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Choquet integrals, weighted Hausdorff content
and maximal operators

Lin Tang

Abstract. The boundedness of maximal operators on the weighted Choquet space and the
Choquet-Morrey space is established. These results are used to study Carleson embed-
dings for weighted Sobolev spaces.
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1 Introduction

The purpose of this note is to establish the boundedness of maximal operators on
the weighted Choquet space and the Choquet—Morrey space. Let us first introduce
some notation.

The Choquet integral of ¢p > 0 with respect to a set function £ is defined by

/¢di=/()oo${xeR”:¢>t}dt.

Let 0 < B < n; the maximal function of f of order f is defined by
B_
My £ = sup 101571 [ £ (ldy, )
x€Q 0

where the supremum is taken over all cubes Q with sides parallel to the coordinate
axes and |Q| denotes the n-dimensional volume of Q. For convenience, My is
replaced by M, that is, M is the Hardy-Littlewood maximal operator.

IfE CR" w e A1(R") and 0 < o < n, then the o-dimensional weighted
Hausdorff content of E (see [7]) is defined by

w(QJ
10l

HY(E) = fz

Jj=1

1(9)*. 2)
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where the infimum is taken over all coverings of E by countable families of cubes
Q; with sides parallel to the coordinate axes. Here /(Q) denotes the side length
of the cube Q and w(Q) = fQ w(x)dx. The Muckenhoupt class A;(R") is
defined by

M(w)(x) < Cw(x), ae. xeR"
Remark 1. If we take the infimum in (2) only over coverings of E by dyadic cubes,
we obtain an equivalent quantity H) , called the dyadic «-dimensional weighted

Hausdorff content; see Proposition 3.4.2in [7].

Now we can state our main results.

Theorem 1. Letw € A1(R"), 0 < B <n O0<a<nand0 <o+ <n. If
a/(n—PB)<p<((n—a)/B, then

| prang<c [ (rrangtr,

where C depends only on «, B, n, p and the constant A1 (R™).

Let0 < A,0 < pand 0 < o < n. We define the Choquet—Morrey space H ;,x A
by

1 fllggr = sup r [0 H({y € B(xo.r) : |[f(I? > 1})d1 < oo.

x0€R”,r>0

Theorem 2. Let0 < B <n, 0 <a <nand0<a+ B <n. Ifa/(n—B) <p<
(n—a)/pand0 < A < «a, then

||Mﬁf||H§z,A = C||f||Hpa+pB:M

where C depends only on o, B, n, p and A. Let p = a/(n — B). Then

H*({y € B(x.r) : IMp f(y)| > 1}) = Ct—“/("_ﬁ)rlllfllH na 5

n—pg’
o

n—pB

where C depends only on «, B, n and A.

Obviously, our results extend some well-known results for maximal operators;
see [2] and [6].
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2 Proof of the main theorems

Proof of Theorem 1. We follow the same scheme as in [6]. Without loss of gener-
ality, we can assume that f > 0.

Obviously, to prove Theorem 1, we only need to consider the dyadic case by
Remark 1. By the definition of H* o.d° for each integer k, we can take a family of

(k)

non-overlapping dyadic cubes Q such that

fx:2f < fy < 2¢*+y e | J oW
J

and

(k)
w(Q;7)
Z | (?C)| I(Qj(k))a-f-pﬂ < 2H“j";Pﬂ({x . 2k < f < 2k+1}).

J
Setg = > 2(k+1)p)(Ak, where Ay = |, QJ(.k) and yg is the characteristic
function of the set E. Thus f? < g.
Let0 <y <nanda/(n —y) < q. We first claim that for any cube Q,

()

1(Q)**ar, 3
0] (Q) 3)

| My royang <
Indeed, let x ¢ be the center of Q. Then

1(Q)"
((Q) + |x —xoP»7”

By the property of A;(IR") and the definition of HJ, we then get

x € R”.

My (xo)(x) < Co

/0 HE(y - [Myxo (0|9 > 1))di

o i Q)" l/q})

<), H‘"({y T R e A

[(Col(Q)V)" H“({y : Co& > ,1/4})dt
@ |y —xo|*™Y

(Col(Q)”)q ' Col(O)"\ 5
L (1< (4]

n, 1 _
/(COI(Q)W (B(xo. (51£5)™)) Col(Q)n)"aTth
° |B(

ny—_ 1/
xo. (X))

IA

IA
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o @(Q) [N Col(0)"\ %
|Q| ( tl/a ) di
20
0]

The last inequality holds since a/(n — y) < ¢. Thus (3) is proved.
Let us proceed to the proof. Assume first that 1 < p < (n —«)/B. Then

I(Q)‘”‘“’

(Mp ) = Mpp(f7) = Mpp(g) = 24T 3 Mgt puo).
k J

Taking ¢ = 1 and y = pp in (3) and using the subadditivity of weighted Choquet
integrals, we have

/(Mﬂf)deg,d <C Zz(k+1)p Z/Mpﬂ()(g;k))ng,d
T ,

<C Zz(k—{—l)p (Q(I(:;))I(Q](_k))a-f-mg
10,
<C Zz“‘“)"Hz;”ﬂ (128 < f() <26y
k
=C). — / " HEEPP (x: f(0)? > 1))de
- P’ 27 — 1 Jok—Dp
/ SPAHZEPP

Assume now that/(n — ) < p < 1. Note that f* < >, 2k+1)(,4k,

Mg f < ZZIH—I ZM[;(XQJQC)).
J

k

Taking ¢ = p and y = B in (3), we obtain

(Q(k))
(k+1) (k)\a+pB p p7e+pB
/(Mﬁ)”dH"‘ <C§ 2 i |2(k)| 1(Q;")*™* <_C/f dH, ;.

The proof is complete. o

Let us now turn to the proof of Theorem 2.
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Proof of Theorem 2. Without loss of generality, we can assume A > 0. Choose
any xo € R” and r > 0, and write

fx) = fox) + fo(x),

where fo = XB(x0,2r)-
For the term fp, from Theorem 1, we have

/0 H({y € B(xo.r) : |Mg fo0)|? > 1))d1

e /O T He B ({y € B(xo.2r) 1 L FO)I? > 1)dt.

Hence
1Mp foll o < CILf | gasrsa

Now consider the term fo. Letg = pn/(a+ pB) > 1. Then forany y € B(xo,r),
we have

My =€ Sk [ /() ldx

k=1 B(x0,2k*1r)

<c S (2kr)ﬂ—n/q(
> J,
S|
B

k=1

o0
¢y ekntlry e,
k=1 r

1/q
If(x)l"dx)

(x0,2k+17)

1/
|f<x)|PdH“+Pﬂ) ’

(x0,2K+1r)

— 1
= Cr®leyple L,
4

since A < « and in the third inequality we use the inequality (see [6])

/f(x)dx < g(/ foz/ndHa)ﬂ/a

forO <o <n.
Thus

/0 H({y € B(xo.r) : Mg (fo)()|? > 1))t

[e @]
< [ H € Blor): CrO O f Ly = s
0
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<

Cr(A*“)||f||Ha+pB,A
/ r H*(B(xg,7))dt
0

< Crhf ll g+ o

Therefore )
||]‘/119f0||[-1;;‘~A = C”f”Hg-i-pﬁ.l-

From these inequalities we obtain
IMp f g2 < CUIMp foll s + 1M foll ) < CILf llgas o

As for the case p = a/(n — B), the proof is the same replacing Theorem 1 by the
corresponding weak estimate, that is, for any ¢t > 0

n

H*{y - IMg f(y)| > 1}) < Ct‘“/(”‘ﬂ)/fngﬁdm—“ﬁ. 4)

The proof of (4) can be found in [6]. O

3 An application

In this section, we study the Carleson embeddings for weighted Sobolev spaces.
To state our result, let us introduce some notation.
Let w be a weight. If E C R” for n > 2, we define the weighted, p-variational
capacity cap’ (E) by (see [7, p. 117])

cap? (E) = inf{/ IVo|Pwdx 19 € C°(R"), 0 <¢ <1,
RH
E CInt({x € R" : p(x) = 1})},
where Int(E) stands for the interior of a set E C R”; ¢5(u;t) denotes the p-

variational capacity minimizing function of ¢ € (0, c0) associated with a non-
negative measure (L on R'f'l:

cP(w;t) = inf{cap? : bounded open O C R", u(T(0)) > t},
where
T(0) ={(t.x) e R"*': B(x.1) C O},
R4 =R (\{xn 41 > 0}

Next, we give the Carleson embeddings for weighted Sobolev spaces.
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Theorem 3. Let 1 < g < 00,1 < p <n, w € A1(R") and | be a non-negative
measure on R'f'l. Then the following four conditions are equivalent:

) 1/q .
@ ([ 72 f0ldutx.0) = €IV I, ¥F € WA @
+

2 1
(wsmuw%WHOJ)GRT*WJAf@N>AD)”fcwvfham,
Vf e Wy (RM);
1P/

C) Su —_— <0
(©) sUPr=o ch(ust)

/
@ sup {(M(T(O)))p ’

> : bounded open O C ]Rn} < oo.
capy (0)

Here the weighted homogeneous Sobolev space Wa} P(R™) (where p > 1) is the
completion of f’s in C§°(R") (all infinitely differentiable functions with compact
support in R™) with respect to the norm ||f||Wa])_p(Rn) = IV /2@y < oo, and
the heat kernel on R" x R" is defined by

Ix — y?
41

We remark that Theorem 3 extends Theorem 1.2 in [8].
To prove Theorem 3, we need the following results.

e 2(x,y) = (4nt)” 2 exp(— ) t € (0,00), (x,y) € R" xR",

Lemma 1. Let w € A1 (R") and 1 < p < oco. Then
(e e]
| et € B 5 070 > ADAP < CIVS Lo VS € WIPRD)
0
Proof. We first prove the following inequality:

/Ooo caph({x € R" : | f(x)| > ANdAP < CIIV f Loy, V. € Wy P (R).

)
Indeed, by the monotonicity of capacity, the integral on the left-hand side in (5)
does not exceed
o0
L=} 2P eapf({x:[f(0)] > 27}

j=—00

Let Ac € C®[R), 0 < Ac <1, Ae(t) = 1fort > 1, Ae(2) = O fort < 0,

0<AL(t) <1+e€,¢>0andlet
i) =2 f(x)| = 1).
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Without loss of generality, we can assume that f € C§°(R"). Obviously, one has
fi € Cg°(R™),0 < f; <1and

Ej:={x:|f(x)]>2/} cInt({x e R" : f;(x) = 1}),

by the definition of cap?, (E 1), we then have

I<c ) 2/'1’/ IV f; (X)|Pw(x)dx
R~

j==00

=C ) 2 IV f; (x)|Pw(x)dx

/{xeRnszf—lslf(x)<2j}

j=—00
° .
<C ) A @S = DIPIV f )P o(x)dx
=0 {xeR":2/~1<| f(x)|<2/}

<C1+e? / V() |Pw(x)dx.
Letting € tend to zero, we obtain (5).
Let us proceed to the proof. We consider two cases for p.

Case I, p = 1. From (3.5.4)in [7, p. 117] we know that cap) (E) ~ HI!(E).
This relation, together with (5) and Theorem 1 with respect to the (n — 1)-dimen-
sional Hausdorff capacity yields

/Ooo capg,({x € R" : Mf(x) > ADdA < C|Vflpiw). Y. € Wy (R").

Case 2, 1 < p < oo. By the boundedness of M on L?(w) and applying
the same argument as in the proof of Theorem 1.4 in [4], we know that for f €
CyP(R™)

IVIM)(x)] = M(IV f)(x), ae x€R"

Hence

NVIMHILr@) = CIMAVfDILr@) = CIV flLr@)-

From this and (5), we can obtain the desired result. O
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Lemma 2. Letw € A{(R") and 1 < p < oo. Given f € Wa}’p(R"), A > 0and
a non-negative measure jL on R’j_“, let

Ei(f) = {(t,y) e RAT1 "2 f(y)] > A}
and

Ou(f)={xeR": sup |e’2Af(y)| > A}

lx—y|<t
Then the following four statements are true:

(a) For any natural number k,
n(E;(f) NT (B0, k) = u(T(0x(f) N B(0,k))).
(b) For any natural number k,
capg; (02(f) N B(0.k)) = ¢ (w: w (T(Ox(f) N B(0.k)))).
(c) There exists a dimensional constant 01 > 0 such that

sup |2 f(y)| < OMf(x), xeR"
[x—y|<t

(d) There exists a dimensional constant 6, > 0 such that
(t.x) € T(0) = 2| f|(x) > 65,
when O is a bounded open set contained in Int({x € R" : f(x) = 1}).

The proof of Lemma 2 can be found in [8, p. 285].

Proof of Theorem 3. Adapting the same arguments as in [8, pp. 290-291], and
using Lemmas 1 and 2, we can obtain the desired result. O
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