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Choquet integrals, weighted Hausdorff content
and maximal operators

Lin Tang

Abstract. The boundedness of maximal operators on the weighted Choquet space and the
Choquet–Morrey space is established. These results are used to study Carleson embed-
dings for weighted Sobolev spaces.
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1 Introduction

The purpose of this note is to establish the boundedness of maximal operators on
the weighted Choquet space and the Choquet–Morrey space. Let us first introduce
some notation.

The Choquet integral of � � 0 with respect to a set function L is defined byZ
�dL D

Z 1
0

L¹x 2 Rn W � > tºdt:

Let 0 � ˇ < n; the maximal function of f of order ˇ is defined by

Mˇf .x/ D sup
x2Q

jQj
ˇ
n
�1

Z
Q

jf .y/jdy; (1)

where the supremum is taken over all cubesQ with sides parallel to the coordinate
axes and jQj denotes the n-dimensional volume of Q. For convenience, M0 is
replaced by M , that is, M is the Hardy–Littlewood maximal operator.

If E � Rn, ! 2 A1.Rn/ and 0 < ˛ � n, then the ˛-dimensional weighted
Hausdorff content of E (see [7]) is defined by

H˛
! .E/ D inf

1X
jD1

!.Qj /

jQj j
l.Qj /

˛; (2)
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where the infimum is taken over all coverings of E by countable families of cubes
Qj with sides parallel to the coordinate axes. Here l.Q/ denotes the side length
of the cube Q and !.Q/ D

R
Q w.x/dx. The Muckenhoupt class A1.Rn/ is

defined by
M.!/.x/ � C!.x/; a.e. x 2 Rn:

Remark 1. If we take the infimum in (2) only over coverings ofE by dyadic cubes,
we obtain an equivalent quantity H˛

w;d
called the dyadic ˛-dimensional weighted

Hausdorff content; see Proposition 3.4.2 in [7].

Now we can state our main results.

Theorem 1. Let ! 2 A1.Rn/, 0 � ˇ < n, 0 < ˛ < n and 0 < ˛ C ˇ < n. If
˛=.n � ˇ/ < p < .n � ˛/=ˇ, thenZ

Rn
.Mˇf /

pdH˛
! � C

Z
Rn
jf jpdH˛Cpˇ

! ;

where C depends only on ˛, ˇ, n, p and the constant A1.Rn/.

Let 0 � �, 0 < p and 0 < ˛ � n. We define the Choquet–Morrey space H˛;�
p

by

kf k
H
˛;�
p
WD sup

x02Rn;r>0
r��

Z 1
0

H˛.¹y 2 B.x0; r/ W jf .y/j
p > tº/dt <1:

Theorem 2. Let 0 � ˇ < n, 0 < ˛ < n and 0 < ˛ C ˇ < n. If ˛=.n � ˇ/ < p <
.n � ˛/=ˇ and 0 � � < ˛, then

kMˇf kH˛;�
p
� Ckf k

H
˛Cpˇ;�
p

;

where C depends only on ˛, ˇ, n, p and �. Let p D ˛=.n � ˇ/. Then

H˛.¹y 2 B.x; r/ W jMˇf .y/j > tº/ � Ct
�˛=.n�ˇ/r�kf k

H

n˛
n�ˇ

;�

˛
n�ˇ

;

where C depends only on ˛, ˇ, n and �.

Obviously, our results extend some well-known results for maximal operators;
see [2] and [6].
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2 Proof of the main theorems

Proof of Theorem 1. We follow the same scheme as in [6]. Without loss of gener-
ality, we can assume that f � 0.

Obviously, to prove Theorem 1, we only need to consider the dyadic case by
Remark 1. By the definition of H˛

!;d
, for each integer k, we can take a family of

non-overlapping dyadic cubes Q.k/j such that

¹x W 2k < f .x/ � 2kC1º �
[
j

Q
.k/
j

and X
j

!.Q
.k/
j /

jQ
.k/
j j

l.Q
.k/
j /˛Cpˇ � 2H

˛Cpˇ

!;d
.¹x W 2k < f � 2kC1º/:

Set g D
P
k 2

.kC1/p�Ak , where Ak D
S
j Q

.k/
j and �E is the characteristic

function of the set E. Thus f p � g.
Let 0 � 
 < n and ˛=.n � 
/ < q. We first claim that for any cube Q,Z

M
 .�Q/
qdH˛

! � C
!.Q/

jQj
l.Q/˛Cq
 : (3)

Indeed, let xQ be the center of Q. Then

M
 .�Q/.x/ � C0
l.Q/n

.l.Q/C jx � xQj/n�

; x 2 Rn:

By the property of A1.Rn/ and the definition of H˛
! , we then getZ 1

0

H˛
! .¹y W jM
�Q.y/j

q > tº/dt

�

Z 1
0

H˛
!

�²
y W C0

l.Q/n

.l.Q/C jy � xQj/n�

> t1=q

³�
dt

�

Z .C0l.Q/

 /q

0

H˛
!

�²
y W C0

l.Q/n

jy � xQjn�

> t1=q

³�
dt

D

Z .C0l.Q/

 /q

0

H˛
!

�²
y W jy � xQj <

�C0l.Q/n
t1=q

� 1
n�


³�
dt

�

Z .C0l.Q/

 /q

0

!
�
B
�
xQ;

�C0l.Q/n
t1=q

� 1
n�


��
ˇ̌
B
�
xQ;

�C0l.Q/n
t1=q

� 1
n�


�ˇ̌ �C0l.Q/nt1=q

� ˛
n�


dt
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� C
!.Q/

jQj

Z .C0l.Q/

 /q

0

�C0l.Q/n
t1=q

� ˛
n�


dt

� C
!.Q/

jQj
l.Q/˛Cq
 :

The last inequality holds since ˛=.n � 
/ < q. Thus (3) is proved.
Let us proceed to the proof. Assume first that 1 � p < .n � ˛/=ˇ. Then

.Mˇf /
p
�Mpˇ .f

p/ �Mpˇ .g/ �
X
k

2.kC1/p
X
j

Mpˇ .�Q.k/
j

/:

Taking q D 1 and 
 D pˇ in (3) and using the subadditivity of weighted Choquet
integrals, we haveZ

.Mˇf /
pdH˛

!;d � C
X
k

2.kC1/p
X
j

Z
Mpˇ .�Q.k/

j

/dH˛
!;d

� C
X
k

2.kC1/p
!.Q

.k/
j /

jQ
.k/
j j

l.Q
.k/
j /˛Cpˇ

� C
X
k

2.kC1/pH
˛Cpˇ

!;d
.¹x W 2k < f .x/ � 2kC1º/

� C
X
k

22p

2p � 1

Z 2kp

2.k�1/p
H
˛Cpˇ

!;d
.¹x W f .x/p > tº/dt

� C

Z
f pdH

˛Cpˇ

!;d
:

Assume now that ˛=.n � ˇ/ < p < 1. Note that f �
P
k 2

kC1�Ak ,

Mˇf �
X
k

2kC1
X
j

Mˇ .�Q.k/
j

/:

Taking q D p and 
 D ˇ in (3), we obtain

Z
.Mˇ /

pdH˛
!;d � C

X
k

2.kC1/p
!.Q

.k/
j /

jQ
.k/
j j

l.Q
.k/
j /˛Cpˇ � C

Z
f pdH

˛Cpˇ

!;d
:

The proof is complete.

Let us now turn to the proof of Theorem 2.
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Proof of Theorem 2. Without loss of generality, we can assume � > 0. Choose
any x0 2 Rn and r > 0, and write

f .x/ D f0.x/C Qf0.x/;

where f0 D �B.x0;2r/.
For the term f0, from Theorem 1, we haveZ 1
0

H˛.¹y 2 B.x0; r/ W jMˇf0.y/j
p > tº/dt

� C

Z 1
0

H˛Cpˇ .¹y 2 B.x0; 2r/ W jf .y/j
p > tº/dt:

Hence
kMˇf0kH˛;�

p
� Ckf k

H
˛Cpˇ;�
p

:

Now consider the term Qf0. Let q D pn=.˛Cpˇ/ > 1. Then for any y 2 B.x0; r/,
we have

Mˇ . Qf0/.y/ � C

1X
kD1

.2kr/ˇ�n
Z
B.x0;2kC1r/

jf .x/jdx

� C

1X
kD1

.2kr/ˇ�n=q
�Z
B.x0;2kC1r/

jf .x/jqdx

�1=q

� C

1X
kD1

.2kr/ˇ�n=q
�Z
B.x0;2kC1r/

jf .x/jpdH˛Cpˇ

�1=p

� C

1X
kD1

.2kr/.��˛/=pkf k
1=p

H
˛Cpˇ;�
p

� Cr.��˛/=pkf k
1=p

H
˛Cpˇ;�
p

;

since � < ˛ and in the third inequality we use the inequality (see [6])Z
f .x/dx �

n

˛

�Z
f ˛=ndH˛

�n=˛
for 0 < ˛ � n.

Thus Z 1
0

H˛.¹y 2 B.x0; r/ W jMˇ . Qf0/.y/j
p > tº/dt

�

Z 1
0

H˛.¹y 2 B.x0; r/ W Cr
.��˛/

kf k
H
˛Cpˇ;�
p

> tº/dt
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�

Z Cr.��˛/kf k
H
˛Cpˇ;�
p

0

H˛.B.x0; r//dt

� Cr�kf k
H
˛Cpˇ;�
p

:

Therefore
kMˇ

Qf0kH˛;�
p
� Ckf k

H
˛Cpˇ;�
p

:

From these inequalities we obtain

kMˇf kH˛;�
p
� C.kMˇf0kH˛;�

p
C kMˇ

Qf0kH˛;�
p
/ � Ckf k

H
˛Cpˇ;�
p

:

As for the case p D ˛=.n � ˇ/, the proof is the same replacing Theorem 1 by the
corresponding weak estimate, that is, for any t > 0

H˛.¹y W jMˇf .y/j > tº/ � Ct
�˛=.n�ˇ/

Z
f

˛
n�ˇ dH

n˛
n�ˇ : (4)

The proof of (4) can be found in [6].

3 An application

In this section, we study the Carleson embeddings for weighted Sobolev spaces.
To state our result, let us introduce some notation.
Let ! be a weight. If E � Rn for n � 2, we define the weighted, p-variational

capacity capp!.E/ by (see [7, p. 117])

capp!.E/ D inf
²Z

Rn
jr'jp!dx W ' 2 C10 .R

n/; 0 � ' � 1;

E � Int.¹x 2 Rn W '.x/ D 1º/

³
;

where Int.E/ stands for the interior of a set E � Rn; cp!.�I t / denotes the p-
variational capacity minimizing function of t 2 .0;1/ associated with a non-
negative measure � on RnC1

C
:

cp!.�I t / D inf ¹capp! W bounded open O � Rn; �.T .O// > tº ;

where

T .O/ D ¹.t; x/ 2 RnC1
C
W B.x; t/ � Oº;

RnC1
C
D RnC1

\
¹xnC1 > 0º:

Next, we give the Carleson embeddings for weighted Sobolev spaces.
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Theorem 3. Let 1 � q < 1; 1 � p < n, ! 2 A1.Rn/ and � be a non-negative
measure on RnC1

C
. Then the following four conditions are equivalent:

(a)
�Z

RnC1
C

jet
24f .x/jqd�.x; t/

�1=q
� Ckrf kLp.!/, 8f 2 PW

1;p
! .Rn/;

(b) sup�>0 �
�
�.¹.t; x/ 2 RnC1

C
W jet

24f .x/j > �º/
�1=q
� Ckrf kLp.!/,

8f 2 PW
1;p
! .Rn/;

(c) supt>0
tp=q

c
p
!.�I t /

<1;

(d) sup
²
.�.T .O///p=q

capp!.O/
W bounded open O � Rn

³
<1.

Here the weighted homogeneous Sobolev space PW 1;p
! .Rn/ (where p � 1) is the

completion of f ’s in C10 .R
n/ (all infinitely differentiable functions with compact

support in Rn) with respect to the norm kf k PW 1;p
! .Rn/

D krf kLp!.Rn/ <1, and
the heat kernel on Rn �Rn is defined by

et4.x; y/ D .4�t/�
n
2 exp

�
�
jx � yj2

4t

�
; t 2 .0;1/; .x; y/ 2 Rn �Rn:

We remark that Theorem 3 extends Theorem 1.2 in [8].
To prove Theorem 3, we need the following results.

Lemma 1. Let ! 2 A1.Rn/ and 1 � p <1. ThenZ 1
0

capp!.¹x 2 Rn WMf.x/ > �º/d�p � Ckrf kLp.!/; 8f 2 PW
1;p
! .Rn/:

Proof. We first prove the following inequality:Z 1
0

capp!.¹x 2 Rn W jf .x/j > �º/d�p � Ckrf kLp.!/; 8f 2 PW
1;p
! .Rn/:

(5)
Indeed, by the monotonicity of capacity, the integral on the left-hand side in (5)
does not exceed

I WD

1X
jD�1

2jp capp!.¹x W jf .x/j > 2
j
º/:

Let �� 2 C1.R/; 0 � �� � 1; ��.t/ D 1 for t � 1, ��.t/ D 0 for t � 0,
0 � �0�.t/ � 1C �, � > 0 and let

fj .x/ D ��.2
1�j
jf .x/j � 1/:
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Without loss of generality, we can assume that f 2 C10 .R
n/. Obviously, one has

fj 2 C
1
0 .R

n/, 0 � fj � 1 and

Ej WD ¹x W jf .x/j > 2
j
º � Int.¹x 2 Rn W fj .x/ D 1º/;

by the definition of capp!.Ej /, we then have

I � C

1X
jD�1

2jp
Z

Rn
jrfj .x/j

p!.x/dx

D C

1X
jD�1

2jp
Z
¹x2RnW2j�1�jf .x/j<2j º

jrfj .x/j
p!.x/dx

� C

1X
jD�1

Z
¹x2RnW2j�1�jf .x/j<2j º

Œ�0�.2
1�j
jf .x/j � 1/�pjrf .x/jp!.x/dx

� C.1C �/p
Z
jrf .x/jp!.x/dx:

Letting � tend to zero, we obtain (5).
Let us proceed to the proof. We consider two cases for p.

Case 1, p D 1. From (3.5.4) in [7, p. 117] we know that cap1!.E/ ' H
n�1
! .E/.

This relation, together with (5) and Theorem 1 with respect to the .n � 1/-dimen-
sional Hausdorff capacity yieldsZ 1

0

cap1!.¹x 2 Rn WMf.x/ > �º/d� � Ckrf kL1.!/; 8f 2 PW
1;1
! .Rn/:

Case 2, 1 < p < 1. By the boundedness of M on Lp.!/ and applying
the same argument as in the proof of Theorem 1.4 in [4], we know that for f 2
C10 .R

n/

jr.Mf /.x/j �M.jrf j/.x/; a.e. x 2 Rn:

Hence

kjr.Mf /jkLp.!/ � CkM.jrf j/kLp.!/ � Ckrf kLp.!/:

From this and (5), we can obtain the desired result.
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Lemma 2. Let ! 2 A1.Rn/ and 1 � p < 1. Given f 2 PW 1;p
! .Rn/, � > 0 and

a non-negative measure � on RnC1
C

, let

E�.f / D
®
.t; y/ 2 RnC1

C
W jet

24f .y/j > �
¯

and

O�.f / D
®
x 2 Rn W sup

jx�yj<t

jet
24f .y/j > �

¯
:

Then the following four statements are true:

(a) For any natural number k,

� .E�.f / \ T .B.0; k/// � � .T .O�.f / \ B.0; k/// :

(b) For any natural number k,

capp! .O�.f / \ B.0; k// � c
p
! .�I � .T .O�.f / \ B.0; k//// :

(c) There exists a dimensional constant �1 > 0 such that

sup
jx�yj<t

jet
24f .y/j � �1Mf.x/; x 2 Rn:

(d) There exists a dimensional constant �2 > 0 such that

.t; x/ 2 T .O/) et
24
jf j.x/ � �2;

when O is a bounded open set contained in Int.¹x 2 Rn W f .x/ D 1º/.

The proof of Lemma 2 can be found in [8, p. 285].

Proof of Theorem 3. Adapting the same arguments as in [8, pp. 290–291], and
using Lemmas 1 and 2, we can obtain the desired result.
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