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Abstract: Uranium plant wastewater was treated in labo-
ratory scale experiments by employing zero valent iron 
powder. Batch experiments conducted by the response 
surface methodology (RSM) proved significant decrease 
in concentrations of uranium due to a decrease in an oxi-
dation-reduction potential and an increase in pH relative 
to an application of zero valent iron powder. Results indi-
cated that it is effective on the removal of uranium from 
uranium plant wastewater with the uranium concentra-
tion of 2772.23 μg/L due to the adding of zero valent iron 
powder. it was found that the scope of pH is widely from  
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Abstract: Let F denote a �eld and let V denote a vector space over Fwith �nite positive dimension. Consider
a pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair. We consider the self-dual case in which
there exists an automorphismof the endomorphismalgebra ofV that swapsA andA∗. Such anautomorphism
is unique, and called the duality A ↔ A∗. In the present paper we give a comprehensive description of this
duality. Inparticular,wedisplay an invertibleF-linearmap T onV such that themap X �→ TXT−1 is theduality
A ↔ A∗. We express T as a polynomial in A and A∗. We describe how T acts on 4 �ags, 12 decompositions,
and 24 bases for V.
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1 Introduction
Let F denote a �eld and let V denote a vector space over F with �nite positive dimension. We consider a
pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair (see [13, De�nition 1.1]). The Leonard pair
A, A∗ is said to be self-dual whenever there exists an automorphism of the endomorphism algebra of V that
swaps A and A∗. In this case such an automorphism is unique, and called the duality A ↔ A∗.

The literature containsmany examples of self-dual Leonardpairs. For instance (i) the Leonardpair associ-
atedwith an irreduciblemodule for the Terwilliger algebra of the hypercube (see [4, Corollaries 6.8, 8.5]); (ii) a
Leonard pair of Krawtchouk type (see [10, De�nition 6.1]); (iii) the Leonard pair associatedwith an irreducible
module for the Terwilliger algebra of a distance-regular graph that has a spin model in the Bose-Mesner alge-
bra (see [1, Theorem], [3, Theorems 4.1, 5.5]); (iv) an appropriately normalized totally bipartite Leonard pair
(see [11, Lemma 14.8]); (v) the Leonard pair consisting of any two of a modular Leonard triple A, B, C (see [2,
De�nition 1.4]); (vi) the Leonard pair consisting of a pair of opposite generators for the q-tetrahedron alge-
bra, acting on an evaluationmodule (see [5, Proposition 9.2]). The example (i) is a special case of (ii), and the
examples (iii), (iv) are special cases of (v).

Let A, A∗ denote a Leonard pair on V. We can determine whether A, A∗ is self-dual in the following way.
By [13, Lemma 1.3] each eigenspace of A, A∗ has dimension one. Let {θi}di=0 denote an ordering of the eigen-
values of A. For 0 ≤ i ≤ d let vi denote a θi-eigenvector for A. The ordering {θi}di=0 is said to be standard
whenever A∗ acts on the basis {vi}di=0 in an irreducible tridiagonal fashion. If the ordering {θi}di=0 is standard
then the ordering {θd−i}di=0 is also standard, and no further ordering is standard. Similar comments apply to
A∗. Let {θi}di=0 denote a standard ordering of the eigenvalues of A. Then A, A∗ is self-dual if and only if {θi}di=0
is a standard ordering of the eigenvalues of A∗ (see [7, Proposition 8.7]).
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3 to 5 from the experimental data obtained in this study. 
The predicted model obtained from response surface 
methodology is in accordance with experimental results.
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1  Introduction
Processing of uranium ores for nuclear power production 
has resulted in plenty of radioactive dust generation with 
serious impact on the environment [1-5]. Radionuclides 
such as uranium and its compounds deserve special 
attention due to their high heavy-metal toxicity and 
radioactivity [6,7]. The toxicity of uranium (VI) ions in 
the form of UO2

2+, existed in uranium plant wastewater 
systems, even at micro level, has been a public health 
issue over the years [8]. So, the study on removal of 
uranium from wastewater is significant. To be effective 
in the long run, any remediation technique for uranium 
must be target on both mobile aqueous uranium (VI) 
precipitates and uranium (VI) species which may be long-
standing sources [9]. 

The uranium content of uranium plant wastewater 
used as study object in this paper is 2772.23 μg/L. It is 
55 times more than the emission value of 50 μg/L proposed 
in the Regulations for radiation protection for uranium 
processing and fuel fabrication facility (EJ1056-2005) [10]. 
Therefore, affordable, efficient and applicable technology 
is necessary to reduce the health risk by mitigating or 
eliminating the uranium removal from the uranium plant 
wastewater. To improve removal efficiency of uranium, 
optimization method was used to optimize the operation 
conditions such as pH, dosage of zero valent iron powder, 
reaction time. Zero valent iron was used to reduce soluble 
uranium (VI) aqueous species to undissolved uranium 
(IV) sediments in this paper. 

Response surface methodology (RSM), one of the most 
economical and practical solutions to evaluate single and 
combinatorial factors of experiment variables which lead 
to output responses [11-13]. could be utilized to accomplish 
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the real design of experiments methods. Due to application 
of the RSM, less time consumption and fewer tests are 
consumed compared with actual experimental study 
[14,15]. The results of RSM analysis would provide the best 
system performance for the entire optimization set [16,17]. 
In this study, RSM was employed to study the influence  
of solution pH, reaction time and dosage of zero valent 
iron on removal efficiency of uranium. In the course of the 
study, inductively coupled plasma mass spectrometry (ICP-
MS) was used to detect the uranium content of solution. 
Five measurements were averaged to minimize the error. 
The detection range of ICP-MS is between 10-9-1 mg/L with 
relative standard deviation of less than 5%.

Response surface methodology (RSM) was employed 
to optimize the uranium removal process from uranium 
plant wastewater with the aim of uranium contents less 
than 50 μg/L. RSM is important for the process under study, 
because it has been used in empirical studies to assess the 
impact of input parameters on a set of dependent variables 
[18,19]. Three variables of pH, dosage of zero valent iron 
powder and reaction time have been performed. Each treated 
wastewater sample has been characterized in uranium 
removal efficiency terms. The RSM was applied to determine 
the best uranium removal process conditions by using pH, 
dosage of zero valent iron powder and reaction time data as 
dependent variables. The optimum combination predicted 
by RSM was obtained through experiments, whereby 
almost complete uranium removal with uranium removal 
efficiency of 99.66%, by using amount of 3 g/L zero valent 
iron, 52.5 min reaction time and pH of 5.

2  �Experimental procedure and 
design

2.1  Experimental procedure

The uranium plant wastewater used in this paper was 
obtained from purification processing with the uranium 
concentration of 2772.23 μg/L, the pH value of 8.69. 
The zero-valent iron was of analytical pure grade with 
above 98% purity. Extraction raffinate with uranium 
concentration of 2984.1 μg/L, which pH value was 0.12, 
was used to pretreat pH adjustment of wastewater.

2.2  Experimental design

Many research workers have done lots of work on enhancing 
uranium removal efficiency from uranium-containing 

wastewater so far [20]. Uranium concentration of 50 μg/L is 
allowed to discharge instead of 300 μg/L mentioned in the 
Integrated Wastewater Discharge Standard (GB8798-1996) 
[21], according to the Regulations for radiation protection 
for uranium processing and fuel fabrication facility (EJ1056-
2005). Therefore, an innovative statistical approach with 
high uranium removal efficiency is imperative. 

The RSM establishes a set of mathematical models 
which represents the response surfaces of the measured 
property (uranium removal efficiency, in this study) through 
a given set of input variables (pH, dosage of zero valent 
iron powder, in that case, reaction time) In a particular 
area of interest. In this study, RSM was used to find the 
maximum of a particular response (maximum uranium 
removal efficiency) determining the input variables (pH, 
dosage of zero valent iron powder or reaction time) that 
produced the maximum response, and so, the optimum 
uranium removal technological conditions.

3  Results and discussion
The uranium removal efficiency obtained from RSM 
experiments are listed in Table 1, along with their units, 

Table 1: Uranium removal experimental design used in RSM studies 
by using process variables showing observed values of uranium 
removal efficiency.

Run Variables Response

pH
(-)
A

Reaction 
time (min)

B

Dosage of zero-valent 
iron powder (g)

C

Uranium removal 
efficiency (%)

Y

1 3 30 0.4 92.26
2 5 52.5 0.6 98.50
3 8.36 52.5 0.6 51.42
4 5 52.5 0.26 99.20
5 5 52.5 0.94 99.63
6 5 52.5 0.6 99.45
7 7 75 0.4 88.09
8 3 75 0.4 98.54
9 5 52.5 0.6 99.66
10 5 14.66 0.6 99.21
11 3 75 0.8 99.46
12 5 52.5 0.6 97.70
13 5 52.5 0.6 98.59
14 1.64 52.5 0.6 98.46
15 3 30 0.8 98.17
16 7 30 0.8 90.04
17 5 90.34 0.8 99.50
18 5 52.5 0.8 99.22
19 7 75 0.8 87.18
20 7 30 0.4 89.04
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according to RSM design. The entire set of runs is shown 
in Table 1. The RSM has the abilities of estimation 
and prediction abilities to build effective models with 
maximum responses. Besides that, a set of mathematical 
models are established which represent the response 
surfaces of uranium removal efficiency by a given set of 
input variables (pH, reaction time and dosage of zero-
valent iron powder, in that case) In a particular area of 
interest. The multiple regression coefficients obtained 
by the second-order polynomial model for predicting 
uranium removal efficiency by using the least squares 
technique, are summarized in Eq. 1.

Y = 98.79 – 8.29A + 0.31B + 0.56C – 1.42AB – 0.84AC
– 0.86BC – 8.02A2 + 0.61B2 + 0.64C2� (1)

The F test analysis of variance (ANOVA) was used to 
evaluate the statistical significance of the model equation. 
ANOVA evaluations of the model, given in Table 2, suggest 
that the experiments could be described by this model. The 
significance of each coefficient was determined by P-value 
and F-value. As shown in Table 2, the prob > F-values for 
uranium removal efficiency is lower than 0.05, which 
indicating that quadratic models were significant [22]. 
The p values of both responses are less than 0.1, which 
indicates that lack of fit for the model was significant. The 
normal probability of the residuals (R2 = 0.8542) indicated 
that there was no anomaly in the adopted methodology. 
The “lack of fit test” compares residuals to “pure errors” 
from repeated experimental design points. Adequate 
accuracy in measuring SNR and SNR greater than 4 is 
desirable. The ratio of 9.899 indicated a sufficient signal. 
The model is significant to the whole process, due to high 
value of adequate precision.

In the model ANOVA, the correlation coefficient R2 
of the quadratic regression equation was 0.8542, which 
indicated model fit the actual situation very well. F-value 

of 6.51 implies the significance of the models. Because of 
noise there is only a 0.36% chance of such a large “model 
f value”. The values of “Prob > F” are less than 0.05 that 
indicate the model term is significant. On this occasion, 
A2 and A are significant model terms. A negative “Pred 
R-Squared” with value of -0.1013 indicates the overall 
mean is better at predicting responses than the current 
model. “Adeq Precision” is desirable for signal to noise 
ratio measurements. In this paper, the ratio of uranium 
removal experiments is 9.899, a ratio greater than 4, that 
indicates an adequate signal. This model could be used to 
navigate the design space.

The predicted and actual uranium removal efficiency 
were plotted in Figure 1. As Figure 1 shown, the response 
predicted values slightly deviated from experimental 
data. The quadratic model curves are shown in Figure 2 
with selected process variables (pH, reaction time, dosage 
of zero-valent iron powder) kept at a constant level and 
the other two varying with the experimental ranges.

This method with the maximum U-removal efficiency 
of 99.66, has shown high effect on uranium removal, 
occurring from 2772.23 μg/L uranium plant wastewater 
within 0.40-0.80 g dosage of zero valent of iron powder, 
the 30-75 min reaction time, for wastewater with pH 3-7.

As Figure 2 shown, firstly, the uranium removal 
efficiency increased gradually with increasing pH value 
and then became decreasing sharply when pH value 
reaching to 5. The experiments results indicated that 
mildly acidic pH (pH 3-5) was suitable for the removal of 
uranium. In the weak acid, uranium exists as UO2

2+ which 
was easy to be reduced by zero valent iron to produce 
uranyl hydroxide precipitation by hydrolysis for higher 
uranium removal efficiency. But because of amphoteric 
properties of uranyl hydroxide, where the pH is close 
to neutral or alkaline, uranyl hydroxide precipitation 

Figure 1: Predicted response vs. actual response.

Table 2: ANOVA analysis for responses Y [uranium removal 
efficiency (%)].

Source Sum of 
squares

DF Mean 
square

F value Prob > F

For Y
Model 1951.82 9 216.87 6.51 0.0036 Significant
Residual 333.26 10 33.33
Lack of fit 333.26 5 66.12 124.03 < 0.0001 Significant
Pure error 2.67 5 0.53
R2=0.8542
Pred R-Squared = -0.1013
Adeq Precision = 9.899
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would transfer to the form of UO4
2- and U2O7

2- plasma. 
In the alkaline solution, uranium can inhibit the 
reduction and precipitation of uranium by zero valent 
iron. The uranium is returned to the solution that leads 
to the uranium removal efficiency decreased sharply. 
Secondly, with the extension of reaction time, the effect 
of uranium removal becomes better, and then after 
52.5 min is steady. That because with the longer reaction 
time, the contact chance of zero valent iron and uranium 
(VI) is better, which would promote the combination 
with iron hydroxide flocculation body and uranium 
acyl. Better combination of flocs of iron hydroxide and 
uranium acyl would be positive to uranium removal. 
When the reaction reaches equilibrium, the longer 
reaction time has no effect on the reaction of uranium 
removal. Longer reaction time makes no difference on 
the removal of uranium. Thirdly, with increase of dosage 
of iron powder, the effect of uranium removal becomes 
better, and then over excess of 0.6 g is steady. More 
iron powder dosage, more uranium removal. When the 
content of uranium in the wastewater is low enough, 
removing uranium reaction would stop. Therefore, 
more iron powder has no effect on uranium removal 
reaction. As Table 1 and Figure 2 shown, the maximum 
uranium removal efficiency of 99.66% was obtained in 
the optimum condition. The optimum conditions are pH 
of 5, dosage of zero valent iron of 0.6 g, reaction time of 
52.5  min. The experiment verified the accuracy of the 
mathematical model generated by the RSM design when 
only 0.65% residual error was left in the given optimal 
medium setting. The optimized process parameters were 
shown in Table 3.

4  Conclusions
Nitric acid was replaced by extraction raffinate for pH 
adjustment in the process, which is not only have a good 
result on uranium removal, but also enhancing resources 
comprehensive utilization.

It is an effective method to remove uranium from 
uranium plant wastewater by using zero valent powder. 

Table 3: Predicted value vs. validation experiment value.

pH
A

Reaction 
time

B (min)

Dosage of  
zero-valent of 

iron C (g)

Uranium removal efficiency (%)

Predicted value Experiment value

5 52.5 0.6 98.79 99.44

Actual Factor C: Dosage of zero-valent iron powder = 0.6 g
(a) AB

Actual Factor B: Reaction time = 52.5 min
(b) AC

Actual Factor A: pH = 5 
(c) BC

Figure 2: The response surface diagram of the impact of pH, 
reaction time and dosage of zero-valent iron on uranium removal 
efficiency.



812   Y. Luo et al.: Optimization of uranium removal from uranium plant wastewater

The maximum removal rate of uranium was 99.66% 
occurring from 2772.23 μg/L uranium plant wastewater 
with 0.6 g dosage of zero valent of iron powder, 52.5 min 
reaction time, for wastewater with pH 5.

The maximum removal efficiency of uranium 
obtained in optimum condition was 98.79%, which is 
good agreement with experiment one of 99.44% with 
0.65% residual.
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