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Abstract: In this work, the intensive theoretical study
and laboratory tests are conducted to evaluate the craters
morphology via the flat-ended indenter test, relationship
of indentation hardness (HRI) and uniaxial compressive
strength (UCS). Based on the stress distribution, failure
process and Mohr–Coulomb failure criterion, the mathe-
matical mechanical models are presented to express the
formation conditions of “pulverized zone” and “volume
break”. Moreover, a set of equations relating the depth
and apex angle of craters, the ratio of indentation hard-
ness and uniaxial compressive strength, the angle of in-
ternal friction and Poisson’s ratio are obtained. The depth,
apex angle of craters and ratio of indentation hardness
and uniaxial compressive strength are all affected by the
angle of internal friction and Poisson’s ratio. The pro-
posedmodels are also verified by experiments of rock sam-
ples which are cored from Da Qing oilfield, the percent-
age error between the test and calculated results for depth,
apex angle of craters and the ratio of HRI and UCS are
mainly in the range of −1.41%−8.92%, −5.91%−3.94% and
−8.22%−13.22% respectively for siltstone, volcanic tuff,
volcanic breccia, shale, sand stone and glutenite except
mudstone, which demonstrates that our proposed models
are robust and effective for brittle rock.
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1 Introduction
Rock hardness is a measure of the resistance to localized
plastic deformation induced by either mechanical inden-
tation or abrasion. There are three main types of hardness
measurements: scratch [1, 2], rebound [3–5], and inden-
tation [6]. Within each of these classes of measurement
there are individual measurement scales. In drilling en-
gineering, the interface of rock and bit interface process
is very complex. In order to describe the rock failure and
mechanism, many scholars usually select a simplified in-
dention test using flat-end indenter [7–9], and the inden-
tation hardness is also usually used to assess the drilla-
bility of rocks [10, 11]. For decades, many scholars have
made helpful theoretical and experimental contributions
to studies on the indentationprocess and rockbreakmech-
anism. The important experimental phenomena and con-
clusions have been established by Yu [12], Cheatman [13],
Xia [14], Yang [15] and Xu [16] as follows, 1) there is a “pul-
verized zone”under the indenter. The pulverized zone has
a spherical or conical shape, and is formed by local crush-
ing under a high pressure. 2) The jump phenomenon was
appearing in the indentation process. It means that the
invasion depth increases in uniformity with the increase
of load at the beginning, while the load reaches a certain
critical value, the fragment rock will be jumped from the
surrounding rock, the load falls temporarily and the inva-
sion depth increases sharply. Then, the indenter contin-
ues indenting to a new depth. 3) The apex angles of crater
were mainly distributed in 120 ~ 150∘. Uniaxial compres-
sive strength (UCS) is the capacity of rock to withstand
compressive loads, which iswidely used for estimating the
mechanical properties of rockmaterial in rock engineering
projects [17–19]. TheUCS is usually establishedusing stan-
dardized laboratory tests as set forth by the International
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Society for RockMechanics and American Society for Test-
ing and Materials [20], which requires a careful test set-up
and time consuming [21, 22]. In order to overcome many
of the problems associated with the unconfined compres-
sion test, repeating research attempts are trying to predict
UCS through the more rapid hardness testing methods.
Correlation equations between hardness and UCS have
been established through statistical and regression anal-
ysis of experiment results, such as indicated by Broch and
Franklin [23], Sheorey et al. [24], Sachpazis [25], Tug˘rul
and Zarif [26], Shalabi et al. [27] and Wang [28] have re-
vealed the schmidt hammer rebound value is well corre-
lated with UCS for volcanic rocks, coal, carbonate rocks,
granites and shales. This research focuses on the analy-
ses of rock failure processmechanisms of indentation via a
flat-ended indenter, and aims to establish theoreticalmod-
els for the craters morphology, the indentation hardness
(HRI) with flat-ended indenter as a predictor of the UCS for
brittle rocks.

2 Indentation hardness tests
The typical indentation hardness testing device is shown
in Figur 1.

The material of the indenter is usually high-strength
steel after heat treatment, and the hardness should be
60~62 HRC. The head of indenter may be a cylinder whose
diameter ranges from 2mm to 5mm for testing different
hard rocks. The indentation hardness (HRI) is defined as
the pressure when the rock first break and can be ex-
pressed as follows [29].

HRI = Fst
πa2 (1)

Where Fst is the force of the rock fails, and a is the radius
of the indenter.

Figure 1: The typical indentation hardness testing device.

Figure 2: Distribution of pressure under indenter when initial con-
tact.

With respect to the the solid linear elasticity, accord-
ing to the theory of Hertz, the distribution of pressure un-
der the indenter is given by

pi =
F

2πa
√︁(︀

a2 − r2
)︀ (2)

Where pi is the pressure on the surface of the solid (rock);
F is the external force exerting on the indenter.

The pressure distribution is plotted in Figure 3 with r
is the distance from calculated point to Z axis. The pres-
sure is not uniform, and the value reaches the maximum
at the edge and the minimum value at the center. Because
the maximum pressure is at the edge of indenter, the first
group cracks appear around the indenter edge.

The phenomenon is originally studied by Hertz, and
the cracks are called as Hertz cracks [30]. With the plastic
deformation or fracture produced on the edge of the con-
tact area, the distribution of pressure is gradually becom-
ing uniformly distributed. Then, the distribution of the
pressure is homogenized as:

p = F
πa2 (3)

The stress in the rock under indenter is the problem of an
elastic half-space subjected to a pressure acting on the sur-
face. The formulae were given by Cerruti [31] and Boussi-
nesq [32]. The axial stress, circumferential stress and ra-
dial stress in the cylindrical coordinate system are ex-
pressed in the following equations respectively,

σz = p
[︃
1 −

(︂
z√

a2 + z2

)︂3
]︃

(4a)

σr = σt =
p
2

[︃
(1 − 2µ) +

(︂
z√

a2 + z2

)︂3
− 2(1 + µ)z√

a2 + z2

]︃
(4b)
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Where σz, σr and σt are axial stress, circumferential stress
and radial stress, respectively, µ is Poisson’s ratio, and z
is the coordinate in z axis. The axial, circumferential and
radial stresses along z axis are plotted in Figure 3.With the
increase of distance from contact surface (the value of z),
the axial stress, circumferential stress and radial stress are
decreasing. The radial and circumferential stress decrease
faster than the axis stress, which leads to an increase of
the shear stress with the value of Z. When the shear stress
reaches to the shear broken value at Z0, it will generate the
second group cracks at Z0and extend to the surface. When
the second group cracks meet the first group cracks, then
a “pulverized zone” forms under the indenter as shown in
Figure 4.

The“pulverized zone”is usually a bag, with a spheri-
cal or cone shape, which is formed by local crushing un-
der a high pressure. The phenomenon has been studied
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Figure 3: Distribution of stresses along Z axis.

Figure 4: A pulverized zone formed beneath the indenter.

by many researches [33–39]. With the increase of load,
the“pulverized zone”pushes and extrudes to the parent
rocks. When the shear stress reaches the shear broken
value on one surface, the fragment will be jumped from
the surrounding rock, and the volume broken occurs, as
shown in Figure 5. Then, the indenter invades into the
rock, with a jumping phenomenon occurring simultane-
ously, the load falls temporarily and the invasion depth in-
creases sharply.

Figure 5: Volume break of rocks under the indenter.

3 Relationship between HRI and
UCS

Many strength criterions have been proposed by various
researchers, in all of themMohr–Coulomb (MC) failure cri-
terion is the most widely used for strength criterion [40–
43]. It is a linear equation describing the conditions of ma-
terial failure in the principal stress space. The expression
is written as

τ = σ tanφ + c (5a)

Where τ is shear stress; σ is normal stress; C is inherent
shear strength; φ is the angle of internal friction.

It can also be written by the principal stresses as fol-
lows:

σ1 = σ3 tan2 θ + UCS (5b)

Where σ1 is the first principal stress; σ3 is the minimum
principal stress; σc is the unconfined compress strength;
θ = π

4 +
φ
2 .

In this paper, the MC criterion is used to describe rock
failure. The following function F is used to determine the
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easiest crush position along z axis:

F = σ1 − σ3 tan2 θ (6)

The position which F reaches the maximum value is
the easiest destroyed position. Substituting σz = σ1, σr =
σ3 into Equation (6), Equation (6) becomes

F = p
[︃
1 −

(︂
z√

a2 + z2

)︂3
]︃

(7)

− p2

[︃
(1 + 2µ) +

(︂
z√

a2 + z2

)︂3
− 2(1 + µ)z√

a2 + z2

]︃
tan2θ

Order dFdz = 0, themaximumvalue of F is obtained, and the
location of the second group cracks becomes:

zo = a

√︃
2(1 + µ)tan2θ

6 + tan2θ − 2µtan2θ
(8)

Where Z0 is the height of “pulverized zone”.
Thehalf apex angle β of the“pulverized zone”is shown

as follows:

β = arccot
(︁ z0
a

)︁
(9)

Where β is the half apex angle of “pulverized zone”.
With the increase of load, the “pulverized zone”will

transmit pressure to the parent rock, and the shear and
normal stress at the arbitrary slope (as shown in Figure 5)
of the parent rock can be calculated as follows:

τ = p · a
L · sin β cos(β + ψ) (10)

σ = p · a
L · sin β sin(β + ψ) (11)

Where τ is the shear stress, σ is the normal stress, L is the
length of slope, ψ is the angle of slope.

Substitute Equation (10), Equation (11) into Equation
(4), it is obtained:

F = τ − σ tanφ = p · az0
sinψ cos(β + ψ + φ)

sin β cosφ (12)

Let dFdψ = 0, the most easily destroyed angle of slope is got-
ten

ψ = π4 − β + φ2 (13)

Substituting Equation (13) into Equation (5a) gives

τ − σ tanφ = p · azo
sinψ cos(β + ψ + φ)

sin β cosφ = C (14)

When p satisfies Equation (15), the parent rock is broken
under the shear stress and p is defined as indentation
hardness.

p = HRI (15)

Substitute Equation (15) to Equation (14), we have

HRI · azo

sin
(︁
π
4 −

β+φ
2

)︁
cos

(︁
π
4 +

β+φ
2

)︁
sin β cosφ = C (16)

After trigonometric transformation, Equation (17) is ob-
tained.

HRI · azo
1 − sin(β + φ)
2 sin β cosφ = C (17)

Solve Equation (17), multiple 10 sin φ
10 sin φ , and the expression

of HRI can be gotten as:

HRI = Z0a
2C sin β cosφ
1 − sin(β + φ)

(︂
1 − sinφ
1 − sinφ

)︂
(18)

On the other hand, UCS can be expressed as

UCS = 2C cosφ
1 − sinφ (19)

The ratio of HRI
UCS becomes

HRI
UCS = sin β(1 − sinφ)

1 − sin(β + φ)

√︃
2(1 + u) tan θ2

6 + tan θ2 − 2µ tan θ2 (20)

The apex angle of the craters is shown as follows:

2𝛾 = 2
(︁π
2 − ψ

)︁
= π2 + β + φ (21)

Where 𝛾 is the half apex angle of craters.

4 The influence factors and laws
In Equation (8), (14) and (21), Z0, 𝛾 and HRI/UCS can
be expressed in Poisson ratio and internal friction angle.
Therefore, the depthZ0, the apex angle of craters 2𝛾, and
HRI/UCS are affected only by Poisson ratio and internal
friction angle. The changes of Z0, 2𝛾 and HRI/UCS are ob-
tained in different values of Poisson ratio and internal fric-
tion angle, as shown in Figure 6a to Figure 6b.

Figure 6a shows the depth of craters increase as lin-
earity function with the increase of the Poisson ratio. Fig-
ure 6b shows the depth of craters increase as exponential
function with the increase of internal friction angle.

Figure 7a shows the apex angle of craters decrease as
linearity function with the increase of the Poisson ratio.
Figure 7b shows the depth of craters increase as linearity
function with the increase of internal friction angle.

Figure 8a shows that, with the increase of the angle of
Poisson’s ratio, the ratio of HRI/UCS decreases as an expo-
nential function. Figure 8b shows that, with the increase
of internal friction angle, HRI/UCS is decreasing as an ex-
ponential function.
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Figure 6a: Poisson’s ratio effects on the ratio of z0 and a in different
Angle of internal friction.

Figure 6b: Angle of internal friction effects on the ratio of z0 and a in
different Poisson’s ratios.

5 Experiment validation
In order to validate the present formulas and to assess
its accuracy, the experiments are carried out to measure
the indentationhardness andmechanical properties. Rock
samples include Siltstone, Mudstone, volcanic tuff, vol-
canic breccia, shale, sand stone and glutenite are cored
fromDaQingoilfield of china. Thediameter of the indenter
is 2mm. For avoiding the influence from the adjacent test
point and the sample edge, the distance between two test
points and the tests point to the edge are set bigger than

Figure 7a: Poisson’s ratio effects on the apex angle of crater indif-
ferent angle of internal friction.

Figure 7b: Angle of internal friction effects on the apex angle of
crater in different Poisson’s ratios.

10mm. The test points and craters are shown in Figure 9.
Three or more points are tested in each rock Sample.

After the indentation hardness experiments, cylindri-
cal specimens with diameter of 25mm and a height-to-
diameter ratio of 2 (±0.03) are cored, the UCS experiments
are carried out. The mean test results include UCS, HRI,
depth of craters, apex angle of craters and corresponding
calculated results are listed in Table 1.

It can be clearly seen from Table 1, the percentage
error between the test and calculated results for depth,
apex angle of craters and the ratio of HRI and UCS are
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Table 1: Comparison of the test and calculated results.

No. lithology UCS HRI Mean Z0 Mean 2 𝛾 Mean HRI/UCS
(MPa) (MPa) Test

(mm)
Calculation
(mm)

Error
(%)

Test
(∘)

Calculation
(∘)

Error
(%)

Test
(∘)

Calculation
(∘)

Error
(%)

1 Siltstone 71.33 1366.43 2.343 2.134 8.92 143.8 152.3 −5.91 19.16 21.24 10.86
2 Mudstone 30.46 368.58 2.647 2.051 22.52 116.5 144.2 −23.78 12.10 14.12 −16.69
3 Sand stone 22.35 342.39 2.264 2.121 6.32 145.4 148.9 −2.41 15.32 16.58 −8.22
4 Volcanic tuff 79.3 1844.13 2.487 2.522 −1.41 155.2 159.8 −2.96 23.25 24.15 3.87
5 Volcanic breccia 167.68 3184.13 2.404 2.369 1.46 153.3 156.4 −2.02 18.99 16.46 13.32
6 Shale 89.9 2023.66 2.127 1.988 6.54 154.2 148.4 3.76 22.51 23.44 4.13
7 Sand stone 17.98 320.34 2.434 2.359 3.08 149.8 152.1 −1.54 17.82 16.58 3.70
8 Sandstone 150.15 3158.6 2.351 2.235 4.93 157.6 153 2.92 21.04 21.07 −0.16
9 Sand stone 159.37 3169.9 1.987 2.068 −4.08 148.9 151.8 −1.95 19.89 19.52 1.86
10 Sand stone 128.1 1947.26 1.875 1.905 −1.60 145.4 148.9 −2.41 15.20 14.17 6.78
11 Glutenite 92.02 1598.43 2.273 2.137 5.98 154.7 151.5 2.07 17.37 17.79 −2.42
12 Sand stone 84.25 796.37 1.826 1.745 4.44 149.8 143.9 3.94 9.45 8.85 6.37

Figure 8a: Angle of internal friction effects on the ratio of HRI and
UCS in different Poisson’s ratios.

mainly in the range of −1.41%−8.92%, −5.91%−3.94% and
−8.22%−13.22% respectively for siltstone, volcanic tuff,
volcanic breccia, shale, sand stone and glutenite except
mudstone. Observing the carters, it can be known that
the mudstone exhibit “sink-in” and “cylinder” morphol-
ogy and similar to the indenter after indention hardness
test, while the others exhibit “cone”. The phenomenon
shows that the mudstone represents more ductility char-
acter than other specimens. In this situation, it is not sat-
isfied the assumption of crushing process and M-C failure
criterion, which results in a bigger percentage error. The
errors except mudstone are considered excellent for the
study of rock materials.

Figure 8b: Poisson’s ratio effects on HRI/UCS in different angle of
internal friction.

6 Conclusions
A theoretical study on the indentation process, the rock
crushingmechanismand the relation betweenunconfined
compressive strength (UCS) and indentation hardness
(HRI) are carried out for brittle rock. Based on the stress
distribution, indentation process andMohr–Coulomb fail-
ure criterion, the mathematical mechanical equations are
proposed to describe the depth and apex angle of craters,
and the relation between UCS and HRI. The conclusions
are as follows:

• The depth and apex angle of craters are all affected
by the angle of internal friction and Poisson’s ratio.
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Figure 9: Rock specimens used in our tests.

• With the increase of the angle of internal friction,
the depth of craters increase as exponential func-
tion, the apex angle of craters increase as linearity
function, HRI/UCS ratio increases in an exponential
function.

• With the increase of the Poisson ratio, the depth of
craters increase as linearity function, the apex angle
of craters decrease as linearity function, HRI/UCS
ratio decreases as an exponential function

• The theoretic formulas including depth and apex
angle of craters and HRI/UCS ratio are validated for
most natural brittle rocks taken from Da Qing oil-
field, the percentage error between the test and cal-
culated results which are less than 10% for 90%
samples.

• The proposed model is effective for predicting the
shape of craters, the indentation hardness (HRI) or
uniaxial compressive strength (UCS).
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