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Abstract: Let F denote a �eld and let V denote a vector space over Fwith �nite positive dimension. Consider
a pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair. We consider the self-dual case in which
there exists an automorphismof the endomorphismalgebra ofV that swapsA andA∗. Such anautomorphism
is unique, and called the duality A ↔ A∗. In the present paper we give a comprehensive description of this
duality. Inparticular,wedisplay an invertibleF-linearmap T onV such that themap X �→ TXT−1 is theduality
A ↔ A∗. We express T as a polynomial in A and A∗. We describe how T acts on 4 �ags, 12 decompositions,
and 24 bases for V.
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1 Introduction
Let F denote a �eld and let V denote a vector space over F with �nite positive dimension. We consider a
pair A, A∗ of diagonalizable F-linear maps on V, each of which acts on an eigenbasis for the other one in an
irreducible tridiagonal fashion. Such a pair is called a Leonard pair (see [13, De�nition 1.1]). The Leonard pair
A, A∗ is said to be self-dual whenever there exists an automorphism of the endomorphism algebra of V that
swaps A and A∗. In this case such an automorphism is unique, and called the duality A ↔ A∗.

The literature containsmany examples of self-dual Leonardpairs. For instance (i) the Leonardpair associ-
atedwith an irreduciblemodule for the Terwilliger algebra of the hypercube (see [4, Corollaries 6.8, 8.5]); (ii) a
Leonard pair of Krawtchouk type (see [10, De�nition 6.1]); (iii) the Leonard pair associatedwith an irreducible
module for the Terwilliger algebra of a distance-regular graph that has a spin model in the Bose-Mesner alge-
bra (see [1, Theorem], [3, Theorems 4.1, 5.5]); (iv) an appropriately normalized totally bipartite Leonard pair
(see [11, Lemma 14.8]); (v) the Leonard pair consisting of any two of a modular Leonard triple A, B, C (see [2,
De�nition 1.4]); (vi) the Leonard pair consisting of a pair of opposite generators for the q-tetrahedron alge-
bra, acting on an evaluationmodule (see [5, Proposition 9.2]). The example (i) is a special case of (ii), and the
examples (iii), (iv) are special cases of (v).

Let A, A∗ denote a Leonard pair on V. We can determine whether A, A∗ is self-dual in the following way.
By [13, Lemma 1.3] each eigenspace of A, A∗ has dimension one. Let {θi}di=0 denote an ordering of the eigen-
values of A. For 0 ≤ i ≤ d let vi denote a θi-eigenvector for A. The ordering {θi}di=0 is said to be standard
whenever A∗ acts on the basis {vi}di=0 in an irreducible tridiagonal fashion. If the ordering {θi}di=0 is standard
then the ordering {θd−i}di=0 is also standard, and no further ordering is standard. Similar comments apply to
A∗. Let {θi}di=0 denote a standard ordering of the eigenvalues of A. Then A, A∗ is self-dual if and only if {θi}di=0
is a standard ordering of the eigenvalues of A∗ (see [7, Proposition 8.7]).
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Figure S1: 1H NMR spectrum of PMMA (Mn,NMR = 17.3×103 g/mol, 
Mn,GPC = 15.9 ×103 g/mol, Mw/Mn = 1.27) with CDCl3 as the solvent. 
Experiment conditions: [MMA]0/[EBPA]0/[FeBr3]0/[AsAc-Na]0 = 
200/1/0.5/1 at 75°C. Solvent = γ-valerolactone, VMMA = 3 mL,  
Vsolvent = 1.5 mL. Reaction time = 5 h. Conversion = 70.1%.

Figure S2: 1H NMR spectrum of PMMA (Mn,NMR = 16.8×103 g/mol, 
Mn,GPC = 15.2 ×103 g/mol, Mw/Mn = 1.25) with CDCl3 as the solvent. 
Experiment conditions: [MMA]0/[EBPA]0/[FeBr3]0/[AsAc-Na]0 = 
200/1/0.5/1 at 75°C. Solvent = γ-butyrolactone, VMMA = 3 mL,  
Vsolvent = 1.5 mL. Reaction time = 5 h. Conversion = 66.1%.
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Figure S3: 1H NMR spectrum of PMMA (Mn,NMR = 16.1×103 g/mol, 
Mn,GPC = 13.5 ×103 g/mol, Mw/Mn = 1.25) with CDCl3 as the solvent. 
Experiment conditions: [MMA]0/[EBPA]0/[FeBr3]0/[AsAc-Na]0 = 
200/1/0.5/1 at 75°C. Solvent = γ-caprolactone, VMMA = 3 mL,  
Vsolvent = 1.5 mL. Reaction time = 5 h. Conversion = 59.8%.

Figure S4: 1H NMR spectrum of PMMA (Mn,NMR = 16.3×103 g/mol, 
Mn,GPC = 13.8 ×103 g/mol, Mw/Mn = 1.25) with CDCl3 as the solvent. 
Experiment conditions: [MMA]0/[EBPA]0/[FeBr3]0/[AsAc-Na]0 = 
200/1/0.5/1 at 75°C. Solvent = γ-octanolactone, VMMA = 3 mL,  
Vsolvent = 1.5 mL. Reaction time = 5 h. Conversion = 61.2%.

Figure S5: 1H NMR spectrum of γ-valerolactone.


