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Abstract

We study the well-posedness for initial boundary value problems associ-
ated with time fractional diffusion equations with non-homogenous bound-
ary and initial values. We consider both weak and strong solutions for
the problems. For weak solutions, we introduce a definition of solutions
which allows to prove the existence of solution to the initial boundary value
problems with non-zero initial and boundary values and non-homogeneous
source terms lying in some negative-order Sobolev spaces. For strong so-
lutions, we introduce an optimal compatibility condition and prove the
existence of the solutions. We introduce also some sharp conditions guar-
anteeing the existence of solutions with more regularity in time and space.
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1. Introduction

1.1. Statement of the problem. Let €} be a bounded and connected
open subset of R, d > 2, with C? boundary 9. Let a := (@i 5)1<ij<d €
C1(Q;R?) be symmetric, that is

a;j(x) = aji(x), £€Q, i,j=1,....,d,
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and fulfill the ellipticity condition: there exists a constant ¢ > 0 such that
d
Z a; ()& > c|£|2, for each x € Q, £ = (&1,...,&4) € R4, (1.1)
ij=1

Assume that ¢ € L>(2) and
there exists a constant gg > 0 such that ¢(z) > qo for z € Q, (1.2)

and define the operator A by

d
Au(z) == — Z O, (aij(x)0y,u(x)) + q(z)u(z), = € Q.

ij=1
Throughout the article, we set
Q:=(0,T)xQ, ¥:=(0,T) x o9.
Next, for a € (0,1) U (1,2), T € (0, +00) and p € L>(2) obeying
0<po<plz)<pu<+4oo, zeQ, (1.3)
we consider the following initial boundary value problem (IBVP):

(p(2)07 + Ault,x) = F(t,z), (t,x)€Q,
nou(t,z) = f(t,z), (t,z)eX, (1.4)
oFu(0,2) = g, xeQ, k=0,...,[a] -1,

where x =0, 1, [-] denotes the ceiling function:

la] = 1 if0<a<l,
N 2 fl<a<?,

and 0f* denotes the fractional Caputo derivative of order a with respect to
t, defined by

O u(t, ) := m /0 (t — s)le=1maglely (s, 2)ds, (t,2) € Q. (1.5)

Here the boundary operators 7,, x = 0, 1, are defined by:
1) Tou := u,
2) Tu := 0y u, where 9, , stands for the normal derivative with respect to
a = (a;j)1<i j<d, and is given by
d
Oyuh(x) =Y a; ()0, h(z)vi(z), = € 09D,
i,j=1

and v = (v1,...,v4) is the outward unit normal vector to 9.
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REMARK 1. We can omit the condition (L2]) but for simplicity, we
assume it. All the results of this article can be easily extended to Robin
boundary conditions. Moreover, applying the fixed point argument, one
can extend our results to a more general equation:

Ofu+ Au+ B(t,z) - Vau+ V(t,z)u = 0,
where some suitable assumptions are imposed on the coefficients B €

L>(Q)?, V € L>®(Q). However, in this article, in order to keep descriptions
concise, we do not consider such extensions of our results.

In the present article, we study the well-posedness for problem (L.4])
in a strong and a weak senses. In the weak sense we will prove the well-
posedness of (L) when data f and ug, uf4)—1 are lying in some negative-
order Sobolev spaces. The strong solutions of (I.4]) correspond to smooth
solutions of this problem in time and space.

1.2. Motivations and a short bibliographical review. Recall that the
initial boundary value problem (I.4]) is often used for describing anomalous
diffusion for several physical phenomenon such as diffusion of substances in
heterogeneous media, diffusion of fluid flow in inhomogeneous anisotropic
porous media, diffusion of carriers in amorphous photoconductors, diffusion
in a turbulent flow (see e.g., [I], [2I]). The case o € (0,1) corresponds to a
subdiffusive model, while the case o € (1,2) corresponds to a super diffusive
case.

The well-posedness for the problem (4] has been intensively studied
these last decades. Many authors considered problem (L4) for a € (0,1)
with f = 0 or Q = R%. For Q = R?, one can refer to [2] where the existence
of classical solutions of (L4]) is proved by mean of a representation formula
involving the Green functions for (I4]). This formulation of the problem has
been extended by [27], who proposed a variational formulation of (4] in
some abstract framework allowing to consider elliptic operators A depend-
ing on t € (0,T). We refer also to [18] as for (I4) with a time dependent
elliptic operators A, where the authors applied the approach of [27] to es-
tablish the existence of strong solutions under suitable assumptions. In
[14, 24], the authors proved the existence of solutions to (I4]) in a bounded
domain by mean of an eigenfunction representation involving the Mittag-
Leffter functions. The definition of solutions of [14] can be formulated in
terms of Laplace transform in time of the solutions. On the basis of this
last definition, the works [13] 19] proved the existence of solutions of more
complex equations than (L.4]), including a fractional diffusion equation with
distributed and variable order. Some similar approach has been considered
by [22] for time and space fractional diffusion equations. Moreover, we can
refer to the monograph [17].
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All the above mentioned results considered (L4 with the homogenous
boundary conditions or Q = R?. Several authors considered also the well-
posedness for problem ([4]) with non-homogeneous boundary conditions.
These results can be classified into two categories: the existence of solutions
of (I4) in a weak sense and a strong sense, according to the cases where
data belong to some negative-order Sobolev spaces and to smoother spaces
respectively. We can refer to the series of works [§, [10] where the authors
proved the existence of solutions to (L)) for ug = ufa1—1 = 0 and f lying
in some negative-order Sobolev space in time and space, when A = —A
and x = 0 (i.e., the Dirichlet boundary condition). The proof is based on a
single layer representation of solutions and some results (e.g., [2, 25]) con-
cerning the Green functions for fractional diffusion equations with constant
coefficients. In [9], the author extended this approach to (L4) for o € (0,1)
with non-homogeneous Robin boundary condition and non-vanishing initial
condition lying in some Holder spaces. The article [26] proved the unique
existence of weak solution to (I.4]) by the transposition (e.g., Lions and Ma-
genes [20]) when ug =0, F =0, a € (0,1) and f € L2(0,T; H~%(9%)) with
6 > 0. As for strong solutions, we refer to the work [6] where the author
proved the existence of strong solution u to (I4]) such that u is continuous
in time, belongs to a class C? in space and 95*u is Holder continuous in time
and space.

We remark that the well-posdness for problem (I.4]) with non-homogenous
boundary conditions is meaningful also for other mathematical problems
such as optimal control problems (see e.g., [20]) or inverse problems (see
e.g., [3, 7, 1T, 12, 15]).

2. Statement of the main results

This section is devoted to the statement of our main results. For
this purpose, we first introduce a definition of solutions of (4] for f €
LY(0,T; H=%(02)) with 6 € |3, +00) and (u0, ura]—1, F) in some negative-
order Sobolev spaces. To give a suitable definition of such solutions, we
define the operators A,, x = 0,1, in L?(£); pdx) by

Aw=p"Au, D(Ay)={g€ H'(Q): p " Ag € L*(Q), Tygjpa = 0}.

In view of our assumptions, we have D(A,) = {g € H*(Q) : TJjoa = 0}.
Recall that the operators A,, x = 0,1 are strictly positive self-adjoint op-
erators with compact resolvent. Therefore, for y = 0,1, the spectrum of
A, consists of a non-decreasing sequence of strictly positive eigenvalues
(Ax.n)n>1. Here and henceforth we number ), , with the multiplicities
for x = 0,1. In the Hilbert space L?(€; pdz), we introduce an orthonor-
mal basis of eigenfunctions (¢y.n)n>1 of A, associated with the eigenvalues
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(Ay.n)n>1. From now on, by (-, -) we denote the scalar product in L?($; pdz)
and we set N = {1,2,...}. Let us observe that according to the condition
imposed on p, we have L?(Q; pdx) = L?(2) with the equivalent norms. For
all s > 0, we denote by A} the operator defined by

+o0o
A;g = Z <97 SOTL> )‘;,ngpx,?%

n=1
400 )
g€ D(A}) = {h €L : Y (g, pxm) P A2, < OO}
n=1
and in D(A3) we introduce the norm
400 2
n=1

We define D(AL®) = D(A3)" by the dual space to D(A$), which is a Hilbert
space with the norm

HgHD(A;S) = (Z |<gv SOX,”>—S|2 A;318>
n=1

Here (-,-)_, denotes the duality bracket between D(A,*) and D(AS). By
1

1
2

the duality, we see that D(A, ?) is embedded continuously into H~1(f2),

1
because H}(2) is embedded continuously into D(AZ).
For any k € N, we consider the following condition (Hy):

p, aij € CHFUHLQ) i j=1,...,d, qeWXEDo(Q) 90 is of C2F.

(Hg)
In view of [5, Theorem 2.5.1.1] (see also [4, Theorem 8.13)), for any k € N,
condition (Hy) implies that the space D(Af() is embedded continuously into
H?(Q) for any £ = 0,...,k and x = 0,1. Therefore, by the interpolation,
we deduce that condition (Hy) implies that the space D(A3) is embedded
continuously into H?*(Q2) for any s € [0, k].

Let us fix § € [3,+00), k = g — 1 and k = 1+ [s]. Using the above
properties and assuming that (H}) is fulfilled, for x4 > 0, h € H=97x(0Q)
and ® € D(A;"" '), we define the solution y € D(A*) to the following
boundary value problem:

(@) Ay(2) + py(z) = @(x), €9,
{p ’ Tt:z(ff) = h(z), xe€dQ, (2.1)

in the transposition sense corresponding to the unique element of D(A; )
satisfying
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(1, G) = = (=D (T (A + 1) 7 G) oo 10 (00
+ <CI), (Ay + N)_1G>

for all G € D(AY). Here 77 denotes the formal adjoint operator to 7, and
we have 75 = 71 and 77" = 79. Then, we define the solution to (I.4)) in the
following way.

(2.2)

—1-k

DEFINITION 2.1.  Fix § € [3,+00), k = 22, k = 1 + [k] and
assume that condition (Hj) is fulfilled. Let f € LY(0,7; H~X(09)),
F e Ll(O,T;pD(A;“_l)), ug, Urg]—1 € D(A;“_l). We say that u is a
weak solution to (L4)) if there exist ¢ > 0 and v € L} (0, +00; D(A°™%))
satisfying u = v and the following properties:

(i) inf{A > 0: t — e Mv(t,-) € L*(0,400; D(A="))} =0,
(ii) for all p > 0, the Laplace transform

+oo
Lou(p,-) = / e Ply(t,-)dt
0
of v is lying in D(A; ) and it solves the boundary value problem

{ p(z) L ALv(p, x) + p*Lv(p,x) = G(p,z), x €,

nLo(p,z)(z) = fOTe_ptf(t,:E)dt, x € 09, (2:3)

with G(p7 ) = f(;r e_ptp_lF(t’ )dt + Zr’—:lal pa—l—mum‘

We give also the following definition of strong solutions to (L.4]).

DEFINITION 2.2. We say that (I4]) admits a strong solution if there ex-
ists a weak solution u to (L)) lying in W el:1(0, T; H=1(Q))NL* (0, T; H?(Q))
such that

p(x)0fu + Au = F (2.4)
holds true in L1(0,7T; L*()) and
TXU(t,l‘) = f(t7$)7 (tvl‘) €3, (2 5)
OFu(0,x) = wup(z), z€Q, k=0,...,[a] —1. ’
[a],1

REMARK 2. Let us observe that for any function v € W,
H=1(Q)) N L,.(0,+00; H*(Q)) satisfying

e Po(t, ) € WM (0, +o0; HH(Q)) N LH0, +00; H(Q)), p>0, (2.6)

we have

(0, +-o00;

oc



174 Y. Kian, M. Yamamoto

L(pd;'v + Av)(p, )
[a]—1

= ALuv(p, ) +p | p*Lo(p,") Zpalmat 0,-)

Our choice for the definition of weak solutions of (L4]) is based on the
above identity. Moreover, from this identity and the property of weak
solutions stated in Remark Bl (see below), one can verify that any u €
wlello,7; H=1(Q)) n L*0, T; H2(Q)) which satisfies (2.4)-(235]) and can
be extended to a function v € W, (0, +00; H-H(Q))NL} (0, 400; H2(Q))

loc loc

satisfying (2.0]), is a weak solution in the sense of Definition 211

2.1. Well-posedness for weak solutions. In this subsection, applying
the definition of weak solutions given by Definition 2.1] we state our results
of well-posedness of (L4) when f € L'(0,T; H=97X(99)), uo, Ula]-1 €
pD(AL ") for some 6 € [3,400) and k = %. Our first main result can
be stated as follows.

THEOREM 2.3. Leta € (0,1)U(0,2), x=0,1,0 € [}, 4+00), k=41,
k =1+ [k] and let (Hy) be fulfilled. Let r € [1,400), B be given by

{1 ifr<a™!
) alrt ifr>at
_6_3
and let f € L"(0, —9=x(0Q)), F € L"(0,T; pD(A, * ?)). Consider also
1_5_8
up € D(Ag ’ ) for o € (0,1),
_L_ﬁ_l_g _a—1(1+7«—1)+l_ﬁ
up € D(Ay > * ?), up € D(A t 2y forae(l,2).

Then problem (L4) admits a unique solution w lying in

() L' (0, T; D(Ay MR
e>0
Moreover, for any € > 0, we have estimates:
Case a € (0,1):
<C r (0T H—0—
Il ppucesd -y < G (I1r0zm0-xomy .
+ o

+ ||u .
ro,1;p(aL F 1) | OHD(A;[H%_Q))

Case a € (1,2):
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< Ce (Hf”LT(O,T;H*@*X(aQ)) + Hp_lF‘ LT(O,T;D(A;“”))) (2.8)

+Ce | woll a4 [uall r—1 :
€ ( D(AX ar ) D(A;(H_a—)_“)

In both cases, the constant C. depends on ¢, r, p, a, 8, A, Q and T.

REMARK 3. Note that even if Definition 2.I] of weak solutions de-
pends on the final time T, the solution that we obtain in Theorem 2.3 is
independent of T'. Namely, fix 77,75 € (0 + oo) with 77 < T and con-

3_86
sider f € L"(0,T2; H=97X(0Q)), p~'F € L"(0,T3; D(A,* ?)). Consider
the unique weak solutions uy, £ = 1,2 to (L4) for T = Ty, which are given
by Theorem 2.3l According to the expression of the weak solution given in
the proof of Theorem in terms of Fourier series, we can verify that the
restriction of ug to (0,77) x Q coincides with wu;.

In a special case of r = 2 and zero initial values, we can improve The-
orem [2.3] as follows.

THEOREM 2.4. Let the condition of Theorem be fulfilled with r =
2, p=1and up = upq)— =0, and 6 > % Then the unique weak solution
1_6 _3_9
u of ([4) is lying in L?(0,T; D(A} ?)) with 0fu € L?(0,T; D(A,* ?)).
Moreover, we have
1.9 +||a?u|| 3.0
L2(0.T:D(AY 7)) L2(0,T;:D(Ay T 7)

<C <||f||L2(o,T;H—9(aQ)) + ||F||L2(

[[ull
(2.9)

0.7:D(A; “))) '

Under the assumption F' = 0, Theorem 4.1 in [26] established the same
conclusion in the case of 0 < a < 1 and arbitrary § > 0. On the other
hand, this theorem holds for a € (0,1) U (1,2) and non-zero F' but requires
that 6 > 3.

2.2. Well-posedness for strong solutions. In this subsection, we state
our results related to the well-posedness of strong solutions of (L4). We
treat separately the cases o € (0,1) and o € (1,2). Let us start with
a € (0,1). For this purpose, we introduce a compatibility condition on

data f € WHL(0,T; H-37X(AQ), F € WhY(0,T; pD(ALY)), and ug €
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L?(2) which requires that ug solves the boundary value problem in the
transposition sense:

Aug(z) = F(0,2), x €,
nuo(z) = f(0,x2), €0, x=0,1.

We can now state our result for a € (0, 1).

(2.10)

THEOREM 2.5. Let a € (0,1), x = 0,1, p € C?(Q) and m € N be fixed.
Assume also that condition (H,,) is fulfilled. Let ug € L*(Q), r € [1,400)
and .

fe (Y wmhr(0,T; H*37X(0Q)),
k=0

Fe (YW hro,1; H**=D(Q)) n W™ (0,T; pD(A)).

k=1
For m > 2, we assume that
oFf0,)y=0, OFF(0,)=0, k=1,...,m—1. (2.11)

If ug satisfies the compatibility condition (ZI0)), then the unique weak
solution u to ([L4) is a strong solution lying in

m

m W=k (0, T; H**(Q)) n W™ (0,T; H5(Q)),

k=1
where € > 0 is arbitrary. Moreover, for any € > 0, we have

m
lllyyrmr o=@y + D lullwm—sro omze o)
k=1

<Ce Y (U g3 omy * W w000y
k=1
-1
+Ce (HfHme(o,T;H*%*X(aQ)) * Hp FHWT”’T(07T5D(A;I))) ’

(2.12)
where the constant C. depends on ¢, r, p, o, A, Q and T.

REMARK 4. We recall that the compatibility condition (2.10) yields
an a priori estimate of ug:

1
luollasioy < € (150 g vy + NQWM£;)7

Therefore the right-hand side of (2.12)) needs not be involved directly with
the norm of ug, which is the same as for (2.14]) and (2.I7) which are stated
below.

k=0,2.
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For a € (0,1), the compatibility condition (2.I0]) corresponds to an op-
timal condition guaranteeing the existence of smooth solutions as described
in Theorem [2.5] Similarly the additional condition (2.I1]) is an optimal con-
dition guaranteeing the existence of solutions with higher regularity. Indeed
we can prove the following

PROPOSITION 2.6. For f € C®(X), F € C®(Q) and ug € C®(Q),
if the compatibility condition (2ZI0) is not fulfilled, then the solution u
1

of (L) does not belong to W=~ (0, T; D(A, ?)). Moreover, if there
_1
exists m > 2 such that 2I1)) fails, then u ¢ W™=~ (0, T; D(A,?)).

For o € (1,2), we recall first two results whose proof can be find in [16].
We consider two different situations. In the first case, we state a result with
a weaker regularity assumption and the compatibility condition (2Z.10). In
the second result, we consider smoother data under more compatibility
conditions.

The first result that we will recall, will be stated only with the compat-
ibility condition (2.10]).

THEOREM 2.7. (Theorem 1.7, [16]) Let o € (1,2), x = 0,1 and let
0 €(0,1/4), r € [1,400) satisfy
1
1—ad
Assume ug € H'(Q), u; € H*(Q) and

F e W2 (0,T; HzX(89)) N L"(0,T; H2~X(9)),

r< (2.13)

1
F e W2"(0,T; D(A, %)) N L™ (0,T; L*()).

If ug satisfies (2.10), then the unique weak solution u to (4 is a strong
solution lying in

L7(0,T; H*(Q)) n Wb (0, T; HY(Q)) n W27(0, T; L*(Q)).
Moreover, we have
lullwer o2y + lwllwrrorm@)y) + 1wl ororm20))
<@ (”f”W?w(o,T;H%*X(aQ)) A o3 omy T ”ulHH%(Q)> (2.14)
2 (IF 0o, + e )

where the constant C' > 0 depends on r, p, a, A,  and T.
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Next we discuss a solutions with higher regularity requiring the two
compatibility conditions (ZI0]) and (ZI5]): we assume that u; satisfies

Aui(z) = 0F(0,z), =€,
{wﬁ(w) _ 0f(0,x), zeon. (2.15)

THEOREM 2.8. (Theorem 1.8, [16]) Let o € (1,2), x = 0,1 and m; € N
be fixed. Assume also that condition (H,,,+1) is fulfilled and fix 3 < m <
2my + 2. Let ug € H*(Q), uy € HY(Q), r € [1,4+00) and let

fe (Y Wmhr(0,T; H*27X(8) N\ W™ (0, T; HzX(99)),
k=2

- _1
Fe (YW 50,7 H*(Q)) nW™"(0,T; D(Ay ?)).

k=2
For m > 4, we assume also that
aFf0,)=0, OFF0,)=0, k=3,....,m—1. (2.16)

If ug and wuy satisfy the compatibility conditions (2Z.I0)) and (2I5]), then the
unique weak solution u of (L4) is a strong solution lying in

(Y W™ %0, T; H* ().
k=0
Moreover, we have

Z ”UHWmfkﬂ'(o,T;H’v(Q))

k=0
<C (Z T S ||F||Wm_k,r(07T;Hk_2(Q))) (2.17)
k=2
c F
t <||f||Wm'7'(O,T§H%_X(aﬂ)) - || ||WW’T(O,T;D(A;%))> ’

where the constant C' > 0 depends on p, r, a, A,  and T.

For a € (1,2), the compatibility condition (Z.I0) corresponds to an
optimal condition guaranteeing the existence of solutions with the smooth-
ness of Theorem [2.7] while both conditions (2.I0) and (2.I5]) are required
for the existence of smooth solution as stated in Theorem 2.8 In the same
way, the additional condition (Z.I0)) is an optimal condition guaranteeing
existence of solutions with higher regularity. Indeed we can prove
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PROPOSITION 2.9. For f € C®(X) and ug,u; € C®(Q), if compatibil-
ity condition ([2I0) is not fulfilled, then the solution u to (L) does not
1

belong to W2(2=27"(0,T; D(A, ?)). Moreover if (ZI0) is fulfilled but not
_1
215), then u ¢ W3’(2_O‘)_1(0,T;D(AX 2)). Finally, if there exists m > 4
_1
such that (ZI6) is not fulfilled, then u ¢ W™ (2=®7"(0,T; D(Ay ?)).

2.3. Comments about our results. To the best of our knowledge, The-
orem [2.3] is the first result of well-posedness of (4] with such weak as-
sumptions imposed on the boundary value f, the initial values ug, ur41-1
and the source term F', as long as the elliptic part A is t-independent and
symmetric. Indeed, all other comparable results have been stated with less
general equations and smoother data (see for instance [8, [9] [I0]) or with
zero initial value (see [20]). In addition, we state these well-posedness for
solutions lying in L" in time with r € [1,4o0], while other comparable
results are restricted to solutions lying in L? in time.

Theorems 2.5, 2.7 and 2.8 are concerned with the well-posedness in the
strong sense of ([.4]). Our aim is to obtain an optimal condition guarantee-
ing the existence of smooth solutions to (I4)) in time and space. It is known
that there exist even smooth data satisfying a usual compatibility condi-
tions, but that the regularity in time of the solution to (I.4]) can not exceed
wi(lal-a)~ (see Propositions and [Z9] for more details). Moreover,
most of results concerning the existence of smooth solutions to (L4)have
mainly established some Holder continuity in time of the solutions (e.g. [6])
or the regularity which is weaker than H® in time (e.g. [18]). In Theorems
and [2.8] we prove the existence of solutions lying W”" in time with
arbitrary m € N and r € [1,400] by assuming some compatibility condi-
tions (2.10) and (2.11)) (respectively (2.10), (2.15)), and (2.16])) for o € (0,1)
(respectively « € (1,2)).

We have obtained Theorem [2.3] by means of the representation of the
solutions which explicitly involves the boundary value f. In the same way,
we derive and prove an optimality of the compatibility conditions (2.10]),
2II), 2I5) and (2I6]) by using the Fourier series representation of the
solution to (L4). The representation of solutions to (L4]) which we used
for the proof of Theorem 23] is the key ingredient for the well-posedness
of (L4).

Indeed, in order to reach the regularity stated in Theorems 2.5 2.7
and 2.8 we do not know whether we can use a classical lifting arguments
with results on the existence of the solutions with homogeneous boundary
conditions like [14] 18] 24].
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2.4. Outline. This paper is organized as follows. Section [3]is devoted to
the proof of Theorems 23] and 24l In Section @ we prove Theorem
Section Bl is devoted to the proofs of Propositions and [2.9] emphasizing
the optimality of the compatibility conditions [2.I0), 2I1)), (Z.I5) and
(2.16).
3. Proof of Theorems [2.3] and [2.4]

We start with a lemma. Then we prove Theorem 2.3 for o € (0, 1), and

then for the case a € (1,2). Finally, we prove Theorem [2.4]

3.1. Preliminary lemma. Henceforth C' > 0 denotes generic constants
which depend on A, p, 6 and r,«,T and €2, and C' may change from line
to line.

We prove the following lemma.

LeEMMA 3.1. Let x =0,1, 0 € [1,+00), k = 2221 k =1+ [k] and let
condition (Hy) be fulfilled. Then, for any h € H=97X(9€), we have

> 2

1k * 2
Z ‘)‘X,ln <h’ TXSDX77?>H—G—x(ag)7H6+x(3Q)‘ < 02 ||h||H—9—X(8Q) : (3-1)
n=1

Proof Letye& D(A") be the solution in the transposition sense to
(2.0) with =0 and ® = 0. Since Ay @y.n = Ay nPy,n, We have

(y, )\X,n@x,n>_ﬁ = —(—1)X <h, T;QOX’”>H*9*X({)Q),H9+X(aQ) , neNlN.
Therefore

—1 *
(Y, oxm) e = —(=1)A <h’TX90X7”>H*9*X(8Q),H9+X(89)
and

© 2

—1—k * 2
E ‘Ax,n <h7TXSOX7TL>H797)C(QQ)’H9+X(aQ)‘ = ||y||D(A;K)- (3-2)
n=1

Furthermore, for any G € D(AY), we have

[(y.G)_| = ‘<h’T;A;1G>H*9*X(89),H0+X(89)‘

< Al gr-0-x a0 HT;A;IGHHﬁ""X(aQ)
< C|Rf g-o-x(a0) HAglGHHﬂHN)(Q)
< C|Rf g-o-x(a0) HA;1GHD(A,1(+“)
< Clhll-o-xa0) Gl peag) -
Therefore, we obtain

”?JHD(A;H) <0 HhHerfx(aQ)
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and combining this with [B.2]), we deduce (B.1). O

By this lemma, we are now in position to complete the proof of Theorem

2.3l
3.2. Proof of Theorem 2.3 for a € (0,1). For all n € N, we set

t
Ui () i= — (—1)X /0 (£ = )% Ba (=Mt — )%
X H(O,T)(s) <f(5’ ')’ T;SDXv”>H*9*X(8Q),H9+X(89) ds,

u2,n(t) = Ea,l(_)\x,nta) <u07 SOX,n>_1_,.€ s

t
ugpn(t) == /0 (t—s)a_lEaﬂ(—)\XW(t—s)a)H(O,T)(3) <p_1F(s, -),gox,n>_ﬁ_l ds,
and

Un(t) = w1 n(t) + uzn(t) +usn(t),
where I ) denotes the characteristic function of (0,7'). Here, for 1, 2 >

0, Eg, g, denotes the Mittag-Lefler function given by

00
Zk

Eﬁhﬁz(Z) :Zm, z e C.

k=0
We will divide the proof of Theorem 23] into three steps: In the first
step, we will prove that for any € > 0, the sequence

N
Zun(t)@x,m N eN,
n=1

converges to u in L"(0,75 D(A;*7%)) as N — oo. In the second step,
we prove that the same sequence converges in Lj, (0, +0o0; D(A 7)) to
a function v satisfying the conditions (i) and (ii) of Definition 21l In the
third step, we complete the proof of the theorem.

In addition to the generic constant C' > 0, for all € > 0 by C. > 0 we

denote generic constants depending also on €.

Step 1. Fix € > 0. Let us show that the sequence

N
> tn(t)pyn, NEN

n=1
converges in L"(0,T; D(A;*7")). For this purpose, it suffices to prove that
the sequences

N
Zui,n(t)@ox,na i = 17 27 37 N e N7

n=1
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converge in L"(0,T; D(A*7")). First we prove this result for the case
i =1. For m < n and almost all ¢t € (0,7), we have

n n t
> ure(t)pye = Z/ Hy(t, s)dspy.e
t=m DAgs)  lle=m 70 D(A"™")
t n
é/ ZHZ(t73)SOX,£ ds,
O lle=m D(AL*")

where, for a.e. 0 < s <t < T, we consider

HZ(t7 S) = (t_S)a_lEa,a(_)‘x,Z(t_s)a) <f(57 ')7 T;90X74>H*0*X(8Q)7H9+X(8Q) :

In view of formula (1.148) of [23, Theorem 1.6], for almost all s € (0,t), we
find

2

n
Z Hy(t, )y
{=m D(AYS™")
2

< Z ‘)‘;;_H(t_S)Q_lEa,a(_)‘x,Z(t_S)a) <f(57 ')7 T;Sox,£>H_e_X7He+X

f=m

2

<Ot =)D 3T N (500, T30 ron o
l=m

Hence

n
Z ul,Z(t)Qox,Z
l=m

DT

1
t n ) 1
< C/O (t— S)Ea—l (Z ‘)\_fz_’i <f(S, ')’T;¢X’£>H—9—X,H9+x > ds.

{=m

Applying the Young inequality for convolution, we obtain

n
Z ul,Z(t)Qox,Z
{=m

L7(0,T;D(A"7"))

n
< O{-: ZA;’;_H <f(t7 ')7 T;SOX,Z> Pl
{=m

L7(0,T5L%(9))
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Using Lemma |3:[L for almost all ¢t € (0,7") and all N € N, we obtain

1 n

7 7 XQDXZ> Px,l

7

L2 ()

+o00 2\*
—1-— n *
( ‘A f(t,‘)’Tx@X74>H*0*X(8Q),H0+X(3Q)‘ )
(=1

S CfE ) g-0-x o0
and the limit

. —1— n
S 0 oo 1

exists in L2(Q) for almost all ¢ € (0,7). In the same way, by f € L"(0,T;
H=97x(0Q)), applying the Lebesgue dominate convergence theorem for
functions taking values in L?(2), we deduce that the limit

. —1 n

exists in L"(0, T} LQ(Q)). In particular, it is a Cauchy sequence and so we
have

) —1-
mléﬂloouz)‘ VAR XSOXZ>SOXZ
—1-
Z)‘ H ), x80x€> SOXA L7(0,T;L2(2)) =0,
which implies that
n
|3 e
=m

L7(0,T;D(A"™"))

Thus the sequence
N

Zul,n(t)goxm, N eN

n=1
is a Cauchy sequence in L"(0,7; D(A ")), which yields the convergence
in L"(0,T; D(Ay*7")). Similarly, we can show that the sequence

N

Zui’»,n(t)@x,m N e N,

n=1

converges in L"(0,T; D(A;°~")). Moreover formula (1.148) of [23, Theorem
1.6] yields
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& 00

e 2 _ 5 2
D G Fua ()] <CETR Y ‘/\X,ﬁ * (10, Pyon)
n=1 n=1

g CtQ(E—B)OZ ||’LLO ||3)(A;N*5)

and, combining this with the fact that r8a = 1, we can conclude that the
limit

N—o0

N
lim Z U2.n (t)@x,na
n=1

exists in L"(0,T; D(A;*7")). These results prove that the sequence
N

Zun(t)@x,m N €N,

n=1

converges in L"(0,T; D(A*7")).

Step 2. Fix € > 0. Using the arguments of Step 1, we can define
v € Ly, (0,+00; D(AL°7")) by

loc 0o
U(t, ) = Z un(t)gox,n'
n=1

In this step, we will show that v fulfills conditions (i) and (ii) of Definition
21 Fixing p > 0, repeating the arguments of Step 1, using (B.I) and
applying Young’s inequality, we deduce that, for almost all ¢ > 0, we have

o
e Pt Z U1 n (1) Py .n
n=1 L1(0,400;D(AX°™"))

< C|| (e 0 100 (1) * (Tory () 1S (1 M sr-0-xomy ) |

L1(0,400)

+o0
< C <A e_pttga_ldt> ||f||LT(O,T;H_9_X(8Q)) < Q.

Therefore, we have

e " upn(t)yn € L0, +00; D(AFT)), p>0.
n=1

In the same way, one can verify that

o0
e in(t)oyn € L0, +00; D(ATT™)), p>0, i=2,3

n=1

and conclude that condition (i) of Definition 2] is fulfilled.
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Now let us consider condition (ii) of Definition 2.1l Applying the prop-
erties of Mittag-Leffler functions (see for instance [23]), we see that the
Laplace transform Lv(p,-) of v satisfies

Lo(p,) =Y Lun(p)pyn € D(ALT),
n=1
where

+o00o
Luy(p) = / e Pluy, (t)dt
0

<p“—1uo + Jo €T IR(t, )t 9%">
P+ A
<f TPLE(t,-)dt, Ty, n>

PY+ An

Now let V(p,z) := (Lv)(p,z) be the solution in the transposition sense of
the boundary value problem

{p(ﬂc)‘lAV(pw)ero‘V(pw) = F( )+ tug, in Q)

H—9—x HO+x

nVipa)(z) = [ e Pf(t,x)dt, = edQ,
where

A T

F(p,-) = / e_ptp_lF(t7')dt'

0
By the definition of the transposition, setting G = ¢, ,, in (2.2]) and apply-
ing (A+p*) oy = (Ain + P¥)@y,n, We obtain
()\XW + pa) (V(p7 ')7 SOX,TL>_R

T
(1) < | e s soxn>
0 H—9=x(0%Q),H*+x(09)

T
+ <po¢—lu0 + / e_ptp_lF(tv ')dta Sox,n>
0 —k—1
= (Axn + %) Lun(p).

Therefore (Lv)(p,z) = V(p,z) for p > 0 and z € 2, and so we can verify
condition (ii) of Definition 211

Step 3. In this step we complete the proof of Theorem 231 The
above argument shows that u is a weak solution to (4] in the sense of
Definition 2.1l Moreover, the uniqueness of this solution is guaranteed by
the uniqueness of the Laplace transform of a function and the uniqueness
of the solutions of the boundary value problem (23]). Therefore, the proof
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of the theorem will be completed if we show that for all £ > 0, estimate
(27) holds true. For this purpose, let us first consider

)
: : u17n¢X7n
n=1

Repeating the arguments of Step 1 and Lemma [B.1], we deduce that
0o

Z U1,nPx,n

n=1 L7(0,T;D(AY ™))

t
<0 | [ =t 15 oy

L7(0,T;D(A°™"))

L7 (0,T) '

Therefore Young’s inequality for convolution yields

)
E U1,nPx,n
n=1

In the same way, we obtain

0o
g Ui nPyx,n
n=1

< Ce (Jluoll pgucr-sy + o7 F

< C: ||f||Lr(o,T;H—9—X(8Q)) )
LT(0,T;D(AZS™))

L7(0,T;D(A"™"))

L’"(O,T;D(A;“_l))) » 1=2,3.

Combining these estimates, we deduce (2.7)). This completes the proof of
Theorem 23] for a € (0,1).

3.3. Proof of Theorem 2.3 for o € (1,2). We fix ¢ € (0,a™!). For all
n € N, we set

t
Ui () i= — (—1)X /0 (t = )% B (=Mt — )%
X Lo,7)(5) (£ (550 T3Pxm) -0 x() o+ x (062 0
u2,n(t) = Ea,l(_)\x,nta) <u07 Sox,n>_a71_,£7
u3,n(t) = tEa,2(_)\x,nta) <'LL1, SOX,n>_Oﬁl(H_T—l)_,i s
t
U4,n(t) = /0 (t_s)a_lEa,a(_Ax,n(t_s)a)H(O,T) (S) <p_lF(Sv ')7 Sox,n>_ﬁ_1 ds

and

Up = Ulp F U2 p + U3 n + Udgn-
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We will show that the sequence

N
Zun(t)goxm, N e N,
n=1

converges in L"(0,75 D(A; 7)) to the unique solution u to (IL4). For this
purpose, we remark that formula (1.148) of [23] Theorem 1.6] implies that

1

1 =10 —
lugn ()] < O ALY [0, oxon) 1]

and

|U37n(t)| < Ctaa—r_l)\;—na_l(l—r_l)

(ula @X,n>_a—1(1+r—1)_ﬁ .

Therefore, repeating the arguments for the case a € (0, 1), we can complete
the proof of Theorem 23] for a € (1,2).

3.4. Proof of Theorem[2.4l Since up = up,—1 = 0 and p = 1, the unique
weak solution u to (I.4]) is given by

u(tv ) = Zun(t)gpx,m te (O’T)v
n=1

where
(1) = / (b = ) B (<At — $)"INELG (5)ds,
and :
Go(t) = (= (f(t, ')’T;SOXW>H—9—X(8Q)7H9+X(8Q)+<F(t’ ), Pxn) — 1

k+1
>\X7n

for all n € Nand t € (0,7).
Here we notice that

(AT u(t, ), oym) = A tun(t)
- /0 (£ = ) B (<At — 8))Cin(5)ds.
Applying Lemma Bl we see
G(t,-) = i Gn(t)oxn € L*((0,T) x ),
and =

||G||L2((0,T)><Q) < c <||f||L2(O7T;H—9(8Q)) + ||F||L2(0,T;D(A;K71))> . (33)
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On the other hand, in view of [14, Lemma A.2] (see also [24] Theorem 2.2]),
we have A;l_“u € L*(0,T; D(Ay)), A;l_“(‘)f‘u = 85‘/1;1_"‘11 € L%((0,T) x
Q) and

J a A—1—kK
145 UHL2(0,T;D(AX)) +[|oF Ay UHL2((O,T)><Q) S OG0 -
(3.4)
From these results, one can easily verify that u € L%(0, T’ D(AL")), Ofu €
L2(0,T; D(A;'™%)) and estimates (B.3)-34) imply ZJ). This completes
the proof of the theorem.

4. Proof of Theorem

4.1. For m = 1. Let us start with the case m = 1. For this purpose, we
fix e € (0,1/4). In view of Theorem 2.3] the solution u € L"(0,T; D(A}*®)

to (IL4) is given by
o0
ut,) =Y un(t) oy,
n=1

where we set

t
w1(0) 1= =1 [ (=) B Anl6=5)) (5.0
uQ,TL(t) = a71(_>\x,nta) <U0, SOX,TL> )

U3,n(t) = /(; (t - S)OC_lEa,a(_)‘x,n(t - S)OC)H(O,T)(S) <p_1F(S, ')7 Sox,n> ds

and
U (t) = w1 pn(t) + u2pn(t) +uspn(t), neNl.
First we see that uy, € WH1(0,7T) and

dul,n
g (1) 1= =2 (1)

t
=—(=1)*0 </0 Sa_lEa,a(_Ax,nsa) <f(t —8,), T;SDX7”>L2(8Q) d8>

= - (_1)X <f(0’ ')’ T;¢X’n>H7%7X(8Q),H%+X(8Q) ta_lEa,a(_Ax,nta)

t
- (—1)X/0 s T Eq a(—Ayns®) (Opf (t—s, ')7T;90X7”>H7%7x Hhx ds.
(4.1)
Similarly, using [24, Lemma 3.2], we deduce that u;,, € W1(0,T), i = 2,3,
where
ué,n(t) = —An (U0, Pxn) ta_lEa,a(_)‘x,nta)’
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ug,n(t) = <p_lF(O, ')7 Qox,n>_1 ta_lEa,a(_)\x,nta)

¢
+ / 5" Eaa(=Ans®) (p 'O F(t —s,), Pxn) _y ds.
0

On the other hand, the compatibility condition (ZI0) and the representa-
tion (2.2]) of the solution in the transposition sense to the elliptic problem

1), imply that
Axon (405 Px,n)
= _(_1)X <f(07 .)7T;Qox’n>H7%7X(89),H%+X(89) + <p_1F(07 ')7 sox,n>_1 .

Therefore, we have
Uy (t) = Knt® ' Eqa(= Ay nt®),
where

— * -1
KTL T (_1)X <f(0’ ‘)’TXSOX’n>H_%_X(E?Q),H%+X(8Q) - <p F(O’ ')’ pr,n>_1 .
Combining this with (1), we obtain

"
up, (t) = —(—1)X/ (t = 5)* " Baa(=Aynlt — 5)%)
0
X <a9f(87 ')7 T;@X,N>H—%—X(aQ),H%“'X(aQ) ds
"
+/ 5% Baa(=Ans®) (0 O F (t = 5,7), 0xn)_y ds.
0
Thus, repeating the arguments in the proof of Theorem [Z.3], we deduce that

n
Z u;f(t)gox,kh n e N
k=1

converges in L"(0,7; D(A,®)) and
[e.e]

Z u;cgox,k

k=1 L7(0,T;D(Ax %))

< DS N, prsoy * 17 BF
Therefore u € WL (0, T; D(A%#)) and

lellvyrsro,7:p(a))

Lv'(o,T;D(A;ID)'

<C. (HfHWM(O,T;H—%—X(aQ)) + HP_IFval»T(o,T;D(A;l)) :

Moreover, in view of [20, Theorem 11.1, Chapter 1], since D(AS) = HEZE ()
for ¢ € (0,1/4) with the equivalent norms, the duality yields H~%¢(Q) =

D(A?). Thus, the last inequality can be rewritten as



190 Y. Kian, M. Yamamoto

-1
||u||W1»T(0,T;H—25(Q)) <O€ (Hf||W17T(O7T;H_%_X(8Q))+ Hp FHWLT(O,T;D(A;l)) '
(4.2)
In order to complete the proof for m = 1, we need to prove that u €
L7(0,T; H?(S2)) satisfies

lull or 0,7 12(02))

1
-1
=¢ <kz—() e Sl HWI—WO,T;D(AH)) '
(4.3)
Using [24] Lemma 3.2] and integrating by parts, for almost all ¢t € (0,7T),
one can verify that

t
Ul,n(t) = _(_1)X/0 Sa_lEa,a(_)‘x,nsa) <f(t —8,), T;Sox,n>L2(aQ) ds

t Eo1(—=Ay ns® *
_ (_1)x/0 0, <1(—XS)> <f(t — s, ')7TX90X7”>L2(8Q) ds

>\X7n

t <6tf(t—s")’7_*90x,n> 1y 1y
= (_1)X/ Eal(_)\x nsa) X H 2 X H27X
o ’ Ayn

<f(07 ')7 T;SDX7H>H_%_X’H%+X(8Q)

+ (=1)XEq 1 (=M nt®)

)\X7n

(f(t,-), T;@X7”>L2(89)
An '

— (—1)X

Similarly, we find

: p_laFt_Sv'vSO,n_
3,5 (1) :/ Ea,l(—)\x,nso‘)< L N ), #x,m) 1 s
0 on
_1 _
a P F(O,-),gp7n>_ p lFt,',QO "
AR i L B U UD H2¥1)
X’n X’n

Thus, applying again the compatibility condition ([ZI0]), we find
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<atf(t -5, ’)7 T;¢X’H>H7%7X7H%+X p
S

n(t) =(~1)¥ /O Eat(—Agns?)

Ax,n
¢ “LOF(t —s,),0vn
+/ Ea7l(_)\x,n3a)<p ! ( \ ) Px >_1d8
0 n
(_1)X+1 <f(t, .), T;¢X7n>L2(8Q) + <P_1F(t, ')’ Q0X7n>
Axn .
(4.4)
We set
! <8tf(t_87 ')7T*¢X7n> 1 1,
wl’”(t) = (_1)X/ Ea,l(_>\x7n3a) i\ H 27X H2 de’
0 on

t =19, F(t — 5,-), "
Wa,n(t) 32/ Ea,1(—>\x,n8a)<p W )>#x, >_1ds,
0

AX’”
and
(_1)X+1 <f(t7 ')7T;S0x,n>H_%_X H%“'X + <p_1F(t, ’)7 Sox,n>
w3,n(t) = \ : .
X7n
In view of ([4.4), the condition
o0
3" winenn € L'(0,T; HA(Q)), i=1,2,3, (4.5)

n=1
implies that v € L"(0,T; H%()). Moreover, the fact that, for i = 1,2,3,
we have

o0
E Wi nPyx,n
n=1

L7(0,T;H?(Q))

1
SO (Z HfHWHW“(O,T;HQ’“‘%‘X(aQ)) * Hp_lFuwl—W(O,T;D(A’;1))) ’

k=0
(4.6)
implies (£3]). In order to complete the proof of our result for m = 1, we
have to prove (43) and (4.6). Applying formula (1.148) of [23, Theorem
1.6], similarly to the proof of Theorem 2.3] for m < n we have
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n
Z W1,0Px L
t=m L7 (0,T5D(Ax))

t n <atf(t_s7 ')7T;pr,é> -1 i+
<C /S_a Y™
0

A
l=m Xt

L2 lzr(o,1)
n <6tf(t -5, ')7 T;QDX7Z>H7%*X HE+x
: 90)(,2
Ayl
t=m L7 (0T5L2(9)
On the other hand, in view of LemmaB.Jland 0, f € L"(0,T; H_%_X((?Q)),
the sequence

N <8tf(t - S, ')7 T;¢X7£>

<C

H-3%(00), H3+X(00)

, NeN
(=1 At
converges in L"(0,T; L?(£2)). Therefore we have
I i <8tf(t -5 ')7 T;Q0X7£>H*%*X HE+X
mﬂ%goo AX,Z S0X7é - 07

t=m L7(0,T;L2(2))

which implies that the sequence (&.5]) with ¢ = 1 converges in L"(0,7; D(Ay)).
Moreover, since D(A, ) is embedded continuously into H?(), it follows that
(4.5) with 7 = 1 holds true. The proof for (4.5]) with ¢ = 2 is similar and so
omitted.

Using similar arguments again, we obtain estimate (4.6 for i = 1,2.
Now let y satisfy y(t,-) € HY(Q) for almost all ¢ € (0,T) and satisfy

Ay(t,z) = F(t,x), z€Q,
{Txy(t,w) = f(t,), =zed.

Combining f € LT(O,T;H%_X((?Q)) and F € L"(0,T; L*(Q)) with the el-
liptic regularity of the operator A, we have that y € L"(0,T; H*(Q2)) and

(4.7)

ol oz < U ooy + IFlrorazay):  (49)
Moreover, following the proof of Lemma [3I] one can verify that
(y(t,), Sox,n>

_ (DX ), ) o rdox TP () oxn) (4.9)

)\X7n

= w37n (t)
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Thus, we have
[o¢]
Z w3 n(t)ox.n = y(t,)
n=1

and by y € L"(0,T; H*(Q)), we deduce [@J) with i = 3. In addition,
we obtain (40) for ¢ = 3 from estimate (48]). This proves that u €
L"(0,T; H?*(2)). Therefore we prove that v € Wb (0,7; H=¢(Q))NL"(0,T;
H?(Q)) for all € € (0,1/2) and u satisfies (2.12). In order to complete the
proof of Theorem 2.5 it suffices to verify that u is a strong solution to (L.4))
in the sense of Definition For this purpose, let

F e W (0, +oo; H™27X(89)) N L7 (0, +oo; H2X(9Q)),
F € Wh(0,+00; pD(A1)) N L7(0, +00; LA()),
satisfy supp fC [0, 7+ 1) x 09, supp FcC (0,7 +1) x Q and
fle=f Flog=F (4.10)
Now we set

o(t, ) = Z 5Tb(t)gpx,n
n=1

= =) [ (=9 B At = ) (Flo ) o) o

>L2(8Q)

N /0 (¢ = 5" Basa(-Anlt = %) (Fls. ), o

+ Ea,1 (= Axnt®) (uo, 90xm> .

>L2(Q) ds

From the above arguments, one can verify that v € VVllOCT (0,4+00; H5(Q2))N
L7 (0, 400; H?(Q2)) and

loc
e Pt ) € WHH(0, 400; H5(Q)) N LY(0, +-00; H*(Q)) (4.11)

for p > 0. Moreover, following the proof of Theorem 2] we see that, for
all (p,z) € (0,+00) x Q, the Laplace transform Lv(p, z) of v satisfies

T+1
p(Lo(p, ) — ptug(x)) + p LALY(p, x) = / e P E(t, z)dt.
0

Henceforth we write D'(Q) = C5°(Q)'. In view of (4II), this identity
implies that, for all p > 0 and all ¢ € C§°(12), we have
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£ [{(p0FT + AT) (), 9) by )] )
= (L[(pd0 + AV)](P, ), V) pr(a) ceo ()
= (pp(Lo(p, ) — uo) + ALY(p, ), %) prey 0),Ce°(Q)

T+1 _
= </ e PUE(t,-)dt, 1/;>
0 D’(2),5°(2)
L

B Kﬁ(t’ ')’w>D'<n>,03°mJ )

Therefore, for almost all ¢ > 0, we have

<(pafa7+ AD)(t, ) — F(t, ), ¢> = 0.

Dr(2),65°(€)

On the other hand, in view of ([@I0) one can easily verify that v = u in
(0,T) x Q. Hence for almost all £ € (0,7") we have

Furthermore, by u € L"(0,T; H*(Q)), we have 0fu = —p tAu+ F €
L"(0,T; L?(52)). Therefore [2.4) holds true in L7 (0,7 L%(Q)). In the same
way, applying (4.11), one can verify that condition (2.5]) is also fulfilled and
u is a strong solution to ((L4]). This completes the proof of Theorem 2.5l for
m = 1.

4.2. For m > 2. We will consider only the case m = 2. The case m > 3 can
be deduced in a similar way by an iteration argument. Applying the result
for m = 1, for all € € (0,1/2), we obtain that v € WbH(0,T; H=¢(Q)) N
L7(0,T; H*(Q2)) and

Oul(t, Z wy, () Oy s

t

t
+/ (t—S)a_lEa,a( )\xn t 3 <P 18 F( )’¢X7">d8'
0 (4.12)
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Applying (Z.I1]), we obtain
U ()
= —(=1)x /Ot “ 1Eaa AxnS” <5 f(s,), x%o >H $x pix ds
+ /Ot(t - S)O‘_lEa,a(—)\X,n(t —5)%) <p_18§F(s, ), 90xm>_1 ds.

and, following the proof for m = 1, we reach u € W2 (0,T; H ¢(Q)) and

w2 0.z« <”f||w2w<o,T;H%X<am> " HFHWZ"“(O,T;D(AX%))) '

(4.13)
Now let us prove that dyu € L"(0,T; H*>(Q2)). For this purpose, in view of
(£12]), applying the arguments for the proof of Theorem 23] we see that
v = OQyu is the weak solution to

(p(l‘)ata +A)U(tv$) = 8tF(t7$)7 (t733) 7
TXU(t,ZL‘) = 8tf(t7$)7 (t733) 7
v(0,z) = 0, x €.

Since ‘
8uf € L"(0,T; H2~X(9Q)) N WL (0, T; H™27X(9)),
O F € L7(0,T; L* () N W' (0,T; pD(AL))
and (2Z.I1)) is fulfilled, applying the theorem for m = 1, we obtain dyu €
L7(0,T; H2(Q) N WL (0,T; H=¢(Q2)) and

lwllwrro.rm20)) + lwllwarorm-@)

2
<C <Z||f||wg kor (0,7 H2H— 1 X(00)) + ||F||W2 k,r(0,T; H2(k—=1) (Q ))) (4,14)
k=1

+Ce <HfHWzv’“(O,T;H’%’X(é)Q)) + Hf’_lFHWzvr(o,T;D(A)zl))) '

Recalling that u is a strong solution to (I.4]), we see that wu(t,-) solves the
boundary value problem
Au(t,z) = —p(x)ofu(t,z)+ F(t,z), =€,

{ nou(t,x) = f(tx), x € 00
for almost all ¢ € (0,7). On the other hand, since u € W7 (0,T; H%(Q)),
Young’s inequality for convolution yields dfu € L"(0,T; H%(R2)). There-
fore, by f € L"(0,T; H2+%_X(8Q)) and F € L"(0,T; H*(2)), applying the
elliptic regularity of the operator A guaranteed by condition (Hs), we see
that u € L"(0,T; H*(Q)) and
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lwll 2 0,710y
< Clllullwrromsmz@) + I o ozt 3 oy T IF e 0152 (@)-

Combining this with (4.I4]), we find

lullwr o, m2)  lullwer o m-< @) + 10l Lr o701 0)
2

<C 3 (o rr o d-x oy + IFlwa-sozimmana)
k=1

-1
+Ce (”fHW%r(o,T;H—%—X(aQ)) + e FHW“(O,T;D(A?))) '
This completes the proof of Theorem

5. Proof of Propositions and

Proof of Proposition We start with the first statement of
Proposition For this purpose, we fix f € C*>([0,T] x 99), F €
C%°([0,T] x Q) and ug € C®°(Q) which do not satisfy (ZI0). We assume

1

also that (L4) admits a unique solution u € W11(0,T; D(A, ?)). In view
of ([49), there exists ng € N such that

bo = — (=1 (f(0,): T3 xmo) 12y + (7 F(0,), Oximg )

(5.1)
- >‘X7n0 <u0’ pr,no> 7é 0.

_1
We will prove that u ¢ Wh(1=)"" (0, T; D(A, ?)). Following the argumen-
tation of Theorem [2.5] we can show that

(Ouult, ), xona) 1

t
= _(_1)X/0 Sa_lEa,a(_)‘x,nosa) <8tf(t - S, ')7 T;90X7NO>L2(89) ds

t
+ / Sa_lEa,oc(_)‘X,m)Sa) <p_18tF(t —5); @X’n0> ds
0
+ bt Ega(—Aynot®)-

On the other hand, since Eq o(—Aynt®) € C[0,T] and E, (0) > 0, we see
that there exists tg € (0,7) and ¢y > 0 such that

inf |E, (=X nt¥)] = co.
te[o,to}‘ oc,a( XM )| 0
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Therefore, for almost all ¢ € (0,%p), we have
| <atu(t7 ')7 Sox,no>_% |

> co|bolt*!

t
_(_1)X /0 Sa_lEa,a(_)‘XﬁLosa) <8tf(t -5 ')7 T;Sox,n0>L2(aQ) ds

¢
/0 $* 1 Eaa(=Anes™) (pT1OF(t = 5,7), Oxme ) ds| -

Moreover, since f€C®([0,T]x09), F€C>®([0,T]xQ), it is clear that

C1

t
- ”(—1)*“ /0 5" Baa(—Agnes®) (Of (E = 5,7), T Pym ) 12 s

Lo(0,T)

+ < o0.

L>°(0,T)

t
/0 Sa_lEa,a(_)\x,nosa) <P_18tF(t —5); ('Ox’n0> ds

Thus, for almost all ¢ € (0,ty), we have
[ {Buu(t, ), pxcno) 3 | > colbo] 17 — e

and condition (5.1J) clearly implies that
o)1
[(Drult, ) pxno) | € LU7(0,T).
_1

Thus, we have u ¢ whi-™ (0,T;D(Ay ?)), which completes the proof of
the first statement of Proposition

For the second statement of Proposition[2.6] let us consider f € C*°([0, 7]
x00), F € C*([0,T] x Q) and ug € C*®(Q) satisfying (210) and let (T4

1

admit a unique solution u € W1(0,T; D(A, ?)). Assume also that (ZIT))
is not fulfilled for m = 2. Then we first show that there exists n; € N such
that

- (_1)X <atf(07 ')7 T;90X7N1>L2(8Q) + <p_18tF(07 ')7 90Xﬂ1> 7& 0. (52)
Indeed, assuming the contrary, we deduce that
Ax,k <A;1P_latF(07 ')7 Sox,k> = _(_1)X <_8tf(07 ')7 T;¢X7k>L2(8Q) 5 k e N.

Then, following formula (£.9]), we deduce that G = A;l p L0, F(0,-) solves
the boundary value problem

AG(z) = 0, x €,

7G(x) = —0.f(0,2), €N
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On the other hand, since p~10,F(0,-) € L?(Q)) and G = A;lp_lﬁtF(O, ),
we obtain 0;F(0,-) = pA,G = AG = 0 and 0,f(0,:) = —7,G = 0. This
contradicts that (2.11]) is not fulfilled for m = 2. Thus, there exists n; € N
such that (5.2 holds true. Repeating the arguments for Theorem 2.5 in
view of (2.I0]), one can verify that

<8tzu(tv ')7 Px,n1 >_

1
2

t
= _(_1)X/0 Sa_lEa,a(_Ax,msa) <at2f(t —8,), T;Sox,n1>L2(aﬂ) ds

t
+ / Sa_lEa,a(_)\X,mSa) <p_18tzF(t —5,), pr,n1> ds
0

- (_1)X <atf(0’ ')’ T;@x,m >L2(8Q) ta_lEa,a(_Ax,mta)
+ <p_18tF(07 ')7 @x,n1> ta_lEa,a(_)‘Xﬂlta)'
Therefore, similarly to the proof of the first statement of Proposition 2.6]
by ([G.2) we deduce that (7u(t,-), pyn, ) 1 & L@=D7"(0, T), which implies
2

_1
that 82u ¢ LD (0,T; D(A, ?)). Thus the proof of the proposition is
completed. O

Proof of Proposition We start with the proof of the first state-
ment. For this purpose, we fix f € C*([0,T] x 0Q), F € C*([0,T] x Q) and

ug,u1; € C*°(2) such that ([Z.I0) is not fulfilled. Then, there exists ng € N
such that (5.J) is not fulfilled.

_1
Let us assume that the solution u to (IL4)) is lying in W21(0, T; D(A4, ?)).
_1
We will prove that u ¢ W22=2)""(0, T; D(A, ?)). Combining [24, Lemma
3.2] with Proposition 2.6, we deduce that

<8tzu(tv ')7 Px,no >_

1
2

t
= _(_1)X/0 Sa_lEa,a(_Ax,nosa) <at2f(t —8,), T;Sox,no>L2(aﬂ) ds

t
+ / Sa_lEa,a(_)\x,nosa) <p_18tzF(t ey ')’ pr,n0> ds
0

where
do = — (_1)X <f(07 ')7 T;Sox,no>L2(aQ) + <p_lF(Oa ')7 Qox,n0>

- )‘X,no <u07 90X7"0>
and
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€0 = — (_1)X <8tf(07 ')7 T;90X7n0>L2(8Q) + <p_18tF(07 ')7 Qox,n0>
- )‘X,no (ulv 90X7n0> :

Therefore, in a similar way to Proposition 2.6l one can show that there
exists t1 € (0,7, c2,c3 > 0 such that

‘<8tzu(tv ')790x,no>_% > c3|do|t* % —ca,  t€(0,t1),

_1
which proves that u ¢ WQ’(Q_O‘)_l(O,T;D(AX2)). The rest part of the
proposition can be proved similarly and is omitted. O
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