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Abstract

The aim of the paper is twofold. First, we present a new general ap-
proach to the definition of a class of mixed norm spaces of analytic functions
A%X(D), 1 < ¢ < 0o on the unit disc D. We study a problem of bounded-
ness of Bergman projection in this general setting. Second, we apply this
general approach for the new concrete cases when X is either Orlicz space
or generalized Morrey space, or generalized complementary Morrey space.
In general, such introduced spaces are the spaces of functions which are
in a sense the generalized Hadamard type derivatives of analytic functions
having (9 summable Taylor coefficients.
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1. Introduction

Let X(I) C L*(I), I = (0,1), denote any Banach space of functions
f on interval I containing step functions, and let || - ||x(;) stand for the

norm. Given a function f(z) = f(r,e**) on D or in general a distribution
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on D we denote by f,, its distributional Fourier coefficients (see Section [7]
for definition). We introduce the mixed norm space £%% (D), 1 < ¢ < oo,
as the space of distributions on D such that the (distributional) Fourier
coefficients f,, are regular functions f,(r) € X(I) and ) ||fn||§((1) is

finite. The ¢ —th root from this sum gives the norm in £%X (D). The mixed
norm Bergman space A%X (D), 1 < g < oo, is defined as the subspace in
L%5X(D) of functions analytic in D.

In [20], 21] we studied special cases for the space X (I). The variable
exponent Lebesgue space X (I) = LPO)(I), 1 < p(r) < oo, was treated in
[20], and the cases of classical Morrey space X(I) = LPAI), 0 < A < 1,
1 < p < o0, and complementary Morrey space X(I) = (LPAI), 0 < A <
p—1,1 < p < oo, were studied in [21]. This research was inspired by the
evident fact that introduction of the mixed norm in the unit disc allows to
distinguish between radial and angular behavior of functions, and, hence,
to specify the boundary behaviour with more accuracy. In such a way one
can reveal the behaviour of a function using variety of norms, including
norms of the so called spaces of functions of non standard growth.

A special motivation to introduce new spaces in this paper is in the
fact that, for instance, in the case ¢ = 2 these Bergman type spaces may be
precisely characterize as the range of certain generalized fractional differen-
tiation operator over the Hardy space H?(ID) (see Theorem E1]). Moreover,
the introduced spaces, in general, are the spaces of functions which are the
generalized fractional derivatives of analytic functions with [¢ summable
Taylor coefficients. This important fact sheds a light on the nature of the
introduction of the spaces via conditions on Fourier coefficients, which is
different from the usual mixed norm space setting. The notion of general-
ized derivatives of Hadamard type is a wide generalization of the used in
the theory of analytic functions so called radial derivatives, Flett’s deriva-
tives, etc. We discuss this notion in Section [ In the particular cases
of Orlicz and generalized Morrey type spaces the corresponding form of
Hadamard derivative can be explicitly seen from the characterization of
functions in such spaces, see Theorems [5.2] For a general theory of
fractional derivatives and integrals we refer to [23], [36].

In the last two decades the theory of new spaces arising in harmonic
analysis of functions with non standard growth and the theory of operators
of harmonic analysis in various general spaces with non-standard growth
have been intensively developed. These spaces include in particular variable
exponent Lebesgue, Holder, Sobolev spaces, Lorentz spaces, and Orlicz,
Morrey-Campanato type, Herz spaces, and others. Within these spaces
there were widely considered singular integrals, Riesz and Bessel poten-
tials, maximal and fractional operators, some other classical operators of
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harmonic analysis. As a matter of fact, major attention was paid to real
variable settings. We refer to the books [7, 8 25| [26] (see also review paper
[34]).

Therefore it seems natural and fruitful to make use of widely developed
methods in the area mentioned above in the case of new spaces of analytic
functions. Indeed, the investigation in such a direction already presents
very new effects and interesting results. For instance, such a variety of
spaces include classical Hardy space and Bergman type space, these very
different spaces of functions even within one scale of spaces, i.e. when
X (I) = LPO)(I). Depending on the growth of p(r) as 7 — 1 we may obtain
both Hardy and Bergman type spaces as particular cases of A% (D) with
X(I) = LPO(I).

Starting with the papers [4], [I7], [I8], the Bergman spaces, called some-
times the Bergman-Jerbashian spaces, and other spaces of analytic func-
tions attracted attention of many researchers, see the books [5] [10, 16} [39]
40] and references therein. In particular, an important role is played by the
boundedness of the Bergman projection. Besides the above cited books we
also refer to [I1, 3, 9] with respect to such boundedness and related questions.
There are known result on the mixed norm Bergman spaces with integral
mixed norm with integration in angular and radial variables (boundedness
of the Bergman projection, and some functional space properties of the
mixed norm Bergman spaces, such as duality, interpolation etc.). We refer
to the papers [12] 15, [19] 29, 30] (see also references therein).

The spaces that we study are different from such mixed integration
norm spaces. In some cases embedding of our spaces into such spaces may
be traced under some concrete choice of the space X (I) (see Theorem [£.2)).

Introducing the spaces A%X (D), 1 < g < oo, we in fact suggest a
new general approach to the definition of a class of mixed norm Bergman
spaces on the unit disc D. We provide some general assumption on the space
X (I) under which the Bergman projection is bounded from £%% (D) onto
A%X(D) and reveal the importance of the asymptotical behaviour of the
norms |7 x5y as n — oo for the characterization of the spaces A%~ (D).
This general scheme may be considered as a useful guide. However, the
main difficulties start when we treat concrete cases: we have to overcome
various problems to verify the above mentioned assumption on the space
X(I) and the asymptotic of [|"[| x ;) as n — oo in the case of this or other
concrete case of X (I). Exactly at this step we often have to use very specific
properties of the space X (I) or even to obtain new ones, as for instance
in [20]. We also present a short review of results previously obtained in
[20, 21], i.e. we summarize these results under a general point of view.
We apply this general approach for the new concrete cases where X (I) is
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either the Orlicz space L®(I) or the generalized Morrey space LP#(I), or
the generalized complementary Morrey space ELPW(I ). The fundamentals
of Young functions and Orlicz spaces appeared to be very useful in this
study. This is a promising area of research, and we plan to explore new
cases, for instance, via introducing Besov type norms (see [22]), as well as
we keep in mind to study Toeplitz type operators on such new spaces.

The paper is organized as follows. Section 2] contains necessary prelimi-
naries on classical function spaces: Bergman, Morrey and Orlicz. In Section
[Bl we develop our general approach. In Section B.I] we give our basic defi-
nition and prove the completeness of £%X (D), and in Section we give
general condition on the boundedness of Bergman projection from £%X (D)
onto A%X (D). In Section B3] we briefly discuss Toeplitz operators on our
new spaces. In Section [] we discuss the characterization of our spaces in
terms of generalized fractional differentiation. A special attention is paid
to the space A%X (D) which coincides with the range of certain differential
operator over the classical Hardy space H?(D). We also outline certain
results previously obtained in [20], 2I]. In Sections [ [6] we realize our ap-
proach for X (I) being Orlicz space or generalized Morrey and generalized
complementary Morrey space where we manage to find the asymptotic for
the norm |[|r"||x(;y which also leads to the characterization of the spaces
under consideration and to the corresponding results on boundeddness of
the Bergman projection. In Section [7] we pay a special attention how we
interpret distributional Fourier coefficients of traces of functions.

2. Preliminaries

2.1. On the Bergman A?(D) space, Hardy H”(D) space and Bergman
projection Bp. For the references, see [10] [16] 39, 40]. Let dA(z) stand

for the area measure on D normalized so that the area of D is 1. As usual

AP (D) stands for the Bergman space of analytic in D functions f that be-

long to LP(D) = LP(D; dA(z)). The corresponding Bergman projection Bp

which is defined on f € L(D) as

Bpf(z) = /D (1]:(71:%)26114(10), z €D, (2.1)

is bounded from LP(D) onto AP(D) for 1 < p < oco. For a function f on the
1
unit disc D, and for 0 < r < 1, we write M, (f;r) = {% OQW | f(r, ei9)|pd9}p ;

for 0 < p < oo, and M, (f;7) = ess-sup gep om | £ (7, )|, for p = co. The
class of analytic in D functions f for which || f|| grmp) = lim,—1 My(f;7) <
00, 0 < p < 00, is the Hardy class HP(D).
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2.2. Generalized Morrey and complementary Morrey spaces LP¥(I),
CLP"P(I ). For more details on the Morrey type spaces, we refer to [13], 28],
32, B3, 37]. In the definition below we naturally assume that the function
¢ : I — Ry is increasing on I and ¢(t) > 0 for t > 0, ¢(0) = 0. We treat
the Lebesgue space LP(I), 1 < p < 0o, as equipped with the measure 2rdr.

Let 1 < p < 0o. The generalized Morrey space LP>#?(I) over the interval
I is defined as the set of functions f measurable on I such that

1 r+h
Supr,rihel7h>om /T_h |f(®)|P 2tdt < co.

Let 1 < p < co. The generalized complementary Morrey space l:LP’SD(I )
over the interval I is defined as the set of functions f measurable on I such
that

1-h
supnerelh) [ 17O 20t < .

The p-th root from the expressions above provides the corresponding

norm in LP*?(I) and in °LP#(I). The space LP#(I) is trivial if lim;_,q @ =

0, and LP%(I) = L*(I). So we suppose that ¢(t) > Ct, when t — 0.
e(t)=t

The spaces LP*?(I), BLP#(I) are non separable. The embedding LP+#(I) <

LP(I), 1 < p < oo is obvious. For the embedding CLP"P(I) — LY(I),

1 < p < 00, we need to assume additional condition on ¢ provided by the

following result.

LEMMA 2.1. Let 1 < p < oo and

I (to(t))r
Then "LP#(I) < L(I).

P r o o f. The proof is straightforward: use dyadic decomposition, which
is the standard tool when working with Morrey type norm (see, for in-
stance, [0, B1]) for the interval I and apply Holder inequality. We have
(Zy+ =NU{0}):

. ey ([ '
/I|f(t)|2tdt<2p > (2 (/1 |f(t)|p2tdt>

—k
keZ4 —2

1
1 P
7

< 2& Z (2—k—1)p

kEZy

) 1-27k-1
o (2 (@(2"“‘1) /0 If(t)\”%dt>
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S 1 1
142 tdt 142 3t dt
<20 Hf”CLp,w(]) Z / o 1 7 =2 Hf”CLp,so(]) 1—7
kezy 2T v (t) 0 pr(t)
We refer, for instance, to Lemma 3.2 from [6] for the estimation of the
infinite sum via integral. O

27k71

Note that in the classical case of complementary Morrey space when
©(t) = t* the condition (22 is A < p — 1. If there exists 5 € (0,p — 1) such
that % decreases on I, then the condition (2.2)) is satisfied for such ¢.

REMARK 2.1. In what follows when considering the Morrey space
LP#(I) and complementary Morrey space ULP(I), we always assume the
mentioned above natural assumptions on ¢ : the function ¢ : I — Ry
is increasing on I and ¢(t) > 0 for ¢ > 0, ¢(0) = 0. Additionally, for
the Morrey space we suppose that ¢(t) > Ct, when t — 0, and for the
complementary Morrey space CLP+#(I) we assume validity of (Z2).

REMARK 2.2. In the definition of the Morrey space one may want to
use a more classical way, writing ¢(4rh) instead of ¢(h), since the measure
of the interval (r — h,r + h) with respect to the 2rdr equals to 4rh. Such
introduced mixed norm space, let us denote it as £L% (D), will be different
from L£%¥(D). However, the corresponding subspaces of analytic functions
coincide up to norm equivalence. For instance, the proof of the Theorem
explicitly shows that we will have similar results in that another setting.
We leave the details for the reader. Also note that the usual definition of
the Morrey space deals with the supremum over all 7, h € I and intervals
IN(r—h,r+h). For our goals, for the definition of LP¥(I) we admit only
intervals (r — h,7 + h) C 1.

2.3. Young functions and Orlicz space L®(I). We refer to [27, 28], (32,
35]. Let @ : [0, 00] — [0, 00] be a convex function, ®(0) = 0,lim, o P(z) =
®(00) = oco. From the convexity and ®(0) = 0 it follows that any Young
function is increasing. To each Young function ® one identifies the com-
plementary function ¥, which possesses the same properties, by the rule
U(y) = sup,>o{zy — ®(x)}. Note that

t< eI (t) <2t t>0. (2.3)
We say that @ € Ay if there exists C(3) > 0 such that ®(2t) < Cp)®(t),
t > 0. This Ay condition is usually referred as doubling condition. A Young
function ® is said to satisfy the Vo condition, denoted also by ® € V5, if for
some k > 1 one has ®(kt) > 2k®(t), t > 0. Let, as usual, L*(I) be the Orlicz
space of functions f measurable on I such that [, ®(k|f(r)|)2rdr < oo for
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some k > 0. The functional Ng(f) = inf {)\ >0: [;® ( ) 2rdr < 1}

defines norm in L®(I). The following analog of Holder inequality is valid:

/ PO 2tdt < 20| o 9]l o o). (2.4)

Let x, 5 be characteristic function of the interval (r — h,r + h). It is known

that
1

IxXrrlloey = —71~- (2.5)
Do ()

The following result may be found in [24], however we present it here,
with slight modification, for the sake of completeness. A function ¢ is
said to be almost decreasing for ¢ > 0 if there exists C' > 0 such that
go(tg) < C’cp(tl), to >t1 > 0.

LEMMA 2.2. Let ® satisfy the doubling Ay condition for t > 0 with
the constant C(y). Then given any 3 2> logy C(9) we have

(1) t=B®(t) is almost decreasing for t > 0;
(2) ®(At) < ABC(Q)CD(t), for any constant A > 1, for t > 0.

P roof The statements (1) and (2) are equivalent up to the con-
stants in the inequalities. Let us prove the second one. Naturally we
assume that C(g) > 1. Fix N = [logy 4] so that 2% < A < 2¥F!. Then

q)(At) < @(2N+1t) < Céf)—i—l@( ) — C([;(;g2 AH_lq)(t) < 02(2)552 A+1q>(t) _
C;g)&AC(g)(ID(t) = Aloe2C0 C(2)®(t). Hence it follows that given any § >
logy C(9) we have ®(At) < ABC(Q)CD(t), t>0. O

3. Mixed norm Bergman type space and boundedness
of Bergman projection: general scheme

3.1. Mixed norm space L£%X(D) and mixed norm Bergman type
space A%~ (D). Let X(I) € LY(I), I = (0,1), denote a Banach space of
functions f on interval I containing step functions, and let ||-||x () stand for
the norm. Given a function f(z) = f(r,e'®) on D or in general a distribution
on D we denote by f, its distributional Fourier coefficients. The notion
of distributional Fourier coefficients needs a certain precise definition. In
order not interrupt the presentation of the main results we refer the reader
to Section [7] where all the necessary definitions are given. Introduce the
mixed norm space £5X (D), 1 < ¢ < o0, as the space of distributions f on
D such that the (distributional) Fourier coefficients f,, are regular functions
fn € X(I), and the following norm is finite:
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1l ) = <Z ufnuzm)) . (3.1)

nez

THEOREM 3.1. The space £L5%(D), 1 < g < 0o, is complete.

Proof Let f* ¢ £%X(D), k=0,1,..., be a Cauchy sequence. Then
for each n € Z the sequence of Fourier coefficients f¥, k = 0,1,..., is
Cauchy sequence in X (I) and converges in X (I) to some element f, € X (I).
From the inequality

S8 = Wl | < DDIE = ey

nez nez
it follows that the numerical sequence of elements {||f%| x()}tnez, k =
0,1,..., is Cauchy sequence in I9, 1 < ¢ < oo, and, hence, converges to
some numerical sequence {a,}nez € 9. Obviously, a, = |/fullx(r), and
therefore the distribution f = Y7, fo(r)e™® is the limit of the sequence
¥ e £5X(D), k = 0,1,..., and its distributional Fourier coefficients are

nothing but f,, by Lemma[ZI Hence, f € £%X (D) and the space L&X (D)
is complete. O

We introduce the mixed norm Bergman space A%X (D), 1 < ¢ < oo, as
the space of functions from £%X (D) which are analytic in ID. Hence, the

1
norm of a function f € A%X (D) is given by ”f”Aq;X(]D)) = (Zn€Z+ an”%(([)) ‘.

REMARK 3.1. From the definition of the space A%X (D), it can be
derived that the Fourier coefficients f,, = f,(r), n € Z, of a function f in
Bergman space A% (D) may be represented as

anHr”H)_(l(I)r”, n ez,

= 3.2
Inlr) { 0, otherwice, (3:2)
where {an}nez, € 1%, |an] = [|fallx(), 7 € Zy, moreover, ||f|| gaxm) =

H{an}neﬂ-ul‘i’

It is evident that the multipliers ||r”||)_(1( 1y M E Ly, in [B2)) characterize

the functions in A%X (D). Their behaviour when n — oo is a crucial point
in the whole study. This behavior depends only on the choice of the space
X(I). So to characterize the introduced space in each particular case of
X (I) we should examine the asymptotic behavior of the numbers ||r”||;(1( 1"
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This is a quite difficult issue for spaces of functions with special norm, such
as, for instance, variable exponent Lebesgue norm, Morrey space norm, etc.

REMARK 3.2. Our main goal is the study of the Bergman space of
analytic functions A%X (D). The space £%X (D) plays only a background
role: the space A%% (D) will be obtained from £%X (D) via the Bergman
projection. In the definition of the space L% (D) in view of the property of
the Bergman projection (see Lemma [3.1]) negative entries may be replaced
for instance by || fu|ly () with an arbitrary Banach space Y'(I), or even
more generally ||{fn}nez\z. ||z(r), where Z(I) is an arbitrary Banach space
of sequences of functions. The resulting subspace of analytic functions
A%X(D) will be the same independently what kind of norm is used for
negative entries. Theorem [B.I] remains also true under such changes if the
space Y (I) or Z(I) is complete. For simplicity of presentation we keep the
definition of the space £4% (D) as given in (3.1)).

3.2. Boundedness of Bergman projection from £%X (D) onto A%X (D).
The proof of the following result is straightforward (see for instance [20]).

LEMMA 3.1. Given a function f in L*(D) let f,, = fn(r), n € Z, denote
the Fourier coefficients of the function f. Then the Fourier coefficients of
the function Bp f are

(BIDJf)n(T) = Q9n(f) Tn) ne Ly, (3'3)
(Bpf)n(r) = 0, neZ\Zy,

where 0,,(f) = (n+1) [; 7" fu(7) 27 d7, n € Z,.

N
Let S (D) denote the set of functions f(z) = f(r,e’®) = > fu(r)e®,
n=—N

fn € X(I), where N € Z, is arbitrary. Since X(I) C L'(I), then S§*(D) C
L'(D) and therefore the Bergman projection By is well defined on functions
of such type as integral operator (Z.1]). It is evident that Sg(D) is a dense
subset in £L%X (D), 1 < ¢ < oo. The Bergman projection Bp on £%X (D) is
understood as a continuous extension from this dense subset (see the proof
of Theorem [3.2]).

Using ([B3.3]) we get the following expression for the X (I) - norm for
(Bof)n, n € Zy when f € L'D) : [[(Bof)ullxay = 19D x ),
n € Zy. This allows us to formulate the following condition on the space
X (I) that ensures boundedness of the corresponding Bergman projection
as a projection from £%X (D) onto A%X(D): there exists Cy > 0 such that
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T"g(T)27dT
I

"™ lx 1y < Collgllx(ry, n— o0, g€ X(I). (3.4)

THEOREM 3.2. Let 1 < g < oo, and let condition ([34) be satisfied.
The operator By is bounded as a projection from L%X (D) onto A%X (D).

Proof. ForfES@X( ) we obtain

N
1B s ) = Zn Bofa sy < G fall sy = CUI I x
-N

where the constant Co comes from condition (3.4) and does not depend on
f- Making use of the Banach-Steinghaus theorem we finish the proof. O

COROLLARY 3.1. Let 1 < ¢ < oo, and let the condition (3.4) be
satisfied. The space A%X (D) is a closed subspace of L& (D).

3.3. On Toeplitz operators with radial symbols on A%X (D). Given
a function a = a(|z|) € L*(D) consider the Toeplitz operator T, on A% (D)
which acts on polynomials f € A%X(D) as follows: T,f(z) = (Bpaf) (2).
For an analytic function f(z) =}, oz, cn2" in A%X (D) the following for-
mula is true:

(Taf)n(r) = 'Va(n)cnrny n € Zy, and (Taf)n(r) =0, neZ \ Ly,
where {¢,[|7" || x (1) }nez,. € 15, and va(n) = (n+1) [, 2a(r) 21 dT, M € Z1 .
From Remark [B.I] and the definition of the norm in A%X (D) it is follows
that the operator T, is bounded on A%X(D) if and only if the sequence
{va(n)}nez, is bounded. The operator T, is compact on A%X (D) if and
only if v4(n) — 0, n — oo.

There are known many sufficient and, in some cases, necessary condi-
tions for boundedness and vanishing of the sequence {y4(n)}nez, . These
conditions were obtained (see, for instance, [I4]) in terms of behavior of
some means (averages) of the symbol a when r — 1. There also many
examples of badly behaved oscillating and unbounded symbols that gener-
ate even compact operators. We refer to the book [38], and also references
therein, for recent development of the theory of Toeplitz operators with
special non standard symbols on classical weighted Bergman spaces over
unit disc and half plain. We call attention to the fact that in the set-
ting of our spaces A%X (D) the boundedness and compactness conditions
do not depend on the choice of the space X (I). We suppose to give more
consideration to the study of Toeplitz operators in another paper.
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4. The spaces A%X(D) and the range of generalized fractional
differentiation operator over Hardy type space

We will use the notion of the Hadamard product composition. Let
the functions b(z) = > ez, b2, g(z) = > _nez, 9n?" be analytic in D.
Consider the expression D(b,g)(z) = bog(z) = >_,cz, bngnz", known as
Hadamard product composition of functions b and g. This general notion
includes in particular operation of fractional integro-differentiation. It gen-
eralizes fractional differentiation of analytic function g if b, — oo, when
n — oo. For g analytic in D,

D) =5 [ o(F)ew T l<r <1

211 U

We refer to [23], [36] for instance. We will use the following operator

Dxgz) = 3 I lxngns"s o) = 3 g
neZ4 Sy
defined in terms of Hadamard product composition.
The case ¢ = 2 is of a special interest. Basing on Remark BT for the
case ¢ = 2 we arrive at the following theorem.

THEOREM 4.1. The space A%* (D) coincides with the range of the
operator Dx over the Hardy space H%(D) : A%X(D) = Dx (H?*(D)).

In view of Theorem 1] the distinction between A%X (D) and H?(D) is
determined by the behavior of ||7“”||;<1( n when n — co. In our general case
these asymptotics may be quite different varying, for instance, from very
slow logarithmical to very high exponential type. As we showed in [20],
we may even meet the non trivial situation when ||7"|x) = 1. In that
case A%X(D) = H?(D). This situation is realized for the case of variable
exponent Lebesgue space X (I) = LP0)(I) when p = p(r) grows to infinity
fast enough, so that
tim — PO (4.1)
r—1lp—4&

(1-7)In 1lr

If again X (I) = LP)(I) and p(r) is still growing but slower, then in @),
like p(r) < C;In® ﬁ, in a neighborhood of the point r = 1, for some

0<a<1,C>0,then [[r"|x < Co e=Csnn)'™ "y o0, with some
positive Cy, Cs.

At least for 1 < ¢ < 2 we can provide the information of embedding
of A%X(D) into mixed integral norm space. Following [I1] we introduce
the mixed norm space H(s,t,7y), s > 0,t > 0,7 > 0 of measurable on D
functions with the norm:
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HfHH(s,t,'y) = {/(1 - r)t'y_l/\/li,(f;r) dr}t , 0<t< oo,
I

”f”H(spo,'y) = ©€S55-SUp ¢y {(1 - T)’YMS(f; T)}7 i = oo.
Most resent information about such spaces, including embedding theorems,
may be found in [2]. By D® « > 0, we denote the Flett’s fractional
derivative whose action on analytic function is defined by the multiplication
by (n+ 1)* of its nth Taylor coefficient.

THEOREM 4.2. Let 1 < ¢ < 2 and there exist C > 0 and o > 0
such that Hr””}l(l) < Cn®, n — oo. Then the continuous embedding
A4X(D) — H(s,t, 5 — 1 +a) = LY(D) holds, &« < 3+ 1,2 < 5 < oo,
2<t < oo

P r oo f. We provide a sketch of proof. Due to A%X (D) — A%X (D),
1 < ¢ < 2 it suffices to prove the theorem for ¢ = 2. According to
Flett’s result (see [I1], Theorem B and Theorem 6), we have the esti-
mate ||Daf||H(s7t’%_%+a) < Ol fllz2my, which shows that the fractional
derivative ¢ = Df of a function f € H?(D) belongs to the weighted
mixed norm space H (s, t, % - % + a) and proves the embedding A% (D) —
H(s,t,—1+a). Toprove H(s,t,1—1+a) < L*(D) one has to repeatedly
use the Holder inequality under the condition on parameter s : a < % + %,
2 <s< o0 |

Note that in Theorem [£.2] there is no restriction on ¢ except 2 < ¢t < oo.
Though it is useful to note that the minimal space in the scale H (s, t, % —
% + «) with respect to the parameter ¢, 2 < t < 0o, is achieved when ¢t = 2
(see [2]).

In the following theorem we use the notation of the following classical
fractional derivative of analytic functions:

I
D%(z) = [+ a) +.a)/ L)Hd—“, lzl<r<1, a>0. (42)
2mi T (1 _ 5) *u

THEOREM 4.3. Let 1 < ¢ < oo and there exist C' > 0 and a > 0 such
that Hr””}l(l) ~ Cn®, n — co. Bach function f € A%X(D) is represented

as f = D% with some analytic function g(z) = Zne% gnz"™, such that
{gn}n€Z+ S lt.];.
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-1 -«

Proof. Wehave n® ~T'(1+4a)(—1)" < n

> , n — oo. Replac-

ing ||7“”||)_<1( 1) by equivalent expression via binomial coefficients we arrive at

the kernel b(z) = I'(1 + )(1 — 2)~17%, and, consequently at the operator

@2). 0

The condition ”T"”)_(I(I) ~ Cn®, n — oo, is satisfied with some a > 0,
for instance, for the following cases of the space X (I) considered in [20],
[21]:

(1) a = Wll) for the case of the variable exponent Lebesgue space

X(I) = LPO(I), p(1) = lim,_,;-p(r) < oo, p satisfies logarithmic
decay condition in a neighborhood of r = 1, i.e. there exist § > 0,
K > 0 such that [p(r) —p(1)|Int& < K, re(1-90,1);

(2) a= % for the case of the classical Morrey space X (I) = LPA(I),
0< A<, 1<p<oxy;

3) a= % for the case of the classical complementary Morrey space

X(I):CLP’)‘(I)7O<)\<1)—1,1<p<oo.

5. Mixed norm Bergman - Orlicz space A%®(D)

Let ® be a Young function and X (I) = L®(I). Here instead of writ-

ing Eq?LCP(I))(]D)), as we did previously for an abstract space X (I), we use
L%®(D) for simplicity. The same applies to A% (D).

5.1. Characterization of functions in A%®(D). We first provide the
description of functions in A%®(D) in terms of Taylor coefficients and in
terms of fractional derivatives.

THEOREM 5.1. Let ® be a Young function, ® € Ay N Vy. Then for

an analytic in D function f(z) = 3_,c7, cn2" € A%®(D), z € D the norm

1
. . q q
| f1 400 () s equivalent to (ZHEZ+ <(I)|,C{L(|n)) )q.

THEOREM 5.2. Under the conditions of Theorem [b.1, each function
f € A%®(D) has the form f = Dxg with some analytic function g(z) =
zneZ+ gn2", such that {gn tnez, € 1%, where Dxg(z) = Zn€Z+ d~1(n)g,2",
z € D.

Theorem follows form Theorem [5.Il The later, in view of Remark
[31] is the corollary of the following result which will be also crucial for the
proof of the boundedness of the Bergman projection in the next section.
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THEOREM 5.3. Let ® be a Young function. Then
2
||T’S||Lq>(1) < @T(S)’ s> 0. (51)

If, in addition, ® satisfies the Ay doubling condition with the constant C'y),
then

1
=1 S Ilee@y, s>0, (5.2)
Ot (vs)
where v = C(g) (% logy Cg) + %) . If moreover ® € Vs, then
2 1
v s
@_1(8) < @_1(78) < HT HLCP(I), s> 0. (53)

P r o o f. Due to the convexity of ® :

/Icp <7’S%<I>_1(s)> 2rdr < /rs+1<I>(<I>_1(s))dr =2 <,

T s+2

so the estimate (5.1)) follows by the definition of the norm in L®(I).
Put A = r7% B = logy Ca), v = C(y (%logg Cp) + %) We assume
C(2) > 1. Use the second statement of Lemma [2.2] (s > 0):

_ 2 _ 2s7y
O (r’d ! (vs 2rdr>—/rsﬁ+1<1><1>1 Ndr=—""" 1
e et oz 2 [0 @7 ) ar = o2

Again by the definition of the norm in L®(I) we obtain the estimate (5.2).
To prove (5.3) we have to show that vs < ® (3®71(s)) . Setting @1 (s) =1,
we get YO (1) < ® (%t) , which is exactly the Vs condition for ®. O

We find it convenient for future references to outline the following bi-
lateral estimate which is proved in Theorems (.3t if a Young function
® € Ay N Vo, then

2 1 1

<" peny < 2 , neN.
Cl2) (3103 C(ay + 1) 271(n) Irllee ®-1(n)

REMARK 5.1. Note that Theorems [5.T], are obtained under the
condition: ® € Ay, NV, which eliminates such Young functions which have
exponential type growth. This case undoubtedly presents a great interest
and we formulate as an open problem: to prove similar results for the mixed
norm Bergman-Orlicz type spaces A%® (D) when the condition ® € A;NVy
is either omitted or at least weakened.
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5.2. Boundedness of the Bergman projection.

THEOREM 5.4. Let ® be a Young function. Then the condition (3.4)
with X (I) = L®(I) is satisfied.

P r o o f. Due to the Hélder inequality,

/ t”g(tmdt\ < gl e Il

Therefore,

rg(e)2tdt| ||r™| e < 2 Hgllze < 89 eN
n . g e S nm X olgliLey, N .
The ultimate inequality follows by (2.3)). O

As an immediate consequences of Theorem we obtain the following
results.

THEOREM 5.5. Let ® be a Young function. The operator Bp is
bounded as a projection from L%®(D) onto A%®(D), 1 < ¢ < oo.

COROLLARY 5.1. Let ® be a Young function. The space A%®(D) is
the closed subspace of L5®(D), 1 < g < co.

REMARK 5.2. Note that Theorem holds for an arbitrary Young
function, i.e. it admits, in particular, exponential growth of @, like ®(t) =

e!—1. In this case the norms ||r"|| re(r) Will be bounded by log-type estimate:
2

In(n+2)*

6. Mixed norm Bergman-Morrey type spaces

Here and below the space X (I) is either the generalized Morrey space
LP#(I), or the generalized complementary Morrey space ELPW(I ). Similarly
to the previous section, if X(I) = LP*(I), instead of writing L% (D),
A% (D) we use the notations LEP# (D), A%P# (D) for simplicity. Also we
will denote by CLeP#(D), LAZP#(D) the spaces that correspond to X (I) =
CLre ().

6.1. Characterization of functions in A%P?(D) and CA%7P¥(D). We
first provide the description of functions in A%P#(D) and CAZP#(D) in
terms of Taylor coefficients and in terms of fractional derivatives.
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THEOREM 6.1.  For an analytic in D function f(z) = ). 2",

z € D the following statements hold:

neZly

(1) Let 1 < p < oo. Let the function ¢ be concave on I, the function

@ be decreasing on I, lim;_,q @ = oo, and the function tgo(%)

be concave for t > 1. Then the norm || f|| gaw.» ) of f € ATP¥(D)

1
—_a\ 37
is equivalent to (anZ+ |cn|? (np © (an)) p> .
(2) Let 1 < p < oo. Let there exists 5 € (0,p — 1) such that % is
decreasing on I. Then the norm HngAq;p,v(D) of f € E.Aq?p’@(]D)) is

1
equivalent to (anZ+ |cn|? (%90 (%))%) 7

THEOREM 6.2.  Under the conditions of Theorem [6.1, each func-
tion f € A?TP¥(D) is represented as f = Dxg with some analytic func-
tion g(z) = > ez, gnz", such that {gn}tnez, € 19, where Dxg(z) =

1
Zn€Z+ (npgo <nip)> ¥ gn2™, z € D. Analogously, each function f € l:Aq;p’“o(]D))

is represented as f = Dxg with some analytic function g(z) = zn€Z+ gn 2",

_1
such that {gn}nez, € 1%, where Dxg(z) = > onez, (2o (L)) 7 gnz", 2z €D.

Theorem follows form Theorem The latter, in view of Re-
mark [B.1], is the corollary of the estimates obtained below for the norms
7" | zee (1) and |7 {6y 5.0 gy, Which will be also crucial for the proof of the
boundedness of the Bergman projection in the next section.

THEOREM 6.3. Let 1 < p < oo. If the function CAOREN decreasing

¢
@ = oo, and the function to(1) is concave for t > 1, then

Pl reecry < Cr (mp 2 ()

on I, lim;_,q

Al

, n — oo. If the function ¢ is concave on

I, then Cy (np © (an)) P g 7" Lp-o (1), m — oco. Here C1,Cy are some
positive constants which do not depend on n.

P roof. Apply the Holder inequality (2.4) with Young function ®

which will be determined below (h > 0,r + h € I): ﬁ f:j}fl t"Potdt <

ﬁ”tanL‘P(I)HXT,hHL‘I’(I)a where x,.j, is the characteristic function of (r —
h,r+h) and W is the conjugate of ®. Using (2.3]), (2.3]) and (5.1]) we obtain
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11
1 /”ht””%dt ! <4 4 27 (am)
T

o) ) S oW ) (L) S e e ()

By assumption, the function ty (%) is concave and increasing for ¢ > 1, so
for t > 1 we set now ®~1(t) =ty (1), t > 1. We have to take care about
a possibility of concave continuation of ®~1 to the interval I = (0, 1) with
the condition ®~1(0) = 0. Note that the behavior of ¢ when t approaches
t = 1 is not of importance for the Morrey space up to the equivalence of
norms. Therefore, if needed, we may modify the function ¢ in a left-sided
neighbourhood of ¢ = 1 so that the function ® ! will always have a concave
continuation for ¢ < 1. To this end, it suffices to change the function ¢ so
that ¢ € C1(1 —4,1], andgp’()>0

We claim that 4rh®~ ( ) 4 h®~ ( ) Indeed, for 4r < 1 we use

the fact that ¢ increases on I, and for 4r > 1 we apply the fact that @

decreases on 1.

Taking into account the made change of the function ¢, up to equiva-
-1
lence of norms we have ||r”||12p7¢(1) <C (npgp (an)) ,neN.
Now we prove the estimate from below. Again, let ® be a Young func-

tion and ¥ — its conjugate. Denote

1
En:{r,helz r+h=1, 1<(1—2h)”1”<§}.

Applying (2.3]), we have

1 r+h
P = sup — / t"P2tdt
H HLP,AO(]) r,rthel,h>0 go(h) o

1 r+h
> sup 8 ! <4/ t”thdt> <4/ t”f”2tdt>
r7rihEI,h>0¢(h) o
1 1 2
1 1—(1—2h)+
8 —1 np -1
> sup, pep, ——~® (4 1-2h / 2tdt> (8 >
PhEER o (h) ( ) 1-2h np+2

1 1 4
> = — o Larn) ot )
SSupr,hEEn go(h) ( T ) <’I’Lp—|—2>

The function ¢ is concave and increasing on I, so we set now ®~1(t) =
o(t), 0 <t < 1. Again, we need to guarantee the existence of a concave
continuation of @1 for ¢+ > 1 with the condition ®~1(c0) = co. As in the
previous case we free to modify ¢ in a left sided neighbourhood of t =1 so
that ¢ € C1(1 —4,1], andgp()>0

Since 4rh > h on E,, and

o

np+2 > np, n # 0, then
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np
This finishes the proof. O

n I - (1 1
||7" ||LP‘P( I > CsupT,hEEnmq) 1 (h)‘ll 1 <—> > Oﬁ n € N.

THEOREM 6.4. Let 1 < p < co. Then C; (2¢ (2 )) < ™ llepperys
n — oo. If there exists 3 € (0,p — 1) such that £ () is decreasing on 1,

1
then ||r"||ng,w(I) <Oy (2¢(L))?, n— cc. Here 01,02 are some positive
constants which do not depend on n.

P roof Inis obvious that

p(h) (L= W)™ e —)"™ 1 (1
np + 2 - np + 2 Y0P \n )

|| n||GLp (1) = SUPper

np+2
Since ¢ is increasing on I, then sup0<h<%% < 01%g0 (%),
©(t)

and since there exists § € (0,p — 1) such that =5 is decreasing on I, then

p(h) hP (1 — h)""*?

SUPLch<173 np + 2
1 90(%) np+2 1
< E(l)ﬁ sup1 1 h” (1 —h) <C3—p -
n

|

We find it convenient for further references to outline the following
bilateral estimates which are proved in Theorems [6.3] [6.4}

(1) Let 1 < p < oo. Let the function ¢ be concave on I, the function
@ be decreasing on I, lim¢ g @ = o0, and the function tgo(?)

be concave for ¢ > 1. Then C} (np ® (an))_p < ™ lprery <

Cy (np %) <nip)) P m — oo, where C,Cy are some positive con-
stants which do not depend on n.
(2) Let 1 < p < co. Let there exists 5 € (0,p — 1) such that % is de-

creasing on I. Then C} (%go (l))% < ||r"||ng,w(I) < Cy (%go (%))%,

n
n — oo, where C1,C5y are some positive constants which do not

depend on n.
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6.2. Boundedness of the Bergman projection.

w()

THEOREM 6.5. Let 1 < p < co. Let the function be decreasing on

I, lim;_,g @ = 00, and the function tgo(;) be concave for t > 1. Then the
condition (3.4) is valid with X (I) = LP?(I).

P r o o f. Passing to the dyadic decomposition over the intervals I, =
(1-27%1-27%"1) k € Z,, we have: [, Thg(T)21dT =31y, [1, T"9(T)27dT.
Let as usual £ + & = 1. Below we will proceed with the case p > 1. Using
the Holder inequality we obtain

/1an9(7)27'(17’ < </Ik sop?(l T)27d7>ﬁ</Ikﬁ|9(7)|p27d7>%'

For each k € Z, we have I, = (1 —27% 1 — 27F=1) = (rp — hy, 7% + ha),
where r, =1 —27F"1 —27F=2 p, — 927%=2 Gince ¢ increases on I, we get

1

([ cslatrrzmar) < (ﬁ 1 |g<r>|f’2rd¢>p
k oFF1 k

1 P
< I lg(T)fP2rdr | < |lgllzre
@(W) I
t

It is convenient to introduce the notation ¢, (t) = #’ t € I. Direct
estimation gives

1 L

P’ P

</Ik ’;(1—7)2rd7> - (/Ik T”p/cp?(l—T)(l —7)527d7>

1
<(1-27%1h <2k+1> 4/1 i (1 —7)dT. (6.1)
k+1
<

Hence, | [; 7"g(7)2rdr| < 4llgllpoe(r) [;(1 — 1) (pp( 2t v dt. Further,

/1(1 —)er ()t rdt = /Onp (1 _ ntp>" ¢ (jp) ;s_;
< (np) ¥ 7 <n—p> (/0 /1npe—%dt>.

Here for the estimate over the interval I = (0, 1) we use that ¢ is increasing
o)
t

on I, and for the estimate over (1,np) we use that is decreasing on I.
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Let now p = 1. In that case in (6I) we use the L°(I;) norm in-
stead of the integral p’-norm. The analogue to (G.1)) is as follows ||[7"p(1 —

Nz = [T = 7)1 = Dy < (1= 275" (5) 27% <
4 f[,v+1 7", (1 — 7)d7, and the rest of the proof is similar to the case p > 1.

Collecting all the estimates we finally obtain:
/ T"g(T)27dT
I

where the constant Cy does not depend on either g or n. O

n

17| Lee(ry < CollgllLeery, n € N,g € LP#(I),1 < p < o0,

THEOREM 6.6. Let 1 < p < oco. Let there exist 5 € (0,p—1) such that
% decreases on I. Then the condition (34) is valid with X (I) = SLP#(I).

P r o o f. We provide a sketch of the proof since it follows the steps of
the proof of Theorem Use the dyadic decomposition and estimate each

integral over Ij:
1 1
< (/ T”p,@_%(1—7)27d7'> ! </ go(l—T)|g(7')|p27'd7'> ! .
Ik Ik

/ T"g(T)27dT
I,

For each k € Z, we have I, = (1—2% 1—27%1) c [, = (0,1 —27%"1) =
(0,1 — hy), where hy, = 27%~1. Since ¢ increases on I we get

1 1
P 1 P
( /Ikso<1—f>|g<v>\p2¢d7) <(¢ () /ﬁmm\%m) <Igllegos sy

Further,

1
’ P_, P’ ke _1 1 _ﬁ/
/IanpgDP(l—T)QTdT> <1 —-27F Yy <W>2 P
n

1
< 21+F/ : T _ar,
Intr op(1—7)(1 —71)P

and therefore, U] ’7’”9(7’)2’7’(17" < 21+§||g||ngy¢(1) fl(l — t)”go_%(t)t_%dt.
Finally,

+1

fo-orasertast [((0)7(2) () e
(Lo (1)) Facenbit (1) ( [ /ln’f‘%e‘tdt)

Here for the estimate over the interval I = (0,1) we use that t=“¢ ()
is decreasing on I, and for the estimate over (1,n) we use that ¢(t) is
increasing on I. Collecting all the estimates will finish the proof. O
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Now in view of Theorem we have the following result.

THEOREM 6.7. The following statements are true:

(1) Let the function @ be decreasing on I, lim;_, @
function tgo(%) be concave fort > 1. The operator By is bounded as
a projection from L¥P%(D) onto A%P¥(D), 1 < p < 00, 1 < g < o0;
(2) Let there exists 8 € (0,p—1) such that % decreases on I. The op-

erator By is bounded as a projection from °£%7+# (D) onto LA%P# (D),
l<p<oo,1<qg<o0.

= 00, and the

COROLLARY 6.1. Under the conditions of Theorem [677 the spaces
A%P2(D) and CA9P# (D) are correspondingly the closed subspaces of L97# (D)
and L7 (D).

7. Appendix: On distributional Fourier coefficients

Given a function f(z) = f(r,e'®) € L}(D) its Fourier coefficients f,(r)

=L [ f(r,ei)e Yda, n € 7Z, exist for almost all » € I. The distribu-

tioiwofOFourier series of 27 periodic functions, i.e., Fourier analysis on the
unit circle, is well known. For our goals we need the notion of distributional
Fourier coefficient of a distribution f on ID. This coefficient are treated as
a distribution on the interval I. We do not touch the study of the distri-
butional Fourier transform in full extend and rather restrict ourselves to
necessary facts for our needs.

We define the test function space & = G(D) as the set of functions w =
w(r,e®) € C*°(D) such that Ap, m,(w) = sup,., |0MOT2w(r, )| < oo,
mi,mg € Zy. The set & is a linear topological space with the topology
defined by the countable set of seminorms Ay, m, (+). For any v > 0 Fourier
coefficients of w € G satisfy the estimates

sup |wy (r)] < Cln|™7 (7.1)

rel
with the constant C' > 0 depending only on w and 7. By &' = &'(D) we
denote the set of all linear continuous functionals (distributions) on &. By
(f,w), f € &, we &, we denote the value of functional f on test function

w choosing such a bilinear form for that which coincides for f € L!(D) with
1 21

o= [ 1@ e@ a6 = [ (5 [ e 56 da) 2rar

0
Let now o = o(I) be the set of test functions v € C°(I) such that
Am (V) = sup,er |v(m)(r)‘ < 00, m € Zy. Thus the space of test func-
tions ¢ is a linear topological space with the topology defined by the
countable set of seminorms A, (-). By ¢/ = ¢'(I) we denote the space
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of linear continuous functionals (distributions) on o. Similarly, (g,v) will
represent the correspondlng bilinear form in the case of “nice” functionals

fo ) 2rdr. Given a distribution f € &' we define its
dlstrlbutlonal Fourler coefﬁment fn € 0’ by the rule
(fasv) = (f,0e™), vE o, nel (7.2)

The function ve’™ belongs to & so the right side of this equality is well
defined for any f € &'. If f € L}(D) then the equality (Z.2)) is valid in the
regular sense when both sides replaced with corresponding integrals. This
fact justifies our definition (7.2)).

LEmMMA 7.1.  Let f, € L'(I), n € Z, and suppose that || f, |11 <
C|n|Y for some v > 0 and absolute constant C' > 0. Then the series
> nez fa(r)e™™ converges to a distribution f in &'. The distributional
Fourier coefficients of f are nothing but f,,, i.e. the distributional expansion
of f into Fourier series is unique.

P roof. In view of (ZI]) we have (use v+ 2 instead of v there):
2
ino T IR da
‘(fn( )erme, )| /fn(T’)QT’dT/ e w(r, e') .
1 0 s
/fn(r) wp (1) 2rdr
I

< Cln[n| 772 =Cln| ™%, n # 0.

Hence, the limit

N
g (2 se) < 3 ()

exists for any w € &, and so it defines a distribution f in &'. Let us show
that fn is the distributional Fourier coefficient of f. Indeed, let w(r, e'*) =
v(r)e™ € & for some fixed [ € Z. Due to the orthogonality and (7.3) we
obtain:

N .
(f) = (&iﬁo S falrere, ) [ 260900 2 = (0
n=—N

The distributional coincidence of nth Fourier coefficients of f with f, is
then obvious. O
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