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Abstract: The problem of model recovering in the pre-
sence of impulse noise on the data is considered for the
magnetotelluric (MT) inverse problem. The application of
total variation regularization along with L1-norm pena-
lized data fitting (TVL1) is the usual approach for the
impulse noise treatment in image recovery. This combi-
nation works poorly when a high level of impulse noise is
present on the data. A nonconvex operator named smoothly
clipped absolute deviation (TVSCAD) was recently applied
to the image recovery problem. This operator is solved using
a sequence of TVL1 equivalent problems, providing a sig-
nificant improvement over TVL1. In practice, TVSCAD
requires the selection of several parameters, a task that can
be very difficult to attain. A more simple approach to the
presence of impulse noise in data is presented here. A non-
convex function is also considered in the data fitness
operator, along with the total variation regularization
operator. The nonconvex operator is solved by following a
half-quadratic procedure of minimization. Results are pre-
sented for synthetic and also for field data, assessing the
proposed algorithm’s capacity in model recovering under
the influence of impulse noise on data for the MT problem.
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1 Introduction

Electromagnetic sounding methods have been applied for
a long time to investigate the interior of the Earth from
depths of a few meters to hundreds of kilometers. The
magnetotelluric (MT) sounding method is one of the

most popular today, and it is aimed at estimating the
electrical conductivity distribution at depth associated
with subsurface geological structures. It has been suc-
cessfully applied in shallow exploration problems and
to infer the Earth’s deep electrical conductivity distribu-
tion, temperature regimes, and geological structure. The
method uses measurements of natural electric and mag-
netic fields recorded at the surface of the Earth. If it is
assumed that the underground structure is one-dimen-
sional (1D), the inverse problem consists of recovering
the vertical conductivity distribution from the ratio of
surface electric and magnetic field measurements taken
at different frequencies. One of the main characteristics
of the MT inverse problem is its nonlinearity. Several
methods have been developed to cope with this problem
[1]: linearization, asymptotic behavior, and exact methods.
Constable et al. [2] consider smooth models using a proce-
dure called Occam’s inversion. The method consists of
Tikhonov’s regularization applied to the linearized equa-
tions of the 1D MT problem. A fundamental characteristic
of Occam’s models is that the resulting subsurface conduc-
tivity distribution is a continuous function. This is very con-
venient from a mathematical point of view [3]. Due to the
roughness penalizer inclusion of Constable et al. [2], the
developed model tends to smear discontinuities, an unde-
sirable feature in most situations. In an effort to generate
models with sharp boundaries, several techniques have
been applied to this problem: piecewise continuous formu-
lations as in ref. [4,5], l1 norm minimization [6–8], total
variation penalizers in ref. [9] and [10], among others.
An important requirement for the regularizer is to allow
the recovery of edges and smooth the homogeneous
parts. As is well known, total variation [11] is now the
standard approach to meet this requirement. TV consists
on applying a convex regularizer, ensuring existence
and uniqueness of a solution. In the case of regular
functions, the total variation of u is the L1 norm of the

gradient, i.e., ∫( ) = |∇ |u u xTV d
Ω

.

There are two basic methods for MT transfer function
estimation from field data: the single-site method and the
remote reference method. In the first method, one or two
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biased estimates at each frequency are obtained for each
measuring direction [12]. In the second method, only one
unbiased estimate can be obtained at one site simulta-
neously using a magnetic field measurement at a remote
site [13,14]. The latter can be used effectively only for
uncorrelated noise between local and remote sites. The
remote reference method is a standard procedure in MT
data acquisition because is the only way to remove bias.
The single-site method is still used when a second instru-
ment is not available or is faulty. The MT linear relation-
ship of the impedance tensor is given by

= +E ZH N (1)

where E is the local electric field, Z is the MT transfer
function tensor, H is the magnetic field, and N is the
noise. The impedance Z is either estimated by the single
source or remote reference method. The noise N accounts
for higher dimensional sources and short duration non-
stationary and instrumental noise. N vanishes for the
strict zero wavenumber or plane wave model. Once Z is
estimated, the residuals can be computed by substituting
their values in equation (1). Residuals are given by the
difference between the observed E field and the predicted
E field, obtained by substituting the estimated Z in rela-
tion (1). The use of classical spectral analysis together
with least-squares regression is warranted if data follow
a stationary and Gaussian model. In this case, it is also
common to assume that residuals follow a multivariate
normal probability distribution. If this is satisfied, the
maximum likelihood estimates are obtained. In practice,
most data display gross departures, or outliers, from the
simple regression model [15]. The main causes are geo-
magnetic phenomena, thunderstorms, anthropogenic con-
tribution, and instrumental problems. Outliers usually
appear as a fraction of the useful observations, with dis-
tinct characteristics from the rest of the sample. The phe-
nomenon is independent of the structure of the bulk of
geomagnetic field observations. In this paper, we do not
consider the robust estimation of the MT transfer func-
tions, the treatment of MT data contaminated with large
variations is the main purpose here.

Results are presented for the MT problem, but
can also be applied to other types of electromagnetic
soundings.

2 MT inversion

Tikhonov’s regularization method is the standard technique
applied to obtain models of the subsurface conductivity

distribution from electric or electromagnetic measurements.
The model proposed for the conductivity distribution (m) is
obtained by minimizing the functional

�( ) = ∥ ( ) − ∥ + ( )U m μ F m d P m ,T
2 (2)

with � �⊃ ( ) →F D F: representing the direct func-
tional, applied to an element on the model space � , a
Banach space and returning a member of the Hilbert �

space of data. �( ) = ∥∇  ∥P m m 2 is for Tikhonov’s maximum
smoothness functional the usual approach. Due to the
roughness penalizer inclusion, the model developed by
Tikhonov’s algorithm tends to smear discontinuities, a fea-
ture that may be undesirable in situations where different
rock types simply face each other without a fuzzy transition.

In an effort to generate models with sharp bound-
aries, several techniques have been applied to this pro-
blem: piecewise continuous formulations as in ref. [4,5],
l1 norm minimization [6–8], total variation penalizers in
ref. [9,10], among others. An important requirement for
the regularizer is to allow the recovery of edges and
smooth the homogeneous parts. As is well known, Total
Variation [11] is now the standard approach to meet this
requirement. Considering ( ) = ( )P m mTV in (2), a more
realistic model is recovered, but the resulting model
can be severely affected if the Gaussian’s assumption of
data noise is not accomplished. The algorithm solving (2)
with ( ) = ( )P m mTV and l2 norm for fitting will be called
TVL2. The model developed by solving TVL2 is observed
in Figure 1a for the synthetic data presented in Figure 1b,
obtained by solving the forward equations for a four-
layered model.

In Figure 2a, a model is obtained by the same algo-
rithm solving (2) but inserting a large variation on the
first amplitude data. Notice the effect on the resulting
model.

For the case of impulse noise, a preferred model is
TVL1, replacing the l2 norm in the data fitness termwith l1,
and considering TV as regularizer [16]:

∑( ) = ∥ ( ) − ∥ + ∥ ∥U m μ F m d D m ,
i

iTVL1 1 (3)

where D mi denotes a local first-order finite-difference of
the ith element of m. It has been observed that l1-norm as
a fidelity term removes the influence of abnormal values
in the case of image denoising [17]. However, the TVL1
model may be severely affected in the case of high noise
levels. The reason is that all data, both corrupted and
noise-free, are equally penalized in the data fitting term
[18], leading to great difficulty for balancing regulariza-
tion and data fitting. A model obtained by TVL1 for the
same data as before is observed in Figure 3a.
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Nikolova [19] noticed that the solutions of the TVL1
model substantially deviate from both the data-acquisi-
tion and the prior models. Gu et al. [18] proposed to
combine TV regularization with nonconvex smoothly
clipped absolute deviation penalty for data fitting called
TVSCAD. A difference of convex functions is adopted to
solve the non-convex TVSCAD.

Cai et al. [20] proposed a two-phase approach to restore
images corrupted by blur and impulse noise called CTVL1.
The first phase is to detect possibly corrupted pixels, then in
the second phase, they restore images using only the non-
corrupted pixels. The adaptive correction procedure obtains
an initial estimator of the image by TVL1 and then apply a
corrective step by blurring the initially estimated image [20].
The connections among TVSCAD and CTVL1 are observed by
Gu et al. [18]. They notice that the main difference is in the
function considered in the correction step of CTVL1. They

claim to obtain comparable results to TVL1. An important
issue of TVSCAD is the selection of SCAD function para-
meters. As observed by Gu et al., they are problem-depen-
dent, but the best choices are very difficult to determine.

Recently, Zhang et al. [21] proposed a nonconvex
approach to image restoration contaminated with impulse
noise. They consider a nonconvex data fitting term and
TV for regularization operator. The nonconvex functions
used are an exponential type and the Geman function

( ) =
+

P t t
t β . They proposed a proximal linearized minimi-

zation algorithm for the nonconvex part and the alternate
direction method of multipliers (ADMM) for the total var-
iation part. They sow convergence for the case of a concave
function ( )P m .

In this paper, we also consider applying a nonconvex
function to the impulse noise treatment. The nonconvex
part is solved using a half-quadratic minimization

Figure 1: Developed model and fitness to apparent resistivity when
solving μ d F m m− TV2∥ ( )∥ + ( ) with Gaussian noise: (a) developed
model and (b) fitness to ρa.

Figure 2: Recovered model and fitness to apparent resistivity for
μ d F m m− TV2∥ ( )∥ + ( ) considering Gaussian noise with impulses at
first two and last data: (a) model and (b) magnitude fitness.
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algorithm proposed by Geman and Yang [22]. The total vari-
ation regularized is also considered with the ADMMmethod.
The algorithm is easy to implement and the convergence
properties were established by Charbonnier et al. for a non-
convex function satisfying the edge-preserving properties
[23]. The application is to the MT nonlinear inverse problem.
Asmentioned earlier, other algorithms (TVSCAD, CTVL1) pre-
sent some difficulties in parameter selection, and others like
[21] require a concave function to converge.

2.1 Nonconvex function applied to noise
treatment

A smooth, nonconvex regularization algorithm was pro-
posed by Charbonnier et al. [23], considering the fol-
lowing operator:

∑ ∑= [( ) ] + [( ) ]P ϕ D m ϕ D m ,
j

x j
j

z jEPR (4)

where ( )D mx j is the finite-difference implementation of
first-order derivative respect to x at point j, ( )D mz j is the
corresponding derivative respect to z, and ϕ is the poten-
tial function. This operator has been considered on the
vision community under the name of “edge-preserving
regularization” (EPR) [23] and applied to the resistivity
inverse problem by Hidalgo et al. [24]. Charbonnier et al.
developed some properties that a potential function has
to comply in order to obtain an EPR operator; some func-
tions satisfying the properties are presented by them.
A particularly important nonconvex potential function
initially proposed by Geman and McClure [25] for image
restoration is

( ) =
+

ϕ x x
x β

,
2

2 2 (5)

with β > 0. This function does not satisfy assumptions
required by Zhang et al. for convergence [21] because it is
not concave as →x 0.

Charbonnier et al. apply an iterative algorithm devel-
oped by Geman and Yang [22] called “half-quadratic reg-
ularization” for the minimization of a modified version of
the original functional (2) with P = PEPR. This algorithm is
basically applying a convex conjugate to replace the ori-
ginal nonconvex function with a new one defined over
an extended domain. Charbonnier et al. showed that for
a potential function satisfying several conditions, the
sequence generated by this algorithm is convergent.

In this paper, we propose to apply the operator to the
fitness term in (2), solving

















∑ ∑( ) = ( ) + ( ) + ( )U m
N

μ ϕ r μ ϕ r P m1
2

,
i

i
i

iTVNC M M P P TV (6)

with ϕ(⋅) applied to the magnitude = ( −r di iM M
( ))ρ m ωlog ,a i , and phase = ( − ( ⋅ ))r d p m ωi i iP P residuals

of fitness to measurements at frequency ωi. ρa is the
apparent resistivity at the surface ( ) = | |ρ m ω,a i

Z
ωμo

1 2
, with

Z1 the impedance of the superior layer on a layered media
as described on ref. [4], and μo is the magnetic permeability

of free space. ( ) = ( )
( )

p m ω. arctani
Z
Z

Im
Re

1

1
is the phase of the

impedance at frequencyωi. A first-order Taylor approximation
for F(m) is considered for the minimization, ( + ) =F m mΔ

( ) + ( ) +F m J m m ϵΔ , with ( ) = ∂
∂

J m F
m , assuming a small

step Δm and neglecting ϵ. Minimization is realized by
applying Charbonnier et al. iterative algorithm “half-quad-
ratic regularization” to the fitness term, and considering a
Bregman split algorithm to the regularization operator.

Figure 3: Recovered model and fitness to apparent resistivity for
μ d F m m− TV1∥ ( )∥ + ( ) considering Gaussian noise with impulses at
first two and last data: (a) model and (b) magnitude fitness.
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The algorithm is aimed to minimize the functional
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(7)

with two auxiliary variables b b,i iM P for magnitude (rM)
and phase (rP) residuals, respectively. Also, two regulari-
zation parameters μM and μP are included to consider the
different residual magnitudes. d′ is an auxiliary variable
used to implement the Bregman iteration, updated after
solving (7). ψ is the convex dual function satisfying

( ) = ( + ( ))ϕ t w wt ψ winf 2 . The minimization procedure
is based on alternating minimizations over m b, , and ν.
Minimization with respect to m is quadratic, using coor-
dinate descent, the solution for rth element is

( )
=

∑ ( − ∑ )( ) + ( )

∑ +
≠m

d w m w μ γn m

w μ γ

ˆ ˆ

ˆ 2
r

N j j l r jl l jr j r

N j jr r

1
1

1 2
(8)

with = ∂
∂

wij
m
F

i

j
, = − ( ) + ∑d d F m w mˆi i i j ij j

k, =μ μ bˆi iM M or

=μ μ bˆi iP P , depending on the corresponding data, and

( ) = + + + + +− + + +n m m ν d m ν dr r r r r r r1 1 1 1 1 is the first-order
neighborhood of mr.

The solution with respect to v is given by a shrinkage
operator,

= ( ( ) − ( ′ ) )+ +v D m d γshrink ,r
k

r
k

r
k1 1 (9)

with ( ) = (| | − )
| |

u β u βshrink , max , 0 u
u , and minimum on

b are given by

=
′( )

b
ϕ r

r2j
j

j
M

M

M
(10)

=
′( )

b
ϕ r

r2
.j

j

j
P

P

P
(11)

With ϕ′ the derivative of ϕ.
The Geman–McClure function is applied here, but

several other functions can also be considered, as observed
in ref. [23].

Parameter selection is not as complicated as in other
methods; μM and μP can be selected by some of the
regularization parameter selection methods available
[26]. The penalty parameter γ is obtained by trial and
error, and as noticed by Getreuer [27], the algorithm is
not so sensitive to the fair value of γ. Parameter β is
selected as a scaling term according to the model’s
dynamic range.

The algorithm is presented in Table 1, minimization is
stopped when the model does not change in some min
value.

It should be noticed that, as the model evolves from a
homogeneous single layer to a multilayered system, the
residuals will be large in the first steps. Because of that
the potential function should be adapted, to consider
those large residuals at the first steps. To implement
that parameter β is initialized to a value so that a quad-
ratic error fitness function is approximated for a few (ten)
steps. Then, the desired value of β is applied to obtain a
non-convex fitness function. The algorithm parameters
are observed in Table 2.

TVL1 and TVL2 were stopped when ∥ − ∥−m mk k 1 was
less than 0.04 and 0.01, respectively. All algorithms were
asked to stop when min was 0.01, but TVL1 would not
converge for the parameters shown in Table 2. TVL1 is
implemented using ADMM for both, TV and L1 minimiza-
tion, it uses other parameter γ for the L1 part, its value
was also 10.

For TVL2, both regularization parameters were the
same because the standard deviation is used as a weight
for the measurements; a standard deviation of 0.05 for
magnitude and 0.5 degrees for phase were considered in
the example. The standard deviation affects the selection

Table 1: Iterative algorithm for (7)

Algorithm
Input: d
Initialization: k m d0, 0, 00 0= = =
repeat

evaluate F m J m W F m m J m, , −k k k k k( ) ( ) = ( ) ( )
d d d Wm−k k k1 ← + ( )+

m U m b b varg min , , ,k
m

k k k1
TVNC2 M P← ( )+

ν U m b b varg min , , ,k
v

k k k1
TVNC2

1
M P← ( )+ +

update b b,k k
M

1
P

1+ + with (10) and (11)
k k 1= +
until m m− mink k−1(∥ ∥ < )
Output mk

Table 2: Algorithm parameters

Algorithm μM μP γ RMS

TVL2 10 10 10 8.4
TVL1 100 10 10 8.22
TVNC2 100 10 10 8.63
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of μ, which is the reason for a smaller μ in that algorithm.
The developed model by TVNC2 and the correspond-
ing fitness are shown in Figure 4(a and b). It can be
observed that the recovery of the model improves sig-
nificantly over the previous cases. Notice that the resis-
tivity of the third layer is underestimated. This is not
so much a drawback of the algorithm but an intrinsic
feature of the MT method, which detects much better
good conductors than good resistors. This is because
in good resistors, the induced currents are smaller than
in good conductors. Consequently, the former does not
alter significantly the electric and magnetic fields on
the surface.

Figure 4: Recovered model and fitness to apparent resistivity for
μ ϕ r mTVi i∑ ( ) + ( ) after applying algorithm TVNC2, considering
Gaussian noise with impulses at first two and last data: (a) model
and (b) magnitude fitness.

Figure 5: Model obtained by algorithm TVNC2 for site PC5008 of
uncorrected data of COPROD2.

Figure 6: Original, uncorrected data fitness for site PC5004 of
COPROD2 by TVNC2 algorithm: (a) log apparent resistivity fitness
and (b) phase fitness.
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2.2 Application to field data

Figure 5 presents a model developed by TVNC2 for field
data of site PC5008 in the COPROD2 data set [28]. The data
are the “uncorrected” original data provided by Jones [28].

The field data are observed in Figure 6(a and b). A large
deviation can be observed in the first two lectures.

It should be noticed that TVL2 does not converge for
this uncorrected data. A correction was made by Jones
[28], obtaining the data observed in Figure 7(b and c).
The model developed by TVL2 is observed in Figure 7a.
Notice the similarity with the one obtained by the TVNC2
algorithm when using the uncorrected data.

3 Conclusion

The MT sounding data are usually contaminated with large
errors. The robust treatment of MT data has been generally
applied in the transfer function components determination.
In this paper, the case of large errors on the resulting
apparent resistivity and phase data is considered.

A comparison is made among the usual least-squares
inversion, a robust technique based on the L1 norm applied
on the fitness term, and a nonconvex operator proposed in
the image restoration some time ago for image noise filtering.

The application of a nonconvex operator for the fit-
ness term and TV for regularization for impulse noise
treatment on MT data is proposed. The inverse problem
is solved by using a half-quadratic procedure for the non-
convex operator, along with a split Bregman procedure,
ensuring convergence. The proposed algorithm para-
meters are easy to select.

Results are presented for data obtained from a syn-
thetic model, observing the capability of the proposed
method in model recovering when large deviations are
inserted on the data. Application to field COPROD2 data
is presented too, assessing the capability of the algorithm
to recover a model of raw, uncorrected data.
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