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Abstract: This work describes the application of classi-
cal Rayleigh method (CRM), modified Rayleigh method
(MRM), and ANSYS finite element method (FEM) to calcu-
late the natural frequency of non-homogenous cantilever
beam. Two-step cantilever stepped beam was investigated
through six studied cases. Each step has different material
properties and the same cross section area. Results showed
that the combination of materials is useful in order to
increase the natural frequencies and reduce the weight
of the beam at the same time when the cantilever beam
is fixed by the side of the stronger material. There is a
good agreement between the CRM and FEM for the
region with length larger than half length of beam, on
the other hand, there is an excellent agreement between
the MRM and FEM for the region with length smaller
than half length of beam.

Keywords: free vibration, natural frequency, stepped beam,
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1 Introduction

Beams and beam-like elements are main constituent of
structures widely used in different engineering applica-
tions like aerospace, high speed machinery, light weight
structure, etc. Generally, it undergoes a wide variety of
loads (static and/or dynamic loads). The dynamic load of
certain frequency of vibration leads to the beam failure
due to resonance. Therefore, many researchers studied
the dynamics of beams because of the importance of its
industrial applications in many engineering areas.

In an effort to achieve improved distribution of weight
and strength, beams with non-uniform inertia, mass dis-
tribution, and variable cross section have been used exten-
sively in many fields. General closed form solutions are
more difficult to be obtained for the static and dynamic
responses of beams with arbitrary varying cross sections
and arbitrary non-homogeneity, because the governing
equations of these beams contain variable coefficients.

Generally, the dynamic response of non-uniform Euler–
Bernoulli beams was studied using different methods
like the dynamic method in conjunction with modal
analysis, the dynamic stiffness method, the transformed
dynamic stiffness method combined with the Laplace
transform, the step reduction method, the finite element
method (FEM), the boundary element method, the semi-
analytic method, and the transfer matrix method.

Since the stepped beams are used widely in engi-
neering applications and structures, their vibration char-
acteristics was of great interest for research [1–13]. Kisa
and Gurel [14] analyzed the free vibration of stepped
cracked and uniform beams with circular cross section
using a novel numerical technique. Mao and Pietrzko
[15] used the Adomian decomposition method (ADM)
in order to investigate the free vibration of a stepped
Euler–Bernoulli beam consisting of two uniform sections.
Mao [16] explained that ADM provides an effective and
accurate method for analysis of free vibration of multiple
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stepped beams with arbitrary boundary conditions. Sud-
doung et al. [17] studied free vibration response of stepped
beams with functionally graded materials and found that
the governing differential equations for these beams can
be effectively solved by differential transformation method.
Lee [18] used the Chebyshev-tau method to analyze the
free vibration of stepped beams based on Timoshenko
and Euler–Bernoulli beam theories. Tong et al. [19] pre-
sented an analytical solution for free and forced vibra-
tions of stepped beam based on Timoshenko theory. They
expressed the frequency equation of free vibration at one
end of the beam in terms of some initial parameters. In
forced vibration, they solved a set of algebraic equations to
obtain the solution with only two unknowns. Rajasekaran
and Khaniki [20] presented a comprehensive study on
mechanical behaviors of non-homogenous non-uniform
size dependent Axially – Functionally Graded Material
beams with different types of materials using FEM. Also,
Walaa Mohammed Hashim et al. [21] analyzed the static
deflection of non-prismatic axially functionally graded
beam under distribution load using ANSYS workbench
(17.2). They used three supporting types, namely, free-
clamped, clamped-free, and simply supported. The elastic
modulus of the beam varies continuously in the axial
direction of the beam according to a power law model.

In this work, the natural frequency of non-homogenous
cantilever beamwas calculated bymodified Rayleighmethod
(MRM), classical Rayleigh method (CRM), and ANSYS FEM.
The circular and rectangular cross section cantilever stepped
beams are considered in this work, and three sets of materials
(Steel-Aluminum, copper–Steel and copper–Aluminum) are
used to calculate the natural frequencies when the length of
each part increases from zero to length of the beam.

2 Problem description

Figure 1 shows the two-step cantilever stepped beam.
Each step has different material properties (modulus of
elasticity [E] and density [ρ]) and the same cross section

area (A) (i.e., same second moment of inertia [I]). The equa-
tion of motion of beam (Euler–Bernoulli and Timoshenko
equations) cannot be solved analytically in this case
because of varying material properties along the length
of the beam (ρ and E).

For calculation of the natural frequency of this type
of beam, CRM, MRM, and the FEM (ANSYS software) are
used in this work in order to avoid the complexity in
governing equation and its solution [12,13,20–23].

3 Rayleigh method (RM)
The general formula of Rayleigh method was derived to
equate the potential and kinetic energy of any system.
The fundamental natural frequency of this system can
be calculated by the following equation [12,13,20–23].
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where
ω – frequency (rad/s),
y – deflection (m),
M –mass (kg),
A – cross section area (m2),
ρ – density (kg/m3),
E –modulus of elasticity (N/m2), and
I – second moment of inertia (m4).

Figure 1: Geometry and material properties of stepped beam used in this work.

Table 1: Formula of the deflections of the cantilever beam [22,25]
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Figure 2: Geometry and meshing of square stepped beam used in this work.

Figure 3: Meshing and geometry of circular stepped beam used in this work.
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As mentioned previously, the main problem of the
vibration of stepped beam is the variation in the material
properties along the beam. Therefore, the methods des-
cribed in refs. [12,13,20–23] are used in order to calculate
the equivalent stiffness (EI) of beam and these methods are:

3.1 Classical method

The equivalent second moment of inertia for stepped
beam with two internal steps can be found using the
following equation [12,13,20–23]:
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where (LTotal = L1 + L2) is the length of the beam.

3.2 Modified method

According to the idea described in refs. [12,20], at any
point at the stepped beam, the equivalent moment of
inertia can be calculated by applying the following:
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where LS(x) is the distance from any point to the free edge.

4 Programming Rayleigh methods

The Rayleigh methods (i.e., CRM and MRM) were pro-
grammed using MATLAB code [12,13,21–25]. The general
steps are:
1. Input the material properties of each step (i.e., den-

sity and modulus of elasticity) and beam dimensions
(Figure 1).

2. Input number of divisions (N).
3. Calculate the equivalent stiffness of beam using equa-

tion (2) for CRM and equation (3) for MRM.

Table 2: The material properties used in this work

Property Unit Material 1 Material 2 Material 3
Steel alloy Cu alloy Al alloy

Modulus of
elasticity

GPa 197 120 68

Poisson ratio — 0.3 0.3 0.33
Density kg/m3 7,800 8,500 2,700
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4. Calculate the mass matrix [m](N+1).
5. Using Table 1 calculate the delta matrix [δ]((N+1)*(N+1))
6. Calculate the deflection at each node using the fol-

lowing equation and apply the boundary conditions:

[ ] [ ] [ ]( ) ( ( )) ( )=+ + + +y δ m .N N N N1 1 ⁎ 1 1

5 FEM

In order to build a 3D finite element model as shown in
Figure 2, ANSYS Version 17.2 was used. Cantilever beams
with square (Figure 2) and circular (Figure 3) cross sec-
tion were used in this work.

Figure 4: Comparison among first natural frequencies calculated by FEM, CRM, and MRM due to change in the length of steel part for
different diameters of the circular beam (Case 1).
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6 Cases studied

In this work, the length of the beam is 0.84 m and two
types of cross section area are used (square and circular).
In the circular shaft, the considered diameter values
of the cross section area are 10, 20, 30, 40, and 50mm.

While the considered width values and depth of square
cross section area are 10, 20, 30, 40, and 50mm. Three
types of materials are used, and their properties are sum-
marized in Table 2.

The natural frequencies of six studied cases are calculated
using three methods (CRM, MRM, and FEM) as in Table 3.

Figure 5: Comparison among first natural frequencies calculated by FEM, CRM, and MRM due to change in the length of steel part for
different widths of the square beam (Case 1).
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7 Results and discussion

Figure 4 shows the comparison among the first natural
frequencies calculated by FEM, CRM, and MRM due to the
change in the length of steel part for different diameters
of circular beam when the material at the fixed end is
the stronger material (steel alloy) (Case 1). When the
length of stronger material (steel alloy) increases, the first
natural frequency will also increase until the length

of the stronger material reaches 0.42 m (i.e., half of
beam length). Since the beam has uniform cross section,
the second moment of inertia is constant. Therefore,
the equivalent stiffness of beam (IE)eq depends on the
equivalent modulus of elasticity (E)eq. But the equivalent
modulus of elasticity (E)eq is maximum and equals the
modulus of elasticity of stronger material (steel alloy),
when the length of the stronger material equals the
length of the beam (equations 2 and 3). That means, the

Figure 6: Comparison among first natural frequencies calculated by FEM, CRM, and MRM due to change in the length of steel part for
different diameters of the circular beam (Case 2).
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maximum stiffness is found when the beam is made of
steel alloy only. This is not completely correct because
the frequency depends on stiffness of beam and mass of
beam. When the length of the stronger material (steel
alloy) increases, the total mass of beam (m) will also
increase. The increment in total mass of beam (m) is
smaller than that in equivalent modulus of elasticity
(E)eq when the length of the stronger material is smaller
than 0.42m, therefore, the natural frequency will increase.

When the stronger material length is greater than 0.42m,
the increase in the total mass of beam (m) is larger than
that in equivalent modulus of elasticity (E)eq, and this
leads to the decrease in the natural frequency. The same
behavior can be seen in Figure 5, where the beam has a
square cross section area and different values of beam
width are used.

From Figures 4 and 5, the comparison among the
three calculating methods shows an excellent agreement

Figure 7: Comparison among first natural frequencies calculated by FEM, CRM, and MRM due to change in the length of steel part for
different widths of square beam (Case 2).
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between the FEM results (i.e., ANSYS) and MRM results
when the length of the stronger material is smaller than
0.42 m. But when the length of the stronger material is
larger than 0.42 m, there is a good agreement between the
FEM results and CRM results.

Figure 6 shows the comparison among first natural
frequencies calculated by FEM, CRM, and MRM due to

change in the length of the steel part for different dia-
meters of circular beam when the material at the free
end is the stronger material (steel alloy) (Case 2). When
the length of the stronger material (steel alloy) increases,
the first natural frequency will decrease until the length
of the stronger material (steel alloy) reaches 0.42m (i.e.,
half of beam length) and then the first natural frequency

Figure 8: Comparison among first natural frequencies calculated by FEM, CRM, and MRM due to change in the length of steel part for
different circular beams (Case 1 and Case 2).
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begins to increase. In other words, the minimum natural
frequency is found when the length of stronger material
is 0.42 m The increase in length of stronger material
causes increment in the equivalent stiffness (IE)eq and
mass (m)eq of the beam. But the increment in the equiva-
lent stiffness (IE)eq is smaller than the increment in the
total mass of beam (m) when the length of stronger

material is smaller than 0.42 m. While the increment in
the equivalent stiffness (IE)eq is larger than the incre-
ment in the total mass of beam (m) when the length of
stronger material is larger than 0.42 m.

From Figures 6 and 7, the comparison among the
three calculating method shows an excellent agreement
between the MRM and FEM results when the stronger

Figure 9: Comparison among first natural frequencies calculated by FEM, CRM, and MRM due to change in the length of steel part for
different square beams (Case 1 and Case 2).
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material length is smaller than 0.42m. Also, there is a
good agreement between the FEM and CRM results, when
the length of stronger material is larger than 0.42m.

Figures 8 and 9 show the effect of the diameter or
width of the beam on the first natural frequency calcu-
lated by CRM, MRM, and FEM. Because of the considered
uniform cross section of the beam, the effect of increase
in diameter or width of the beam appears as the value of

the natural frequency increases and it does not affect
the relationship between the natural frequency and the
length of the stronger material.

In Figure 10, the comparison among the first five
natural frequencies of the square beams are shown.
These beams are:
1. Steel alloy–Al alloy (Case 1) and Al alloy–Steel alloy

(Case 2).

Figure 10: The comparison among five natural frequencies calculated by ANSYS due to change in the length of the first material part
(material at the fixed end) for different materials of square beam.
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2. Steel alloy–Cu alloy (Case 1) and Cu alloy–Steel alloy
(Case 2).

3. Cu alloy–Al alloy (Case 1) and Al alloy–Cu alloy
(Case 2).

These beams are used to study the effect of modulus
ratio (EStrong/EWeak), density ratio (ρStrong/ρWeak) on the
natural frequencies. In the first type of beam (steel alloy–
Al alloy), the modulus ratio equals density ratio and
the frequency ratio equals 1. Then, the maximum and
minimum first natural frequencies is found when the
length of the stronger material equals half of the beam
length. In the second type of beam (steel alloy–Cu alloy),
the modulus ratio is 1.641667, the density ratio is 0.917647,
and the frequency of pure steel alloy is larger than the
frequency of pure Cu alloy with the frequency ratio being
1.337546. In this case, the combination of these two mate-
rials in beam is not useful. In the third type of beam (Cu
alloy–Al alloy), the modulus ratio is 1.764706, the density
ratio is 3.148148, and the frequency of pure steel alloy
is larger than the frequency of pure Cu alloy with the
frequency ratio being 0.748483. In this case, there is a
shifting in the positions of maximum and minimum nat-
ural frequency. The position of maximum frequency is at
a distance of 0.36m, while the position of minimum
frequency is at a distance of 0.48m.

From Figure 10, the maximum effect of materials
combination is noted in the first natural frequency and
this effect appears sharply in the first type of beam (steel
alloy–Al alloy) and then in the third type (Cu alloy–Al
alloy). Also, this effect decreases when themode increases.

8 Conclusion

By the obtained results, it can be concluded that:
1. In cantilever beam, the combination of materials is

useful in order to increase the natural frequencies
and reduce the weight of the beam at the same time.

2. The following conditions are essential to increase the
natural frequencies of the cantilever combined beam:
(a) The modulus ratio and density ratio of any pair of

materials are greater than 1, and the modulus ratio
is greater than the density ratio.

(b) The cantilever beam is fixed by the side of the
stronger material.

3. If the beam has uniform cross-section area (i.e., con-
stant second moment of inertia), the effect of materials
combination is not dependent on the shape of the
cross-section area and diameter (or width) of the beam.

4. The results show that there is a good agreement
between the CRM and FEM for the region larger than
half length of the beam. Also, there is an excellent
agreement between the MRM and FEM for the region
smaller than half length of the beam.

In future, experimental work will be done in order to
measure the natural frequencies of different combined
cantilever beams. on the other hand, the dynamic response
of combined cantilever beam will be studied theoretically
and experimentally.

Conflict of interest: Authors state no conflict of interest.
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