(,

J/ractional Calculus
& /(\pplied C\’nalysis

An Iriternational Journal for Theory and Applications

VOLUME 24, NUMBER 2 (2021) (Print) ISSN 1311-0454
(Electronic) ISSN 1314-2224

RESEARCH PAPER

CHARACTERIZATIONS OF VARIABLE MARTINGALE
HARDY SPACES VIA MAXIMAL FUNCTIONS

Ferenc Weisz

Dedicated to 80th anniversary
of Professor Stefan Samko

Abstract

We introduce a new type of dyadic maximal operators and prove that
under the log-Holder continuity condition of the variable exponent p(-), it
is bounded on L, if 1 <p_ < p; < oo. Moreover, the space generated by
the L, )-norm (resp. the Lp(.),q—norm) of the maximal operator is equivalent
to the Hardy space H,.) (resp. to the Hardy-Lorentz space H,),). As
special cases, our maximal operator contains the usual dyadic maximal
operator and four other maximal operators investigated in the literature.
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1. Introduction

For a measurable function p(-), the variable Lebesgue space L,y con-

sists of all measurable functions f for which fol |f(@)P@da < oo. If p(-)
is a constant, we get back the usual L, space. This topic needs essentially
new ideas and is investigated very intensively in the literature nowadays
(see e.g. Cruz-Uribe and Fiorenza [6], Diening et al. [7], Kokilashvili et al.
[16, 17], Kovacik and Rakosnik [I8], Cruz-Uribe et al. [4, [3 2], Nakai and
Sawano [22], B1], Kempka and Vybiral [I5], Rafeiro et al. [24] 27], Samko
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[8, 28] 29], Jiao et al. [11), 12, [14], Yan et al. [40], Liu et al. [19,20]). Inter-
est in the variable Lebesgue spaces has increased since the 1990s because of
their use in a variety of applications (see the references in Jiao et al. [I1]).

Usually, we suppose that p(-) or 1/p(-) satisfy the log-Hélder continuity
condition. The classical Hardy-Littlewood maximal operator is bounded
on the variable L, spaces if the exponent function p(-) is log-Holder con-
tinuous and 1 < p_ < p4 < oo, where p_ denotes the infimum and p4 the
supremum of p(-) (see for example Cruz-Uribe et.al [4] and Nekvinda [23]).
Moreover, under the log-Holder continuity condition of 1/p(-), the maximal
operator is bounded on L,y when 1 <p_ <p; < o0 (see e.g. Cruz-Uribe
and Fiorenza [0] and Diening et al. [7]). The fractional integral operator
was investigated in Ephremidze et al. [§], Rafeiro and Samko [27} 25 26] [30]
and, for martingales, in Hao et al. [9] [13].

The boundedness result for the usual dyadic (or martingale) maximal
operator on the L.y spaces was proved in [I1, 12] if 1 < p_ < p, < oo.
In [36], we generalized this result to 1 < p_ < p;y < oo. In [I1, B5], we
investigated four more dyadic maximal operators and show that they are
bounded on Ly,.y if 1 <p_ < p; < oo. The boundedness of these operators
was the key point in proving the boundedness of the maximal Fejér, Cesaro
and Riesz operators of the Walsh-Fourier series from the variable Hardy
space Hp,(.y to Ly (see [1T}, 33]).

Nakai and Sawano [22] first introduced the Hardy space H).)(R) with
a variable exponent p(-) and established the atomic decompositions. Inde-
pendently, Cruz-Uribe and Wang [5] also investigated the variable Hardy
space Hp)(R). Sawano [31] improved the results in [22]. Ho [10] stud-
ied weighted Hardy spaces with variable exponents. Recently, Yan et al.
[40] introduced the variable weak Hardy space H(.) . (R) and character-
ized these spaces via radial maximal functions. The Hardy-Lorentz spaces
Hp(y4(R) were investigated by Jiao et al. in [14]. Similar results for the
anisotropic Hardy spaces H,)(R) and H,),(R) can be found in Liu et
al. [19, 20]. Martingale Musielak—Orlicz Hardy spaces were investigated
in Xie et al. [37, 38, B89]. Very recently, these results are generalized for
martingale Hardy spaces with variable exponent in Jiao et al. [L1].

In this paper, we introduce a common generalization of the usual dyadic
and the other four maximal operators, denoted by U, s, where v and s
are positive parameters. We prove that if 1/p(-) satisfy the log-Holder
continuity condition, p% - i <~v+4+sand 1 < p_ < pp < oo, then
Uy,s is bounded on Ly.). We also verify that under the same condi-

tions, [|UysfllL,, is equivalent to || f[m,, and |UysfllL,,, is equivalent
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to || fllm,.,,» where Hyy and Hy, denote the variable Hardy and Hardy-
Lorentz spaces. Moreover, we show with a counterexample that the con-
dition p% — i < v + s is important, the results do not hold without this
condition.

2. Variable Lebesgue and Lorentz spaces

In this section, we recall some basic notations on variable Lebesgue
spaces and give some elementary and necessary facts about these spaces.
Our main references are Cruz-Uribe and Fiorenza [6] and Diening et al. [7].

For a constant p, the L, space is equipped with the quasi-norm

1fllp = </01 If(w)lpdx>l/p (0 <p<o0),

with the usual modification for p = oco. Here we integrate with respect to
the Lebesgue measure A.

We are going to generalize these spaces. A measurable function p(-) :
[0,1) — (0,00] is called a variable exponent. For a measurable set A C
[0,1), we denote

p—(A) :=ess inf p(x), p4+(A) :=esssupp(x)
€A zEA
and for convenience

p—:=p-([0,1)), py:=p([0,1)).
Denote by P the collection of all variable exponents p(-) such that
0<p_ <py <oo.
In what follows, we use the symbol
p=min{p_,1}.
We define the modular functional by

;xf>=t/ F@PDIP 4 |l o).
[0,1)\Qe0

where Qo = {z € [0,1) : p(x) = oo}. The variable Lebesgue space Ly.)
is the collection of all measurable functions f for which there exists v > 0
such that

p(f/v) < ooc.

This becomes a quasi-Banach function space when it is equipped with the
quasi-norm

1 £l = inf{r > 0: p(f /v) < 1}.
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If p(-) = p is a constant, then we get back the definition of the usual L,
spaces. For any f € L), we have p(f) < 1if and only if ||f][,) <1 (see
Cruz-Uribe and Fiorenza [6]). It is known that [[vf|,.) = [V]Iflp),

ey = I 150

and
p p p

1f "‘QHP(.) < Hpr(.) + HQHP(,),
where p(-) € P, s € (0,00), p € C and f,g € Ly(.). Details can be found in
the monographs Cruz-Uribe and Fiorenza [6] and Diening et al. [7]. The
variable exponent p/(+) is defined pointwise by

1

p(z) =~ p'(z)
The next two lemmas are well known, see Cruz-Uribe and Fiorenza [6] or
Diening et al. [7].

=1, z€][0,1).

LemMA 2.1. Let p(-) € P with 1 <p_ < py < oco. Forall f € Ly,
and g € Ly,

1
/0 gl dX < Coiy 1f 1oy gl -

LEMMA 2.2. Let p(-) € P with 1 <p_ <p; < oo. Then

/OlfgdP

) with ||g||p’() <1.

)

I fllpey ~ sup

where the supremum is taken over all g € L.

We denote by C'°8 the set of all functions p(-) € P satisfying the so-
called globally log-Hélder continuous condition, namely, there exists a pos-
itive constant Ciog(p) such that, for any z,y € [0,1),

Clo (p)

The following two lemmas were proved in Cruze-Uribe and Fiorenza [0]
(see also Hao and Jiao [9]).

(2.1)

LEMMA 2.3. If 1/p(-) € C'°8, then there exists a constant 0 < 3 < 1
such that for all intervals I C [0, 1),

A(I)YP+)=1/p- 1) <

< % (2.2)
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LEMMA 2.4. If1/p(-) € C'°%, then for any interval I C [0,1),
)\(I)ML(I) ~ )\(I)I/P(r) N )\(I)l/m(l) ~ HXI”p(-) (Vo e 1),

where ~ denotes the equivalence of the numbers.

Note that under the condition 0 < p_ < py < oo, p(-) € C'°8 if and
only if 1/p(-) € C'°8.

For general martingale Hardy spaces, instead of the log-Holder conti-
nuity condition, we supposed in [9] 1T, 13l [33] [36] the slightly more general
condition (2.2)) for all atoms of the o-algebras. All results of this paper
remain true if, instead of (2.II), we suppose (2.2]) for all dyadic intervals
I C [0,1). By a dyadic interval, we mean one of the form [k27", (k+1)27")
for some k,n € N, 0 < k < 2",

REMARK 2.1. There exist a lot of functions p(-) satisfying (2.1]) and
(22). For concrete examples we mention the function a+ czx for parameters
a and c such that the function is positive (z € [0,1)). All positive Lipschitz
functions with order 0 < o < 1 also satisfy (2.1]) and (2.2)).

The following lemma can be found in [36]. A first version of this lemma
was proved in Jiao et al. [12| [I1].

LEMMA 2.5. Let p(-) € P satisfy (2.2)) and1 < p_ < py < 0o. Suppose
that f € Ly with ||f||p(.) <1, f = fx|fj>1 and supp f C Q.. Then, for
any interval I C [0,1) with A(I N QS,) > 0 and for any p_(I) < r < p(I)

(r <o0),
o 1
(57 [rwian) < o [5G an

The variable Lorentz spaces were introduced and investigated by Kempka
and Vybiral [15]. L., is defined to be the space of all measurable func-
tions f such that

o) . q dp 1/q ]
(/0 P [ xtweon: 1r@i=t [y ;) , 0 <g<oo,

S e [Xtaeio.n: 11@1>0} gy - if g = o0

Hf”p(),q =

is finite. If p(-) is a constant, we get back the classical Lorentz spaces (see
Lorentz [21] or Bergh and Lofstrom [I].

In this paper the constants C' are absolute constants and the constants
Cp(,) are depending only on p(-) and may denote different constants in
different contexts. For two positive numbers A and B, we use also the
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notation A < B, which means that there exists a constant C' such that
A< CB.

3. Variable martingale Hardy spaces
Let F;, be the o-algebra
Fo=0cf{[k27", (k+1)27") : 0 < k < 2"},

where o(H) denotes the o-algebra generated by an arbitrary set system
‘H. The conditional expectation operators relative to F, are denoted by
E,. An integrable sequence f = (fy),cy is said to be a martingale if f, is
Fp-measurable for all n € N and E, f,, = f, in case n < m. Martingales
with respect to (F,,n € N) are called dyadic martingales. It is easy to
show (see e.g. Weisz [34]) that the sequence (F,,n € N) is regular, i.e.,
fn < Rf,_1 for all non-negative dyadic martingales.

For a dyadic martingale f = (fy),cy, the maximal function is defined
by

Mf :=sup|fnl.
neN
Now we can define the variable martingale Hardy spaces by

Hyy = {f = Faduen: 1l = 1M (Pl < -
The wvariable martingale Hardy-Lorentz spaces can be defined similarly:

Hyog = 4= e Wl = 1Ml < 00}
The Hardy spaces can also be defined via equivalent norms. In [I1], we
have shown that the Hardy spaces defined the square function and the
conditional square function are equivalent. In this paper, we give other
equivalent characterization of the variable Hardy spaces via new maximal
functions.

The atomic decomposition is a useful characterization of the Hardy
spaces. A measurable function a is called a p(-)-atom if there exists a
stopping time 7 such that

(a) Ep(a) =0foralln<rT,
—1
(b) 1M (@)oo < [Pxgreoey -

The atomic decomposition of the spaces Hy,.y and H).), were proved
in Jiao et al. [1I],12]. The classical case can be found in [34].

THEOREM 3.1. Let p(-) € C'8, 0 < p_ < p; < oo and 0 < ¢q <
oo. Then the martingale f = (fu),eny € Hp() o [ = (fa)nen € Hp(),g
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respectively, if and only if there exists a sequence (a")ycz of p(-)-atoms
such that for every n € N,

fn= Z purEna®  almost everywhere, (3.1)
keZ

where py, = 3-2F HX{Tk@O} Hp(_) and Ty, is the stopping time associated with
the p(-)-atom a*. Moreover,

t\ 1/t
. HkX {ry, <o}
£l ~ inf ( <—>> :
LY o

p(-)
1/q
||f||Hp(»),q ~ inf <Z 2kq ||X{Tk<oo}HZ()> 5

keZ
respectively, where 0 < t < p is fixed and the infimum is taken over all
decompositions of the form ([B.1]).
4. The boundedness of maximal operators on L,

The following result was proved in Jiao et al. [I1, 12] if p; < oo and
by the author [36] if p; < co. For the boundedness of the classical Hardy-
Littlewood maximal operator see e.g. Cruz-Uribe and Fiorenza [6] and
Diening et al. [7].

THEOREM 4.1. If1/p(-) € C'8 and 1 < p_ < p; < oo, then

M fllpy < CooyllFllpey (€ Lygy)-

We generalize the preceding dyadic maximal operator. For a martingale

f = (fn), let us introduce
b | [ .
JER

raf(e) = up 3 3207 b
where [ is a dyadic interval with length 27", ~, s are positive constants and

zel = 0j=0

= 140,279 42797 L

Here + denotes the dyadic addition (see e.g. Schipp, Wade, Simon and P4l
[32]). Of course, if f € Ly, then we can write in the definition f instead of
fn- Let us define Iy, == [k27",(k +1)27") with 0 < k < 2", n € N. The
preceding definition can be rewritten to
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2" —1

Craf = 3 i, 33200

m=0 j=0

/ o).
I] i

We proved the following theorem in [33].

THEOREM 4.2. For all 1 < p < oo and all 0 < 7,s < 0o, we have
1Uy,sfllp < Cpll £l (f € Lyp).

Now we generalize this theorem to variable Lebesgue spaces.

THEOREM 4.3. Let 1/p(-) € C'8,1 < p_ < p; <ocand0 < v,s < oo.

It
1 1
<+, (4.1)

then
1Uy,sfllp) < Coyllfllpey (€ Lyy)-

P r oo f. By homogeneity, it is enough to show the theorem for || f|,,., =

1. We may suppose that f is non-negative. We decompose f as f! + f2,
where

L= fxgsy 2= Fxg<n-
<1and p(f") <1,i=1,2. Since

28 227
U,sf? <
wl S5 (27 —1)2
we get by convexity that

plaU,sf) <

Then Hfin(-)

= C,C,,

1
p(2aUy s 1) + 5/7(2@U%8f2)

/ (2aU%8f1(m))p(x) dx
Q5

+allUssf], . +20CsCs, (4.2)

<

N~ N =

where 8aCsCy < . For a fixed k,n, let us denote by Ak, those pairs (j, 1)
for which 0 < j <n,0<¢<n and

/8.2. / freyde < 1.
AT 1,

Then,
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%/ (QaU%Sfl(a;))p(x) dx
h 1 2n—1
< - 4o sup
4/ng< neN,;)Xlk" z)
n XA (] ) p(z)
% ZZZQQ n)yo(i—i)s kn]z7 /‘Hfl(t)dt> da
m=0 j=0 i=j )\([k n) Iizn
1 2n_1
+—/ <4asupZX1kn x)
4 S neN k=0
S $°§ gt Xhn () "
% 2i—n)v9(i— Zsknizj/ufl(t)dt> dx
m=0 j=0 i=j A(Iljan) Ii,zn
=: (A1) + (A2
It is easy to see that
1 4aC,C,\ ") 14aC,C
< Z S~y 2l < .
(Al)_4/m <7,8 > dm_4 3 1. (4.3)

We denote by Iy ji1 (resp. Iy pji2) those points x € I, for which
p(x) < p-(I},) (vesp. p(x) > p—(I])). Then

2"-1 n m m
(A2) < 12/ (sup 3 xrn @) 3030 S alimmrgl-is
8 1= /g, \ neN 1 o S

. ()

8axae (J )Xy 00 (@ b

% o ).Z. kit () M) dt dx
AL I

= (Agl) + (AQQ).
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Let g(x) := p(x)/po > 1 for some 1 < py < p—. Note that the sets I}, are
disjoint for a fixed n. By convexity,

1 2" -1 n ] n ~/2 j—1i)s
EREEY BN P SETRET D 3D 3) phamrcs
S \neN k=0 m=0 j=0 i=j
Po
804080 XA¢ (]7Z)X1 n.ii (‘T) )
X ok Rt iyt dz
)\(Ik:n) e
2" —1 n
1 9(i-n “/2(1 i)s
SR ETITHED 3 9 oe
Q5, \neN k=0 m=0 j=0 i=j
o (w) Po
Bxag (3, 1) XL 00 (T) !
x < e ()t dr.  (4.4)
Using that ¢(z) < q_(I,f;,n) on Iy j k1 and
’B.Z, 1t (t)dt > 1,
)\(I,in) £
we get that
1 2" —1 n m m
(A1) < / sup Y xr,,, (@) Y Y Y 20Tl
8(0307);00 c neN k=0 m=0 ]:0 i=j
o 7(13,2‘) po
Bxas  (GyD)XIy i (T) 4= Fkn
x ki W0 7 kgl FHE) dt dz. (4.5)
AL 1,

Since p(f!) < 1 implies that supp f! C Q¢,, we can apply Lemma and
Theorem to obtain

on_1 n o m m

1 . .y

Ay) < 7/ sup Z E:E :§ :2(1_”)72(]_2)8
(A21) 8(CsCy)P0 Jae \ nen s Xl )mzoj:o i=j

Po
1
< [ o) o
AL o

O <o i) <an )

1
= B0y

Choosing 0 < v < v and 0 < r < s+ 7, we obtain
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(As2)
2" —1 n i
9(i—n)(v=10)9(i—1)(yo+s—T)
> sup XI n
8/ <nEN l;) ; (n;);); ’Y ’YOC’YO+S—T

X

SaC’Y—’YOC’Yo+5—r2(j_i)TXA2»n (j7i)XIk,n,jvi,2( ) f ( ) q(x) " dx
)\(I]‘ZZZ;) IJ 5%

1 /
< sup E X1, (@)
8(Cy—70Crots—r)? Ja, (nEN P "

X zn: in: f: 2(j—”)(“/—’70)Q(j—i)(“/o—‘rs—r)

m=0 j=0 i=j

. a(@) \ po

XAS D)Xy 4

BP-ol=ir ’f”( ) If 542() L) dt dz, (4.7)
)\([,i:n) I

whenever 8aC,_,,C, 45— < BP~. By Holder’s inequality,

(A22)

: /
< sup X1, (x)
8(Cy—o Crots—1)P Jae, <n€N kZ:O .

« Z Z Z 9(i=m)(7=10) 9(i=0) (o +s=r)9(i=i)ra(z) gp—a(x)

m=0 j=0 i=j
(i a(x)/q-(I})\ Po
o (M W nsial®) [ g1y g s
AT s
< ! / sup Z X1, . ()
= I, n
8(Cy—roCro+s—r)P° Jac, \ nen o "

% Z Z Z 2(j—n)(’7—“/0)2(j—i)(“/0+8—7“)2(j—i)7"¢J($)51741(@QiCI(I)/q—(Iilzﬁ)

m=0 j=0 i=j
N q(x)/q—(IL%)\ Po
7,7
' 1(t)\q—<fk,n>dt) ) da. (4.8)

X XIjnjis2 (m)</1]1
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Observe that p(fl) < 1 implies that supp ftc s, Since f! > 1or ft=o,
q(x) > q-(I}},) on Ik jx2, a-(I,) < q(t) < p(t) for all t € I}’ and

J

we can see that

1
A = / su €T
(A22) 8(Cy—ryo Cro+s—r)P Jog, (neg kZ:o X (2)
X Z Z Z 9(i=m)(r=70) 9 i) (Yo+s—7) o —i)ra(x) gia(x) /a- (1]}, i
m=0 j=0 i=j

g M) [
I, Jr

FL )T g < / IFHP®ar < 1, (4.9)

J»t c
k,n

. Po
| (t)|4 k) dt) da.

X
k,n
For fixed k, n let J; denote the dyadic interval with length 277 and I, kn C Jj.
Then I} C J;4+27771 = J;. Inequality (2.2)) implies that

‘ ' . Po -
o-d/at+ifa- (1) < (%) < <%> , (4.10)

thus
/Bp,q(m) < 2j—jq(m)/q, (Iljc,jbn,)

for x € Ij, ,. Hence,
o(i—i)ra(x)9ia(x)/q- (I;i",in)—iﬁpfq(w)

< oi—ira(z)gia(@)/a-(I],) ~igi—ja(x)/q-(T}},)

. _ q(z) +1>
s’ ”(Tq(z) =i (4.11)

Observe that

whenever
— — — < (4.12)

In this case the expression in (4.I1]) can be estimated by 1. Hence
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2n—1 N om m
1
(A22) / sup X1 n(l.)
8(Cy—o Crots—r)? Jag, \ nen kzzo : m:sz:%;
Po
% 2li=1)(y=70)9(i~i)(vo+s—r) 1‘i / SO dt ) da
AL i,
1 Po
< q(-)
_>8(C%—7061m+s—rym U&_WOWO+S_TUf| )‘po
Po
SCQHV : b = O (4.13)
0

whenever (4I2]) holds. Since r can be arbitrarily near to s 4+ vy and g to
y, @I gives [@I).

Now, we consider the second term of (4.2]). Notice that if Q. has
positive measure, then p; = co. We have

2" —1

aly o f'(z) <asup Y xy, (2)
neN k=0

= iy (i—iys XAk (s )/ 1
< 3235w tenld | o
m=0 j=0 i=j k.n
2" —1

+ asup Z X1, ()
neN 7,

“ n ZSXAkn(‘]’)
DI Sy SO

m=0 j=0 i=j
=: (B1)(z) + (B2)(x),

where = € Q4. Thus

aCsC,

(By) < 5

<1 (4.14)

For 1 < u < oo, we denote by I'y,, those pairs (j,7) for which u <
p—(I]"). Then
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2" —1

(z) <sup Z X1y, (2) zn: f: f: 9(i—n)yo(i—i)s
neN k=0

m=0 j=0 i=j

axae (4,9 X0y . (45 7)
X b 7 T2 B / FH() dt
AT IS

2n—1

+ sup Z X1 (2) zn: Em: ig(j—n)vg(j—i)s

neN k=0 m=0 j=0 i=j

axag (3, D)xrg, , (7,9)
)\(I,Zm) Fel

k,n
=: (Ba1)(z) + (Baz2)(w).
For a fixed z € Qo there exist n € N and 0 < k < 2™ such that

(B21)(x) <2XI;M ZZZQJ n)yo(j—i)s

m=0 j=0 i=j
axae (G, i)xr,, . (i
x X0 X0 1) [ foa= @@
AUIL) i,
Similarly to (44)) and (4.35]), we obtain
n 20— 7?72(] i)s
o < (33 EE
m=0 j=0 i=j
y ZQCSC»YXAC (]7 )XFknu(]J )/ fl(t) dt u
AILS) I ’
and further,

(Bél)u(af S

m m
33" o
m=0 j=0 i=j

Bxag., (J,9)Xry, ., (J: 1) ) b
' < ) / o)

BXA;,n(j,i)XFk,n,u(Jvi) 1 "
’ < W dt)
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Note that supp f! C Q¢ and we use the convention 0 = 0. So the
following holds also if p_ (I} ") = o0o. By Lemma 25 and ([9), we get that

G-n)yrgl-is__ L / p(t)
(By)" SC’C’ 220]2022 2 )\(Iﬂ) i |FH P at
S znjzz2(] n'y2] zs2z<2n
O m=0 j=0 i=j

In other words, (Bj;)(x) < 2™/*. Since this holds for all 1 < u < oo, we
conclude that

(Ba)(@) < By)(@) <1 (v € Qo). (4.15)

Similarly, for a fixed x € Q) there exist n € N and 0 < k < 2" such
that

(B22)( <2X[kn ZZZQQ n“/2(] i)s

m=0 j=0 i=j
axag (4, 1)xrg
% )

¢ uldsi) . o
T /l L@ = (B0

We can see as in ([@7)) and (£8) that
(Baa)" (@)

<(ryy

m=0 j=0 i=j

9(—n)(v=0)9(i—1)(yo+s—T)

’Y Y0 C’Yo +s—r

X

20C, o Crors—r29 0 xne (4,9)xre  (4,9) !
Y00t Ak ko ) dt
(I3 I

< - zn:ZZQJ n)(v=70)9(i =) (yo+s-7)

Cﬂ/ 7o ’YO+S " m= 05=0 i=j

B0y e (f,i)xre (4 ¢
A(IJ: ) I

< zn:ZZQJ n)(y— “/0 (G—1)(vo+s— 7“)2(] i)ru

Cﬂ/ o ’YO+S " m= 075=0 i=j

: u/p— (1)

XA¢ \J,?)XT¢ J5? jyi ’

x BU £ )]f"”( )/__I L)) dt .
A ) I,
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Inequality (@.9]) implies
(Bao)"(x )

< ZZZ2J n)(vy—"0) J )(yo+s— 7”) (j—1)ru

C’Y o ’Yo-i-s " =0 j=0 i—j

- e
x BU2 =) pe (5,4) </ F Ve dt)
n,u g,

k,n

< - zn:ZZQJ n)(y=70) 9 (i =) (vo+s-7)

B C“/ Yo ’Yo—i—s T

m=0 j=0 i=j
. . . Ij’L
« 92U Z)rul8u2lu/p (k")xrinu(]’l)/j’i L) P Tin) g,
k,n
Since z € Qo N I, we have pi(Iy,) = oo. If p_(I]f;’fl) = 00, then
flgz ()P~ Ui dt = 0. Otherwise, we obtain
g-ifutifo-(l) < L g gu < gi e 1)

for all p_(I]f;’fl) < u < oo as in [@I0). So

2(]—2)ru2zu/p_(1£:;)—zﬁu < 2(]—z)ru2zu/q_(1£: )—1i 2] Ju/p— (Ijl)

=9 p_(Ii’,'n) g 1.

Indeed,
ru— — 41> 0
p_(‘[k,n)
whenever
1
— < 4.16
- (4.16)

Recall that p; = oo. This and inequality (£I0) imply

(By)"(z) € =——F—— c zn:ZZQJ n)(y=70) 9(i =) (Yo+s—7) i

Y="0 ’YO+S " =0 j—0 i—j

S ROl

k,n

= 0 Crr 1 iZZ?J mm0)0 = 00temrlgl < om

70 'yo-i-s " m=0j=0 i—j
and so
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(Ba2)(z) < (By)(x) <1 (7 € Q). (4.17)
Since r can be arbitrarily near to s+ vy and =y to -, conditions (€16l and

(A1) are the same. Taking into account (£2), (£3)), (&6), EI3), (EI4),
(@I5) and (@.I7), we obtain p(alUysf) < C, where C =5+ C1 + Cs. By

convexity,

Uy.s 1
P ( (;/0{> = 50(04U%sf) <1

which means that

c C
Tty < 2 = < Ul
whenever (4.1]) is satisfied. This finishes the proof of Theorem [£.3] O

REMARK 4.1. Inequality (4.1I]) and TheoremE.3hold if p_ > max(1/(y+
s),1).

COROLLARY 4.1. Let 1/p(-) € C'°8 satisfy @), 1 < p_ < py < o0
and 0 <,s < oo. Then || f|p.) ~ |Uy,sfllp) and

IM fllpey < NUysfllpey < Co)lIM Fllpey  (f € Lpy)-

Proof If j=i=mn, then [?' = I, hence M f < U, sf. Theorem A3
completes the proof:

1£llpey S UM fllpey S NUysfllpe) < Co)llfllpey — (f € Lipgy)-
O

In special cases, we proved in [I1], 35] that the condition (Z.1]) is impor-
tant, the theorems are not true without this condition.

5. Some special maximal operators

In this section we consider five special cases of the maximal operator
Uy,s. Theorem E.] holds for the operators in Examples [5.1] and and
Theorem [£3] holds for Examples 5.3, £.4] and Under the additional
condition p; < oo, Theorem [£.3] was proved in [11l [35] for the next special
operators.

ExAMPLE 5.1. Considering the indices j = ¢ = n = m in the definition
of Uy s f, only, we obtain
1
U(lg T) = sup ——=
" f( ) :cEII) )‘(I)

/Ifnd)\‘ = Mf(x).
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Note that I™" :=I.
ExamMprLE 5.2. If m=0,...,n—1, j =¢=m, then
U§ —supZZ(m ") /mmfndk'.

mEI
Here ™™ := [4+[0,27™). It is easy to see that Uggf <Mf.

,m)

ExamMprLE 5.3. If m =n, j =0,...,n—1 and i = n, then

/ fnd)\‘ .
JERL

1
(3 — 9(G—n)(v+s)
el @)= Z AT

Note that 7" := [+279—L,

ExAMPLE 5.4. If m =n — 1, then

U010 = sp S 20 ’”ZW S

/Ij’i fnd)\' .

:cEI] —0
ExXAMPLE 5.5. If m=0,...,n — 1, then
n—1 m
U f (@) —SUPZZW . 22] il fndx'.
mEIm 0j—=0 JEX

6. The equivalence of maximal operators on H,

In this section, we apply the atomic characterization to prove the bound-
edness of U, s from H,) to L,.). We need the following result due to Jiao
et al. [11].

THEOREM 6.1. Let p(-) € C'8, 0 < p_ < p, <occand 0 <t < p-
Suppose that the o-sublinear operator T : Lo, — L is bounded and

ZNZT(ak)tX{TkZOO} 22 X{r,<oo}
keZ kEZ

; (6.1)
p()/t p()/t
where p = 3 - 2k||X{Tk<oo}||p(-) and 7, Is the stopping time associated with

the p(-)-atom a*. Then we have
1T fllpy S Wfllm,., — (f € Hpgy)-
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THEOREM 6.2. Let 1/p(-) € C'8, 0 < v,s <ooand1 <p_ < p; < oo
or 0 < p_ <pi <oo. If (&1 holds, then

1055 Fllpy < Coy 1f s, (f € Hpy)-

Proof Incasel < p_ < py < oo, the result follows from Theorem
4.3l So we can suppose that 0 < p_ < py < o0o. Since U, s is bounded on
Lo by Theorem 4.2 it is enough to prove (6.1) for U, . For a fixed k €
Z, the sets {1, = K} are disjoint and there exist disjoint dyadic intervals
Iy, i, € Fi such that

(e =K}y=Inku (KeN),

n
where the union in y is finite and A(Ij k) = 275, Thus

{re < oo} = |J Uk

KeN p
where the dyadic intervals Iy, j ,, are disjoint for a fixed k € Z. Then

k 2
af =2 D X,

KeN p
: E gy —
Since ffk,K,u a®d\ =0,
a"dx =0

13-
if ¢ < K. That is, we can suppose that i > K, thus n > m > K. If
t ¢ Iygy © €1and j > K, then 17" NI g, = 0. Therefore we can
suppose that j < K. Similarly, if z € Iy x ,+[27771,279)\ (I k,,+27771),
then I7* N Ik = (), so we may assume that z € Ik7K,u—i-2_j_1 = IIJJ{(“
Therefore, for x & I, k.,

k
Uy (@ X1 1¢,) (@)
< sup yi( 20 2005 1 / ad\ xpx (2)
n>K m=K+1 ]ZZ:O i ;1 A7) | Jri L

n
< Ieeat iy s () 3 Y20 30 g (o

mK—i-l]O 1=K+1

n

< Ittme<ocllyy sup xi(a ) > 220 MR e (@)
m=K+1 j=0

< ¢t g sup (m = )2 "”Zz K0y e ().

K,u

Since the function z — x277% is bounded, we obtain that
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K-1
Uy (00 1, ) () < X ooy ) D0 2070049y,

1, @)
j=0 .
Consequently, for z € {7, = oo},
K—1
Uy,s(a®)(z) < X fr <003 1) DN N 2l ('”s)xfi,g ()  (6.2)
KeN p j=0 o
and
Z,ukU'ys X{Tk oo}
keZ p( )/t
1
Z okt Z Z K)(y+s)t X =: Z,
k€Z  KeN p j= K ()t

where 0 <1 < p.

Let us choose max(1,py) < r < oco. By Lemma [2.2] there is g € L(L)),
t
with norm less than 1 such that

z</ T2 3 3 g K X gd)

k€eZ  KeN p ;=0

K-1
<D MDD 2O e alxgn dllsy

kez KeN p  j=0

ST YT

keZ KeN p  j5=0

! 1
>< _
/0 Mo \ N7 % )/p‘»

/(&)
g/ ) dA,
kK, k,

K
K,n

because NI k,m) = A(Iigm) = 27K, Then

7 < / Zth Z ZXI“W Z 9 —K)(v+s)t(1/(5)+1/(F)")

keZ KeN p j=0
1 /(%)
(s L 07)
(A(L@ﬁp e

and by Holder’s inequality,
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N

Il
=)

B (1)
oi~K)(r+s)t
0 kez  KeN u J

Nt Gy
9Ui—K)(r+s)t ;/ 19 A\
NI 5c,) 1

7=0 k,K,u

/zwzzmm

kEZ KeN p

(Y
QU—K)(rtsyr__ L () QA
Z A Sy |

75 zwzzmm(

k,K,u kK, p

Example 5.3l and Theorem [4.3] imply

/G
/ZWZZXIMH( seost 191+ ))1 A

0 kez  KeN n

ryv O\ /()

S)HIEED D) SECUN N [CHATTESS)

keZ  KeN p p()/t () /t)
SJ Z2kt Z lek,K,,u ||g||L (/)

keZ KeN p p(-)/t
5 22 X{rp<oo} ’

keZ p(-)/t

whenever
1 B 1 _or/(r—1) B r/(r—t)
((C)/t) /(r/))— ()1 /1))y v/ —1)  p-/(p- —1)
< (v + s)t.

Since r can be arbitrarily large, this means that
Py —t p-—t
b+ p-
which is exactly (4.1]). This completes the proof. O

< (v + 9s)t,

REMARK 6.1. Theorem [6.2] holds if p_ > 1/(y + s).
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Now we generalize Corollary BTl and verify that || |[a,., ~ [[Us,s(-)[lp()-

COROLLARY 6.1. Let 1/p(-) € C8, 0 < v,s <ocoand 1 < p_ <p; <
oo or 0 < p_ <py <oo. If (@1 holds, then

1A,y S NUysfllpey < Coo)llfllm,., — (f € Hpgy)-

Theorem does not hold if (£1]) is not satisfied. More exactly, we
show

THEOREM 6.3. Let 1/p(-) € C'°8. If
1

p—(Tom-1) p+(Igm)
for all n € N, then U, s is not bounded from Hp.y to Ly.).

>y +s (6.3)

Proof Let

an(t) = 2P lon D (g )
and x ¢ Io,—1. By Lemma 24 a,_; is an atom for all n > 1, and so
Han—lHHp(_) < 1. Choosing m =n = N and ¢ = n, we can see that

U’y,san—l
2N 1 N m m 1
- (G—N)v (j—1)s
SRS DEVAND 5D SrUd prC B S A
NeN 1o m=0 j=0 i=j NI ) |/ To
= 1
> oli—m)(r+s) L / L
- XJ ]z:% )\(J‘]’n) Jj»nﬂjoyn_l an 1 b

where J =[1/2,1/2+27") = Ig:g. The terms except j = 0 are all 0, so

1 /
A( 07”) 10,’” Io,nfl

2 XI(())’:Z' (1‘)2_71(“/"1‘8)2(”—1)/177 (Io,nfl)'

v+s)

U’y,san—l > XI(())»n 2—n(

Then

1
/ U, sn1 (2P dz > / 9= (r+8)p(@) g (n=1)p(2) /- (Ton—1) g
o 1o

> C o+ (I (1/p—(Ton—1)—(v+5)) g,
I

_ 0o+ UG (1 /p-(Tom-1)~(r+s)g—n
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which tends to infinity as n — oo if (€3] holds. 0

7. The equivalence of maximal operators on H,,),

In this section, we extend the main results in Section [0l to the variable
Hardy-Lorentz space setting. The next result was proved in Jiao et al. [11].

THEOREM 7.1. Let p(-) € C'8, 0 < p_ < py < oo and 0 < ¢ < oo.
Suppose that the o-sublinear operator T : Lo, — L is bounded and

|7al xir=set]| , < Clltreclly

for some 0 < § < 1 and all p(-)-atoms a, where T is the stopping time
associated with a. Then we have

T lepire S W0 (F € Hiq)-

THEOREM 7.2. Let p(-) € C'8, 0 < p_ < p, < o0, 0 < ¢ < 0o and
0 <~,s <oo. If (&1) holds, then

”U'y,Sf”p(~),q < Cp(-),q HfHHp(A)yq (f € Hp(-),q)'

Proof. Let uschose 0 < <1and0 < e < p. Instead of [A.2)), we
will show that

€ —de
Jlomser s < € ety Il
By (6.2),

K-1
Uns(0)(@) S [ graoey iy 32 30 32 2979009y e (2)

KeN p j=0
for x € {7, = 00} and
K—1
9(i—K)(y+s)de

H|U ,gal‘;EX{Tzoo}Hp(,)/e < HX{T<oo}H;(§)E > XX

KeN w j=0 p()/e
—de
=Z HX{T<OO}HP(.) ,
{T<OO}: U UIKM'

KeN p
Choose max(1,dpy) < r < oo. By Lemma [22] there exists a function

g e L(m), with ||9||(m), < 1 such that

where
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Z 2(] K)(’H_S)&EX[J\KQCZ)\
I Ko
K

)de
< 3030 > 2O gl

Then

Z</ ZZXIKM 2 K)(v+s)8e(1/(£)+1/(£))

and by Hélder’s inequality,

Z</ > D Nk,

KeN p
(L)
1 .y
ZZ(J SO —— / 9] )" ax )
A(I%é,u) h,
() VG
/ Z ZXIKH ( e, 565(|g| oe )) ° d)\
0 KeN pu
v \(EY
Z ZXIK»H H «/56 365 |Q‘(5€) )) ’ .
KeN u ((-)/e)’

Since (r/de)’ < (p(-)/€)’, Theorem 3] implies that

Z5 HX{7’<OO}HP(.)/E )

whenever
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1 1

((()/e) /(r/de))_  ((p()/€)/(r/de))
_r/(r—de) B r/(r — de) S\oe
Tl -9 pl—g ST

This means that

Py —¢ p-—¢

< (v + s)d¢,
P+ p-

in other words,

1 1

— — — < (y+5s)d.

b— P+
Since ¢ can be arbitrarily near to 1, we obtain ([@I). The proof of the
theorem is complete. O

COROLLARY 7.1. Let p(-) € C', 0 < p_ < p, < o0, 0 < q< oo and
0 <7,s <oo. If ([@1) holds, then

[,y < WUysfllperg < Coolfllm,y,  (f € Hpe)g)-
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