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Abstract: Recurrent event data arise frequently in many longitudinal follow-up studies. Hence, evaluating
covariate effects on the rates of occurrence of such events is commonly of interest. Examples include
repeated hospitalizations, recurrent infections of HIV, and tumor recurrences. In this article, we consider
semiparametric regression methods for the occurrence rate function of recurrent events when the covariates
may be measured with errors. In contrast to the existing works, in our case the conventional assumption of
independent censoring is violated since the recurrent event process is interrupted by some correlated
events, which is called informative drop-out. Further, some covariates may be measured with errors. To
accommodate for both informative censoring and measurement error, the occurrence of recurrent events is
modelled through an unspecified frailty distribution and accompanied with a classical measurement error
model. We propose two corrected approaches based on different ideas, and we show that they are
numerically identical when estimating the regression parameters. The asymptotic properties of the pro-
posed estimators are established, and the finite sample performance is examined via simulations. The
proposed methods are applied to the Nutritional Prevention of Cancer trial for assessing the effect of the
plasma selenium treatment on the recurrence of squamous cell carcinoma.

Keywords: informative censoring, measurement error, surrogate covariate, recurrent event data

1 Introduction

In many longitudinal follow-up studies, recurrent event data are collected when subjects experience an
event multiple times. For example, patients with superficial bladder cancer may experience tumor recur-
rence many times; patients with cystic fibrosis may experience repeated lung exacerbations; patients with
chronic granulomatous disease may experience repeated pyogenic infections [1, 2]. Models for recurrent
event data can be categorized into two different classes: time-to-event or gap time models. In time-to-event
models, interest focuses on the occurrence rate of an event over time [3-5]. In gap time models, interest lies
in the gap time between two consecutive events [6].

In this study, we focus on the time-to-event models. The time-to-event models may be constructed on
the basis of an intensity function [7] or a rate function [3, 8]. The intensity function uniquely determines the
probability structure of the recurrent event process. However, it needs to specify the occurrence of an event
given the prior event history correctly. On the other hand, the rate function allows for arbitrary dependence
among the recurrent events and provides a direct interpretation on the occurrence rate without conditioning
on the prior event history. Our primary focus is to assess the average effects of treatments or risk factors,
that is, we are mainly interested in the inference of the rate function. Lawless and Nadeau [9] estimated the
cumulative rate function nonparametrically, and applied their approach to industrial warranty data. In
addition, Hu and Lagakos [8] proposed a nonparametric method to study the rate function of viral load
changing process for HIV infected patients. Nevertheless, all of the above approaches need to assume non-
informative censoring or the observation mechanism is independent of the recurrent process. In practice,
the assumption is usually violated; for example, when the recurrent event process is interrupted by some
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terminal events that are related to the recurrent events. A potential remedy is to consider a frailty model
which allows dependence between the recurrent event process and the informative drop-out through a non-
negative frailty variable. In general, the distribution of the frailty variable is assumed to be known [10] and
thus the likelihood-based approach [11] is preferred. More recently, Kalbfleisch etal. [12] proposed a
weighted estimating equation approach with the weight specified by a gamma frailty distribution.
However, in general it is not easy to verify the frailty distribution due to invisibility of the frailty variables.
To avoid specification of the frailty distribution, Wang et al. [13] and Wang and Huang [14] considered a
conditional likelihood approach, where the unobserved frailty variables are “conditioned away” in their
proposed estimating equations.

The aforementioned approaches, nevertheless, require that the covariates are correctly measured. In
many epidemiologic or medical studies, the covariates may suffer from measurement errors. For example,
baseline plasma selenium level is an important predictor for the occurrence of skin cancers in the Nutritional
Prevention of Cancer (NPC) trial study [15]. However, the true value of plasma selenium level can never be
measured because of intrinsic biological variability or limited instrumental precision. Instead, the values we
observed are contaminated with measurement errors. The most convenient approach is to treat the observed
covariates as the true covariates in the regular estimating procedure, which is also referred to as the naive
approach. However, the naive estimator obtained from this approach is generally known to be inconsistent
([16], Chapter 3). In survival and longitudinal data analysis, intensive research has been done to deal with
measurement error problems. For Cox regression, Prentice [17] proposed likelihood approaches with normal
measurement error and rare disease assumptions. Wang et al. [18] applied regression calibration to the partial
score function, and investigated the performance of the regression calibration estimator through simulation
studies; whereas, Nakamura [19] constructed unbiased estimating equations based on the concept of corrected
scores. For nonlinear mixed models, Wu [20], Liu and Wu [21] and Wu etal. [22] proposed estimating
approaches for longitudinal response data when the covariates are measured with errors, which can also
handle censoring in the response and missing data. In recurrent event analysis, nonetheless, little has been
addressed for measurement error problems. Under a normal measurement error assumption, Jiang et al. [23]
proposed a moment corrected method to adjust for the bias of a naive estimator under a semi-parametric
model. However, their approach not only requires the assumption of non-informative censoring but also
assumes that the censoring distribution is independent of the covariates.

The present study is motivated by the NPC trial study, which aimed to assess the efficacy of oral
supplement of plasma selenium in preventing the development of skin cancers such as squamous cell
carcinoma (SCC). This clinical trial began in 1983 and had included approximately 1,300 patients with
dermatologic cancer histories. Nearly half of the patients in the NPC trial were randomly assigned to the
placebo or treatment group respectively. Patients in the treatment arm were supposed to take 200 ug of
plasma selenium supplement per day. In the study period, the patients in the trial might experience SCC
events repeatedly. Each incidence of a new SCC was diagnosed and recorded by certified doctors. The
medical records were reviewed by the clinical coordinators at the semi-annual visit, the annual contact or
by self-report to ensure the completeness of the data. At the time of randomization, many prognostic risk
factors of SCC were recorded including the baseline plasma selenium level. As we mentioned, the plasma
selenium level may be measured with errors. In the original study, Clark etal. [15] did not take measure-
ment error into account and found a nonsignificant negative plasma selenium effect on developing SCC.
The result contradicted the evidence of the previous studies which showed high correlation between plasma
selenium level and several kinds of cancer. Later, many studies focused on the effect of plasma selenium
level on the recurrences of SCC by assuming an independent censoring assumption, some of which also
took measurement error into account [23]. However, we found a significant negative relationship between
the censoring time and the SCC occurrence rate. This implies that the independent censoring assumption is
not satisfied. Therefore, the existing methods are not appropriate for the NPC trial data.

This paper is organized as follows. In Section 2, statistical models for recurrent events and measure-
ment errors are given. In Section 3, we propose a regression calibration method and a moment corrected
method to correct the measurement errors in the presence of informative censoring. The simulation results
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are given in Section 4 to investigate the finite sample performance of the proposed methods. Then, we
applied the proposed methods to the NPC trial data to evaluate the effect of selenium on the recurrence of
SCC in Section 5, and concluded with a discussion in Section 6. The regularity conditions and technical
proofs are provided in the Appendix and the Supplementary Information.

2 Model illustration

2.1 Recurrent event model

Assume that there are n independent individuals in the cohort. Let subscript i be the index for a subject,
i=1, ..., n. For the ith subject, let N;(t) denote the number of recurrent events occurring up to ¢t within a fixed
time period [0, 7], where the recurrent event process could be observed beyond 7. Let Z; be a g x1 vector of
covariates that is precisely measured and X; be a p x 1 vector of covariates that can be measured with errors.
Let & denote expectation over the samples, v; be the unobserved frailty variable with mean & (vi|X;, Z;) = p,
which does not depend on (Xj, Z;), and C; be the informative censoring time, i=1, ...,n. Suppose that
conditional on (v;, X, Z;), N;(t) follows a Poisson process with a multiplicative intensity function

A(t‘vi’Xi) Zl) =ViA0(t)eﬁ;(Xi+ﬁlzli (1)

where Ay(t) is a baseline function and w;(,ﬁ/z)' is a vector of regression parameters. Note that when v is
given, model (1) is also a rate function due to the assumption of the Poisson process. In general, regression
parameters can be estimated by either a likelihood-based approach or by solving a set of unbiased
estimating equations. If the distribution of the frailty variable, v, is assumed and the true covariates can
be observed, then the standard procedure of the likelihood-based approaches can be conducted by
integrating v out ([24], Chapter 3). There are several popular choices for the frailty distribution such as
gamma, log-normal, and positive stable distribution. Balakrishnan and Peng [25] advocated using the
generalized gamma distribution as the frailty distribution since it includes many distributions (e.g.,
Weibull, log-normal, gamma, positive stable distribution) as special cases. Recently, Mazroui etal. [26]
and Zeng et al. [27] proposed a joint frailty model with two independent frailty variables to distinguish the
dependence within the recurrent events and the association between the recurrent event process and
terminal events. However, the determination of the frailty distribution usually depends on computational
convenience instead of biological reasons or data characteristics. Further, Balakrishnan and Peng [25]
pointed out that an inappropriate frailty distribution may result in large bias in the estimation.

Alternatively, we can construct a set of unbiased estimating equations based on the cumulative rate
function. According to model (1), the cumulative rate function up to time ¢ is

éa(Ni(l') |Xi,Zi) = (é@(g(Ni(t”V,‘,Xi,Zi)|X,‘,Zi) =A0(t)€a0+ﬂ;{xi+ﬂ,zzi, Vt e [0, T} (2)

where Ao(t)= Jé Ao(u)du and ap=log(u,). It should be noted that an advantage of using estimating
equations over a likelihood-based approach is to avoid misspecification of the frailty distribution.
However, to solve estimating equations based on eq. (2), Ao(t) needs to be known and the true covariates
need to be observed. Both deficiencies motivate us to consider the recurrent event process with an
unspecified distribution of the frailty variable and an unknown Aq(t) in this article.

2.2 Measurement error model

For subject i, let W be the jth replicated surrogate measurement of the true covariate vector X;, and k; be
the number of the replicates of W;. Assume that the surrogate measurement satisfies the classical measure-
ment error model,
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Wij=Xi+Uij,i=1, ...,n,j=1, ...,ki,

where Uy are random errors. Suppose that Uj; are independent of (v;, X;, Z;) and C;, which implies that the
measurement errors are non-differential. In other words, W; provides no additional information about the
event process when the true covariate X; is given ([16], Chapter 2). Let yu, and X be the mean and
covariance matrix of a random vector s, X4, be the covariance matrix of two random vectors (s, h), and
y= (x> Uzs Xus Xx, Xz, Xxz) be the parameter of the distribution of X given (W, Z). We assume that X given

(W, Z) follows a multivariate normal distribution with mean

- Sx+Su/k Sk \ [ W-
S, Z,y) =y + (S D) (/) (k)

and variance

Yx+Su/k S\ /X
Z(y) =x - (Ex zm( XEZXU/ EXZZ> <2;<>

As in Carroll etal. ([16], Chapter 4), the formula given above is the best linear approximation of
&(X|W,Z,y), and it can also be applied when Z is discrete.

3 Correction for errors-in-variable

Assume the observed data {(Ci, (T, - - ., Tim), {Wir, ..., Wi}, Zi),i=1, ..., n} are independent and identi-
cally distributed (iid), where T; denotes the observed event times for j=1, ...,m;, and m; denotes the
number of recurrent events occurred before C; for subject i. As we mentioned in Section 2.1, C is con-
ditionally independent of the recurrent event process N(t) given (v, X, Z). Then, by eq. (2) we have

E(N(C)A;(C)|X, Z) = E(E(N(C)AG(C)|v, C, X, Z)|X, Z) = e+ BxX+BZ

If Ao(t) and X are known, the estimating equations S (1, X, Z;) {miA; }(C;) — e *BxXi +B:Zi} — 0 for (By, B,)
are unbiased. In practice, they cannot be implemented since X; is unobserved and Ay(t) is unknown. To
deal with the unknown function Ao(t), we start with the conditional likelihood function of (Ty, ..., Tim,)
given (G, vi, m;, X;,Z;). Under the Poisson process assumption, such a conditional likelihood can be
constructed from a set of iid random variables with truncated density H;":fl/lo(Tij) /Do (CHI(0<Ty<C).
Define a rescaled baseline function ¢(t)=Ao(t)/Ao(T) and D(¢t)= jé P(u)du=~No(t)/Ao(T) for t € 0,1],
where @(7) =1. The conditional likelihood is given by H;’=1 P(Ty, ..., Tin|Ci, vi, mi, Xi, Z;) which is propor-
tional to [T}, TT;%,{#(Ty)/®(Ci) }. As pointed out by Wang et al. [13], the conditional likelihood shares the
same form as the nonparametric likelihood for right-truncated data. Thus, ®(t) can be consistently
estimated by the product limit estimator

& )

> THt<1 N<l>>’

where {T(;} are the ordered and distinct values of {Tjj};_; _ nj_1,_ m» Mg is the number of events occurred
at T, and N(;) is the number of events which satisfy Tj; < T;) < C;. Note that the non-parametric estimation of

@ does not require any information from the covariates and the unobserved frailty variable. Hence, CT)(t) isa
consistent estimator even if X is measured with errors or the frailty distribution is unspecified.

For the issue of identifiability, let y, =1 without loss of generality. The expectation of the event number
divided by the rescaled baseline function before time C is

E(N(C)DY(C)|X, Z) = E(E(N(C)DY(C)|C, v, X, Z)|X, Z) = ePo *PX +B.Z
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where B, = log(Ao(7)). With the above equation, we can construct the unbiased estimating equations by
@(t) instead of the unknown Ag(t). After replacing the unknown X with the average of the replicates

W;= lef‘;l W;/ki, we can obtain the naive estimating equations
n (1 _ o
Uv(b)=n"1Y | W, {miq)*l(ci)—€b°+b"w"+bzz"}=0- G)
i=1 \ Z;

Then, the naive estimator ﬁN = (BN’O,[AJ}V’ X,[Ai}v’ Z)' is obtained by solving eq. (3) and A (t) can be estimated
by IA\ISI (t)= QA)(t) exp(EN, o)- Due to the measurement error in W, it can be shown that ﬁN does not converge to

the true parameter B, where = (B, By, ﬁlz)'. Based on eq. (3), we develop a regression calibration method
and a moment corrected method to adjust for covariate measurement errors in the following subsections.

3.1 Regression calibration approach

The regression calibration (RC) method is based on the assumption that the induced model of the response
conditioning on (W, Z) can be well approximated by the underlying model with X being replaced by the
conditional mean & (X|W, Z). The RC estimator is obtained by treating &(X|W, Z) as the true covariate X in
the standard estimating procedure ([16], Chapter 4). Although the RC method generally yields to an
inconsistent estimator in non-linear models, it is still valuable with the advantage of computational
efficiency and limited bias under some conditions [16, 17].

Under our framework, the RC method substitutes W with &(X|W, Z, y) in eq. (3). If the measurement
error covariance matrix ¥y is known, we can estimate the other components of y by using the observed data
without replicates. If not, replicated data is needed to estimate Xy [16, 18, 28]. By the method of moments,
the estimator y of y can be obtained by solving the equations n~!' """, Wi(y) =0 where ¥;(y) is given in

Appendix A. Then, the RC estimator ﬁR = (/?R,O,ﬁ;e, X,ﬁ}e, ,) can be obtained by solving the equations

1

n B — ~ ,

UR(b)=n‘IZ éa(Xi|Wi,Zi,/)7) {miq)_l(ci)—ebo+bX"6(Xf‘Wf’Zi’Y)+bzzi} =0. (4)
i=1 Zl

Coincidently, the conditional expectation of m® '(C) given the observed covariate (W,Z) is

exp(B, + By S(y)By/2+Bx&(X|W, Z,y) + B,Z). Thus, the RC estimator B, converges to a limit Bj=

(Bo + BxX(9)Bx /2, ﬁ;(,ﬁlz)/. The result implies that the RC estimator is consistent for the regression coeffi-
cients but not for the intercept.
Note that B , converges to S+ p;(z(y)px/z. Let X be the estimator of 3(y) which is calculated as

Sx—(Sx - flxzflz‘lflzx)(iw - flxzflz‘lfizx) (Ex - ixziz_lizx) - ixziz_lizx where EW =Sx+3y St
(nk;)~'. The RC estimator of Ao(t) can be adjusted as /A\}O2 (t)= dA)(t) exp(ﬁR,O —B}z, XfﬁR, x/2) which converges
to Ao(t). In the Supplementary Information, we show that \/ﬁ(ﬁR - By) is asymptotically normally distributed

with mean zero and variance A‘lzg{A‘l}/, where A and ¥, are defined in Proposition 1 in Appendix A. The
covariance matrix estimation of the RC estimator is also given in Appendix B.

3.2 Moment corrected approach

The moment corrected (MC) method is motivated by the bias-correction method proposed by Stefanski [29].
Under the classical measurement error model, Stefanski [29] showed that the naive estimator converges to a limit
which is a function of the true parameter and the error variance. Accordingly, the bias of the naive estimator can
be corrected based on the relationship between the limit of the naive estimator and the true parameter.
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Based on this idea, we can show that the naive estimator EN converges to a limit B, = (ﬁN,o’ﬁ;V,X’p;V,Z)/
which satisfies

1 —
S{Un(By) W, 2 =6 | W {@‘”‘(m@‘l(CHW,Z)—eﬁNﬁ*p}’vXW*pN’ZZ}:O. )
z

In the Supplementary Information, we have shown that the root of eq. (5) is unique. As described in Section
2.2, we assume that X given (W, Z) follows a multivariate normal distribution. For the convenience of
derivation, we re-parametrize the conditional mean as &(X|W, Z, y) =n, + n,,W + n,Z, where I, denotes an
identity matrix of size p, no=(L,~ Ny MMz Nw=(Ex - ExzE; 'Szx) (S - SxzS; '¥2x) 7, and
Ny={l - (Zx - Zxz5; '52x) (S - EXZEZ‘IEZX)’I}ZXZEZ‘I. By the non-differential error assumption, it fol-
lows that &(m® (C)[W,Z)=&(6(mD '(C)|X,Z)|W,Z)= exp(B, +Bx&X|W, Z,y) + By X(y)By /2 + B,Z).
Thus, we can easily show that the unique root B of eq. (5) is related to the true parameter B as
Bn,o=Bo +ﬁ;(r10 + By (y)Bx/2, By, x =1wBx and By ;=B +1;By. Specifically, By=D(B,n) is a one to one
function of the true parameter f=(f,, ﬁ;(, ﬁ'Z)' when the nuisance parameter n is given. Therefore, sub-
stituting the estimators of by and n in the inverse function D! results in the moment corrected estimator

EN, 0 _BN xMw' Mo _ﬁ}v,xﬁv_vli{ﬁlw} 71EN,X/ 2
ﬁM:D_l(ﬁN’ﬁ): R {ﬁlw}_lﬁN,XA ’
By.z =1z {7w} "By x
where EM = (BM,O’EM,X’EM,Z) and 7,= (Ip _ﬁw)ﬁx —ﬁzﬁz’ Ny = @X - i\:XZiz_liZX)(iW - iXZiZ_liZX) -
ny={L- @X—fxzfiz‘lfzx)(iw—flxziz‘lflzx)’l}ixzfz‘l. Since ﬁM'O is consistent for the true intercept
By, Mo(t) can also be consistently estimated by AY(t) = @(t) exp(ﬁM’O). In summary, the estimating proce-
dure of the MC method is

1. Solve eq. (3) and > , ¥i(y) =0 illustrated in Appendix A to obtain the naive estimator ﬁN and 7.
2. Apply By and =n(y) to the function D! to obtain the MC estimator 8,,=D"1(By. 7).

In the Supplementary Information, we show that \/ﬁ(ﬁM - B) is asymptotically normally distributed with
mean zero and covariance matrix B~1%, {B’l}' where B and X;, are defined in Proposition 2 in Appendix A.
The covariate matrix estimation of the MC estimator is also illustrated in Appendix C.

An important feature of the MC estimator is that it is numerically identical to the RC estimator for the
regression parameter (B, f,) but not for the intercept B,. That is, the estimating equations for the two
estimators will have exactly the same root for the regression parameters. The proof of EM, X=ER, x and

B\M’ 7 =BR’ , is provided in Appendix D.

4 Simulation study

In this section, we evaluate the performance of the RC and MC methods with the naive approach under the
semi-parametric model via the simulation studies. Additionally, the corrected partial likelihood (CPL)
approach proposed by Jiang et al. [23] is also listed for comparison. The CPL estimator takes measurement
error into account but assumes non-informative and covariate-independent censoring.

We consider a regression model with a continuous covariate X and a discrete covariate Z. Let
X~N(0,0%=1/3) be the error-prone covariate which is unobserved, while Z~Bin(0.5) be a random
treatment assignment and is precisely obtained. For subject i, we generate k; repeated surrogates
W;;=X; + Uy for X; where k; is generated from a discrete uniform distribution ranging from 1 to 4 and
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U;j~N(0,0%). With the repeated surrogates, we estimate the nuisance parameter y by solving
S, Yi(y)/n=0, where ¥ is shown in the Appendix. We conduct the simulations with reliability ratio
(RR) 0%/(0%+0})=0.8 and 0.5. The reliability ratio is used to represent the magnitude of the error
contamination, and lower reliability ratio indicates higher error contamination. We generate v; from a
mixture model of which vl.* follows a uniform distribution ranging from 0.5 to 1.5 when Z; =0, and follows a
uniform distribution ranging from 1.5 to 4 otherwise. Then, the frailty variable is v; = exp( - Z10g(2.75))v;.
When (v, X;,Z;) is given, the recurrent event process {N;j(t)} is generated with intensity function
A(t|vi, Xi, Zi) = vido (t) exp(ByXi + B,Z;) in which Ao(t) = (t-6)>/360+0.6,t € [0,7], T=10 for i=1, ...,n. We
consider two distinct coefficient parameters (S, 8;) = (log(1.5), log(1.5)) and (By, ;) = (log(3), log(1.5)). To
show the robustness of the proposed estimators, the first two scenarios are conducted under different
censoring time settings. In Scenario 1, we let the censoring time C depend on W. When W; >0, C; is
generated from an exponential distribution with mean 10vi‘1 and is truncated after 7=10; otherwise, C; is
generated from an exponential distribution with mean 0.5v; ! and is truncated after 7 =10. In Scenario 2, we
let the censoring time C depend on X. We generate C; from the mixed exponential distribution in the same
way as in Scenario 1 with W; replaced by X;. In addition, we conduct two cases to investigate the sensitivity
of the conditional normal assumption imposed on the covariate X. In Scenario 3, X is uniformly distributed

over the interval (—,/30%,,/30%) and Z is allowed to be correlated with X. Let Z"=X+¢& where

e~N(0, Uf(), and Z=1if Z"<0 and Z=0 otherwise. The other variables are generated the same as those
in Scenario 2. Further, a non-normal measurement error case is considered in Scenario 4. We generate
measurement error U from a skew normal distribution with mean 0, variance 0%, and skewness parameter
a= -2, and X from N(0, 0% =1/3). The remaining variables are generated the same as those in Scenario 3. A
total of 200 replicates with sample sizes n=300 and n =600 are generated in each simulation configuration.
In the tables, BIAS denotes the average bias, ASE denotes the average standard error estimation, ESD
denotes the empirical sample standard deviation, and CP and CL denote the coverage probability and
average interval length of the 95% confidence interval based on 200 runs. The standard errors of the
proposed estimators are obtained by taking the square roots of the diagonal elements from the sandwich
variance estimators given in Appendices B and C.

The results of Scenarios 1 to 4 are demonstrated in Tables 1 to 4. In general, the naive estimator for the
error-prone covariate X has large biases and disastrous coverage probabilities as shown in all tables. This
phenomenon is due to the common attenuation effect. The degree of bias becomes critical when the error-
prone covariate effect is large and the reliability ratio is low. In Scenarios 1 and 2, the naive estimation of
the effect of Z is not affected by the measurement errors since X and Z are generated to be mutually
independent. In Scenario 3 in which X and Z are correlated, the naive estimator for f, also has low
coverage probabilities which is shown in Tables 3 and 4. Further, the numerical equivalence of the RC and
MC estimators is also seen in the simulation results.

Table 1 demonstrates the results when C depends on W. Comparing to the proposed estimators, we can
see that the CPL estimator generally has larger but not significant biases when reliability ratio becomes
lower (RR=0.5). However, when C depends on X, the coverage probabilities of the CPL estimator for S
dramatically decline due to the substantial biased problem which is presented in Table 2. The bias problem
becomes more serious as the coefficient parameter f; increases or the reliability ratio decreases. Table 3
shows the results when X follows a uniform distribution. We can see that the coverage probabilities of the
CPL estimators for (By,f,) are both nearly zero in the setting with a large coefficient parameter, a large
sample size and a low reliability ratio. In contrast, the proposed methods have good performance with at
least 92% coverage probabilities and limited biases even if the conditional normal assumption on X is
violated. In Table 4, it can be seen that the proposed estimators still have good performance in terms of bias
and coverage probability compared to the CPL estimator. However, when the sample size increases to
n=2000, the coverage probabilities of the 95% confidence intervals for the proposed estimators may be
lower than 90 %.
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Table 1: Censoring time depends on W; X follows a normal distribution, and X and Z are independent.

n=300 n=600

Naive RC mcC CPL (Naive RC mcC CPL

(By, B;) = (log(1.5), log(1.5)); RR = 0.8

Bx BIAS x 103 -83 -1 -1 24 -71 13 13 39
ASE x 103 137 172 172 127 96 120 120 87

ESD x 103 133 167 167 120 94 117 117 86

cP 0.93 0.97 0.97 0.96 0.91 0.94 0.94 0.91

CLx103 537 675 676 497 375 470 470 343

B; BIAS x 103 -2 -2 -2 13 -4 -4 -4 5
ASE x 10° 164 164 164 106 114 114 114 74

ESD x 103 157 157 157 102 120 120 120 75

cP 0.97 0.96 0.96 0.96 0.96 0.96 0.96 0.95

CLx 103 643 644 644 416 446 447 447 292
(Bx»Bz) = (log(1.5), log(1.5)); RR = 0.5

Bx BIAS x 103 -216 -20 -20 -89 -198 11 11 49
ASE x 103 102 209 209 150 78 156 156 117

ESD x 103 103 211 211 139 69 142 142 115

cP 0.43 0.92 0.92 0.89 0.23 0.96 0.96 0.925

CLx 103 424 868 869 650 304 612 613 460

B; BIAS x 103 5 7 7 14 7 8 8 12
ASE x 103 162 163 164 108 117 117 117 77

ESD x 103 168 169 169 107 115 117 117 79

cP 0.94 0.94 0.94 0.94 0.96 0.96 0.96 0.93

CLx103 650 655 655 427 458 460 460 300

(Bx»B;) = (log(3), log(1.5)); RR = 0.8

By BIAS x 103 -241 -24 -24 3 -214 7 7 23
ASE x 103 130 163 163 136 92 115 115 100

ESD x 103 129 161 161 139 94 119 119 99

cP 0.53 0.95 0.95 0.94 0.34 0.96 0.96 0.96

CLx 103 508 639 639 532 360 451 451 392

B, BIAS x 103 22 25 25 10 8 9 9 2
ASE x 103 146 146 146 110 103 103 103 79

ESD x 103 147 148 148 116 99 102 102 79

cP 0.95 0.95 0.95 0.94 0.95 0.95 0.95 0.94

CLx 103 573 574 574 433 402 403 403 311

(Bx: B7) = (l0g(3), log(15)); RR = 0.5

Bx BIAS x 103 -539 34 34 67 -551 -4 -4 12
ASE x 103 106 221 222 226 75 154 155 158

ESD x 103 111 228 228 234 76 146 146 151

cP 0.00 0.94 0.94 0.95 0.00 0.96 0.96 0.96

CLx 103 417 867 868 887 295 606 606 619

B BIAS x 103 7 8 8 15 -7 -8 -8 2
ASE x 103 155 159 159 130 110 112 112 95

ESD x 103 157 163 163 138 119 121 121 92

cP 0.95 0.94 0.94 0.94 0.94 0.94 0.94 0.95

CLx103 607 622 623 511 430 438 439 371

Note: BIAS denotes the average ofﬁ—ﬁ from 200 samplings, ASE denotes the average standard error from 200 samplings, ESD denotes
the empirical standard deviation from 200 samplings, CP denotes the coverage probability of Wald 95% confidence interval, CL
denotes the average length of Wald 95 % confidence interval from 200 samplings.
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n=300 n=600

Naive RC mcC CPL Naive RC mC CPL

(Bx-Bz) = (log(1.5), log(1.5)); RR = 0.8

By BIAS x 103 -80 2 3 -14 -102 -25 -20 -30
ASE x 103 133 167 167 118 96 120 120 84

ESD x 103 136 171 171 131 93 118 117 87

cP 0.93 0.94 0.95 0.92 0.73 0.97 0.97 0.90

CLx103 523 655 653 462 375 470 471 331

B; BIAS x 103 16 15 15 13 -20 -19 -21 -6
ASE x 103 161 161 161 105 115 115 115 75

ESD x 103 161 162 161 118 109 108 110 74

CP 0.95 0.95 0.95 0.89 0.97 0.97 0.97 0.97

CLx 103 632 632 632 412 451 451 451 294

(Bx»Bz) = (log(1.5), log(1.5)); RR = 0.5

By BIAS x 103 -216 -20 -20 -89 -198 11 11 49
ASE x 103 102 209 209 150 78 156 156 117

ESD x 103 103 211 211 139 69 142 142 115

cP 0.43 0.92 0.92 0.89 0.23 0.96 0.96 0.925

CLx10° 401 821 821 587 289 586 586 409

B; BIAS x 103 5 7 7 14 7 8 8 12
ASE x 103 162 163 164 108 117 117 117 77

ESD x 103 168 169 169 107 115 117 117 79

CP 0.94 0.94 0.94 0.94 0.96 0.96 0.96 0.93

CLx10° 523 655 653 462 375 470 471 331

(Bx:Bz) = (log(3), log(1.5)); RR = 0.8

By BIAS x 103 -225 -8 -8 -91 -216 4 4 -95
ASE x 103 126 159 159 133 88 111 111 94

ESD x 103 124 157 157 141 84 106 106 89

cP 0.58 0.96 0.96 0.87 0.33 0.95 0.95 0.83

CLx 103 496 622 622 520 346 434 434 368

B; BIAS x 103 3 4 4 7 3 3 3 4
ASE x 103 143 144 144 109 101 102 102 78

ESD x 103 147 146 146 109 98 97 97 82

cP 0.95 0.94 0.94 0.94 0.98 0.98 0.98 0.93

CLx10° 562 563 563 429 398 398 398 305

(Bx,Bz) =(log(3), log(1.5)); RR = 0.5

By BIAS x 103 -558 -6 -6 -238 -552 -1 -1 -229
ASE x 103 99 207 208 195 70 144 144 139

ESD x 103 100 202 202 186 68 147 147 133

CP 0.00 0.97 0.97 0.74 0.00 0.95 0.95 0.59

CLx10° 389 812 814 763 273 565 565 546

B BIAS x 103 6 6 6 11 -10 -12 -12 1
ASE x 103 151 154 154 125 106 108 108 88

ESD x 103 154 158 158 115 110 115 115 95

cP 0.93 0.95 0.95 0.96 0.97 0.94 0.94 0.92

CLx 103 591 603 604 489 416 424 424 345

Note: BIAS denotes the average ofﬁ—ﬁ from 200 samplings, ASE denotes the average standard error from 200 samplings, ESD denotes
the empirical standard deviation from 200 samplings, CP denotes the coverage probability of Wald 95 % confidence interval, CL denotes
the average length of Wald 95 % confidence interval from 200 samplings.
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Table 3: Censoring time depends on X; X follows a uniform distribution, and X and Z are correlated.

n=300 n=600

Naive RC mcC CPL Naive RC mcC CPL

(By B;) = (log(1.5), log(1.5)); RR = 0.8

By BIAS x 103 -114 6 6 -71 -119 -2 -2 -78
ASE x 103 151 213 213 132 108 152 152 93

ESD x 103 163 230 230 142 104 147 147 85

cP 0.88 0.94 0.94 0.88 0.83 0.95 0.95 0.91

CLx10° 591 834 834 519 422 595 595 363

B BIAS x 103 98 12 12 81 81 -3 -3 88
ASE x 103 200 223 223 138 141 157 157 94

ESD x 103 216 239 239 138 139 157 157 94

cP 0.92 0.93 0.93 0.92 0.91 0.96 0.96 0.84

CLx 103 785 875 875 541 552 616 616 370

(Bx»Bz) = (log(1.5), log(1.5)); RR = 0.5

By BIAS x 103 -253 2 2 -170 244 24 24 -152
ASE x 10° 109 297 298 152 77 207 207 107

ESD x 103 125 340 340 153 74 207 207 100

cP 0.37 0.93 0.93 0.76 0.10 0.95 0.95 0.69

CLx103 426 1166 1168 595 302 811 811 419

B; BIAS x 103 178 -7 -7 178 180 -13 -13 153
ASE x 103 195 275 275 134 137 190 190 95

ESD x 103 208 303 303 122 134 186 186 91

cP 0.85 0.92 0.92 0.75 0.76 0.94 0.94 0.59

CLx10° 766 1077 1077 524 537 744 744 372

(Bx,Bz) = (log(3),log(1.5)); RR = 0.8

By BIAS x 103 -351 -42 -42 -306 -364 -66 -66 -324
ASE x 103 138 197 197 141 98 139 139 100

ESD x 103 141 199 199 140 96 133 133 87

cP 0.25 0.93 0.93 0.42 0.05 0.95 0.95 0.08

CLx103 542 771 772 552 385 544 545 391

B; BIAS x 103 237 15 15 209 240 26 26 215
ASE x 103 189 209 209 148 134 147 147 101

ESD x 103 215 235 235 142 138 149 149 102

cP 0.75 0.93 0.93 0.70 0.58 0.94 0.94 0.46

CLx 103 743 819 819 581 527 577 577 398

(Bx»B;) = (log(3),log(1.5)); RR = 0.5

By BIAS x 103 -722 -89 -89 -548 -715 -85 -85 -554
ASE x 103 96 273 274 169 67 187 187 121

ESD x 103 87 254 254 159 69 191 191 117

cP 0.00 0.94 0.93 0.11 0.00 0.91 0.92 0.01

CLx103 377 1071 1073 664 263 732 733 476

B, BIAS x 103 470 11 11 349 487 35 35 368
ASE x 103 188 261 261 162 133 180 180 115

ESD x 103 190 248 248 138 150 193 193 107

cP 0.31 0.95 0.96 0.40 0.05 0.94 0.94 0.10

CLx 103 738 1021 1021 636 522 707 705 449

Note: BIAS denotes the average ofﬁ—ﬁ from 200 samplings, ASE denotes the average standard error from 200 samplings, ESD denotes
the empirical standard deviation from 200 samplings, CP denotes the coverage probability of Wald 95 % confidence interval, CL
denotes the average length of Wald 95 % confidence interval from 200 samplings.
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Table 4: Censoring time depends on X; U follows a skew normal distribution, and X and Z are correlated.

n=300 n=600

Naive RC mcC CPL Naive RC mC CPL

(Bx» Bz) = (log(1.5), log(1.5)); RR = 0.8

Bx BIAS x 103 -118 -10 -10 -43 -99 16 16 —44
ASE x 103 150 207 207 127 104 142 142 91

ESD x 103 150 208 208 118 103 142 142 84

cP 0.89 0.95 0.95 0.95 0.84 0.95 0.95 0.94

CLx103 589 811 811 499 406 558 559 357

B, BIAS x 103 97 26 26 84 50 -25 -25 75
ASE x 103 198 217 217 130 138 150 150 89

ESD x 103 197 217 217 124 133 146 146 89

cP 0.89 0.95 0.95 0.90 0.94 0.94 0.94 0.88

CLx103 777 851 851 511 541 588 588 349

(Bx,Bz) = (log(1.5), log(1.5)); RR = 0.5

By BIAS x 103 -244 5 5 -109 -231 32 32 -115
ASE x 103 111 285 285 155 77 195 195 110

ESD x 103 114 296 296 137 79 202 202 103

(ol 0.42 0.94 0.94 0.92 0.16 0.93 0.94 0.82

CLx103 437 1115 1118 606 302 763 764 432

B, BIAS x 103 179 16 16 149 134 -36 -36 139
ASE x 103 191 254 255 130 133 174 174 88

ESD x 103 187 252 252 120 128 174 174 88

cP 0.84 0.94 0.94 0.83 0.85 0.95 0.95 0.68

CLx103 747 997 998 508 522 681 682 346

(Bx:Bz) = (l0g(3), log(1.5)); RR = 0.8

By BIAS x 103 -271 40 40 -115 -261 51 51 -121
ASE x 103 137 189 190 142 96 133 133 100

ESD x 103 144 195 195 144 92 129 129 93

cP 0.50 0.93 0.92 0.87 0.21 0.94 0.94 0.78

CLx103 536 742 743 558 377 522 522 394

B BIAS x 103 157 -46 -46 148 173 -29 -29 166
ASE x 103 185 201 201 136 131 142 142 95

ESD x 103 172 188 188 122 131 144 144 93

(ol 0.89 0.96 0.96 0.83 0.74 0.95 0.95 0.59

CLx103 725 790 790 534 512 556 556 373

(Bx,Bz) =(log(3), log(1.5)); RR = 0.5

Bx BIAS x 103 -623 98 98 -295 -615 99 99 -273
ASE x 103 109 290 291 202 79 215 216 148

ESD x 103 112 305 305 172 88 220 220 150

cP 0.00 0.95 0.95 0.70 0.00 0.93 0.93 0.48

CLx103 428 1139 1142 791 309 805 808 582

B, BIAS x 103 419 -45 -45 342 411 -56 -56 335
ASE x 103 185 255 255 147 130 179 180 103

ESD x 103 189 269 269 140 128 185 185 88

cP 0.39 0.93 0.93 0.36 0.11 0.93 0.93 0.08

CLx103 725 998 1000 576 509 703 705 405

Note: BIAS denotes the average ofﬁ—ﬁ from 200 samplings, ASE denotes the average standard error from 200 samplings, ESD denotes
the empirical standard deviation from 200 samplings, CP denotes the coverage probability of Wald 95 % confidence interval, CL denotes
the average length of Wald 95 % confidence interval from 200 samplings.
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To summarize, the simulation study reveals that the proposed methods can effectively correct the bias
due to measurement errors even when the conditional normal assumption of X is violated. However, the
CPL estimator is sensitive to the assumption of the independence between the censoring time and the
covariates, and is also sensitive to the distributional assumption imposed on the covariates. The both
assumptions may not be verified since X is unobservable. The simulation study also shows that the naive
approach which ignores measurement errors in the covariates in general will cause a large bias. We note
that the proposed estimators are not consistent in Scenarios 3 and 4 because of a violation of the normal
assumption imposed on X given (W, Z). Hence, the corresponding coverage probabilities obtained from the
95% confidence intervals may be lower than 90 % when the sample size is large (such as n=2000),
especially under a skewed measurement error distribution.

5 Data analysis

In this section, we apply the proposed methods to the NPC trial dataset to assess the effect of plasma
selenium treatment on SCC recurrences. This randomized, double-blinded clinical trial recruited 1312
patients with histories of skin cancer, including 653 and 659 patients in the treatment and placebo groups
respectively, and the study period had lasted up to 12 years.

Many critical risk factors for SCC were recorded at baseline, particularly the plasma selenium level. As
we mentioned, the plasma selenium level is measured with error due to the measuring instrument or
temporary biological fluctuation. Some patients in the placebo group had more than one plasma selenium
measurement that can be treated as replicates. However, the repeat plasma selenium measurements of the
treatment group patients can not represent the baseline value. Therefore, the treatment group patients had
only one baseline plasma selenium measurement. Multiple occurrences of SCC can be observed for each
patient because each new incidence of SCC was diagnosed and recorded during the follow-up time.

In this analysis, we consider two covariates: the baseline plasma selenium measurement, and the
treatment assignment indicator. The latter is our primary covariate of interest, whereas the former is an
important predictor for adjusting the model but is contaminated with measurement errors. After taking
logarithm, the plasma selenium measurement follows a normal distribution (shown in Figure 1). Thus, we
let X be the logarithm of the baseline plasma selenium measurement (abbreviated as log(selenium)), and Z
be the treatment assignment. We assume that the recurrence of SCC follows a non-homogeneous Poisson
process with intensity function A(t|v, X, Z) = vAo(t) exp(BxX + B,Z), where the frailty variable v accounts for
the correlations among the SCC recurrences and between the SCC event process and informative censoring
time. Here, X is independent of Z since the NPC trial is a randomized clinical trial. Assume that X given W
follows a conditional normal distribution. By using the replicate data, the variance of X given W is

estimated by 02 = 67,0% /07, = 0.156% - 0.1332/0.205° = 0.101°.
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4.2 4.8 -04 0.4 Figure 1: Histograms of estimated true covariate {X;} and estimated error
A A terms {U;} by using 292 placebo grouped patients with more than 10

X u plasma selenium measurements.
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To verify the distributional assumptions imposed on the covariates, a subset consisting of 292 placebo-
grouped patients with 10 or more selenium measurements is used. Because the numbers of replicates of these
patients are large enough, the average of replicates should be very close to the true value of the plasma selenium
level. Thus, we estimate X; by)A(,- = Z]’."': 1 Wij/ ki and U; by ﬁ,- =Wy - )A(Ai, in wllich X;is the true plasma selenium level
of the ith patient in the subset. Figure 1 shows the histograms of X and U, which suggest the marginal normal
distributions for X and U. The correlation between X and U is only —0.069 with P-value=0.234. Under the
assumption of normality, the non-significant correlation implies the independence between the two variables.
Therefore, the conditional normal assumption of X is appropriate for the NPC dataset.

The patients in the trial were arranged to receive the dermatologic examination periodically. Let C; denote
the last examination time from the randomization for subject i, and 7 =149.5(months) denote the maximum
time of C;’s. Fifty five patients without any record of dermatologic examination and SCC event are excluded
from the data analysis. The existing recurrent event studies [15, 23] for the NPC data assumed that the
censoring is non-informative, which might be improper. Figure 2 shows the weighted average of the SCC
recurrences versus time for subjects in the four selected risk sets (t; =54.9, t, =86.3, t3 =115.5, t, =135.2). Note
that for a subject i the number of SCC recurrences by time ¢ is calculated as N;(t A C;), where a A b= min(a, b).
If the censoring time is independent of the SCC recurrence, we expect that all lines should be close to each
other. However, it can be seen that the subjects stayed in the trial longer (censoring time after 115.5 months and
135.2 months) tended to have fewer SCC recurrences in the early and middle stages. The result implies that the
independent censoring assumption is not satisfied and the proposed methods are necessary.
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Figure 2: Weighted average of the SCC recurrences versus time (month since randomization) for subjects in the four selected
risk sets (t; =54.9, t, =86.3, t3 =115.5,t, =135.2), where the weighted average of the SCC recurrences for subjects in the rth risk
set at time ¢ is calculated by >-7_, N;(t A CHI(Ci>t,)/ S T_1 1(Ci> &), 0<t<T=149.5 where r=1,2,3, 4.

After excluding 55 patients without any record of examination and SCC event and 2 without baseline
plasma selenium measurements, 1,255 patients are included in the analysis to fit the semi-parametric
model for the SCC recurrences. Among these patients, 473 had at least one SCC occurrence. The result of
the fitted model is presented in Table 5. Since the RC and MC estimates are identical, only the RC estimates
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Table 5: Regression analysis of the SCC recurrences in the NPC trial.

Naive RC CPL

log (Selenium) EST -0.555 -1.502 -1.109
SE 0.292 0.790 0.842

Z-value -1.897 -1.902 -1.317

Treatment EST 0.185 0.223 0.125
SE 0.140 0.141 0.125

Z-value 1.317 1.581 1.002

Note: EST denotes the estimate, SE denotes the standard error which is estimated by the square
root of the asymptotic variance estimator. The MC estimates are identical to the RC estimates.

are shown in the table. As illustrated, the treatment effect estimates of all approaches are positive but
statistically non-significant. That is, the supplement of plasma selenium has no significant effect on
preventing the recurrence of SCC. This result agrees with the previous studies [15, 23]. In Table 5, we can
also observe the attenuation phenomenon exists in the naive estimation of the plasma selenium effect.
Under the 95% confidence level, the adjusted estimates obtained from the RC and MC methods are
significant with values equal to —1.502. The result implies that patients with higher plasma selenium level
at baseline have fewer SCC recurrences.

6 Discussion

To identify the population risk factor in the recurrent event analysis, inference on the rate function is
commonly preferred. The existing methods depend on the assumptions of either accurately measured
covariates or independent censoring, which may not be always realistic. In this article, we consider
statistical methods for recurrent event data with measurement error and informative censoring. Under the
informative censoring and normal error assumption, our proposed estimators are consistent. In our
estimating procedure, we do not need any additional assumptions on the frailty distribution or on the
censoring time. The numerical results have shown that the naive method which ignores measurement errors
in the covariates leads to a large biased estimator and that the CPL method strongly depends on the
independence between the covariates and censoring time. Whereas, our proposed methods correct mea-
surement errors effectively and give accurate confidence intervals under different scenarios.

The corrected methods considered in this paper are developed under a parametric distribution for the
covariates and measurement errors, in which the distributions of the errors and covariates are specified. In
the NPC data example, the distributional assumptions for the error model can be validated via adequate
replicates. In practice, we may not have enough information to validate these distributional assumptions of
the errors and covariates. To relax such assumptions, a non-parametric correction method, similar to Huang
and Wang [30] for Cox regression with measurement error, might be further developed. However, the
extension of nonparametric correction to the regression analysis of recurrent event data is not straight-
forward, and hence future research is warranted. The idea of measurement error correction can be applied
not only to recurrent event data but also to panel count data, of which the number of events can only be
observed at several random times.
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Appendices

A Asymptotic properties

Let #g, # be any compact neighborhoods of ﬁR and B which are the roots of the limits of RC and MC

estimating equations. Also, denote #"; = (1, W Z) and 2= (1, 6 (Xi( Wi, Zi, y) ) To prove the asymptotic

properties of the proposed estimators, we impose the following regularity conditions:

(@) Ao(1)>0;

(@) Pr(Czt,v>0)>0;

(@3) G(u)=&pI(C=u)] is a continuous function for u € [0, 1J;

(@4) &{suppey # W exp(D'(b,n)#")} and &{suppc,, 42 exp(b )} are bounded. Moreover, &{# #"
exp(D'(B,n)#")} and &{X % exp(BrZ)} are non-singular.

Note that condition (a4) can be satisfied under the normality assumption imposed on the covariates.

Define Q;(t)=G(t)Ao(t), Qx(t) = fo u)dAo(u). Under conditions (al) through (a3), Wang et al. [13] had
shown that

- %XH:QD(t)di(t) +0,(n"Y?), Vinf{s:Ao(s) >0} <t<T, ©)

where d;(t {ft (T<u<C)/Q}(u)dQx(u) - I(t<Ty<7)/Qi(Ty)} are iid terms with zero expectation.

By the central 11m1t theorem, /n ((T)( t) - @(t)) converges to a multivariate normal distribution with mean
zero and variance ®*(t)&[d2(t)].
By the method of moments, the nuisance parameter estimator y is obtained by solving

ki(Wi - py)
Zi-yy
ki
R PR YWy =Wy (W -W;) - (ki-1)2y
Y Wiy =nt Yol -0,
=t S k(Wi-p)(Wi-py) - Su - kiZy

where ¥;(y) are iid terms. With the same techniques as these in M-estimators [31], it can be shown that y
converges in probability to y. Let R=&{ - 0¥;(y)/dy } where R is non-singular under condition (a4), and
thus by a Taylor expansion,

?—y=R‘1n‘12n:‘Ifi(y)+op(n‘1/2). )
i1

By the central limit theorem, \/n(y - y) converges to a normal distribution with mean zero and a covariance-
matrix R™16{W;(y)¥i(y) H{R 1} .

With the consistencies of y and dAJ(t), vVt € [0, 7], we can prove the following propositions of which the
proofs are given in the Supplementary Information. Define V as the joint density of (W, Z, m, ¢), [1=0%/9y,

and I'=0D/dy. Let
" Zmd;(C)
& {¢< ) } o av
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s J { <% _ em>ll - (By@) }HdVR’l\I’,-(y),

and

e M b _[de,-(C) _ J ¢ DB) W 1y,
h; W’{(D(C,-) el G av w'eP dV)}TR™ ;.

Proposition 1: Under conditions (al) through (a4), ﬁR converges in probability to By. Further, \/ﬁ(ﬁR -Br)
asymptotically follows a normal distribution with mean zero and a covariance matrix A’IZ‘g{A’l}' where
A=6(~-08i/0By), Y= (8i8))-

Proposition 2: Under conditions (al) through (a4), ﬁM converges in probability to B. Further, \/ﬁ(ﬁM -p)is
asymptotically normally distributed with mean zero and a covariance matrix B‘lzh{B‘l}' where
B=&(-0hi/of), Ln=&E (k).

B Covariance estimation of RC

To develop covariance estimation of the RC estimator, we first illustrate the covariance estimation of
vn(y-y) and /n(®@(t) - &(t)), Vt € [0,7].

Let Rn=n’12?=1a‘Pf(y)/ay’|y:7, and II;=0% i/ay'|y:;. The covariance matrix of \/n(y-y) can be
estimated by R;'n"'S1, W;(3)¥;(3) {R;'}. Define that al(u)=n’1Z;’:lzﬁll(TijsusCi), dQy(u)=n"!

i Z;n:ill(Tij:u)’ and

i I(Tij < TU) < Cl)daz(T(l)) I(t < Tij < T)

=1 Lme[t, 1 Qi(Tw)’ Q:(Ty)

where T, are ordered and distinct values of {Ti,-}izl,“ By Wang et al. [13], we can show that the

Lnj=1.m;*
~ ~ ~2
covariance matrix of \/n(®(t) - @(t)) can be consistently estimated by ®*(t)n"! Y"1, d; (¢).

Denote () as a Kronecker product, and I, as an identity matrix with size a. Let Z2;=(1,6&
(Xi|W;,Z;,9),Z,). Finally, the covariance matrix of \/r_z(ﬁR —-Pr) can be consistently estimated by
ATIS{AYY where Ay =n"' S, 2% €Pi, and Sg=n"' ", &8 with

n

gi=§cyi{ ! _eﬁxfx}_ Z M i(G)
(D(Cl) j=1 (D(Cl)

’ Z{ <a>Té,.) - e") hiepeq = (7)) ﬁj}Rgl%@.

j=1

C Covariance estimation of MC

Let lA)=D(IA3M,ﬁ), = aD/ay’|y:;. The covariance matrix of \/ﬁ(ﬁM - Bu) can be consistently estimated by
B;'S,{B; '} where

Bn _ n*l i WI{W;® aD(ﬁ’ ﬁ) |I;=E }eg'ﬂfi’
i=1 M

op
and $,=n"1S""  hh, with
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. ~ n A n ~y
hi - Wl{ &)Té) _eD'ﬂ/i} _ Z ml,%f‘]dl(cl) _ { Z W]W;eD Yf'/j}FRgl\Pi(?).
; ; .

D Proof of RC = MC for regression parameters

Recall that &(Xi|W;, Z;, y) =1, +ny Wi +n,Z;, where 1,1, and n, are functions of y. Let 0,5 be a rxs
matrix of 0’s. With simple algebra, we can write Z;=H#";, Vi=1, ...,n where

1 lep O]xq

H=| n, NMw Nz
051 Ogxp g

Since H remains the same for i=1, ...,n, for any fixed y, eq. (4) can be written as
n o~ Py ' =
nty W'i{micb*(co - el ""f} -0. ®)
i-1
Recall that BN is the unique root of the equations with form
n - .
Yl71 Z W‘i{miCD’l(Ci) - eb 4 i} =0.
i=1

It is easy to see that eq. (8) has the same form as the above equation. Thus, we have H'ﬁR = BN. Besides, by
definition by = D(by, y) for any fixed y. Therefore, we have

Br,o +/’\]OﬂR,X N N Pum.o* NoPu,x + 5B, x B x
IlWﬁR,i(\ =H Br=D(by,y) = ﬂWﬁM,/)\( ’
NzBr x +Br 2 NzBu,x + Bu, z

for any fixed y. The above equation implies that ER,O =3M,0 +ﬁM XZIA?M, x/2 ER, x= EM, x» and ER, z= EM, z
Hence the proof is complete.
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