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Abstract

The multinomial Mittag-Lefller function plays a crucial role in the study
of multi-term time-fractional evolution equations. In this work we establish
basic properties of the Prabhakar type generalization of this function with
the main emphasis on complete monotonicity. As particular examples,
the relaxation functions for equations with multiple time-derivatives in the
so-called “natural” and “modified” forms are studied in detail and useful
estimates are derived. The obtained results extend known properties of
the classical Mittag-Leffler function. The main tools used in this work are
Laplace transform and Bernstein functions’ technique.
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1. Introduction

The time-fractional diffusion equation (tFDE) was derived via the frame-
work of a continuous time random walk under the assumption that the mean
waiting time has a power-law decaying tail proportional to t¢, o € (0,1).
The solution of the tFDE accurately describes the power-law decaying be-
havior in a large number of anomalous diffusion processes [39]. To improve

(© 2021 Diogenes Co., Sofia
pp. 88-111, DOI: 10.1515/fca-2021-0005 DE GRUYTER



COMPLETELY MONOTONE MULTINOMIAL ... 89

the modeling accuracy of single-term tFDE, diffusion equations with mul-
tiple time-derivatives are proposed, which permit to describe also processes
whose scaling law changes with time [31], [39]. Such an example is the
derived in [43] two time-scale mobile-immobile tFDE model for the subdif-
fusive transport of solutes in heterogeneous porous media.

The multi-term generalizations of the tFDE, involving time-derivatives
of orders distributed in the interval (0,1], are considered in two forms:
the so-called “natural” (or Caputo) form and “modified” (or Riemann-
Liouville) form, for the precise definitions see [31], 9] and equations (4.2])
and (43]) below. Initial-boundary value problems for the equation in "nat-
ural” form are studied analytically and numerically in a large number of
works. Based on eigenfunction expansion, explicit solution is given in
[30], the fundamental well-posedness theory is established in [25], maxi-
mum principles are derived in [30, 27], smoothing properties are studied
in [I9], complete monotonicity of the corresponding relaxation functions is
discussed in 2, 13]. Regarding numerical treatments, we refer to [19] [44].
For further studies on multi-term equations in Caputo form see e.g. [3§],
where different types of spatial operators are considered, and [45], where
the multi-term time-space Caputo-Riesz fractional diffusion equation on an
infinite domain is examined. Concerning the tFDE in “modified” form,
explicit expressions of the solutions of two- and three-term equations are
derived in terms of series of Fox H-functions in [I5 22, [40]. The Rayleigh-
Stokes problem for a generalized second-grade fluid, which is a special case
of a two-term “modified”-form equation, is studied analytically and nu-
merically in [7]. Abstract framework for multi-term evolution equations is
developed in [23], see also [3].

The multinomial Mittag-Leffler function
m _kj

o
k! [T 2
Bt i) 8(215 5 Zm) ::Z Z — ’
sy ! !
k=0 ki+...+km=k Fal.. Kty (/3 + Z;’; Njkj)
k1>0,...,km >0

where z; € C, u; > 0, 8 € R, j = 1,...,m, is proposed in [I6] and
used for solving multi-term fractional differential equations with constant
coefficients by operational method in [16], 28, 29]. Originally, it is named
“multivariate” Mittag-Leffler function. The current name is attributed to
this function in [18]. The multinomial Mittag-Leffler function plays a cru-
cial role in the study of multi-term time-fractional diffusion equations. This
is due to the fact that the time-dependent components in the eigenfunction
expansion of the solution to initial-boundary value problems for multi-term
equations are expressed in terms of multinomial Mittag-Leffler functions,
see e.g. [19,25] 27, B0]. To prove existence and regularity results, estimates
for this function are essential.
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The following useful estimate is established in [25]: for 0 < S < 2,
1> p >p; >0,and —K < z; <0, where K > 0, j = 2,...,m, and
/2 < v < pym, there exists a constant C' = C(u1, ..., m, B, K, v), such
that

E < ¢ < < 1.1

‘ (va---vﬂm)vﬁ(zl””’Zm)‘ — 1+|Zl" V= |arg(zl)| > ( : )
Estimate (I.I)) is a natural extension of a property of the classical Mittag-
Leffler function ([34], Theorem 1.6) and has found numerous applications
in the study of initial-boundary value problems for the tFDE in “natural”
form, such as in deriving regularity estimates and smoothing properties for
the solution [I9] 25] and in the study of different types of inverse problems
[T, 24, 26, [46]. However, estimate (L)) is not suitable when the tFDE in
“modified” form is considered.

In a series of papers [4 [5, 6] initial-boundary-value problems for diffu-
sion equations with multiple time derivatives and nonlocal boundary condi-
tions are considered. The nonlocal character of one of the boundary condi-
tions leads to a non-selfadjoint problem and multidimensional eigenspaces.
This, in turn, implies that the time-dependent components in the gen-
eralized eigenfunction expansions of the solutions are expressed in terms
of multinomial Mittag-Leffler functions and convolutions of them. It is
known that convolution of two classical Mittag-Leffler functions is a Prab-
hakar function [12]. Therefore, the need of Prabhakar type generalization
of the multinomial Mittag-Leffler function naturally emerge in the context
of nonlocal boundary value problems for the multi-term tFDE. Such a gen-
eralization is defined and used in [4].

For other types of multi-index and multi-variable generalizations of the
classical Mittag-Leffler function we refer to the recent surveys [20, [33] and
the last edition of the monograph [12].

In this paper the study of the multinomial Prabhakar type function and
the multi-term tFDEs in their two forms are intertwined. First, basic prop-
erties of the multinomial Prabhakar type function are established with the
main emphasis on complete monotonicity. The obtained results are applied
to prove well-posedness of the considered equations. As particular exam-
ples, the relaxation functions for equations with multiple time-derivatives
in the “natural” and “modified” forms are studied in detail and useful es-
timates are derived. This, in turn, provides some new relations for the
multinomial Mittag-Leffler functions. The main tools used in the present
work are Laplace transform and Bernstein functions’ technique.

The rest of the paper is organized as follows. Section 2lis concerned
with the definition and basic relations for the multinomial Prabhakar type
function. Complete monotonicity and asymptotic behavior is studied in
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Section Bl Multi-term evolution equations are considered in Section Ml
Section [l is devoted to a detailed study of the properties of the related
relaxation functions. In Section [6l the moments of the Green function are
expressed in terms of multinomial Prabhakar type functions. Definitions
and basic properties of fractional calculus operators and Bernstein functions
are listed in an Appendix.

2. Multinomial Prabhakar type function: basic relations

The classical Prabhakar function is defined as [11], 35]

5)k Zk
E5 = ( — R 21
u,ﬁ(z) _,;0 il ( k)’ z€C, u,B,0 e R, >0, ( )

where (0), denotes the Pochhammer symbol
(0)y=004+1)...(0+k—-1), keN, (§o=1,

and I'(+) is the Euler gamma function.
A multinomial generalization of the Prabhakar function (2.1J) is defined
next. For the sake of brevity we use the vector notation i = (p1, pi2, - - -, fim)-

The multinomial Prabhakar function is defined as follows, [4]:

[e¢) m k]’
B g(2t,nzm) =Y > ( = (2.2)
g B\l s sm looi k| ’
k=0 ki+...+km=Fk Fyle -kl p (/3 + ZT:1 Njkj)
k1>0,..., k>0

where z; € C, pj, 8,0 €R, p; >0,5=1,...,m.

In general, the parameters p;, 3,0, are allowed to assume complex val-
ues with $p; > 0. In this work, however, we restrict our attention to real
parameters, which are of particular interest for the considered applications.

The classical Prabhakar function (2.1J) is recovered from (2.2)) for m = 1.
The binomial variant (m = 2) of function ([2.2]) was recently introduced and
studied in [10]. In the special case 6 = 1 the Pochhammer symbol yields
(1)g = k! and the function (2.2)) is the multinomial Mittag-Leffler function

E(m,m’“m),ﬁ(zl, ey Zm) = E(lm,...,um),ﬁ(zlv ey Zm)- (2.3)

If 0 is a negative integer, then the Prabhakar function (2.2)) is defined by a
finite sum, and Eg’ﬁ(-) =1/I'(B).

Let us note that the double summation in (Z2]) can be formally replaced
by the multiple summation > 777 = > ... > . This yields
a multiple power series, which converges absolutely and locally uniformly,
and thus defines an entire function in each z;, j = 1,...,m. Therefore,
both representations are equivalent.
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Applying successive term by term differentiation in (2:2]) and using the
identity (0)g+1 = 0(d 4+ 1)i, we deduce the relation

a n
<8—Z]> Eg’B(Zh e ,Zm) = (5)”Efij_1?uj+ﬁ(zl’ e 7Zm)7

which generalizes a well-known identity for m = 1, see e.g. [35], Eq.(2.1).

In the rest of this work we are concerned only with the following multi-
nomial Prabhakar type function of a single variable ¢ > 0, which is of
particular importance for the study of multi-term time-fractional equations

561117”‘7”7”)75(.[:; al, ce . ,am) = tﬁ_lE?ﬂ/lyu-yﬂ/m)yB(_altul7 ey —amt“M), (24)

where p; >0, 8>0,6 € R,a; >0,5=1,...,m. For the sake of brevity

. 5 Loy e . s
tl.le short IlOtfithIl Eq s a).ls used for the function (24]). Definition (2.2))
yields the series representation

géﬁ(t. c_i) — i Z (_1)k(5)k
BB\ ] | m
k=0 ki+...+km=Fk fal Ko r (5 + Zj:l Mjk'j)
k1>0,....km >0

<H;n_1 a;‘fj) tﬁ—l‘f‘Z;ﬂ:l wikj

(2.5)

The first terms in the power series (2.3]) give the following asymptotic ex-
pansion for ¢t — 0:
-1 m 8= 1+

§ A~ )
Eqp(t; @) ) 5].:1%7F(B+uj)’ t— 0. (2.6)

We study the multinomial Prabhakar type function (2.4]) applying Laplace
transform (LT) technique. For this reason we are concerned only with
locally integrable functions Egﬁ(t; d). Taking into account (Z.6]), this is
guaranteed by the assumptions on the parameters of function (2.4)).

THEOREM 2.1. The Laplace transform 525(5; @) of the multinomial
Prabhakar type function 52. 5(t; @) is given by the identity
s B
é
(1 + Z;ﬂ:l ajs_“j)

for s € C, such that Rs > 0 and ‘Z;n:l a;sHi

€3 5(s;@) = L {gg,ﬁ(t; a‘)} (s) = (2.7)

<1.

P r o o f. By applying term-wise Laplace transform to the series (2.5))

and using the LT pair £ {%} (s) = s~ for a > 0, s > 0, we obtain
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. B o _1 k 5 m o )
et =sry Y SO e,
k=0 kit thm=k LM G
k1>0,....,km >0

which implies (2.7)) by the use of the binomial series

_ 2 ()
a+20 =3 O ap 17140, (2.9
k=0
and the multinomial theorem
k! LR
k _
kit..+km=k j=1

k120,....km >0
d

The LT pair (2.7)) shows that, in general, the representation as a multi-
nomial Prabhakar type function is not unique. For example, the identity
Sffﬁ(t; a) = S&zu)ﬁ(t; 2a,a?) can be proven by the use of ([Z.7). Moreover,
the order of parameters p; (resp. a;) in (24]) can be changed simulta-
neously. For clarity, in what follows we choose the representation with
minimal m and when a special arrangement of the parameters p; (resp.
a;) is assumed, this is explicitly stated.

A reduction of parameters result is established next.

THEOREM 2.2. For any j =1,...,m, there holds

) N . (5)k k ok+6 =
gﬁﬁ(t’ @) = kZ: k! (—a;) 5(#1,---uufj—l7/»‘]'+17~~~7Hm)7ﬂjk+6(t’ @), (2.9)
=0

where @ = (a1,...,an,) and @ = (a1,...,0;-1,041,..,0m).

P r o o f. Representation ([29) is deduced from the following identity
obtained by the use of the binomial series (2.8])

Co—pi \ —9 o0 —uik—8
50 (e _ B n—9o ajs—H _ Ok, k5
Sﬁﬁ(s,a) =s (1—|—Z) <1+ 11>y —];) %! ( CZJ) (1+Z,)k+57

where ¥ = > s, 1 =1,2,...,5 — 1,5+ 1,...,m, by applying (27)
and the uniqueness of Laplace transform. O

In the particular case § = 1, m = 2, representation (2.9]) appears in the
context of two-term time-fractional equations, where instead of the usual
in this case binomial Mittag-Leffler function, an infinite series of Prabhakar
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functions is used, see e.g. [5,[6]. Let us note that further reduction identities
can be found in [34], Chapter 5.

The integration, differentiation and convolution properties for the multi-
nomial Prabhakar type functions, given next, extend those for the classical
Prabhakar function (see e.g. [11]).

THEOREM 2.3. The following identities hold true:

T (5325(@ 5)) = &) gralt; @), a>0, (2.10)
d\" B )

(a) Erp(t:@) = € 5_(t:0), B>n, (2.11)

(&) (g 9) O = 1 (60 (212)

where J{* is the Riemann-Liouville fractional integral and * denotes the
Laplace convolution.

The above identities can be verified directly from the series definition
[2.5), or, proving by the use of (2.7)) that the Laplace transforms of both
sides coincide. Technically, the second method is easier and the proofs are
straightforward. For this reason they are omitted here. In the binomial
case m = 2 the above identities are proved in detail in [10].

3. Complete monotonicity

This section is devoted to the study of complete monotonicity property
of the multinomial Prabhakar type function (2.4) for ¢ > 0. Concerning
the classical Prabhakar type function the current most general result states
that the function tﬁ_lEfL’B(—t“), t > 0, is completely monotone if the
parameters satisfy the conditions [11]

0<p<1, 0<pus<pB<IL.

A detailed proof can be found in [§]. This result is extended next to the
multinomial case. The proof uses the Bernstein functions’ technique, for
details see Appendix. It is based on the following result.

PROPOSITION 3.1. Let @ € (0,1] and 0 < o < a < 1, ¢; > 0,
j=1,....,m. Then

1/a —1/a

5%+ Z q;5“ €CBF and s %+ Z qjs € CBF.
j=1 j=1
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P r o o f. Property (P8) in the Appendix implies by induction that for
any f, f1,..., fm € CBF and a € [—1,1]\{0} there holds
1/a

Fo0s) + D fs) € CBF. (3.1)
j=1

It remains to plug in (BI) the complete Bernstein functions f(s) = s,
1 s
file) = g/swsle =1, .m. -

THEOREM 3.2. Let 1 > pg > po > ... > iy > 0,0 < 10 < 5 < 1,
and a; >0, j=1,...,m. Then

1
Eir ), g1, am) €CMF, > 0. (3.2)

P r o o f. We prove complete monotonicity of Sg B(t; @) by applying cri-
terion (P3) in the Appendix. To establish ggﬁ(s; d) € SF we note that,

~ ~1
according to (P4), it is equivalent to (52.6(8; c_i)) € CBF, or, taking into

account (2.7, to
é

sPmo | g 4 Z a;s"Hi | e CBF. (3.3)
j=1
Let first 5 # p10. To prove ([B.3]) we apply (P7) to the function ! (s).1)*2(s)
with ay = 8 — 10 >0, as = u1d > 0, and
1/m

m
pls) =5, d(s)= |+ agsr |
j=1

where ¢ € CBF and ¢ € CBF (according to Proposition B.1).

If 8 = p10 then the function in (F3) is ¥*1%(s) and it is a complete
Bernstein function as a composition of two complete Bernstein functions:
Y(s) and s#1°, where 19 < 1, see (P6).

In this way (3.3) is verified and, thus, we proved that gg’ﬁ(s; a) e SF.

Moreover, since § > 0, (27) implies 526(8;6) — 0 as s — oo. There-
fore, the conditions in (P3) are established and the proof of the theorem is
completed. O

Let us note that the condition 8 < 1 is also necessary for complete
monotonicity property (3.2)). Indeed, Sg,’ﬁ(t;d’) € CMUF implies that the
asymptotic expansions of this function for ¢ — 0 as well as for t — 400
should be completely monotone functions. We see from (2.6]) that at t — 0
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the function Eg 5(t; @) behaves as =1 /T(B), which is completely monotone
only when g < 1.

Next we derive the asymptotic expansion for ¢ — oo. To this end we
need the expansion of Sgﬁ(s;d) for s = 0. Let pg > po > ... > pupy > 0.
Then for s — 0,

gh16—0 gh16—p

§§5(3§5) = s ™ 5
H, (3“1 + Ay SPLTHm | ggsH1TH2 4 al) (a23ul—u2 + al)

and, therefore

) — —048—pu20—1 1 -1 —
Sﬁﬁ(t;a)NaQ tB—n2 Em—mﬁ—uﬁ (—a1a2 tH1 “2), t — +4o0.

From the asymptotic behavior of the Prabhakar function (see e.g. [11], eq.
(3.13)) the leading term as ¢ — 400 is obtained as follows

s tB—p16-1 548
A ==, M1 s
gl Lo ! (8 — p16) 4
ﬁ7,8(t’ a) ~ it pa—1 s t— —+00. (3 )
—5&1_5_1a2t7, o =,
I'(—p1 + p2)

We observe that the leading terms in (3.4]) are completely monotone func-
tions under the assumptions of Theorem

Let us point out that (3.4]) can be guaranteed only when a; > 0 for
each j = 1,...,m. In the classical case m = 1 this is known [II]. A
relevant counterexample concerning the two-term case is provided in [25],
Remark 4.1.

We also note that, according to (P3) and (P9), the complete mono-
tonicity property (3.2) implies that gg 5(s;@) can be analytically extended
to the whole complex plane cut along the negative real axis. Therefore, the
function s" + @, sH1THF™ 4+ L+ ags?TH2 + aq should not have any zeros
there. This is guaranteed by the assumptions p; < p1 < 1 and a; > 0. The
question whether these conditions are also necessary for complete mono-
tonicity property (8.2]) in the multinomial case needs further investigation.
Let us mention here the study in [41] of the zeros of such functions with
p1 > 1, which could be helpful.

Further, let us note that identity (2.7]) implies
N A .
Egﬁ(s;a)gﬁ’l_ﬁ(s;a) =1/s, s>0. (3.5)
Therefore, according to property (P5) in the Appendix, gg 6(8; a)e SFif

and only if gﬁ_‘f_ﬁ(s; d) e SF.If g € (0,1) then both Laplace transforms
vanish as s — oo and according to (P3) Egﬁ(t; a) € CMF if and only if
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Si(ls_ﬁ(t;c_i) € CMF. In other words, identity (B.5]) implies that Eg,ﬁ(t;d’)

and Ei <1$_ B(t; @) are Sonine kernels, that is
§ (4, o0 -
Epptia) x5 g(tia) =1, ¢ >0,

and the complete monotonicity of the one implies the complete monotonic-
ity of the other. In this way we obtained the following corollary.

COROLLARY 3.1. Under the assumptions of Theorem and 8 # 1
there holds

€0 ap(tiar, . am) € CMF, t>0. (3.6)

4. Multi-term time-fractional evolution equations

Let “D; and D§* denote the fractional time-derivatives in the Caputo
and Riemann-Liouville sense, respectively, and let A be a generator of a
bounded analytic semigroup (see e.g. [9]). In this section we are con-
cerned with the two types of multi-term generalizations of the single-term
fractional evolution equation (¢ > 0,x € R")

“Deu(x,t) = Au(x,t) + f(x,1), 0<a<1. (4.1)

Let 1 > a>ar > ... >aqy >0,b>0,j=1,...,m We consider the
multi-term tFDE in the so-called "natural” (or Caputo) form

“Diu(x,t) + > b, D u(x,t) = Au(x,t) + f(x,t), t>0,  (42)
j=1

and in the so-called "modified” (or Riemann-Liouville) form

m
%u(x,t) = D} Au(x,t) + z; bj Dtl_ajAu(x,t) + f(x,t), t>0. (4.3)
j=

Let us point out that in our considerations of equations (4.2]) and (4.3]) the
case a = 1 is included in order to cover important models, such as the two
time-scale mobile-immobile model for the subdiffusive transport of solutes
in heterogeneous porous media [43], and the Rayleigh-Stokes problem for
a generalized second grade fluid [7]. Therefore, it is not possible to use for
the study of equations ([4.2) and (4.3) the framework of general fractional
derivative proposed in [2I]. Indeed, if for example, the multi-term derivative
operator in (4.2]) with o = 1 is represented as a general fractional derivative,
the corresponding kernel of this derivative would contain a Dirac delta
function, see also [17] for a related discussion.
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For a unified approach to the two types of multi-term tFDEs, ([£.2]) and
([@3)), we rewrite them for f = 0 as a Volterra integral equation

u(x,t) = u(x,0) + /0 k(t — 1) Au(x,7)dr, t>0, (4.4)

where the kernel k(t) = k1(¢) in the case of equation (£.2)) and k(t) = ka(t)
in the case of equation ([43]). The Laplace transforms of the kernels obey
"27,(8) = 1/92(8)7 1= 1)27 where

-1

gi(s) = s+ bis,  ga(s)= [+ by | . (4.5)
j=1 j=1
Therefore, taking into account (2.7)), we deduce
K1 (t) = g(a—al,...,a—am),a(t; bla cee 7bm)’ (46)
ta—1 m tei—1
ko(t) = ——+ ) bj——. (4.7)
@ * )

The kernels «;(t) € C(Ry) N L} (Ry) are completely monotone functions,
see Theorem Then [36], Corollary 2.4, implies that the problem (4.4)
is well-posed and admits a bounded analytic solution operator S(t).

We observe that the functions g1(s) and gs(s) in (£5]) are complete
Bernstein functions (the second one as inverse of a Stieltjes function, see
(P4)). Moreover, according to Proposition B.I] a stronger property is sat-

isfied: g;(s)'/® € CBF, i =1,2. This together with (P6) also implies
a/B
gi(s)V/8 = (gi(s)l/a) CCBF, 0<a<fB<1, i=12  (4.8)

Due to property (4.8) the following subordination result can be established
in the same way as Theorem 5.1 in [3].

THEOREM 4.1. Let0 < a < 8 < 1 and assume the single-term problem
(1) of order 8 admits a bounded solution operator Sg(t). Then the solu-
tion operator S(t) of problem (42), resp. ([4.3), satisfies the subordination
identity

S(t) = /0 ot 7)Ss(r) dr, t> 0, (4.9)

with function (t,7) defined by

1 y+ico 1/8
o(t, 7)) = — / exp (st - Tgl/ﬁ(s)) 97(8) ds, ~,t,7 >0,
271 Jy—ico s
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where g(s) = gi(s) in case of problem (4.2) and g(s) = g2(s) in case of
problem (4.3)). The function ¢(t,T) is a probability density function, i.e. it
satisfies the properties

o(t,7) >0, /000 o(t,7)dr = 1. (4.10)

Let us note that subordination results in a more general setting are
established in [37] by constructing an appropriate transmutation operator.

5. Relaxation functions

Setting A = —\, A > 0, in equations (4.2]) and (4.3]) leads to two forms
of multi-term relaxation equations. In this section we study the properties
of the relaxation functions, obtained as solutions of these equations.

By the use of Laplace transform we deduce that the solution of the
relaxation equation in "natural” form

“D&u(t) + zm: b; “ DV u(t) + Mu(t) = f(t), t>0; wu(0)=1, (5.1)
j=1

is given by
u(t) = ur(t; A) + /0 vi(t — ;X)) f(1)dr, (5.2)

and the solution of the relaxation equation in “modified” form

u'(t) + AD;~“u(t) + )\i bj Dtl_aju(t) = f(t), t>0; wu(0)=1, (5.3)
j=1

is represented as
¢
ult) = us(t; A) + / ws(t — T N) () dr, (5.4)
0

where the functions wui(t;A), vi(t; ), and wua(t; A) satisfy the following
Laplace transform identities

9i(s) , . 1
——— =12, Ui(s;\) = ——— 5.5
(i) + ) o >
with g1(s) and ga(s) defined in (4.5]).

The functions wu;(¢; A\) and v1(¢; A) are the relaxation functions related
to problem (5.I) and us(t; A) is the relaxation function related to problem
(53). Laplace transform inversion in (5.5) by the use of (2.7)) yields the

ui(s;A) =
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following explicit representations in terms of multinomial Mittag-Leffler
functions

ul(t; )\) = 1- )‘g(a,a—al,...,a—am),a—l-l (t; )‘7 bla SERE) bm) ) 6)

uQ(t; )‘) = g(a,al,...,am),l (t; A, by, 7)‘bm) ) 7)

U1 (t; )‘) = g(a,a—al,...,a—am),a (t; )‘7 bla cee 7bm) . (58)

In the single term case the relaxation functions reduce to the classical

Mittag-Leffler functions w;(t;\) = Eo(—=At%), i = 1,2, and v1(t; ) =
t LBy o (—At?).

Subordination identities for the relaxation functions u;(t; A\) can be

derived from the scalar version of Theorem [l where S(t) = wu;(t;\),
Ss(t) = Eg(—)\tﬁ). In particular, for g = 1 it follows

(5
(5

wi(t; A) = /0 goi(t,T)e_)‘T dr, t>0, 1=1,2, (5.9)

where the functions ¢;(t, 7) are nonnegative and normalized. A subordina-
tion result for the third relaxation function v;(¢; ) is given next.

THEOREM 5.1. The relaxation function vi(t; \) obeys the identity

vi(t;\) = / Y(t,7)e M dr, t >0, (5.10)
0
where the kernel 1(t, ) is nonnegative and admits the representation
Y, T) = ha(t,T) * hoy (t,017) % ... % hq,, (t, by T). (5.11)
Here * denotes the Laplace convolution and
ho(t,o) = o VL, (to*_l/a) , (5.12)

s&

where L,,(r) is the Lévy extremal stable density, defined by l/};(s) =e"

P r o o f. Consider a subordination kernel ¢ (¢, 7), which Laplace trans-
form with respect to t satisfies

o~

Y(s,T) = /000 e tp(t, 7)dt = e TN, (5.13)

Then, the functions v1(¢; ) defined by identity (5.I0) obeys
o o 1

e Sto (N dt = / e TN A qr = — —

/0 162 0 g1(s) + A

Comparing this result to (4.5), it follows by the uniqueness of the Laplace
transform that v1(¢; \) defined by (5.10) is indeed the relaxation function

(5.8). In this way (5.10) is established.
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Since g1(s) € CBF then by applying (P2) it follows e~ 791(5) € CMF.
The nonnegativity of ¥ (¢, 7) then follows by the Bernstein’s theorem. From

(EI3) and @5)

m
QZ(S, 7') = e 91 (s) — e_T(Sa"—Z;n:l bjsaj) = e_Tsa H G_Tbjsaj,
J=1

which, after Laplace transform inversion, yields representation (5.I1]). O

By fractional integration of (5.I0) and taking into account (5.8]) and
identity (2.10) we deduce the following representation for completely mono-
tone multinomial Mittag-Leffler functions, which is of independent interest.

COROLLARY 5.1. Let 0 <a<B3<1,0<a; <a, A>0, 53 >0,
j=1,....,m. Then

g(a,a—al,...,a—am),ﬁ (t; )‘7 bla SRR bm) = / ¢(t7 T)e_)ﬂ- dT7 t> 07 (514)
0

where the kernel ¢(t, ) is nonnegative and admits the representation
tﬁ—a—l
LB — o)

ifa < B and ¢(t,7) = (t, 1), defined in (G.I1]), when o = 3. The functions
ha(t,-) are defined in (5.12).

o(t, 1) = k ho(t,T) % hoy (8,017) % ... % hg,, (, by, T)

Some properties of the relaxation functions for the equations in “natu-
ral” and “modified” forms, including useful estimates, are collected in the
next theorem.

THEOREM 5.2.  For any A > 0 the relaxation functions ui (t; \), ua(t; A),
and vy (t; \) are positive, strictly decreasing, completely monotone fort > 0,
and admit analytic extensions to the half-plane Rt > 0. The relation holds
true

%ul(t;)\) = —Av1(t; N). (5.15)

The following uniform bounds are satisfied
0<wui(t;\) <1, t>0, u;(0;\) =1, 1=1,2, (5.16)
u;(t; A) ! i=1,2, (5.17)

< PRI
=14 AG(L)
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where

ll(t) = (1 * ’%1) (t) = g(a—al,...,a—am),a—i-l(t; bi,..., bm)a (518)

m

b(t) = (Lxrg)(t)= F(atiil) +;bﬂ'm'

1%

(5.19)

For any A > Ag >0 andt >0
ui(t; N) <wui(t; N), i =1,2,  vi(t;A) <1t o), (5.20)

and there holds the estimate
T
C< )\/ vi(t; N dt <1, T >0, (5.21)
0

where the constant C' =1 — uy(T'; A\g) > 0 is independent of .

P r o o f. We prove that functions w;(¢; \) admit bounded analytic ex-
tensions to the half-plane 3t > 0 by using the following characterization of
functions which are bounded analytic in a sector (see e.g. [36], Theorem
0.1): For a function F' defined on (0,00) and 6y € (0,7/2] the following
statements are equivalent:

(i) F(s) admits an analytic extension to the sector |args| < 7/2 + 6y and
sF(s) is bounded on each subsector |args| < m/2+ 6, 6 < p;

(ii) there is a function f(¢) analytic for |argt| < 6y and bounded on each
sector |argt| < 6 < 6y, such that F(s) = f(s) for s > 0.

We use this characterization in both directions. First, since the function
f(t) = e is analytic and bounded for Rt > 0, it follows that

‘8 (S)‘ s+ A
The functions g;(s) € CBF. Hence, according to (P9), they admit analytic
extensions to the sector |args| < 7w and

<M, |args| < 6,0 <. (5.22)

|arg gi(s)| < |args|, s € C\(—o0,0].

Therefore, in view of (B.5]) and (5.22]), w;(s; A\) admit analytic extensions to
the sector | arg s| < w and

|sti(s; A)| =

LS)‘ <M, |args| < 6,0 <.
gi(s) + A
This implies that the functions u;(t; A) admit bounded analytic extensions
for Rt > 0. The analyticity of vi(¢; A) is then inferred taking into account
relation (5.15]), proven below.

Complete monotonicity of us(t; A) and v1(¢; \) follows from the explicit
representations (0.7) and (5.8) and Theorem To prove that uy(t;\) €
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CMUF we use a different argument. First, note that h(s) = 3 € CBF,

since h™1(s) = 1+ s™! € SF, see (P4), and the function glg({g()i)r)\ € CBF as

a composition of the complete Bernstein functions h(s) and g;(s), see (P6).

Therefore, the function WSLA) € SF and vanishes as s — +o00. Then

property (P3) gives for the inverse Laplace transform wu;(t; A) € CMF.
Integral equation (B.23) yields u;(0;\) = 1. Since w;(t; \),vi(t; ) €
CMF, they are nonnegative and nonincreasing functions for ¢ > 0. This
fact, together with their analyticity, implies that these functions are positive
and strictly decreasing.
The integral equation (4.4]) implies for the relaxation functions w;(t; \)

t
ui(t; ) =1— )\/ k(t —T)ui(t; ) dr, t>0, i=1,2. (5.23)
0

Taking into account the fact that u;(t; A) are positive and decreasing func-
tions, the integral equation (5.23]) yields

1 =w(t; ) + )\/t K(t — T)ui (T3 A) dT > wi(t; A) + Aug(t; A) /t k(T)dT,
0 0

which implies estimates (5.17)).
From (5.5]) and u1(0; A) = 1 we deduce

ou W q1(s) B A B .
z{a—tl}(s,A)_gl(;)ﬁq_—m_—ml(s,m.

Identity (5.15]) then follows from the uniqueness property of the Laplace
transform.
The inequalities (5.20]) follow directly from the subordination identities

(59) and (5.I0). Indeed, for A > Ag
ui(t; \) = / goi(t,T)e_AT dr < / gpi(t,r)e_)‘m dr = wu;(t; No),
0 0

and analogously for vy (¢; \). Here the nonnegativity of the functions ¢;(t, )
and ¥(t,7) is essential.

Applying (5.15) we deduce
T
)\/ ’Ul(t;)\)dt:l—ul(T;)\).
0

This together with the first inequality in (5.20) and 0 < w1 (T;\) < 1
implies (B.21)). O

Let us note that all statements in Theorem extend known properties
of the classical Mittag-Leffler functions E,(—At®) and t*1E, ,(—At?).
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6. Moments of the Green functions

As an application of the multinomial Prabhakar type functions (2.5]), in
this section we derive expressions for the moments of the Green functions
of the multiterm tFDEs in terms of such functions. Consider the Cauchy

problem for the multi-term tFDEs (£.2)) and ([.3]), where A = (8%)2, z eR.
The fundamental solution (Green function) G(x,t) is defined by assuming
the initial and boundary conditions
G(x,0) =0(z); z R, lim G(x,t) =0, t>0,
|z|—o0

where §(+) is the Dirac delta function. Applying as usual Laplace transform
with respect to the temporal variable and Fourier transform with respect
to the spatial variable, we derive for the Green function G(z,t) in Fourier-
Laplace domain (see e.g. [31],39])

= g(s)/s
Glk,s) = T5 LR s>o0. 6.1
(ko) = L0 (6.1)
Here g(s) = g1(s) in the case of “natural”’-form equation (4.2 and g(s) =
g2(s) in the case of “modified”-form equation (43]), and the definitions of
these functions are given in (4.5]). By Fourier inversion in (6.I]) the Laplace
transform of the solution is obtained as follows

Q\(az,s) = 29(8) exp (—|a:|\/g(s)) , T€R. (6.2)

S

Let v > 0. Representation (6.2 implies for the Laplace transforms of
the moments (|z|7(¢)) of order ~

/Rmng(l’,S)de@/Oooﬁexp<—x\/g(—s)) dr — F(y+1)

s(g(s))/?’
where the formula [;°z*~'e™®*dz = T'(b)a™" is used. Taking inverse
Laplace transform, we obtain by the use of ([2.7))

— /2 .
<|.’E"1y(t)> = Cl g(a—am,a—am_l,...,a—al),%—i-l(t’ bm, bm—ly ) bl)

for the “natural”’-form diffusion equation (4.2]), where C; =I'(y + 1), and

0 _ —7/2 1 b_l bm—1
<‘$|2(t)> o C2 g(a—am,al—am,...,am,l—am),%'i'l <t7 bm’ bm’ U bm > ’

for the “modified”-form equation (4.3)), where Cy = I'(y + 1)b%{2.

Let us note that the indices in the brackets of the above multinomial
Prabhakar type functions are specially arranged, so that the first index, a—
Qi s the largest. The obtained representations for the moments, together

with the properties (Z10), (3.:2), and (B.6]), imply that the moments of
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the Green functions of both equations are Bernstein functions (integrals of
completely monotone functions) provided ay < 2.

The corresponding mean squared displacements <|a:\z2(t)> are derived by
setting v = 2. This yields

(Jz|2(t)) = 20;(t), i=1,2,

where the functions I1(t) and l2(t) are defined in (5.I8]) and (519). As we
see, lo(t) is a finite sum, and this is the case for all moments of even order
for the equation in ”"modified” form.

The asymptotic behavior of the derived moments can be deduced from
the asymptotic expansions (2.6]) and (3.4) for the multinomial Prabhakar
type functions. In this way we obtain (|z|](t)) ~ t*7/2 as t — 0 and
(lz[7 (t)) ~ t*m7/2 as t — oo for the equation @2) in “natural” form, while
for the equation (43]) in “modified” form the opposite behavior is observed:
(lz[3(t)) ~ t*m /2 as t — 0 and (||} (t)) ~ t*/? ast — co. The established
results are in agreement with those given in [31], 39] for particular cases.

Appendix

The Riemann-Liouville and the Caputo fractional derivatives, Df* and
CDY, are defined as follows

d d
DY —&Jtl a Opf=Jgl- g 0<e<l

where Jtﬁ denotes the Riemann-Liouville fractional integral

t
JPft) = —/0 (t—7)P"Lf(r)dr, B>0, J)=1I.

The Laplace transform (LT) of a function f(-) is denoted as follows

7(s) = LLF(D}(s) = /0 T et p(t) i

and * denotes the Laplace convolution (f * g)( fo fit—m7)g(r)dr.
The Laplace transform of fractional order operators obeys the identities
LLTR fHs) = 57 F(s),a > 0,
L{D; f}(s) = s°F(s) = s*71£(0) if o € (0,1],

L{DZ f}(s) = s f(s) if a € (0,1), f(0) < oc.

Definitions of special classes of functions and their properties used in
this work are given next in a simplified form.
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A real-valued infinitely differentiable on R function ¢(t) is said to be
a completely monotone function (CMF) if

(=)™ () >0, ¢>0, neN.

The characterization of the class of completely monotone functions is given
by the Bernstein’s theorem which states that a function is completely mono-
tone if and only if it can be represented as the Laplace transform of a
non-negative measure (non-negative function or generalized function).

A non-negative function ¢ defined on R, is said to be a Bernstein
function (¢ € BF) if ¢'(t) € CMF.

The class of Stieltjes functions (SF) consists of all functions defined on
R which have the representation (see [21])

o(s) = % +b+ / e T(r)dr, s> 0,
0

where a,b > 0, and ¥ € CMF N L}OC(RJF) and the Laplace transform of v
exists for any s > 0. The inclusion SF C CMF holds true.

A function ¢ defined on R is said to be a complete Bernstein functions
(CBF) if and only if ¢(s)/s € SF, s > 0. There holds CBF C BF.

Basic examples of Stieltjes and complete Bernstein functions are the
following: s~ € SF and s* € CBF for a € [0,1].

A selection of properties is listed next:

The class CMF is closed under pointwise multiplication.

CMUF o BF C CMF, where o denotes composition of two functions.
¢ € CMFNL.(Ry) if and only if $(s) € SF and lim,_ 40 P(s) = 0.
©(s) € CBF, ¢ 20, if and only if 1/p(s) € SF.

©(s) € SF, ¢ # 0, if and only if (sp(s))! € SF.

CBF oCBF C CBF.

Let ¢, € CBF and aj,as € (0,1), a3 + ag < 1. Then

™ (s).)*%(s) € CBF.
(P8) Let p,1 € CBF and « € [—1,1]\{0}. Then
(¢ (s) + 9(5)"/* € CBF.

(P9) If ¢ € SF or ¢ € CBF then it can be analytically extended to the
complex plane cut along the negative real axis and

(P1)
(P2)
(P3)
(P4)
(P5)
(P6)
(P7)

|arg o(z)] < |arg z|, z € C\(—o0,0].

For proofs of the above statements (P1)-(P9) we refer to [36], Chapter 4,
[42], Chapters 6 and 7, and [14], Theorem 2.6.
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