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Abstract

The Caputo-Fabrizio fractional derivative is analyzed in classical and
distributional settings. The integral inequalities needed for application in
linear viscoelasticity are presented. They are obtained from the entropy
inequality in a weak form. Moreover, integration by parts, an expansion
formula, approximation formula and generalized variational principles of
Hamilton’s type are given. Hamilton’s action integral in the first principle,
do not coincide with the lower bound in the fractional integral, while in the
second principle the minimization is performed with respect to a function
from a specified space and the order of fractional derivative.
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1. Introduction

M. Caputo and M. Fabrizio proposed in [11] a fractional derivative of
order a € (0,1) of an absolutely integrable function f on [to, T}, for any
T>t >0, f¢€ Agloc([to, o0) (which means that the first derivative of f

is integrable on [0,7") for every T' > 0) in the form

037 0= 31D " (12 =) SO ) 110
to

11—«
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d
where f(1) = e fand M () is a normalization function such that M (0) =
T

M (1) = 1. We take M («) =1 in the analysis which is to follow. Thus, we
consider (see [21], p. 89)

Crpef(t) = 1ia/ttexp<—%(t—r)> f(l)(T)dT

- exp<_1_t>  FO (1), te (to0), (L1)

where % denotes the convolution.

In this paper we reconsider th)? D¢, a € (0,1), in the distributional set-
ting, even introduce a Riemann-Liouville version of such fractional deriv-
ative and examine several properties of th D¢ f (t) that are important in
applications. One can simply derive the similar properties of the Riemann-
Liouville version of this notion. By the use of the Caputo-Fabrizio fractional
derivative (CFFD), we shall formulate the Hamilton principle of analytical
mechanics and its generalization corresponding to the case when a memory
of a system and a time of a process do not coincide. The results presented
here follow the corresponding ones for “standard” Caputo fractional deriv-
ative ¢ D¢ f (t), cf. [8, 14, 17 22] and references given therein.

We comment now a class of fractional derivatives to which (LII) belongs
(cf. [20]). In general, fractional derivative of Riemann-Liouville and Caputo
type can be defined as

DRy (t) = %/t E(t—7)y(r)dr, “Dy(t) = /t k(t—T) dydE-T)dT’
0 0 (1.2)

where k is a function with specified properties. For example, in [20] it is
required that the Laplace transform of k satisfies conditions that guaran-
tee certain useful properties of (I2). Relation (I2]) may also be used to
define variable order fractional derivatives as it is proposed in [26]. How-
ever, in this case k satisfies additional conditions. Many choices of k, in
forms of special functions, with integrals not necessarily of convolution
type, for example with k& being Meijer G-function, and more generally,
Fox H-function of the specific form, lead to generalized fractional calculus
presented in [I8] and [19]. The classical cases of Riemann- Liouville and
Caputo fractional derivatives correspond to k given as k (t) = F(l ap >
0, 0 < a < 1. The analysis presented here corresponds to the case when
k(t) = m exp (—ﬁ%) , t>0,0<a<1, T>0,called CF kernel.
We refer to Section [2] for the explanation of the introduction of parameter

T. Note that in papers [10],[13] in the definition of (CFFD), it was assumed
that 7' = 1.
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The paper is organized as follows. We present in Section [ distribu-
tional framework for (CFFD) as well as some generalizations including
symmetrized complex order (CEFFD). Moreover, we introduce the Riemann-
Louiville type fractional derivative with CF kernel. Several properties of
(CFFD) are derived in Section [, while Section Ml is related to two varia-
tional problems for (CFFD).

2. An intrinsic approach to new fractional derivatives

We assume that f € ACj([to, c0)),to > 0, and that f() is supported
by [to, 00). The independent variable ¢ € [to, 00) in (L)) is dimensionless. In
cases when t has a dimension (time for example), we introduce a parameter
T having the dimension of ¢ and replace ¢ in kernel of D¢ f (t), by t/T.

0

The modified definition of (CFFD) proposed in this paper is

t p—
Cthtaf(t) = m/t exp <—1 (_Iat TT> fO(7)dr, te (tg,0).
' (2.1)

In this definition one has two parameters, o € (0,1) and 7' € (0,00) . If we
take T' =1, then (2.1)) becomes (LI).

REMARK 2.1. The kernel, initially proposed in [I1] was modified in
[12] so that the following definition was proposed (see [12], eq. (1))

DO (t) = ! /tex o o fO(r)dr, t>t (2.2)
t _(1—04) o p 1— a TO ) 0 .
where T has the same meaning as our 7. However, the expression (2.2])
does not reduce to f®) in the limiting case o — 1~ since

lim D f (t) = TofY (t), t> to.

a—1-
Therefore, the modification of the kernel, in order to make the argument

of the exponential function dimensionless, requires that the normalization
function (in the terminology of [12]) has to be modified with m instead

1
of —.

2.1. Distributional framework. In order to simplify the notation, we
assume T'= 1 and tg = 0. Let H denote the Heaviside function so that it is
right continuous at 0, that is H(0) = 1. We will consider f € ACj,.([0,0))
as well as functions f in AC},.((—00,00)) so that their restrictions on [0, 00)
denoted by fH belong to ACj,.([0,0)).
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Let o € (0,1) and

1

a
Yq (t) = T o &XP <_Et>’ teR = (—00,00).

By the use of distribution theory, one has, for any 6 € C§°(R),

(Hpq,0) = 1ia/0 eff‘ée(f)dfz/o e~ 0((1 — a)s)ds,

which implies

Hpo — 6§ in S'(R) as a— 1.

Then, we define the generalization of (I corresponding to Riemann-
Liouville of fractional derivative, (RLCFFD), with CF kernel

FECEDYf (1) = ((Hea) * (H[)) (¢), t € (=00, 00),
so that

CODEf (1) =G DS (1) — f (0) @alt), € (0,00).
The properties are stated in the next proposition. The proofs are simple
(in the distribution framework) and they are omitted. In the sequel, the

assumption f € AC([0,00)) enable us to consider f on (—oo,00) being
equal zero on (—o00,0).

PROPOSITION 2.1.  Suppose that f € AC,.([0,00)). Then the following
holds

FLOEDEf (1) = 2 F (1) — 7o

where the Caputo-Fabrizio fractional integral is defined as
COILf (8) = (Hea) * (HF)(1), t € (0,00).

IO (1), te(0,00),

Moreover,
lim GG = (1), >0,
t
. CFil—a _ fO f (u) du, t >0,
allglf ol f(®) { 0, t <0,

lim RCEDRF() = (HF) () = (HF)() + F(0)5(2), t € (—o0,00),

a—1—

lim DS () = (H[)(E)=f'(t), t>0,

a—1-
(f' is locally integrable on [0, 0)),
lim FEEGDEF() = f(0), >0,

im  oCFDEF() = f(t)—F(0),t> 0.

a—0t
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Next, we consider the distributional Laplace transform (see [27], p.
127). Let f be of exponential growth, that is, f is locally integrable on
[0,00) and |f(t)] < Me*!;t > 0 (w € R). Then, the Laplace transform is
defined as

Ef(s):(f(t),e_8t>:/ooe_Stf(t)dt, seC, Rs > w.

0

It is a matter of simple calculations to show that

o . 1
L(“GDEf ) (s) = ats(i=a) [sL(f)(s) — f(0)], Rs > w,
L (FECEDYf (1)) (5) = msﬁ () (s), Rs > w.

Recall that the Fourier transform is defined by

F(f)(w)= /oo e (t)dt, weR,feLYR).

—00
Changing s with iw, w € R, we obtain the Fourier transforms of both
types of fractional derivatives (having in mind that supp f C [0,00)). Let
P(t) = exp (—% |t|) , t € R. For the later use, we note that the same
arguments give, for
2a
F (@) (w)

=5 R. 2.
a?+(1—a)w’ we (23)

Let « = A+ iB be a complex number so that A = Ra € (0,1). We
can define GF'D¢ f (¢) by (I). Since we prefer to work with real valued
functions after fractional differentiation, we follow our approach presented
in [9] and define combination of (CFFD) of complex order as:

1

~A,B
Cth f(t) = 2

TP DM () + T DA A1) ¢ >0,

where T is a constant having the dimension of time and can be interpreted
as relaxation time.

3. Some properties of thDf‘f

Since the previous exposition of Section Pl is the same if we consider
to > 0 instead of tg = 0, for the sake of simplicity, we continue with the
assumption ty = 0.
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3.1. A consistency result. In viscoelasticity and heat conduction prob-
lems with fractional derivatives, in proving consistency of a model with the
Second law of Thermodynamics, the estimate of the following functional is
needed

T 1 T
— [ 190 Gopr@ar | 190 [eax ) @i,
0 T 1-al
(3.1)
for arbitrary 7" > 0. In order to estimate I, we shall examine the properties
of the kernel in (L.1).

PROPOSITION 3.1.  Suppose that f € ACi,([0,00)) is real valued.
Then, I (f) > 0 for every T > 0.

Proof. By @23), F (e_)‘m) (w) > 0,w € R. The Bochner-Schwartz

theorem ([23], p. 331) implies that e=*7l is a function of positive type
(positive definite). Recall that a function f is of positive type if for any
test function 0 e D(R) there holds (f(t),0*60*) > 0, where 0*(1) = 6(—71),
6« 0*(t) = [ 0(T)0*(t — 7)d7. This result holds in a more general case
for p081t1ve deﬁnlte tempered distributions which is not needed here. The
derivative of f in [0,7] is an integrable function so we consider f(!) as a
locally integrable function in [0, 00) equal zero outside [0,77]. Let us denote
by ¢n,n € N, a sequence of smooth functions, supported by [O,CF ], which

converges to f&) in L1([0,T]). Since f is real valued, we take ¢,,n € N to
be real valued. By the Bochner-Schwartz theorem, for every n,

T T
/0 /0 exp (= |t = 7[) én (t) o (7)drdt > 0.

Letting n — oo, by the Lebesque theorem, we obtain

//exp (=Xt —7|) f () f (1) drdt > 0.

Since

T T
/ / exp (<A [t = 7]) n (£) b (7)drdt
0 0

:/0%@) [/Otexp( At = ) b () ]dt
+/:qbn(7) [/jeXp( AT — 1)) b (£)d ]dT
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_ 2/; b (1) [/Ot exp (A (£ — 7)) bn (7)dr | dt,
>0

we obtain I (f) > O

REMARK 3.1. The result of Proposition Bl for the case of Riemann-
Liouville fractional derivative, was proved in [25], [15] and [3]. In [24] the
problem of estimating an integral of type (B.I) was treated for the case
when the lower bound in the integral is —oo and when the support of the
functions involved in the integration is not [0,7"] but [—oo,T]. Our result
presented here can be simply transferred to the similar assertion with the
(RLCFFD).

The result of Proposition 3.1l can be generalized in order to derive dy-
namically consistent models for viscoelastic bodies of Kelvin-Voigt type.
We formulate this result as follows.

PROPOSITION 3.2.  Suppose that f € ACi.(]0,00)) and that it is
real-valued. Then, for a € (0,1), € (0,1), a,b e R, T > 0,
T
I(fab) = [ 100 [0 DR 0+ 0D 0] at
0
if the following condition is satisfied:

aa(l—pB2%4b (1—-a)?s>0. (3.2)

P r o o f. Without loss of generality we assume that § > «. Let

a « b 8
— XD <_E |7’|> t1o /BQXP (—m |7'|> , TER.
Then, by @3

o p

F(Fhp) (w)=2|a +b
o)) =2 e G e
It follows from (B.3) that F (Fy ) (w) > 0,w € R, if

JE AW -p)

Fop(t) =

] L weR. (3.3)

a a2+w2(1—a)2+b/8>0. (3.4)
Since
2 2
min{52+w2(1_ﬂ)2;w€R}: % <1,

a?+w?(1-a) (1-«a
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B4) leads to ([B.2]). Thus, as in the previous assertion, we conclude that
F' is of positive type. Now we proceed in the same way as in the proof of
Proposition 3.1 and conclude that the assertion holds true. O

3.2. Partial integration. We present integration by parts formula for
o D/ f (t). First, we define the right (CFFD) of real order 0 < a < 1
for f € AC),. (]0,00)) as

1 b
rppr(t) = ——— [ exp (—
t

1—« 1l—a

(r t)) O () dr,

where 0 < a <t < b.

PROPOSITION 3.3. Suppose that f € ACc([a,0)]),0 <a<1,0<a<
b. Then

b b
/ £(t) CFDg g (t) dt = / g (t) DR f (1) dt
b b
L) / 9(r) @a (b—7) d7—g (a) / £ (7) ga () dr.
(3.5)

The proof is easy and we omit it. Similarly, one can prove the corre-
sponding assertion for the (RLCFFD).

3.3. Approximation formula. Next we derive an approximation formula
needed for the development of an appropriate numerical procedure for
solving differential equations with fractional derivatives. We follow our
approach given in [4, 5] for COD? f and continue to consider functions in
AC56([0, 00)).

PROPOSITION 3.4. Suppose that f € ACj. ([0,00)) and 0 < a < 1.
Then, for T > 0,

oMV (fY) (1)

CFno T
DOF () = o (t , te (0,7,
FDLE 0 = e (0 ST e 0]
where the convergence is uniform on [0,T] and
t ~
V()0 = [0 (e p.T) (3.6)
0

are moments of f). In particular, the approximation of C(fo‘f (t) may be
written as

i "ot (1) (1)
oF - RN Y
thf(t)NQOOl(t)Z (1_a)kk!
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with
DL f ()= DIf(t) — Quaa (), t > to,

and ]\}i_r>rloo||QN+1 (t) ||L°°([0,T]) =0

Proof. Wehave

1 —at
CFo _
Foer )= 15 oo (1

t o0 Oéka (1)
>/0 2 d—aym! (M
k=0

—at \ o= "V (FV) (8) ~
exp (1 _a> ,;W tel0,T]. (3.7)

Decompose ([B.7)) as

o 1 —at \ o= Vi (fO) (1) -
0 Df f(t):mexp <1 _aa> - (1k_( a)"fa-c! +Qn+1 (1), t€[0,T],

k=0

where Q1 (t) is the remainder. We have the estimate for Qn1 (¢),t €
[0, T]

1 —at\ & of W (r)dr
k=N+1
1 —at > akk
< ) ot
- l—anp<1—a> Hf ‘Ll([o,f“}) Z (1 — )k (k)!

k=N+1

Therefore, the statement of the proposition follows, with V;, ( f (1)) (t) given

by (B.6). O

REMARK 3.2. Using the same procedure, we obtain the approximation
formula, for GF DZf (t) as

© (1) ok (£ _
DS () = —¢a (t)kz:;)( 1)(1 —‘i)(’ffk! ) W e (0,7,

where the series converges in the uniform sense and

i ( f<1>) (t) = /t 'k FO (rydr, te0,T).

We derive now the expression for derivative of C{ D¢ f (t) with respect
to a. We state this as:
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PROPOSITION 3.5. Suppose that f € ACj,:([0,00)),0 < a < 1. Then

CFy« N
= aD;f e 1_1a Dy f <t)—ﬁ ([t(%)(t)] x f<1>) (t)} Lt e (0,T).

(3.8)

P r o o f. Definition gives (I.I]) we have

o CFDa ¢ 1
Oa(if():(l_a)QCOFD?f(t)
1 t B
- m/o (t — 1) palt — 7)YV (1) dr,t € (0,T).
Therefore, (8.8]) follows. .

Note that the result equivalent to (B.8]) for Riemann-Liouville fractional
derivative was obtained in [7] and can be, as above, transferred for the
(RLCFFD).

4. Variational principles of Hamilton type with D¢y (t)

In this section we present the necessary conditions for an extremum
in the case when a Lagrangian density contains Cf D¢y (t). We start with
the generalization of the classical Hamilton principle that we state as the
following two problems.

4.1. Problem 1. Find necessary conditions for the existence of minimum
of a functional

I( :/B CF o
y) ’ L(ty(t),% Dffy(t))dt, ae(0,1),

where y belongs to a prescribed set U C AC),.([0,00)) described below,
[A, B] C (a,b) C [0,00). In this exposition we follow our paper [6].
Let y* € U exist so that

min/ (y) = I (y*). (4.1)
yeUu
Suppose that
LeC' ((a,b) xR x R), (4.2)

OL (t,y (t) .CF Dgy (1))
Jy
OL (t,y (t) ,SF Dy (t))
0Dy (t)

t—

is integrable on (a,b),

t—

€ AC (a,b) for every y € AC (a,b). (4.3)
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PROPOSITION 4.1. Additionally to (Z2) and (4.3), assume that the
set of admissible functions U is

) ALy DRy ()|
U= {y-yGyEAC(a,b), y (a) = yo, 2O D7y (1) =0,

= 0} . (4.4)
t=B

Then, for t € (a,B), y*in (41]) has to satisfy
OL (t,y (t),CF Doy (1)) OL (t,y (t) X Dy (1)

AL (t,y (1) 5F Dpy (1))
oDy (t)

CF "o
9y T DT ey 1) b
€ (A, B)
orpa OL (LY (05T DFY (1) op o 0L (Hy (1), DY (1) _
OSFDgy (t) £ 95 Dy (t)

€ (a,A)  (4.5)

P r o o f. Suppose that ([41]) holds and let y = y* + ef. From y (a) =
Yo, we conclude that f(a) = 0. Then, by the standard procedure, the
dI(y*+ef)

condition = 0, gives
B1OL (t.y (1), Dy (#)) AL (ty (), "Dy (1) crpa
f(t) + D f (¢)
A dy 0§Dy (t) ©
x dt = 0. (4.6)

Integration by parts formula (B.5]), applied to the interval [a, B], leads to

BAL (t,y(t).SF Dy (1) cpa
L= ey i 0a

_ /B C;FD%aL (t,y(t) aCaF Dy (t))f(t) dt

8CFD°‘ ( )
oL (t cr D¢y
(gCgF)D?y / f(7)¢pa (B —T)dr
B CF a
g [ ng;D?y F) D) .

After the use of boundary conditions defined by (£4]), we obtain
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/B OL (t,y (1) . Diy (1))
A 0% Dy (1)
? Grpg 2L 00 5 Diy ()
_ CFma ) ) a t
4 3L(ty()CFD“ (1))
CFmna
AR L
_/A 8L(t y( ) CFDa ( ))
a 0% DYy (t)
Integration by parts formula for the interval [a, A] leads to
/A OL (t,y (1) . Diy (1))
a 0% DYy (t)
_ /A CFpyo OL (t,y (1), Dy (1))
« 8CFD?y< )

f(t)d
OL (t,y (1) ,CF Dey
8CFD§‘y / f 9001 - T) dr

4 OL (1,5 1) ©F Dy (1)
| 9T Dy (1)

Again, the boundary terms vanish so that

“EDf (t) dt

“EDef(t) dt.

CADYf(t)dt

Pa (t) dt.

OL (t,y (t) CF Dey (1)) o OL (t,y (t) SF Dy (1))

/ [ 7y OO
A AL (t CF Dy oL (t, CF Dy

+/a D - gCiF)D?y() - i (gcsz)D?y() ())]

x f(t)dt =

Since f is arbitrary, the fundamental lemma of variational calculus (see [1],
Lemma 3.31 and [16]) leads to (4.5). O

REMARK 4.1. Let a = A. Then (4.3]) reduces to the known equations
(see [2]) and the elements of the set of admissible functions satisfy the
natural boundary conditions. The interpretation of (A5l)2 subjected to
y(a) = 0, is that y(¢) represents the history of the process for ¢t € (a, A)
which contributes to the extremum of the action integral I in the interval
(A,B).
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4.2. Problem 2. Here we consider the minimization problem of a func-
tional when both ¢ and « are independent variables in the functional. Thus,
we consider

1
pin T.0) = [ L(y (0.5 Dy (o) dr (4.7)

yeU,a€A

where U is given by ([@4) and A = [ag, 1], with 0 < a9 < a3 < 1. We
assume that

L(t,y.% Dy, a) € C* ((a,b) x R x R x A), (4.8)
OL (t,y (t) ,CF Dy (¢
t— ( yl )aya ry )) is integrable on (a,b),y € AC (a,b), a € A,
oL (t,y (1), Dy (1))
t— 2T Doy () € AC (a,b) ,y € AC (a,b), a € A. (4.9)
PROPOSITION 4.2. Suppose that (£.8) and (£.9) hold. If rLr{un AI (y, )
yelu,ac
= I (y*,a*), then y* and o* satisfy
OL (t,y (1) S Dy (1) | cpre L (Ly (1) .S Dy (1))
D% =0, t 1
ay + t B 8%FD?]/( ) 07 € (07 )7
l/laL(ty<) 4 DRy (t))
0 8CaFD? ( )

v [C{ Dy (t) — ﬁ (t exp <%t> . y<1>> (t)] dt = 0.

Proof Lety=vy"+e1f,a=a*+¢ecAa, where f and A« are fixed.
Substituting this in (4.1]), we obtain

1
I(y" +eif,a +e2la) = /0 L(ty* (1) +20f (0.5 DR (1)) d.

Conditions E?TI = 59—1 = 0 imply
Lle1=e2=0 €2 e1=e2=0
OL (t,y (1), DRy (1) | oppa 0L (ty (). DRy (1)) _

/(; [ 8y + t DB 8CFDa ( ) f(t) dt = 07
L C’F Da CF«

Al/ OL (t.y (t (£) G DL ) | 4y o,
8@Dm<> 9o

(4.10)

By (B.8)) in (£10)2 and the fact that f is arbitrary, we obtain the necessary
conditions of the proposition. O
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REMARK 4.2. The application of ¢F'D¢ f (¢) in Viscoelasticity for the
Stress relaxation and the Creep in viscoelastic body of Hooke-Newton type,
Kelvin-Voigt and Generalized Zener model will be given in our paper in
preparation.
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