
𝑚2

u�u�𝑉𝑎𝑟 ( ̂𝛿u�∣𝑛u�u� = 𝑚u�u�)⎤⎥
⎦

+𝑉𝑎𝑟 ⎡⎢
⎣

𝑘u�
𝑘u� + 𝑘u�

∑
u�

𝑚u�u�𝐸 ( ̂𝛿u�∣𝑛u�u� = 𝑚u�u�)⎤⎥
⎦

. (17)

By substituting eqs (15) and (16) to eq. (17), 𝑉𝑎𝑟u�u�u�( ̂𝛿) is extended as follows:

𝑉𝑎𝑟u�u�u�( ̂𝛿) = (
𝑘u�

𝑘u� + 𝑘u�
)
2 1

𝑘u�
∑

u�
{𝑘u�𝑝u�u�(1 − 𝑝u�u�) + 𝑘u�𝑝u�u�(1 − 𝑝u�u�)} 𝐸(𝑚u�u�)

+ (
𝑘u�

𝑘u� + 𝑘u�
)
2
𝑉𝑎𝑟 ⎛⎜

⎝
∑

u�
𝛿u�𝑚u�u�

⎞⎟
⎠

= (
𝑘u�

𝑘u� + 𝑘u�
)
2 1

𝑘u�
∑

u�
{𝑘u�𝑝u�u�(1 − 𝑝u�u�) + 𝑘u�𝑝u�u�(1 − 𝑝u�u�)} 𝐸(𝑚u�u�)

+ (
𝑘u�

𝑘u� + 𝑘u�
)
2 ⎧{
⎨{⎩

∑
u�

𝛿2u� 𝑉𝑎𝑟(𝑚u�u�) + 2 ∑
u� <

∑
u�

𝛿u�𝛿u�𝐶𝑜𝑣(𝑚u�u�, 𝑚u�u�)
⎫}
⎬}⎭

.

From the assumption that the number of patients follows a multinomial distribution, 𝐸(𝑚u�u�) = 𝑁u�𝜋u�,
𝑉𝑎𝑟(𝑚u�u�) = 𝑁u�𝜋u�(1 − 𝜋u�), and 𝐶𝑜𝑣(𝑚u�u�, 𝑚u�u�) = −𝑁u�𝜋u�𝜋u� for 𝑖 ≠ 𝑗. Then, 𝑉𝑎𝑟u�u�u�( ̂𝛿) is given by

𝑉𝑎𝑟u�u�u�( ̂𝛿) = 𝑁u� (
𝑘u�

𝑘u� + 𝑘u�
)
2
⎡⎢
⎣
1

𝑘u�
∑

u�
{𝑘u�𝑝u�u�(1 − 𝑝u�u�) + 𝑘u�𝑝u�u�(1 − 𝑝u�u�)} 𝜋u�

+
⎧{
⎨{⎩

∑
u�

𝛿2u� 𝜋u�(1 − 𝜋u�) − 2 ∑
u� <

∑
u�

𝛿u�𝛿u�𝜋u�𝜋u�

⎫}
⎬}⎭

⎤⎥
⎦

. (18)

Since ∑ ∑u�<u� 𝛿u�𝛿u�𝜋u�𝜋u� = (∑u� ∑u� 𝛿u�𝛿u�𝜋u�𝜋u� − ∑u� 𝛿2u� 𝜋2
u� )/2 and ∑u� 𝜋u� = 1, the second term of eq. (18) is expanded as

http://rivervalleytechnologies.com/products/
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∑
u�

𝛿2u� 𝜋u�(1 − 𝜋u�) − 2 ∑
u� <

∑
u�

𝛿u�𝛿u�𝜋u�𝜋u� = ∑
u�

𝛿2u� 𝜋u� − ∑
u�

∑
u�

𝛿u�𝛿u�𝜋u�𝜋u�

= ∑
u�

𝛿2u� 𝜋u� − ⎛⎜
⎝

∑
u�

𝛿u�𝜋u�
⎞⎟
⎠

2

= ∑
u�

𝜋u�(𝛿u� − 𝛿)2. (19)

By substituting eq. (19) to eq. (18), we can obtain the formula of the variance of ̂𝛿 given in the form of eq. (8).

Appendix B

The derivation of eq. (12) is given in this appendix. The notations and assumptions are same as those described
in Section 2 and Section 4. In the post-stratification case, the variance and expected value of ̂𝛿u� = ̂𝑝u�u� − ̂𝑝u�u� are
given by

𝑉𝑎𝑟 ( ̂𝛿u�|𝑛u�u� = 𝑚u�u�, 𝑛u�u� = 𝑚u�u�) = 1
𝑚u�u�

𝑝u�u�(1 − 𝑝u�u�) + 1
𝑚u�u�

𝑝u�u�(1 − 𝑝u�u�) (20)

and

𝐸 ( ̂𝛿u�∣𝑛u�u� = 𝑚u�u�, 𝑛u�u� = 𝑚u�u�) = 𝛿u�, (21)

respectively.
By using eq. (20), the variance of ̂𝛿 = ∑u� 𝑤u� ̂𝛿u�, where 𝑤u� is defined by eq. (3), conditional on 𝑛u�u� and 𝑛u�u�, is

given by

𝑉𝑎𝑟 ( ̂𝛿∣𝑛u�u� = 𝑚u�u�, 𝑛u�u� = 𝑚u�u�, ∀𝑖)

= ∑
u�

𝑚u�u�𝑚u�u�
(𝑚u�u� + 𝑚u�u�)2

{𝑚u�u�𝑝u�u�(1 − 𝑝u�u�) + 𝑚u�u�𝑝u�u�(1 − 𝑝u�u�)} . (22)

Similarly, by using eq. (21), the conditional expectation of ̂𝛿 is given by

𝐸 ( ̂𝛿∣𝑛u�u� = 𝑚u�u�, 𝑛u�u� = 𝑚u�u�, ∀𝑖) = ∑
u�

𝑚u�u�𝑚u�u�
𝑚u�u� + 𝑚u�u�

𝛿u�. (23)

Since these formula are a complex function of 𝑚u�1, 𝑚u�2, ⋯ , 𝑚u�u� and 𝑚u�1, 𝑚u�2, ⋯ , 𝑚u�u�, the exact expressions
of the expectation of eq. (22) and variance of eq. (23) are difficult to derive. Therefore, we calculate the ap-
proximation formulas by using the Taylor expansion. The same approximation expansion for the variances of
a multivariate function was reported by Dieters et al. [19]. For any 𝑓 (𝑥1, 𝑥2, ⋯ , 𝑥u�), the multivariate first-order
Taylor expansion for 𝜃 = (𝜃1, 𝜃2, ⋯ , 𝜃u�) is

𝑓 (𝑋1, 𝑋2, ⋯ , 𝑋u�) = 𝑓 (𝜃) + ∑
u�

𝜕𝑓 (𝜃)
𝜕𝑥u�

(𝑋u� − 𝜃u�) + 𝑂(𝑛−u�),

where 𝑂(𝑛−u�) is a remainder term. By replacing 𝜃 = (𝐸(𝑋1), 𝐸(𝑋2), ⋯ , 𝐸(𝑋u�)), the expectation for
𝑓 (𝑋1, 𝑋2, ⋯ , 𝑋u�) is given by

𝐸 [𝑓 (𝑋1, 𝑋2, ⋯ , 𝑋u�)] = 𝑓 (𝜃) + 𝐸 [𝑂(𝑛−u�)] . (24)

If we assume that the expectations of all the second-order and higher-order terms in 𝑂(𝑛−u�) are negligible, then
the expectation of 𝑓 (𝑋1, 𝑋2, ⋯ , 𝑋u�) is given by 𝑓 (𝐸(𝑋1), 𝐸(𝑋2), ⋯ , 𝐸(𝑋u�)).

Similarly, the variance of 𝑓 (𝑋1, 𝑋2, ⋯ , 𝑋u�) is derived as follows:

http://rivervalleytechnologies.com/products/
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𝑉𝑎𝑟 [𝑓 (𝑋1, 𝑋2, ⋯ , 𝑋u�)] = 𝐸 [{𝑓 (𝑋1, 𝑋2, ⋯ , 𝑋u�) − 𝐸[𝑓 (𝑋1, 𝑋2, ⋯ , 𝑋u�)]}2]

= 𝐸 ⎡⎢
⎣

⎧{
⎨{⎩

∑
u�

𝜕𝑓 (𝜃)
𝜕𝑥u�

(𝑋u� − 𝜃u�)
⎫}
⎬}⎭

2
+ 2

⎧{
⎨{⎩

∑
u�

𝜕𝑓 (𝜃)
𝜕𝑥u�

(𝑋u� − 𝜃u�)
⎫}
⎬}⎭

{𝑂(𝑛−u�) − 𝐸 [𝑂(𝑛−u�)]}⎤⎥
⎦

+𝑉𝑎𝑟 [𝑂(𝑛−u�)] (25)

= ∑
u�

(
𝜕𝑓 (𝜃)
𝜕𝑥u�

)
2
𝑉𝑎𝑟(𝑋u�) + 2 ∑

u� <
∑
u�

(
𝜕𝑓 (𝜃)
𝜕𝑥u�

) ⎛⎜
⎝

𝜕𝑓 (𝜃)
𝜕𝑥u�

⎞⎟
⎠

𝐶𝑜𝑣(𝑋u�, 𝑋u�)

+2∑
u�

𝜕𝑓 (𝜃)
𝜕𝑥u�

𝐶𝑜𝑣 [𝑋u�, 𝑂(𝑛−u�)] + 𝑉𝑎𝑟 [𝑂(𝑛−u�)] . (26)

Therefore, if we assume that the variance of 𝑂(𝑛−u�) and the covariances between 𝑋u�’s and 𝑂(𝑛−u�) are negli-
gible, then the variance of 𝑓 (𝑋1, 𝑋2, ⋯ , 𝑋u�) is expressed as the linear sum of 𝑉𝑎𝑟(𝑋u�)’s and 𝐶𝑜𝑣(𝑋u�, 𝑋u�)’s. The
assumption of the negligible covariances between 𝑋u�’s and 𝑂(𝑛−u�) can be regarded the same as the assumption
that the difference between 𝑂(𝑛−u�) and its expectation is negligible according to eq. (25).

By using eq. (24) and the multinomial distribution assumption, 𝐸(𝑚u�u�) = 𝑁u�𝜋u� and 𝐸(𝑚u�u�) = 𝑁u�𝜋u�, the
approximation of the expectation of eq. (22) is given by

𝐸 [𝑉𝑎𝑟 ( ̂𝛿∣𝑛u�u� = 𝑚u�u�, 𝑛u�u� = 𝑚u�u�, ∀𝑖)]

≈ ∑
u�

𝑁u�𝑁u�
𝑁2 {𝑁u�𝜋u�𝑝u�u�(1 − 𝑝u�u�) + 𝑁u�𝜋u�𝑝u�u�(1 − 𝑝u�u�)} . (27)

By deriving the first partial derivatives of eq. (23) with respect to 𝑚u�u� and 𝑚u�u� and evaluating them by 𝐸(𝑚u�u�)
and 𝐸(𝑚u�u�), we can get

𝜕𝐸 ( ̂𝛿∣𝑛u�u� = 𝑚u�u�, 𝑛u�u� = 𝑚u�u�, ∀𝑖)
𝜕𝑚u�u�

∣
u�(u�u�u�),u�(u�u�u�)

=
𝑁2

u�
𝑁2 𝛿u�, (28)

and

𝜕𝐸 ( ̂𝛿∣𝑛u�u� = 𝑚u�u�, 𝑛u�u� = 𝑚u�u�, ∀𝑖)
𝜕𝑚u�u�

∣
u�(u�u�u�),u�(u�u�u�)

=
𝑁2

u�
𝑁2 𝛿u�. (29)

From eqs (26), (28), (29), the multinomial distribution assumption, 𝑉𝑎𝑟(𝑚u�u�) = 𝑁u�𝜋u�(1 − 𝜋u�), 𝑉𝑎𝑟(𝑚u�u�) =
𝑁u�𝜋u�(1 − 𝜋u�), 𝐶𝑜𝑣(𝑚u�u�, 𝑚u�u�) = −𝑁u�𝜋u�𝜋u�, 𝐶𝑜𝑣(𝑚u�u�, 𝑚u�u�) = −𝑁u�𝜋u�𝜋u�, and the independence of two groups
𝐶𝑜𝑣(𝑚u�u�, 𝑚u�u�) = 0, the approximation of the variance of eq. (23) is given by

𝑉𝑎𝑟 [𝐸 ( ̂𝛿∣𝑛u�u� = 𝑚u�u�, 𝑛u�u� = 𝑚u�u�, ∀𝑖)]

≈ ∑
u�

⎛⎜
⎝

𝑁2
u�

𝑁2 𝛿u�
⎞⎟
⎠

2

𝑁u�𝜋u�(1 − 𝜋u�) + ∑
u�

⎛⎜
⎝

𝑁2
u�

𝑁2 𝛿u�
⎞⎟
⎠

2

𝑁u�𝜋u�(1 − 𝜋u�)

−2 ∑
u� <

∑
u�

⎛⎜
⎝

𝑁2
u�

𝑁2 𝛿u�
⎞⎟
⎠

⎛⎜
⎝

𝑁2
u�

𝑁2 𝛿u�
⎞⎟
⎠

𝑁u�𝜋u�𝜋u�

−2 ∑
u� <

∑
u�

⎛⎜
⎝

𝑁2
u�

𝑁2 𝛿u�
⎞⎟
⎠

⎛⎜
⎝

𝑁2
u�

𝑁2 𝛿u�
⎞⎟
⎠

𝑁u�𝜋u�𝜋u�. (30)

Moreover, by the same expansion used in eqs (19), (30) can be expressed as follows:

𝑉𝑎𝑟 [𝐸 ( ̂𝛿∣𝑛u�u� = 𝑚u�u�, 𝑛u�u� = 𝑚u�u�, ∀𝑖)]

≈
𝑁u�𝑁4

u�
𝑁4 ∑

u�
𝜋u�

⎛⎜⎜
⎝

𝛿u� − ∑
u�

𝜋u�𝛿u�
⎞⎟⎟
⎠

2

+
𝑁4

u�𝑁u�

𝑁4 ∑
u�

𝜋u�
⎛⎜⎜
⎝

𝛿u� − ∑
u�

𝜋u�𝛿u�
⎞⎟⎟
⎠

2

. (31)
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Therefore, we can obtain the approximation formula (12) for the variance of ̂𝛿 under post-stratification by taking
the sum of eqs (27) and (31).
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