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Abstract: Dicyclopentadiene (DCPD) resin has gained 
popularity owing to its fast curing time and ease of pro-
cessing with a low viscosity in the monomer state. In the 
present study, the impact and shear properties of a carbon 
fiber (CF)/p-DCPD composite were investigated. The  
CF/p-DCPD composite was manufactured by vacuum-
assisted resin transfer molding with CF as the reinforce-
ment and p-DCPD as the resin with a maximum fiber 
volume fraction of 55 weight percent. Impact and shear 
properties of the CF/p-DCPD composite were evaluated 
and compared with those of a CF/Epoxy composite. The 
maximum shear stress and modulus of the CF/p-DCPD 
composite were lower than that of the CF/Epoxy com-
posite. However, the CF/p-DCPD composite had higher 
toughness than that of the CF/Epoxy composite; this 
indicates that it is tougher and exhibits a more ductile 
load-displacement response with a lower modulus 
and larger failure deformation. The impact strength 
of the CF/p-DCPD composite was about three time that  
of the CF/Epoxy composite. The higher impact strength 
of the CF/p-DCPD composite is attributed to the resin  

* Corresponding author: Sung Woong Choi, Department of 
Mechanical System Engineering, Gyeongsang National University, 
38, Cheondaegukchi-gil, Tongyeong-si, Gyeongsangnam-do, 53064, 
Republic of Korea, email: younhulje@gnu.ac.kr
Hyeong Min Yoo, Composites Research Division, Korea Institute 
of Materials Science (KIMS), 797, Changwon-daero, Seongsan-gu, 
Changwon-si, Gyeongsangnam-do, 51508, Republic of Korea,  
email: yhm2010@snu.ac.kr
Moo Sun Kim, Advanced Railroad Vehicle Division, Korea Railroad 
Research Institute, Uiwang-si, Gyeonggi-do 437-757, Republic of 
Korea, email: mskim@krri.re.kr
Bum Soo Kim, Department of Mechanical System Engineering, 
Gyeongsang National University, 38, Cheondaegukchi-gil, 
Tongyeong-si, Gyeongsangnam-do, 53064, Republic of Korea,  
email: kimbs@gnu.ac.kr
Dong Jun Kwon, Resin Research Team, Korea Dyeing & Finishing 
Technology Institute, 92, Dalseocheon-ro, Seo-gu, Daegu, Republic 
of Korea, email: rorrir@dyetec.or.kr

 Open Access. © 2019 Yoo et al., published by De Gruyter. Open Access. ©2019 KazumasaNomura and Paul Terwilliger, published byDeGruyter. This work is licensed under the Creative Commons
Attribution alone 4.0 License.

Spec. Matrices 2019; 7:1–19

Research Article Open Access

Kazumasa Nomura* and Paul Terwilliger

Self-dual Leonard pairs
https://doi.org/10.1515/spma-2019-0001
Received May 8, 2018; accepted September 22, 2018

Abstract: Let F denote a �eld and let V denote a vector space over Fwith �nite positive dimension. Consider
a pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair. We consider the self-dual case in which
there exists an automorphismof the endomorphismalgebra ofV that swapsA andA∗. Such anautomorphism
is unique, and called the duality A ↔ A∗. In the present paper we give a comprehensive description of this
duality. Inparticular,wedisplay an invertibleF-linearmap T onV such that themap X �→ TXT−1 is theduality
A ↔ A∗. We express T as a polynomial in A and A∗. We describe how T acts on 4 �ags, 12 decompositions,
and 24 bases for V.

Keywords: Leonard pair, tridiagonal matrix, self-dual

Classi�cation: 17B37, 15A21

1 Introduction
Let F denote a �eld and let V denote a vector space over F with �nite positive dimension. We consider a
pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair (see [13, De�nition 1.1]). The Leonard pair
A, A∗ is said to be self-dual whenever there exists an automorphism of the endomorphism algebra of V that
swaps A and A∗. In this case such an automorphism is unique, and called the duality A ↔ A∗.

The literature containsmany examples of self-dual Leonardpairs. For instance (i) the Leonardpair associ-
atedwith an irreduciblemodule for the Terwilliger algebra of the hypercube (see [4, Corollaries 6.8, 8.5]); (ii) a
Leonard pair of Krawtchouk type (see [10, De�nition 6.1]); (iii) the Leonard pair associatedwith an irreducible
module for the Terwilliger algebra of a distance-regular graph that has a spin model in the Bose-Mesner alge-
bra (see [1, Theorem], [3, Theorems 4.1, 5.5]); (iv) an appropriately normalized totally bipartite Leonard pair
(see [11, Lemma 14.8]); (v) the Leonard pair consisting of any two of a modular Leonard triple A, B, C (see [2,
De�nition 1.4]); (vi) the Leonard pair consisting of a pair of opposite generators for the q-tetrahedron alge-
bra, acting on an evaluationmodule (see [5, Proposition 9.2]). The example (i) is a special case of (ii), and the
examples (iii), (iv) are special cases of (v).

Let A, A∗ denote a Leonard pair on V. We can determine whether A, A∗ is self-dual in the following way.
By [13, Lemma 1.3] each eigenspace of A, A∗ has dimension one. Let {θi}di=0 denote an ordering of the eigen-
values of A. For 0 ≤ i ≤ d let vi denote a θi-eigenvector for A. The ordering {θi}di=0 is said to be standard
whenever A∗ acts on the basis {vi}di=0 in an irreducible tridiagonal fashion. If the ordering {θi}di=0 is standard
then the ordering {θd−i}di=0 is also standard, and no further ordering is standard. Similar comments apply to
A∗. Let {θi}di=0 denote a standard ordering of the eigenvalues of A. Then A, A∗ is self-dual if and only if {θi}di=0
is a standard ordering of the eigenvalues of A∗ (see [7, Proposition 8.7]).
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characteristics: epoxy resin has a more brittle behavior, 
and hence, higher energy is required for crack propaga-
tion due to fracture.

Keywords: dicyclopentadiene; carbon fabric; carbon 
fabric-reinforced p-DCPD composites; shear properties of 
composite; impact properties of composites

1  Introduction 
With the rapid development of high-performance fibers 
and their increasing use in critical structural applications, 
there is a great need for high strength and lightweight. 
These trends have led to an increase in the use of fiber-
reinforced composite (FRC) materials in many areas 
such as structure applications, including rehabilitation 
and retrofitting, mainly because of their superior high-
strength properties, corrosion resistance, and low weight 
(1,2). New types of resin and fiber that can adopt the 
liquid composite molding (LCM) process are made of a 
wide range of thermosetting resins and reinforcements, 
respectively. Among them, poly-dicyclopentadiene 
(p-DCPD) has gained popularity because of its fast 
curing time, excellent impact resistance, high chemical 
corrosion resistance, and dimensional stability (3). Due to 
productivity advantage with short curing time, the DCPD 
resin is usually used for applications such as automobile 
bumpers and heavy equipment bodies. Carbon fiber (CF) 
reinforcement has also attracted much attention and 
has long been a subject of investigation for its use as 
reinforcements in polymer matrices because of its high 
stiffness, high strength, low weight, and good thermal 
properties (4). Therefore, the evaluation of mechanical 
properties such as impact and shear strengths is required 
for carbon fiber-reinforced plastics (CFRPs) and new 
types of resin composites. 

Extensive research has made it possible to evaluate 
resins and fibers suitable for the LCM process. Among 
the various researches, several recent investigations 
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deal with the impact property of CFRPs (5-10). Harris 
and Bunsell investigated the Charpy impact properties of 
mixed glass fiber/CF composites measured as a function 
of composition on notched and un-notched rod samples 
(5). Premalal et al. (6) studied the effect of unmodified 
and ground talc and rice husk fillers compounded with 
polypropylene (PP) separately in a Brabender Plasti-
corder internal mixer. Ruksakulpiwat et al. (7) examined 
the rheological, morphological, and mechanical 
properties of PP and PP composites prepared by 
injection molding with and without natural rubber (NR) 
or ethylene propylene diene monomer (EPDM) rubber. 
They reported that the impact strength and elongation 
at break of the PP composite significantly increased 
with the addition of more than 20 weight percent of NR 
or EPDM rubber to PP. Harish et al. (8) developed coir 
composites and evaluated their mechanical properties 
such as flexural and impact strengths and revealed that 
coir can be used as a potential reinforcing material for 
making low-load bearing thermoplastic composites. Liu 
et al. (9) conducted Charpy impact tests on notched PP 
specimens and unnotched polystyrene specimens at 
room temperature and showed that the impact property 
improved by the addition of graft-modified rubbers. 
Park et al. (10) fabricated CFRPs incorporated with 
core-shell rubbers (CSRs) by the vacuum-assisted resin 
transfer molding (VARTM) process and investigated the 
impact strength of the CFRPs. They reported that the 
impact strength of the CFRPs improved by up to 87.5% 
depending on an increase in the CSR content. However, 
investigations on correlating the impact behavior of 
CF/p-DCPD composites are limited. It is with this view 
that the present study on the impact properties of  
CF/p-DCPD composites manufactured with liquid 
composite molding process has been undertaken, 
especially for the improvement of mechanical properties 
of CF/p-DCPD composites (3,11).

The shear strength is a critical aspect in the evaluation 
of mechanical property of CF/p-DCPD composites 
because it is mainly related with the interfacial property 
for the composite matrix and reinforcement. Several 
studies have been conducted on the shear property of 
CFRPs in search of suitable materials. The curing kinetics 
can be conveniently measured by isothermal DSC 
measurements; however, some inevitable problems exist 
such as dynamic preheat time and limited temperature  
(11-14). Dominguez et al. (11) studied the room‐temperature 
mechanical properties of unidirectional CF‐reinforced 
phthalonitrile composite panels by short beam shear, 
tension, and flexural tests. Kretsis (12) investigated the 

basic mechanical properties including shear strength 
of continuous-fiber hybrids, that is, carbon and glass 
hybrid fiber-reinforced epoxy and predicted a model to 
compare the strengths. Valluzzi et al. (13) performed an 
experimental study on brick masonry panels strengthened 
by FRP laminates to evaluate the compressive and shear 
strengths to simulate the in-plane shear phenomenon. 
Gabor et al. (14) examined the behavior of unreinforced 
and FRP-strengthened masonry walls when subjected to 
a predominant shear load using different finite element 
modelling approaches. 

The cost using DCPD composite was mostly 
dependent on the cost of catalyst that improves 
reactivity. Molybdenum (Mo), ruthenium (Ru), titanium 
(Ti) and chromium (Cr) are commonly used catalysts 
for manufacturing DCPD composites (15). Among these 
catalysts, lots of applications using Mo-Based Catalysts 
were increased due to cost effectiveness. Much research 
has also been conducted to reduce the cost using 
Ru-Based catalysts. Regarding manufacturing cost, 
DCPD composite will be advantageous with productivity 
advantage with short curing time along with reduced cost 
of catalyst (3,15). 

Although there is a compelling need for the 
evaluation of mechanical properties of CFRPs and new 
types of DCPD resin composites, fewer studies were 
conducted on the mechanical properties of composites. 
Limited number of studies was investigated mainly 
on CF/epoxy and glass fibers/unsaturated polyester 
resin composites as show in Table 1. The evaluation of 
mechanical properties for the CF/p-DCPD composites 
was mainly conducted for the shear and impact 
properties because measuring these properties were 
to investigate matrix effect rather than reinforcement 
effects. The present paper reports the manufacturing of 
CF/p-DCPD composites by the VARTM process as well as 
the evaluation of their impact and shear properties and 
comparison with CF/Epoxy composites to examine the 
effect of different resins.

Table 1: Comparison between characteristics of the present system 
and other known systems using VARTM technique.

Composite CF/p-DCPD CF/Epoxy (16) GF/UPR (17)

Reinforcement Carbon fabric Carbon/Glass 
fabric

Woven glass 
fiber

Matrix Dicyclopentadiene Epoxy Unsaturated 
polyester

Volume fraction 55 wt% 50 vol% 50 wt%
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2  Experimental

2.1  Materials

A CF/p-DCPD composite was used in this study. Carbon 
fabric (3K plain carbon fabric, C-120, Muhan Composite 
Corp.,) and DCPD resin (454338, contains BHT; Sigma-
Aldrich Korea) were used as the reinforcement and 
resin, respectively. Ru-based Grubbs second-generation 
catalyst (Sigma-Aldrich Corp., U.S.A) was used to initiate 
polymerization of the DCPD resin. For the impact strength 
tests, a CF/Epoxy composite was also manufactured to 
prepare the test specimen using an epoxy resin (KFR-130, 
Kukdo Chemical Corp., Korea) and hardener (KFH-140, 
Kukdo Chemical Corp., Korea).

2.2  Recrystallization of catalyst

The catalyst was recrystallized to ensure its uniform 
dispersion in the resin to obtain uniform particles 
(18). The catalyst used in the present study is in a 

solid powder state; therefore, a solvent is necessary to 
dissolve the catalyst. The solvent used in the study was 
dichloromethane (CH2Cl2). The solvent was evaporated 
in a vacuum chamber for 24 h after the catalyst was 
completely dissolved in the solvent in a glove box. After 
the catalyst was treated with dichloromethane, the 
catalyst was changed into relatively regular spherical 
particles with the recrystallization process. The 
recrystallized catalyst can be advantageous for achieving 
a rapid reaction with the resin.

2.3  �Manufacturing of CF/p-DCPD composites 
by VARTM process

In the VARTM process, carbon fabric sample was 
prepared to cut into a size of 150 × 150 mm, as shown in 
Figure 1. To prevent the vacuum bag from sticking to the 
fabric, a peel ply was used. To allow the resin to enter 
into the fabric end, a flow media along with a vacuum 
pump and resin trap was used in the process, as shown in 
Figure 2. To achieve a more stable curing process, curing 
was carried out on a heater. The composite materials 

Figure 1: Plain carbon fabric (left) and peel ply (right).

Figure 2: Vacuum-assisted resin transfer molding (VARTM) process with DCPD resin.
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were manufactured by the VARTM process with a heating 
system wherein the mold was maintained at 100°C for 
more than 10 min (3,15). 

2.4  In-plane shear stress test

To measure the in-plane shear property of the new  
CF/p-DCPD composite material, ± 45° tensile specimens 
were prepared according to ASTM D3518. Rectangular 
specimens of the fabricated composite materials with 
dimensions of 25 mm (W) × 2.5 mm (T) × 150 mm (L), where W, 
T, and L are the width, thickness, and length, respectively, 
were prepared for the shear test. The shear strength was 
measured using a universal testing machine (UTM) with 
a strain gage attached in the middle of the specimen, 
as shown in Figure 3. The test speed was maintained at  
2 mm/min. The data of the shear stress/strain curves were 
obtained from the load cell and strain gauge readings and 
specimen dimensions. The results were measured at least 
five times under each condition and are shown with an 
error bar including the average values.

2.5  Izod impact strength test
Impact testing of the CF/p-DCPD and CF/Epoxy composites 
was performed according to ASTM D256. Specimens of 

the fabricated composite materials with dimensions of 
12.7 mm (W) × 12.7 mm (T) × 63.5 mm (L), where W, T, and 
L are the width, thickness, and length, respectively, were 
prepared for the impact test. A notch was created in the 
specimens with a central 45° V-notch to a depth of 2.54 mm 
and a radius of 0.25 mm. These specimens were tested 
using an Izod pendulum-type impact tester, which uses a 
standard method for testing the Izod impact resistance of 
the specimens measuring the absorbed energy. The impact 
results were also measured at least five times under each 
condition and are shown with an error bar including the 
average values.

3  Results and discussion

3.1  �In-plane shear stress of CF/p-DCPD 
composites

The shear stress and shear strain values were determined 
with ± 45° tensile specimens expressed as follows 
(19,20):

			   τ
∂

=
2

x
12

� (1)

			   γ ε ε= −x y12 � (2)

Here, τ12 is the shear stress, σx is the tensile stress 
in the specimen, and γ12 is the shear strain. The strains 
εx and εy expressed in Eq. 1 and 2 represent the strain in 
the loading direction and the strain perpendicular to the 
loading direction, respectively. 

Generally, the maximum fiber volume fraction of 
a composite manufactured by the VARTM process is 
about 50-60 weight percent (wt%) (21). In the present  
CF/p-DCPD composites, a fiber volume fraction of 55 wt% 
was achieved, and the shear property was evaluated for 
this volume fraction. The entire process of shear response 
of the CF/p-DCPD composites manufactured by VARTM 
was obtained from the axial load-displacement curves, 
as shown in Figure 4. Small differences were observed in 
the shear modulus, shear strength, and ultimate stress 
of the specimens having the same configurations. As can 
be seen, for the CF/p-DCPD composites with 55 wt% fiber 
volume fraction, a maximum shear stress of 50.3 MPa was 
obtained. The experimental data for the entire process of 
shear response of the CF/Epoxy composites manufactured 
by VARTM provided by Liang et al. (22) are shown to 
compare the effect of different resins (Figure  4). The  
CF/Epoxy composites achieved a shear stress of Figure 3: In-plane shear stress test (ASTM D3518).
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61.9  MPa and modulus of 4.14 GPa, while the CF/p-
DCPD composites achieved a shear stress of 50.3 MPa 
and modulus of 1.26 GPA, as shown in Figure 5 and 
Table  2. However, the CF/p-DCPD composites exhibit 
about 30% larger strain until fracture compared with the  
CF/Epoxy composites. The overall comparison of the 
shear properties of the CF/p-DCPD and CF/Epoxy 
composites revealed that the maximum shear stress 
and modulus of CF/Epoxy are higher than those of 
the CF/p-DCPD composites tested according to ASTM 
D3518. However, the CF/p-DCPD composites have higher 
toughness than that of the CF/Epoxy composites: similar 
results were reported by Toplosky and Walsh (23) and 
Rohde (24). This indicates that the CF/p-DCPD material 
is tougher and exhibits a more ductile load-displacement 
response with a lower modulus and larger failure 
deformation. 

3.2  �Impact strength of CF/p-DCPD 
composites

The Izod impact tests for the CF/p-DCPD composites were 
performed to evaluate the impact properties for 55 wt% 
fiber volume fraction. Furthermore, the impact strength 
of the CF/p-DCPD composite was compared with that of  
CF/Epoxy with the same fiber volume fraction of 55 wt%. 
The impact test results are shown in Figure 6 and Table 3. 
The impact energy of the CF/p-DCPD composite was 
estimated to be approximately 1120 J/m, while that of the 
CF/Epoxy composite was 390 J/m. This result showed 
that the impact strength of CF/p-DCPD is about three 
times that of CF/Epoxy. 

3.3  Fractography analysis

The SEM micrographs of the fracture surfaces of  
CF/p-DCPD composite after the Izod impact tests and 

Table 2: Maximum shear stress and shear modulus of CF/p-DCPD 
composites.

CF/p-DCPD  
composites

CF/epoxy  
composites

Max. shear stress (MPa) 50.3 61.9
Shear modulus (GPa) 1.26 4.14
Max. extension (mm) 31 18

Table 3: Impact strengths of CF/p-DCPD and CF/Epoxy composites.

CF/p-DCPD CF/Epoxy

Impact strength (J/m) 390 1120

Displacement [mm]
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Figure 4: Load-displacement curves of CF/Epoxy (22) and  
CF/p-DCPD composites.

Figure 5: Maximum shear stress and shear modulus of CF/p-DCPD 
composites.

Figure 6: Impact strengths of CF/p-DCPD and CF/Epoxy 
composites.



442   H. M. Yoo et al.: Impact and shear properties of carbon fabric/poly-dicyclopentadiene composites

impact strength with the same fiber volume fraction 
condition of 55 wt%. The results showed that the 
impact strength of CF/p-DCPD is about three times 
larger than that of CF/Epoxy. 

•	 The fracture surfaces of CF/p-DCPD and CF/Epoxy 
composites showed the typical characteristics of 
brittle fracture. Rougher surfaces are observed in the 
fractographs of the CF/p-DCPD composite, while the 
CF/Epoxy composite showed a smoother surface. 

•	 From the impact test with fractography analysis, it is 
found higher energy is required for crack propagation 
due to fracture. This results in higher impact strength 
for the CF/p-DCPD composite.

•	 In our future research, we will perform the 
investigations for the impact properties evaluations 
for the temperature dependency especially for the 
effect of cryogenic temperature.
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