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Abstract: The asymmetric star polymers are studied by 
coarse grain simulations. Each polymer chain is repre-
sented by number of consecutive soft blobs and additio-
nal uncrossability constraints are added to prevent chain 
crossings. In this work two types of asymmetric star 
polymers with different backbone lengths are structu-
red. Their dynamical properties are discussed by compa-
risons with corresponding linear chains, the one covers 
chain length along with the asymmetric arm through the 
branch point to one of the symmetric arm, or the back-
bone chain between two symmetric arm ends, or the 
largest linear possesses the same molecular weight of the 
entire star. To reveal the influence of the asymmetric arm 
length on their relaxation decay times, the autocorrela-
tion function of the vectors from each branching point 
to corresponding asymmetric arm end are calculated, 
results are compared with the symmetric star having the 
same backbone chain.
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1  Introduction
Different types of architecture make polymers 
behave with various physical properties, such as the 
branched polymers have higher density compared 
with linear polymers, for the branches often make the 
chains too difficult to get close enough for having the 
intermolecular forces work effectively. Polymer chain 
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Abstract: Let F denote a �eld and let V denote a vector space over Fwith �nite positive dimension. Consider
a pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair. We consider the self-dual case in which
there exists an automorphismof the endomorphismalgebra ofV that swapsA andA∗. Such anautomorphism
is unique, and called the duality A ↔ A∗. In the present paper we give a comprehensive description of this
duality. Inparticular,wedisplay an invertibleF-linearmap T onV such that themap X �→ TXT−1 is theduality
A ↔ A∗. We express T as a polynomial in A and A∗. We describe how T acts on 4 �ags, 12 decompositions,
and 24 bases for V.
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1 Introduction
Let F denote a �eld and let V denote a vector space over F with �nite positive dimension. We consider a
pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair (see [13, De�nition 1.1]). The Leonard pair
A, A∗ is said to be self-dual whenever there exists an automorphism of the endomorphism algebra of V that
swaps A and A∗. In this case such an automorphism is unique, and called the duality A ↔ A∗.

The literature containsmany examples of self-dual Leonardpairs. For instance (i) the Leonardpair associ-
atedwith an irreduciblemodule for the Terwilliger algebra of the hypercube (see [4, Corollaries 6.8, 8.5]); (ii) a
Leonard pair of Krawtchouk type (see [10, De�nition 6.1]); (iii) the Leonard pair associatedwith an irreducible
module for the Terwilliger algebra of a distance-regular graph that has a spin model in the Bose-Mesner alge-
bra (see [1, Theorem], [3, Theorems 4.1, 5.5]); (iv) an appropriately normalized totally bipartite Leonard pair
(see [11, Lemma 14.8]); (v) the Leonard pair consisting of any two of a modular Leonard triple A, B, C (see [2,
De�nition 1.4]); (vi) the Leonard pair consisting of a pair of opposite generators for the q-tetrahedron alge-
bra, acting on an evaluationmodule (see [5, Proposition 9.2]). The example (i) is a special case of (ii), and the
examples (iii), (iv) are special cases of (v).

Let A, A∗ denote a Leonard pair on V. We can determine whether A, A∗ is self-dual in the following way.
By [13, Lemma 1.3] each eigenspace of A, A∗ has dimension one. Let {θi}di=0 denote an ordering of the eigen-
values of A. For 0 ≤ i ≤ d let vi denote a θi-eigenvector for A. The ordering {θi}di=0 is said to be standard
whenever A∗ acts on the basis {vi}di=0 in an irreducible tridiagonal fashion. If the ordering {θi}di=0 is standard
then the ordering {θd−i}di=0 is also standard, and no further ordering is standard. Similar comments apply to
A∗. Let {θi}di=0 denote a standard ordering of the eigenvalues of A. Then A, A∗ is self-dual if and only if {θi}di=0
is a standard ordering of the eigenvalues of A∗ (see [7, Proposition 8.7]).
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dynamical and rheological properties corresponding 
to the topology differences have been found in plenty 
of experimental (1-5) and theoretical investigations 
(6-9). Besides, there are also many simulation works to 
reveal and predict the properties of polymer systems in 
different scales (10-17).

Star polymers, with one branch point connecting to 
several linear arms are always of great interests. They can 
be creatively synthesized in laboratory or largely produced 
from industry (18,19). There are two main structures 
in terms of the arm length, symmetric star with all the 
arms having the equal length or asymmetric star at least 
contains one arm in different length to others. Having 
the simplest branch structure, both of the symmetric and 
asymmetric star polymers have been studied in many 
works extensively (9-12,20). 

Coarse graining method has been implemented to 
study the simplest architecture of symmetric three-arm 
star polymer (21,22). In this work, another member from 
the simplest architectures of linear or symmetric star 
polymer is investigated, namely three-arm asymmetric 
stars in which two of the arms have the same length 
and the third arm is relatively shorter or longer. One 
might expect that asymmetric three-arm star can cross 
over the behaviors between a symmetric star and a 
linear polymer of the same arm length as the length 
of the third arm is varied. Therefore the dynamics of 
asymmetric three-arm stars varying with the arm length 
is mainly studied.

2  Model and methods
In this study, the TWENTANGLEMENT model has 
been used, briefly, each of the coarse-grained particle 
(blob) represents the center of mass of 20 consecutive 
monomers. Thus an entire 3-arm asymmetric star can 
be written as B(Bm)(Bn)2, where the first symbol B stands 
for the branching point, and the two terms (Bm) and 
(Bn)2, contribute to the description of one asymmetric 
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and two symmetric linear arms. Subscripts m and n 
denote the number of blobs contained on each arm. 
In general, the 3-arm asymmetric stars can be built in 
two kinds of shape, taking B(B7)(B3)2 and B(B3)(B7)2 as 
examples shown in Figure 1.

Because of the coarse-graining, the equation of 
motion of the position of the blobs can be described by 
the simple first order Langevin equation, which involves 
the conservative forces FC derived from the potential of 
mean force Φ,

	
F

i
c

i
= −∇Φ � (1)

as well as the blob fiction ξ and random forces FR with the 
usual statistical properties,
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The fluctuation-dissipation theorem demands the relation 
between ξ and FR given in Eq. 3 as a condition for thermal 
equilibrium at the temperature of T = 450 K:
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where kB is the Boltzmann constant, and 〈Fi
R(t)〉 = 0.

The potential of mean force can be approximately 
presented as a sum of three independent parts, ϕb, ϕθ, and 
ϕnb, with the usual meaning of bonded potential, angular 
potential and non-bonded or van der Waals potential 
separately. Using microscopic simulations (23,24), the 
distribution function between bonded and non-bonded 
blobs can be determined. Hence, the potential of mean 
force can be obtained by taking minus kBT times the 
logarithm of measured distributions of blobs, i.e.  
Φ = –kBTlnP(Rn).

In mesoscopic simulations, since each blob represents 
a large group of monomers, the interaction between 

blobs will become so weak that bond crossings may 
occur. To prevent such unrealistic event, an additional 
uncrossibility algorithm, called Twentanglement is 
developed (23). In short, this algorithm modifies the chain 
dynamics by introducing entanglement constraints on the 
crossing site of two elastic bonds. Because of the elasticity, 
the distance Ri,i+1 between two bonded consecutive blobs 
will be replaced by the path length Li,i+1. Through the path 
entanglement positions Xp are defined, and thus the path 
from blob i to blob i+1 can be updated as

L R , X R X X X X R
i i

n p
i p i, 1 1 1 2 1

( ) = − + − + + −
+ +

� (4)

with n the blob number and p the number of entan-
glements. Consequently, the expression of bonded  
attractive potential is now changed to be the function 
of path length. The entanglement positions are updated 
along with the moving of pair blobs and will be fixed at 
the points with the equilibrium of forces in the system. 
This is carried out by the minimization of total attrac-
tive potential energy for the given configuration Rn of 
the blobs,

	
i LR min R , Xatt n b

i i
n p

X , 1p
∑φ φ ( )( ) ( )=

+
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In our algorithm, when an entanglement from one arm 
slips over a branch point, it is either annihilated, or 
locates on one of the correct arm of the other two, or 
gets entangled with both of the other two arms. Usually 
in the last case, one of the two is chosen randomly to 
entangle with and the other entanglement is ignored. 
All simulations were performed in cubic boxes with 
periodic boundary conditions. The mass density of 
polyethylene melt was kept constant as ρ = 0.761 g/cm3.  
All numerical results presented in this paper were 
obtained with ξ = 8.0 ps−1.

3  Results and discussion
In this work the asymmetric star properties are presented 
from the comparisons with those linear polymers: one has 
the same length as the asymmetric linear arm; one backbone 
between two ends of symmetric arms; one is from the end 
of asymmetric arm to either end of the symmetric arm; and 
another long one possesses the same molecular weight of 
entire star. In Figure 2 the square of end-to-end distance  

Figure 1: Schematic diagram of 3-arm asymmetric star: B(B7)(B3)2 
two short arms and one long arm in ‘Y’ shape; or B(B3)(B7)2 one short 
arm and two long arms in ‘T’ shape.
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of those linear chains are plotted, and the scaling property 
is to the power of ~1 along with the increasing of chain 
molecular mass. 

Compared with those linear chains, the properties 
of asymmetric stars will be discussed mainly from the 
following aspects. Firstly, in order to understand the 
influence of the asymmetric arm on the star size and 
confirm the equilibrium of arm relaxation, the time 
dependent autocorrelation functions (ACF) for the unit 
vectors directed from each branch point to the end-point 
of the star asymmetric arms are calculated

	
R R R

be b e
2

2( )= − � (6)

where Rb and Re are the positions of branch point and 
asymmetric arm end for each configuration of the star 
polymer chain separately. Moreover, in melt system, the 
diffusive property is considered as an important physical 
quantity. It can be qualified by the diffusion coefficient 
extracted from the mean square displacement:
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where Ri
cm(t) is the center of mass position of chain i at 

time t, and the pointy brackets denote an average running 
through all the times and molecules.

3.1  Y-shaped asymmetric stars

The Y-shaped asymmetric stars have two short 
symmetric arms and one long asymmetric arm in the 
length of about two times larger than the short ones. 
By decreasing the number of blobs on the asymmetric 

arm, the three arms will have the equal length to form a 
symmetric star again.

In Figure 3 the autocorrelation function for the vector 
of asymmetric arms are presented. It is clear from this 
plot that the decay of the branch-end vectors for the 
asymmetric star arms becomes slower along with the 
increasing of arm length. At runtime about 1.5 × 105 ps, 
all these three curves drop to almost zero which assures 
that our system is well equilibrated. The similar timescale 
may be drawn as well as from the extracted diffusion 
coefficient curves from mean square displacements, 
shown in Figure 4.

Taking the contract with linear chains, the diffusive 
property of the center of mass of symmetric star B(B3)3 has 
been found very close to the linear B11, which contains the 
similar molecular weight, and slower than the backbone 
chain linear B7 (21), displayed in the top plot of Figure 4. 
While increasing the asymmetric arm length, the branch 
point gradually exhibits a topology constraint and starts 
to slow down the diffusion, shown in the middle and 
bottom plots in Figure 4. However, due to the limit length 
of the backbone chain B7, both of diffusion properties of 
the two asymmetric star B(B5)(B3)2 and B(B7)(B3)2 are more 
or less following the same trend as the symmetric star, 
i.e. diffuse similarly as the linear chain B13 which has the 
same molecular weight.

3.2  T-shaped asymmetric stars

The second type of asymmetric star studied in this work 
is in T shape, having two long symmetric linear B7 arms 
as the backbone and one short asymmetric arm B3 with 
half of the length of the symmetric arm. In this case, a 
relatively large symmetric star B(B7)3 will be recovered by 
increasing the length of the short arm. 

Figure 2: Linear chain end-to-end distance scaling property. Figure 3: ACF for the unit vectors directed from the branch  
point to the end-points of the asymmetric arms of Y-shaped 
asymmetric stars.
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For the three stars with the same length of backbone 
chain, it is clear to be seen from Figure 5 that the third 
arm moves slower when having the arm length increased, 
arm B7 in symmetric star B(B7)3 decays in a very slow way 
compared with arm B3 and B5 in asymmetric stars B(B3)
(B7)2 and B(B5)(B7)2 respectively. The same trend can be 

seen from the appearance of scaled star diffusive motions 
in Figure 6.

From Figure 6, we can see that the diffusion coeffici-
ents for all the star polymers are the smallest on each 
figure from top to bottom. These stars move not only 
slower than their corresponding linear backbone chains 
but also after the linear chains with same molecular 
mass. This observation become clearer when we incre-
ase the asymmetric arm length from B3 to B5, and for the 
largest symmetric star B(B7)3 it moves the slowest beyond 
the time 105 ps.

4  Conclusions
The dynamical trend of asymmetric stars has been studied 
by using coarse graining method. Results are presented 
by the comparisons with both linear and symmetric star 
topologies. It is found that for asymmetric stars with the 
same backbone chain, by increasing the asymmetric arm 
length, stars feel more and more branch point constraints 
that they behave a slower diffusion than corresponding 

Figure 4: Time-dependent diffusion coefficients for symmetric 
star B(B3)3 and two asymmetric stars with various asymmetric 
arms, compared with the corresponding linear chains indicated  
in Figure 2.

Figure 5: ACF for the unit vectors directed from the branch point 
to the end-points of the asymmetric arms of T-shaped asymmetric 
stars.

Figure 6: Time-dependent diffusion coefficients for symmetric 
star B(B7)3 and two asymmetric stars with various asymmetric 
arms, compared with the corresponding linear chains indicated  
in Figure 2.
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linear chains, this trend is shown clearer to the asymmetric 
star with longer backbone chain.

In this work, it is clear to see that within our current 
simulation runtime, the relatively long linear or star 
polymers with arms in high molecular mass are not fully 
diffused or well relaxed. Extra simulation times are still 
needed for those polymers to get better statistics.
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