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Abstract: This paper analytically investigates the flow
as well as the chemically reactive solute transfer prob-
lem in a viscous fluid. The motion equations are reduced
to a nonlinear ordinary differential equations system us-
ing the similarity transformations. The obtained nonlin-
ear differential system is for the first time approximately
solved by means of the Optimal Homotopy Asymptotic
Method (OHAM). The effects of the partial slip and suc-
tion/blowing parameters are analytically analyzed. Some
examples are given; the obtained results provides us with
a good agreement with the numerical results and reveal
that our procedure is effective, accurate and easy to use.
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1 Introduction

In all hydraulic machines, the liquid fluids have chem-
ical reactions with the materials from control structures
and adjuster devices. Beyond the viscous flow, with all its
implications on the energy transfer, the chemical reaction
of the liquid fluid affects this transfer in a negative sense.
Therefore, the establishment of some relations for the vis-
cous flow, taking into account the chemical reaction, al-
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lows for the energetic evaluation of the flow, as more ap-
propriate to each situation.

Hydraulic system liquids are used primarily to trans-
mit and distribute forces to various units to be actuated.
Liquids are able to do this because they are almost incom-
pressible. Pascal’s Law states that pressure applied to any
part of a confined liquid is transmitted with undiminished
intensity to every other part. Manufacturers of hydraulic
devices usually specify the type of liquid best suited for
use with their equipment in view of the working condi-
tions, the service required, temperatures expected inside
and outside the systems, the pressures the liquid must
withstand, the possibilities of corrosion, and other condi-
tions that must be considered. If incompressibility and flu-
idity were the only qualities required, any liquid that is not
too thick could be used in a hydraulic system. One of the
most important properties of any hydraulic fluid is its vis-
cosity. Viscosity is internal resistance to flow. A liquid such
as gasoline that has a low viscosity flows easily, while a lig-
uid such as tar that has a high viscosity flows slowly. Re-
gardless of its function and design, every hydraulic system
has a minimum number of basic components, in addition
to a conduit through which the fluid is transmitted. A ba-
sic system consists of a pump, reservoir, directional valve,
check valve, pressure relieve valve, selector valve, actua-
tor, and filter [1].

In the last few decades, several researchers have stud-
ied boundary layer flow, with its practical applications
in engineering, electrochemistry and polymer processing
technology. Lomen et al. [2] applied a perturbation method
to the transport equation for a single reactive chemical
with nonlinear (quadratic) rate loss relevant to a soil and
water system.

Several researchers applied the shooting method to
study the asymptotic behavior of the nonlinear ordinary
differential equations that describe the distribution of a so-
lute undergoing a chemical reaction, such as: Zhao et al.
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Table 1: Nomenclature.
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Symbols Names

u, v Velocity components (m/s)

X, y Cartesian coordinates (m)
v Fluid kinematic viscosity (m?/s)
C Concentration of the chemically reactive species
Coo Concentration far away from the sheet
D Brownian diffusion coefficient (m?/s)

(Molecular diffusivity of the chemically reactive species)
k Chemical reaction parameter
(Variable rate of chemical conversion of the first-order irreversible reaction)

U Stretching velocity (m/s)
Cw Concentration on the sheet

Uy, Co Reference velocity and reference concentration
N Velocity slip factor
Sc Schmidt number
B Reaction rate parameter
A Velocity slip parameter

Ng Dimensionless entropy number
Re Reynolds number
B, Brinkman number
Too Environmental temperature (K)

X A1 Dimensionless constant parameters
Q Dimensionless temperature difference

[3], Bhattacharyya and Layek [4], Bhattacharyya [5], and
Mukhopadhyay [6-10].

An approximate solution to a differential equation in
the form of an analytic expression can be found by the
method of series, the method of small parameters, the
method of successive approximations, the perturbation
method, the Ritz and Galerkin method, among others.
Each of these methods defines one or more infinite pro-
cesses that under certain conditions can be used to obtain
an exact solution to a problem. Termination of the pro-
cess after a finite number of steps yields an approximate
solution. In fact, an analytical method gives a solution in
the form of symbols, i.e. closed form solution. A numer-
ical method gives solution at certain points only. Hence,
the analytical solution denotes an exact solution that can
be used to study the behavior of the system with varying
properties.

In the last years, two interesting methods to obtain
an approximate analytical solution were used for solving
more sophisticated PDEs. The Homotopy Analysis Method
(HAM) was developed by Liao [11] who utilized the idea of
homotopy in topology. The Optimal Homotopy Asymptotic
Method (OHAM) was introduced by Marinca and Herisanu

[12]. An advantage of OHAM is that it does not need to
identify the i- curve, and the control and adjustment of
the convergence region is provided in a conventional way.
Furthermore, the OHAM has a built in convergence criteria
similar to HAM but with a greater degree of flexibility.

Along with the analytical methods, some computa-
tional methods to solve nonlinear problems from engineer-
ing and computer sciences have been developed by Li et al.
[17-24], Guo et al. [25], Korda et al. [26].

In this paper, the optimal homotopy asymptotic
method (OHAM) [12-16] is applied to obtain accurate, ef-
fective analytic approximate solutions. The quality of the
approximate solutions is investigated using two important
statistical tests: the Bartlett test and the Durbin-Wattson
test. Our procedure does not depend upon small or large
parameters, and provides us with a simple way to opti-
mally control the convergence of the approximate solu-
tions.
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2 Equations of motion

We analyze the two-dimensional flow of an incompressible
viscous fluid past a flat sheet in the half-plane y > 0. As in
[9], two equal and opposite forces are applied along the
x- and y- axis so that the wall is stretched keeping the
origin fixed. The schematic diagram of the physical model
is presented in Fig. 1. Also, the continuity, momentum and

y
A
u—0, C—Cs as y—w
1
——— =~
N Momentum boundary layer
| \
Solutal boundary layer
o -

u=Uoe"L + Nv 8u/dy . C=Cy=CaxtCo ¥

Figure 1: Schematic diagram of the physical model.

concentration equations governing such a type of the flow
are given as [9]:

ou o
a—)’ﬁ+a—;’,=0,
i 6]
u%+vg—;=vg—y¥,
oC oC _0°C
ugs + va—y = DOT/Z -k(C - Cs), 2

where k = 1koe¥/L.
The physical initial/boundary conditions for this case
are similar as in [9], [27, 28]:

y=0:u=U+Nv¥, v=-V(x), C=Cy,

oy’
€)]
y—o:u—0, C— Cs,
where U = Upet, Cw = Coo + Coet@D),

N = N;e™@D s the velocity slip factor, which changes
with x (at N = 0, no-slip case is observed), N; is the
initial value of the velocity slip factor, V(x) > 0 is the
velocity of suction, V(x) < 0 is the velocity of blowing,
V(x) = Vo@D s the velocity on the wall, Vj, is the initial
strength of suction, and kg is a constant having the same
dimension as k.
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Using the similarity transformations:

n=1/ZaeCly oy~ Uue¥CDF (),
v =/ ex/CD o)+ nf ()] N

C = Coo + Coe*'@P ()
and substituting Eq. (4) into Egs. (1) and (2), the governing

equations become:

e ff -2 (f’)2 -0, (5)

¢ +Sc (ﬂp' ~fo- pr) =0, 6)

where Sc = v/D and f8 = koL/U,.
The initial/boundary conditions Eq. (3) become:

f0)=S, f(O=1+Af(0), 90 =1,
@)

f =0, @—0 forn— oo,

where S = Voq/[% > 0 (< 0) is the suction (or blowing)

parameter, A = N; \/@ and the prime denotes differenti-
ation with respect to 1.

Remark: In Mukhopadhyay et al. [9] there is a major
error in the Equation of concentration. By a simple com-
putation the correct equation of concentration is Eq. (6),
rather than

@ +Sc(fp' ~f o +pp) =0,

as in Mukhopadhyay et al. [9]. Therefore, in our paper the
equation of concentration Eq. (6) is correct.

3 Basic ideas of the optimal
homotopy asymptotic method

In Marinca and Herisanu [12], the optimal homotopy
asymptotic method is employed to compute analytical ap-
proximate solutions for equations of the general form:

L (F(y)) N N(F(y)) -0, (8)

subject to the boundary / initial conditions of the type

B(F(y), d%”)) - 0. 9)
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For the flow of viscous fluid determined by Egs. (5) and
(6) with initial/boundary conditions (7), the correspond-
ing operators L, N and B will be introduced in the next
section.

Using the principle of OHAM [12-16], we are going to
construct the following homotopy:

5[L(FO, p), H, C), N(FO.p))], (10)
where p € [0, 1] is the embedding parameter, L is a lin-
ear operator, and H(y, C;) # 0 is an auxiliary convergence-
control function. H is a function of the variable y and of
the parameters C4, Cy, ..., Cs.

The homotopy (10) satisfies the following properties:

U-C[L (F(y, O)), H(y, Co, N(F(y’ 0))} -

1)
- L(F(, 0) = L(Fo)),
5|L(F(, 1), H, C), N(F(v, 1) | =
(12)
= H(y, CON(F(y, 1))
If the function F has the expression:
F(y, p) = Fo(y) + pFi(y, Cy), (13)

by substituting this expression in the homotopy Eq. (10)
we obtain the following relation:

5[L(F0, p), H, C), N(FO,p)] =0.  (14)

If we choose the following particular expression of the
operator H:

J{[L(F(y,p)), H(y, Cy), N<F(y’p))} B

= L(Fo)) + p[L(F1r. ) - HOy, CON(Fo) ).
(15)
we can obtain the governing equations of Fy(y) and
F1(y, C;) by equating the coefficients of p® and p?, respec-
tively:

L(Fow)) =0, B(Foy), dF;y(y )) <o, (16)
L(F1y, €)) = H, CON(Fo(y) ).
a7

B(Fily, €, ) =0, i=1,2,...5.

Fo(y) can be readily found by solving the linear Eq.
(16). In order to compute F1(y, C;) by Eq. (17), we take into
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account the fact that the nonlinear operator N has the gen-
eral form:

N (Fo(y)) = X1, hi(0)gi(), (18)

where n is a positive integer, and h;(y) and g;(y) are known
functions that depend on Fo(y) and on N.

The general solution of the nonhomogeneous linear
equation (17) is obtained by summing the general solution
of the corresponding homogeneous equation and a partic-
ular solution of the nonhomogeneous equation. Unfortu-
nately, the computation of such a particular solution is not
possible in most cases, so the computation of the function
Fi(y, C;), introduced as a third modified version of Opti-
mal Homotopy Asymptotic Method in [12], consists of the
following steps:

— We consider the F1(y, C;) of the form:

Fl(y’ Cl) = Zln:ll Hi(y5 h](Y), C])gl(y); j: 17 cees S,
(19)
or
Fi(y,C) =Y Hily, g, C(y), j=1, ..., s,
B(Fi(y, ), 2g:0) o,
(20)
The above expressions of H;(y, hj(y), C;) contain lin-
ear combinations of the functions hj, j = 1, ..., s. They
also contain the parameters C;, j = 1, ..., s. The summa-

tion limit m is an arbitrary positive integer number.
- Taking into account Eq. (13), the first-order analyti-
cal approximate solution of Egs. (8) - (9) is:

F(y’ Ci)=F()’» 1)=F0()’)+F1()’, Cl) (21)

— Finally, the convergence-control parameters Ci,
C,, ..., Cs can be optimally computed by means of
various methods, such as: the least square method,
the Galerkin method, the collocation method, the Kan-
torowich method, or the weighted residual method.

With these parameters known, the first-order approx-
imate solution (21) is well-determined.

4 Application of the OHAM to the
chemically reactive solute
transfer problem

Now we are going to apply our procedure to obtain approx-

imate solutions of Egs. (5) and (6) with the initial / bound-
ary conditions Eq. (7).
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For this purpose, in the case of the nonlinear equation
Eq. (5), we choose the linear operator of the form:

Ly () =f () + 25 f (),
where K is an unknown positive parameter and will be de-
termined later.

Asin Marinca and Herisanu [12], it is easy to show that
the linear operator is not unique.

The initial approximation fy(1) can be obtained from
the following problem:

(22)

fo )+ 25 f(m) =0

(23)
fo(0) =S, f5(0)=1+Af;(0), fo(eo) =0,
which has the solution
foln) =S+ K(2/\1K+1) B K(2A1K+1) ’ Krz%l (24)

The nonlinear operator N¢(n7), corresponding to non-
linear differential Eq. (5), is defined by:

Np(n) =~ G5ef + - 2P 25)
For the initial approximation f,(n) given by Eq. (24),
the nonlinear operator Eq. (25) becomes:
Ny () = =250 £ + fofg - 2(f3)% =
(26)
2(KkS+1) . 1 6K> 1
T 2KA+1)? (Kr1+1)3 2K/1+1 (Kr1+1)“ *
Comparing Egs. (26) and (18), one can write:
hi(n) = —(22%5:11))2, g1 = (Krl+1)3’
@7)
hZ(n) = 2KA+1’ gZ(rl) = m'
The function f; (1) given by Eq. (19) becomes:
fl(ﬂy Ci)=H1(’2,Ci)(Kn+1)3 +H2(’2,Ci)(1<,1+1)4, (28)

where we have freedom to choose a lot of possibilities for
the unknown functions H;, i = 1, 2, as follows (see Mar-
inca and Herisanu [12]):

Hi(n, C;) = A1(Kn +1)° - (Kn +1)*+

K(ZKA+1)
+C1(Kn +1) + Cy, (29)

Cun?
(Kn+1)10*

Hz(l’l, C; ) = C3 + Zz 1 (Kcr‘;:—31)‘ +
Substituting Eq. (29) into Eq. (28) we have:

A
fi(n, C) = A1 - gogmn Rt
(30)
Cun?

i n
+ Zl 1 (K11+1)”1 (Kr1+1)14 ’
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where
A= K(ZK/\ +1) Z Cis
10 10
Ay=K-> (i+1)C;+AK* - (i+1)(i+2)C; + 2AC11.
i=1 i=1

The first-order approximate solution given by Eq. (21)
is obtained from Egs. (24) and (30):

f(rl’ Cl) =f0(rl) +f1(’1’ Cl) =S+A;+ m_

€3y

Cun’
(Kn+1)14*

_ 1 1+A, Ci
K(Q2KA+1) Kn+1 + Zl 1 (Kr]+1)'+1 +

In this way, we can find other solutions as well.

For Eq. (6) with initial/boundary condition given by
Eq. (7) (for the unknown function ¢), the expression for
the linear operator Ly (1) is chosen as:

(32)

where K; > 0 is an unknown parameter at this moment.
Eqg. (16) can be written in the form:

00+ gn s o 00=0, Po0)=1, Pole)=0  (33)
and has the solution
1
po(n) = Kn+i (34)

The nonlinear operator Ny, corresponding to the un-
known function ¢ is obtained from the expression Eq. (6)
in the form:

No(n) = ~——¢'+ Sc (fo'~fo-Bo). (9

¢ Kll’l +1

For the initial approximation ¢ (1) given by Eq. (34),
the nonlinear operator Eq. (35) becomes:

S
Noo () = ~ oy ~ KiSc {S + K(2K/l+1)}
1 2K Sc 1
w2 T (K1q+11)3 T 22K+1 (Ky+1)2 K1n+1 (36)

ScKy 1
K(2AK+1) Kn+1 (K, r1+1)2

By comparing the Egs. (18) and (36) one can get:

1

h1(”l) = —SCB, gl(n) = m,

* 1 * 1
hy(n) = -K1Sc |:S + m} -AVE W’

1

h;(r[) = 2Kq, g;(”l) = W’
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o o Sck; 1
ha(n) = KQAK +1)’ gi) = Kn +1 (Kyn+1)2°
h;(rl) = —%, g;(’]) = mﬁ (37)

The first approximation ¢1(n, D;), given by Eq. (19),
becomes:

@1(n, D) = Hy(n, D) gryog +H,(n, Di)(Km%l)ﬁ

* 1 * 1 1
+H3(7I,Di)W+H4(VI,Di)mW+ (38)

* 1 1
+Hs (0, Do) oy kg

where D; are unknown parameters, and the unknown aux-
iliary functions Hj(n, D;), ..., H5(n, D;) can be chosen in
the form:

Hi(n,Dy) = My, Hy(n,D;) =Dy, H3(n,D;) =Dy,

H;,(1,D;) = Dy(Kun + 1) + gelioss + ety +

Dgrlz
(Kin+1)6°

D;
+ (Kin+1)° +

D1o

Hs()’l,Di) = D9(K1)’I + 1) + m+

D11 + DIZ"I2
(Kln+1)9 (Kin+1)10°
(39)
where My = -3, D; - Y"1 D;.
Substituting Eq. (39) into Eq. (38) one can get:
D.
D)= 1L i
q)l(rlx 1) K1r[+1 +;(K1rl+1)1+1+
7
D; Dgn 1
D ! 8 .
TPer ; (Kin + 1)t (1(111 + 1)8} Kn + 1"
Z D + Dlzrl . 1
= (Kin+ 1)1 (Kyp+ D11 | (Knp+1)2°
(40)
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The first-order approximate solution given by Eq. (21)
is obtained from Egs. (34) and (40):

@, D) = o(n) + 91(n, D) =

_ M1+1
T Kin+1

+ 23: b +
— (Kin + 1)i+1

D 1. 1
{D 4t Lios W1y * WopsF | Tt

11

D Dlzrlz . 1

Do 121;) (Kin +1)i-1 " (Kin+ 1)1 | (Kn+1)2°
(41)

5 Results and discussions

In order to prove the accuracy of the obtained results,
we will determine the convergence-control parameters K,
C;, K, and D;, which appear in Egs. (31) and (41), by the
least square means method. In this way, the convergence-
control parameters are optimally determined, and the first-
order approximate solutions become known for different
values of the known parameters S, A, f and Sc. In what
follows, we illustrate the accuracy of the OHAM, com-
paring previously obtained approximate solutions with
the numerical integration results, computed by means of
the shooting method combined with fourth-order Runge-
Kutta method using Wolfram Mathematica 6.0 software.
For some values of the parameters S, A, § and Sc we are
going to determine the approximate solutions.

Example 5.1 For the first case, we consider S = -0.5,
A = 0.1. For Eq. (31), following the procedure described
above, the first-order approximate solution is obtained:

: 1519.5683116346
= 0.2032088596 -
fn) 32088596 - (1 0.0823625270n)11 *

14201.5043202427 N
(1+0.0823625270n)°

+ 7190.3303368698
(1+0.0823625270n)10

7974.2698036553

(1+0.0823625270n)7
800.5049144492

(1+0.0823625270n)°

14745.8618922473

"{1+0.08236252700)F
1366.3687483408

"1+0.0823625270n)6

~ 521.3976095484 N
(1+0.0823625270m)*

127.0468163267
(1 +0.0823625270n)

0.6766273933 +
1+0.0823625270n

__ 147524994058
(1+0.0823625270n)2

0.3089556785n>

. 42
"1 +0.0823625270n)14 (42)
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Now, in this case we give the four approximate solu-
tions ¢(n) for concentration obtained from Eq. (41), for
different value of the Schmidt parameter Sc:

a;) the reaction rate parameter § = 0.1, the Schmidt
parameter Sc = 0.7.

__3.9816029319
(1+0.16463055461n)4

o) =

, 4.0335307886  _ 0.1534745401
(1+0.1646305546n) (1 +0.16463055461)2

_5.0593327058
1+0.1646305546

7 +[1.3512198945-

31027133726 13429468640
(1+0.1646305546n)10 (1 +0.16463055461)°

. 0.06717625981% 1 1 .
(1+0.1646305546n)11 | (1 +0.0823625270n)2

2.9456463231

2.52672254
2P0 2N G 6463055 46)

N 2.9607435234 B 1.8636863877 N
(1+0.1646305546m)¢ (1 +0.16463055461)°

.\ 0.6559223088n° | 1
(1+0.16463055461)8 | 1+0.0823625270n°
(43)

More results are given in Appendix 6.

Remarks:

1. The errors between the numerical solution and the
approximate solution are not natural errors, but errors de-
rived from observations. If the errors come just from the
computer approximation of the real numbers, then we can
call them real errors; otherwise, they are residual errors,
and some statistical tests are necessary to check if these
errors hedge or hide some others terms (functions). Then,
the obtained approximate solution is not the best solution.
For this reason, two statistical tests are usually used: the
test of homoscedasticity and the test of autocorrelation.
We compute the Durbin-Wattson test for autocorrelation,
and the Bartlett test for homoscedasticity:

2N N
d= Z(ei -&i1)° / Z sl-z (Durbin-Wattson test),
i=1 i=1

N/2 N

Feqic = Ze% / Z €7 (Bartlett test).
i=1

i=[N/2]+1
For approximate solutions (Eq. (31)), in the case S =
0 the errors pass both tests, in the other cases (S = 1 or
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S = —1) some small positive autocorrelations are obtained.
This behavior can be explained by the greater values of the
B coefficient of rate reaction, which is difficult to be cached
by a numerical solution but is rigorously included in an
approximate solution.

2. The approximate solution should have the simplest
form; i.e. should have an optimal number of parameters.
A good criteria to find the optimal numbers of parame-
ters is that given by Akaike [29] (in 1974). Given a collec-
tion of models for the dates, Akaike Informational Crite-
rion (AIC) estimates the quality of each model, relative to
each of the other models. For the least squares estimation,
the AIC value of the model is the following:

AIC(k) = nlog (R—Ss> + 2k,

n
where RSS = residual sum of errors, k- the number of pa-
rameters, n- the number of observations. The best model
is that which finds the minimum value of AIC(k).

In our case, we compute the value of AIC for k =
12, 14, 16 parameters and find the minimum value for
k=12.

Tables 2 - 4 show the comparisons between the OHAM
approximate solutions (Foran foman) given by Egs. (42),
(49), (50), and numerical integration, for A = 0.1 and dif-
ferent values of the suction/blowing coefficient S. Table
5 provides a comparison between the OHAM approximate
solutions @opau (concentration) given by Egs. (43), (46),
(47) and (48) for the flow with blowing, i.e. S = -0.5, and
numerical results for A = 0.1, 8 = 0.1 and different values
of the Schmidt coefficient Sc.

On the other hand, in Tables 6 and 7 the comparisons
between the skin-friction coefficient f”(0) and the limit
value f(o0), respectively, are presented, obtained from Egs.
(42), (49) and (50) and numerical results, for A = 0.1 and
different values of the suction/blowing coefficient S.

A comparison between the mass transfer coefficient
¢'(0) obtained from Eqs. (43), (46), (47) and (48) with nu-
merical results, for the flow with blowing (S = -0.5), and
for the flow with suction (S = 0.5), respectively, are pre-
sented in Tables 8 and 9, respectively.

If the analytical approximate solutions f and ¢ are
given by the Egs (31) and (41) respectively, then the resid-
uals from Egs. (5) and (6) respectively are:

Ry =F 0 +FOpF -2 (Fop)” (s

and

Ryp(n) = " (m)+Sc- (f(n)@’(n) -fem) - ﬁ@(n)) . (45)
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Table 2: Comparison between OHAM results (f, f) given by Eq. (42) and numerical results, for S = -0.5, 1 = 0.1
(relative errors: €f = |foumericat — foramls € = [frumericat = Foram!
foram f,OHAM
n frumerical given by €f f;zumerical from €f
Eq. (42) Eq. (42)
0 -0.5 -0.5 0 0.9077773126  0.9077773227 1.01-1078
4/5 0.0074909817 0.0074077629 8.32:10° 0.4327638766  0.4327294709  3.44-107°
8/5 0.2611017466 0.2611117146 9.96-107° 0.2266414650 0.2268106116 1.69-107*
12/5 0.3966238195 0.3966963649 7.25-107° 0.1228892931 0.1228628361 2.64-:107°
16/5 0.4696414089 0.4696460798 4.67-10° 0.0648025592  0.0646955746  1.06-107*
20/5 0.5063210253 0.5062657176 5.53-10 0.0296392786  0.0296092095  3.006 -107°
24/5 0.5204156378 0.5203725140 4.31-10 0.0072024341 0.0072543060 5.18-107°
28/5 0.5198883866 0.5198975191 9.13:10® -0.0074991548 -0.0074318639 6.72-107°
32/5 0.5097627316 0.5098134397 5.07-10 -0.0171195125 -0.0170879834 3.15-107°
36/5 0.4934363158 0.4934931771 5.68-:107° -0.0232005067 -0.0232154713 1.49.107°
40/5 0.4733209745 0.4733525235 3.15-10 -0.0267255573 -0.0267697975 4.42-107°

An error analysis by computing the integral of the
square residuals given by Egs. (44) and (45) is presented
in Table 10.

The profiles of the stream function f(17) given by Eqs.
(42), (49), (50) are depicted in Fig. 2for A = 0.1. We observe
that the stream function f (n) increases with an increase of
the suction/blowing coefficient S.

From Fig. 3 the velocity profiles f (1) decreases with an
increasing of the suction/blowing coefficient S.

Fig. 4 presents the variation of the shear-stress func-
tion f”(n) obtained from Egs. (42), (49) and (50). It is no-
ticed that the shear-stress function is increasing against an
increase of the suction/blowing coefficient.

On the other hand, in Fig. 5 the profiles of the concen-
tration function @(n) for the flow with blowing (S = -0.5)
and suction (S = 0.5) are plotted. It is noticed that the
concentration function is decreasing with respect to an in-
crease of the Schmidt coefficient Sc. For fixed value of the
slip parameter A and the reaction rate parameter 3, from
Fig. 5 we can notice that the concentration function (1)
decreases against an increase of the suction/blowing coef-
ficient S, for all the values of the Schmidt coefficient Sc.

The effect of the slip parameter A on the chemically
reactive solute flow is presented in Fig. 6 for stream func-
tion f(n), Fig. 7 for horizontal velocity f () and Fig. 8 for
shear-stress f(n). Thus, for the flow with blowing / suc-
tion, the stream function f(17) and horizontal velocity f (1)
decrease with an increase of the slip parameter A. Hence,
we conclude that the shear-stress function f"(n) increases
with an increase of the slip parameter A, for all the values
of the suction/blowing parameter S.

Also, from Fig. 9 we can notice that the variation of the
concentration ¢(n) decreases with the increasing of the re-
action rate parameter f3.

From the Tables 2 - 10 and Figs. 2 - 9 we can summa-
rize that the approximate solutions obtained by means of
the OHAM technique are effective and very accurate. This
comparisons proved the accuracy, validity and flexibility
of the Optimal Homotopy Asymptotic Method.

Remarks:

a) From Fluid Mechanics [30] it is known that the
stream function decreases with respect to the increase of
the slip parameter A (this signifies the loss of energy). Fol-
lowing most studies in this area, there exists a correla-
tion between the loss coefficient A (corresponding to the
slip parameter), slowing of the velocity f* and the stream
function f, with the increases of the energy losses. The ob-
tained data in the present paper correspond to the real sit-
uation from hydraulic machines (turbines, pumps, naval
propellers), where the efficiency energy of the machinery
is affected by the level of turbulence.

b) In the case of the hydraulic oil with a large applica-
tion at the hydraulic drive systems, the analytical results
obtained in our paper (using the specific physical sizes),
are presented in Figs. 10 - 13.

6 Conclusions

In aerospace, hydraulic processes occur very often, with
strongly nonlinear behaviors and even situations with sin-
gularities. Therefore, a numerical solution can capture all
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such situations and an approximate analytical solution is
a more realistic option. The OHAM method does not de-
pend upon small parameters and provides us with a con-
venient way to optimally control the convergence of the ap-
proximate solutions.

The analytical treatment related to the chemically re-
active solute transfer problem with partial slip in the flow
of a viscous fluid over an exponentially stretching sheet
with suction/blowing is presented. The governing nonlin-
ear partial differential equations (for the mass transfer and
concentration) are reduced to nonlinear ordinary differen-
tial equations using some similarity transformations. The
obtained nonlinear ordinary differential equations are an-
alytically solved using the OHAM method. Some numer-
ical examples are given for different values of the suc-
tion/blowing coefficient S. In the case of the flow with
blowing (S < 0) and suction (S > 0), the effects of the
Schmidt parameter Sc on the concentration ¢(n) are stud-
ied. The quality of the approximate solutions are made by
means of the two important statistical tests: the Bartlett
test and the Durbin-Wattson test. Also, the Akaike Infor-
mational Criterion (AIC) is used to make an optimal expres-
sion of the analytical solution (from our best knowledge,
this tool was not used for this reason) and this simplifies
the form of the solution, being easiest in physical applica-
tions.

The obtained analytical results are compared with
the corresponding numerical results obtained using the
fourth-order explicit Runge-Kutta method in comparison
with the shooting method. The validity, flexibility, ac-
curacy and convergence of the approximate solutions
are demonstrated by means of the auxiliary functions
Hy(n, C;)and H,:(n, Dj), which involves the presence of the
some convergence-control parameters C; and D; that are
optimally identified by means of the least-squares method
using the Wolfram Mathematica software 6.0.

These comparisons proved that the OHAM technique
is effective and practical.
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Appendix

ay)

the reaction rate parameter § = 0.1, the Schmidt

parameter Sc = 2.

+
(1 +0.48058000007)3

4521.9604188190 N
1+ 0.4805800000n)*

2356.0603762273 847.9472565809 +
(1 +0.48058000001)2

<P(n)=—(

N 255.6310251627
1 +0.4805800000

1581.9630677767 6422.8119168821

7 +[-11.5977491489~

(1+ 0.48058000007)10 ' (1 + 0.48058000001)°

75.4026094077n° | 1 .
(1 +0.4805800000n)!1 | (1 +0.08236252701)2

9655.6113912982
(1 +0.48058000007)7

1381.6997787255 N 9011.0653444810
(1 +0.4805800000n)¢ (1 +0.48058000001)>

+ [-43.7890004039 -

T (1+0.3927894125n)11 | " (1 + 0.08236252707)

~ (1+0.7905481787n)'1 | * (1 +0.0823625270n)
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_ 3288.3113357558p° | . 1
(1 +0.480580000017)8 1+0.0823625270n"
(46)
a3) the reaction rate parameter = 0.1, the Schmidt

parameter Sc = 3.

319.4742713350
(1+0.3927894125n)%

N 318.1469012244  181.2395203884 N
(1+0.3927894125n)3 (1+0.39278941251)2

. 78.27140387039
1+0.3927894125n

73.6271291945 N 11.8165939907 N
(1+0.3927894125n)10 * (1+0.3927894125n)°

9.36442761481n> 1

o) = -

+[-5.2068252742-

5+
81.1888081932

(1+0.39278941251)7

N 126.7002988542 19.1872994825 N
(1+0.3927894125n)% (1 +0.3927894125n)°

+|-16.3889604583 +

. 88.4672480728n* | 1
(1+0.3927894125n)8 1+0.0823625270n"
(47)
a,) the reaction rate parameter = 0.1, the Schmidt

parameter Sc = 10.

6672.6048712372
(1+0.7905481787n)*

_2311.9203057744 + 531.5964075112
(1+0.7905481787n)3 (1 +0.7905481787n)?

_97.8239775577
1+0.7905481787n

7444.1818776794

o) =

+[3.5234687767+

28233.4084196663

+ - -
(1+0.7905481787n)1° (1 +0.7905481787n)°

1075.2439347959n° 1

5+
47233.6747898730

(1+0.79054817871n)7

_12771.8642842899  18479.7376179937 N
(1+0.7905481787n)¢ (1 +0.7905481787n)°

+(10.1731902044 +

32753.08093553071n . 1
(1+0.790548178717)8 | 1+0.0823625270n°
(48)
Example 5.2 If we consider S = 0, A = 0.1, the

expression of the first-order approximate solution is:

6.9711159079
(1+0.1566842159n)11

f(n) = 0.8553480468 +
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Table 3: Comparison between OHAM results (f, ) given by Eq. (49) and numerical results, for S = 0, A = 0.1
(relative errors: €f = ‘fnumerical ’fOHAM‘: €p = If;zumerical 7f(,)HAM|)

fnumerical

foram
given by
Eq. (49)

€f

fnumerical

f é)HAM
from
Eq. (49)

€f’

0
4/5
8/5
12/5
16/5
20/5
24/5
28/5
32/5
36/5
40/5

0

0.4673897518
0.6695649982
0.7640237918
0.8098725930
0.8325566117
0.8438882353
0.8495763831
0.8524386621
0.8538807397
0.8546077411

0

0.4673537169
0.6695830109
0.7640465048
0.8098550411
0.8325209434
0.8438656573
0.8495777875
0.8524577684
0.8539053805
0.8546276346

0

3.60 -
1.80 -
2.27 -
1.75-
3.56 -
2.25-
1.40 -
1.91-
2.46 -
1.98-

10~
10~
107°
107°
1072
10~
107
10~
107°
107°

0.8920112191
0.3670253355
0.1672482217
0.0801628206
0.0394093404
0.0196234072
0.0098344018
0.0049446204
0.0024901777
0.0012551227
0.0006328835

0.8920112291
0.3670394113
0.1673093023
0.0801224649
0.0393649182
0.0196233607
0.0098622420
0.0049730441
0.0025048868
0.0012547545
0.0006224246

1078
1107
11070
107°
107°
107
1107
1107
1107
1077
107°

1.00
1.40
6.10
4.03
4.44
4.64
2.78
2.84
1.47
3.68
1.04

23.4064493240

18.3815081245
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In what follows, we present an analytical study of the

“(1+0.15668421597)10 © (1+0.15668421597)°

. 17.8208421539 32.4126426760
(1+0.1566842159n)8 (1 +0.15668421591)7

. 8.4627611959 N 7.6283127417 B
(1+0.15668421591)¢ (1 +0.15668421591)°
a 5.5911050001 N 1.4500589220 B
(1+0.1566842159n)* (1 +0.1566842159n)3

0.1667819023 N 0.0070318095
(1+0.1566842159n)2 1+0.15668421597

__0.0082360507n”
(1+0.1566842159n)14"

Example 5.3 In the last case, we consider S = 0.5,
A = 0.1. For Eq. (31), the first-order approximate solution
becomes:

(49)

3271.6197302461
(1+0.1557538731n)11

N 16449.3646199342  35947.1857764394 N
(1+0.1557538731n)1° (1+0.1557538731n)°

+ 44518.5700211918  34063.9357494410 N
(1+0.1557538731n)% (1+0.1557538731n)7

N 16498.6618355929  5041.9301562207 .
(1+0.1557538731n)¢ (1+0.1557538731n)>

962.0040557256  110.6177176818 N
(1+0.1557538731n)* (1+0.1557538731n)3

N 6.9779181485 _0.1845002254 N
(1+0.1557538731n)2 1+0.1557538731n

F() = 0.3951796613 —

2.6642660182n>

. 50
"(1+0.155753873 114 0)

effect of the partial slip parameter A on the chemically re-
active solute transfer. In this way, we give the approximate
analytical solutions for the cases: S = —0.5 < O - flow with
blowing, S = 0and S = 0.5 > O - flow with suction.

Example 5.4 If we consider S = -0.5, A = 0.3, for Eq.
(31), the first-order approximate solution becomes:

7.3478010166
(1+0.1085405812n)11

B 17.9394900127 + 1.5448818611 N
(1+0.1085405812n)1° * (1 +0.1085405812n)°

. 22.2186265177  _ 1.6369226318
(1+0.1085405812)8 (1 +0.10854058121)

_ 34.5645028758 N 32.7905087261
(1+0.1085405812n)¢ (1 +0.1085405812n)°

13.2364284405 N 2.6915291658 3
(1+0.1085405812n)* (1 +0.1085405812n)3

_ 0.2673717709 N 0.0101882545
(1+0.1085405812n)2 1+0.1085405812n

f(n) =0.5411801898 +

_0.0197293858n*
(1+0.1085405812n)14"

Example 5.5 In the case when S = -0.5, A = 0.5, the
first-order approximate solution Eq. (31) becomes:

(51)

2.237489771485 _
(1+0.137707597908n)11

B 2.3944957680 _ 3.3763171999
(1+0.1377075979081)10 (1 +0.137707597908n)°

. 0.0246528401 N 6.5905945484 +
(1+0.137707597908n)%  (1+0.137707597908n)7

f(n) = 0.4984555713 +
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Table 4: Comparison between OHAM results (f, f) given by Eq. (50) and numerical results, for S = 0.5, A = 0.1
(relative errors: €f = |foumericat — foramls € = [frumericat = Foram!
foram fé)HAM
n frumerical given by €f frumerical from €f
Eq. (50) Eq. (50)
0 0.5 0.5 0 0.8688355156  0.8688355206  4.96:107°
4/5 0.9053218753 0.9053254228 3.54-10°° 0.2582388571 0.2583911834 1.52-.107*
8/5 1.0103156474 1.0103053782 1.02-10> 0.0365073971  0.0363862320 1.21-107%
12/5 0.9961189516 0.9960895510 2.94-107° -0.0590709734 -0.0589898768 8.10-107°
16/5 0.9304509566 0.9304955172 4.45-107° -0.0985676220 -0.0985102893 5.73-107°
20/5 0.8461894701 0.8462286423 3.91:107° -0.1085349302 -0.1085936980 5.87-107°
24/5 0.7609466483 0.7609297394 1.69-107> -0.1027674406 -0.1028300572 6.26-107°
28/5 0.6836993747 0.6836553875 4.39-107° -0.0896263299 -0.0896290671 2.73-10°°
32/5 0.6181395908 0.6181131443 2.64:107> -0.0741793261 -0.0741391579 4.01:107°
36/5 0.5648641651 0.5648736781 9.51 -10™®  -0.0592394367 -0.0591955250 4.39-107°
40/5 0.5228604069 0.5228977468 3.73:107° -0.0461306368 -0.0461071944 2.34:107°
N 5.5468929502 B 19.1304248662 N
(1+0.137707597908n)¢ (1+0.137707597908n)>
0.6559223088n> 1

,_ 12.5851210119 3.5027615145
(1+0.1377075979081)% (1 +0.1377075979081)3

N 0.4412703528
(1+0.137707597908n)?

0.0206505631n2
~(1+0.1377075979n)14"
The influence of the reaction rate parameter  on the chem-
ically reactive solute transfer is presented below. In this
way we give the approximate analytical solutions for the
cases: $=0.1,3=0.3and 8 =1, where S = -0.5,1=0.1
and Sc = 0.7 are fixed.
Example 5.6 In the first case, we consider S = -0.5,
A =0.1,Sc =0.7 and B8 = 0.1. For Eq. (41), the first-order
approximate solution becomes:

0.0204776978
1+0.13770759797

(52)

3.9816029319
(1+0.16463055461)"

,_ 4.0335307886 0.1534745401

(1+0.1646305546n)° (1 +0.16463055461)?

_5.0593327058
1+0.16463055461
31027133726 13429468640

(1+0.1646305546m)10 (1 +0.16463055461)°

0.0671762598n° )] 1 .
(1+0.1646305546n)11"| (1 +0.0823625270n)2

2.9456463231 N
(1+0.1646305546n)7

. 2.9607435234 1.8636863877
(1+0.16463055461)6 (1 +0.16463055467)5

o) =-

+[1.3512198945-

+12.5267225444 +

+ .
(1+0.1829601791n)11 | (1+0.0823625270n)

* (1+0.16463055467)8 | 1+0.08236252701

(53)
Example 5.7 In the second case, if S = -0.5, 1 = 0.1,
Sc =0.7 and 8 = 0.3, the first-order approximate solution
Eq. (41) becomes:

__ 18.5366044376
(1+0.1829601791n)%

. 9.8353575515 9.3313946862
(1+0.1829601791n)% (1 +0.18296017917)2

_25.0062589622
1+0.1829601791n

73153836234 1.4081543441
(1+0.18296017917)10 * (1+0.18296017911)°

0.2101153153n> 1

o) =

+[4.4116732762-

5+
7.8589046140

(1+0.1829601791n)7 *

N 10.8712439005 3 3.1049311335 N
(1+0.1829601791n)¢ (1 +0.1829601791n)°

+111.2464497840 +

. 2.2057006407n> ] 1
(1+0.18296017911)8 | 1+0.08236252701"

(54)
Example 5.8 In the last case, we consider S = 0,
A =0.1,Sc = 0.7 and f = 1. The first-order approximate
solution given by Eq. (41) becomes:

11.3571514687 +
(1+0.1303333753n)*

o) =-
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Table 5: Comparison between the approximate solutions ¢ given by Egs. (43), (46), (47), (48) and numerical results forA = 0.1, S = -0.5,
B = 0.1 and different values of the Schmidt parameter Sc (relative errors: €y = [@numerical — Poram|)

Sc=0.7 Sc=2 Sc=3 Sc=10
n Pnumerical Pnumerical Pnumerical Pnumerical
0 1 1 1 1
7/10  0.6563309653  0.4811705634  0.4133356959  0.2407707922
7/5 0.4413426637  0.2217337394  0.1525057373  0.0288952290
21/10 0.3013144063  0.0982608275  0.0509589853  0.0017932391
14/5  0.2081737030  0.0424443546  0.0158971840  0.0000668552
7/2 0.1453929006  0.0181266146  0.0047700395  3.7073158658 -10°°
21/5  0.1026272704  0.0077469672  0.0014107659  4.8504497218 -1077
49/10 0.0732049286  0.0033449264  0.0004190735  -2.3227934713-107°
28/5  0.0527572988  0.0014693029  0.0001267826  1.1093472718-10°°
63/10 0.0383982655  0.0006597352  0.0000394466  2.4540273639-107°
7 0.0282077046  0.0003036887  0.0000127039  -5.2390950688 -108
PoHAM PoHAM PoHAM PoHAM
n given by Eq. (43) given by Eq. (46) given by Eq. (47) given by Eq. (48)
0 1 1 1 1
7/10  0.6563234894  0.4811687367  0.4133697770  0.2407413591
7/5 0.4413508444  0.2217397226  0.1524582990  0.0290780437
21/10 0.3013056724  0.0982524310  0.0510094743  0.0015675514
14/5  0.2081583194  0.0424480615  0.0159244709  0.0001859219
7/2 0.1453900629  0.0181339184  0.0047225861  0.0001553578
21/5 0.1026386818  0.0077446788  0.0013713877  -0.0000195483
49/10 0.0732206957  0.0033377499  0.0004241938  -0.0001091419
28/5  0.0527674614  0.0014651713  0.0001581552  -0.0000923121
63/10 0.0383983366  0.0006609783  0.0000683943  -0.0000307619
7 0.0281986506  0.0003081183  0.0000230022  0.0000280374
€p €p €p €p
n for Eq. (43) for Eq. (46) for Eq. (47) for Eq. (48)
0 0 0 0 0
7/10  7.47 107 1.82-107° 3.40-107° 2.94-107°
7/5 8.18-10°° 5.98-107° 4.74-107° 1.82-107*
21/10 8.73-107° 8.39:10°° 5.04-107° 2.25.107*
14/5 1.53-107° 3.70-107°° 2.72:107° 1.19-107*
7/2 2.83-107° 7.30-107°° 4.74-107° 1.51.107*
21/5  1.14-107° 2.28.107° 3.93.107° 2.003:107°
49/10 1.57-107° 7.17-107° 5.12.10°° 1.06 -107*
28/5  1.01-:107° 4.13.10°° 3.13:107° 9.34.107°
63/10 7.10-1078 1.24-107° 2.89:107° 3.32.107°
7 9.05-:107° 4.42-10°° 1.02:107° 2.80-107°

15.1673641129
+ +
(1+0.13033337535)3

_87.2816410939
1+0.1303333753

9.8211516277
(1+0.13033337537)2

__ 5.4788082482 3.3996212268
(1+0.13033337537)10 ' (1+0.13033337531)°

0.1624234907n? 1
+ . +
(1+0.1303333753n)11 | (1 +0.0823625270n)2

+[16.4331024534~
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6.7234323305
(1+0.1303333753n)7

N 4.1693318998 B 5.7804670069 N
(1+0.1303333753)¢ (1+0.1303333753n)°

+155.1840641665 +

s 0.3600618455n> 1
(1+0.13033337531n)% | 1+0.0823625270n "
(55)
This way, we can construct other accurate approxi-
mate solutions.

\ 5 10 15
S=-0.5, -0.3, 0, 0.3, 0.5

-0.5

Figure 2: Variation of the stream function f(n) with increasing of the
suction/blowing parameter S for A = 0.1:
— OHAM solution ; e e e e e e e e numerical solution

Table 6: Comparison between the skin-friction coefficient f(0)
obtained by means of the OHAM and numerical results, for A = 0.1
and different values of the suction/blowing parameter S (relative

errors: €q0) = |fumericat© = Foram(©))
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Table 7: Comparison between the limit value f(co) obtained by
means of the OHAM and numerical results, for A = 0.1 and dif-
ferent values of the suction/blowing parameter S (relative errors:
€f(c0) = |fnumerical(°°) _fOHAM(‘x’)D

S frumerical(e°) foram(e=) €f(c0)

-0.5 0.2032088541 0.2032088596 5.54:107°
-0.3  0.6960935296 0.6960938006 2.71-1077
0 0.8553478033 0.8553480468 2.43-1077
0.3 1.0339634884 1.0339644067 9.18-1077
0.5 0.3951795612 0.3951796613 1.00-1077

Table 8: Comparison between the mass transfer coefficient ¢'(0)
obtained by means of the OHAM and numerical results, for S =
-0.5, 4 = 0.1 and different values of the Schmidt coefficient Sc

(relative errors: €,/(0) = |9 mericat©@ = @oran(©)

Sc go,numerical(o) (p,OHAM(O) €9(0)

0.7 -0.6273507907 -0.6273506907 1.00-1077
2 -1.0206863072 -1.0206862840 2.31-1078
3 -1.1891244067 -1.1891243967 1.00-1078
10  -1.6436491544 -1.6436491442 1.02-1078

Table 9: Comparison between the mass transfer coefficient (,Z)'(O)
obtained by means of the OHAM and numerical results, for S = 0.5,
A = 0.1 and different values of the Schmidt coefficient Sc (relative

errors: €, o) = [Prumericat(©® = Poram (O

Sc golnumerical(o) (_pIOHAM(O) e(p'(O)

0.7 -0.9028032434 -0.9028031434 9.99-1078
2 -2.0537968062 -2.0537967962 1.00-1078
3 -2.7842989909 -2.7842989809 9.99-107°
10 -7.0577817249 -7.0577816249 9.99-.1078

S fnumerical(o) ngAM(O) ef”(O)

-0.5 -0.9222268732 -0.9222267721 1.01-1077
-0.3  -0.9808736678 -0.9808736578 1.00-1078
0 -1.0798878084 -1.0798877084 1.00-1077
0.3 -1.1913158524 -1.1913157524 9.99-1078
0.5 -1.3116448434 -1.3116447938 4.96 1078

The obtained results are in agreement with the fluid
flow scenario from a hydraulic installation for different

values of the characteristic quantities: Uy

= 0.1 [m/s],

Co=0.1,v=146-10"°[m?/s] and C = 0.1, respectively.

Figure 3: Variation of the horizontal velocityf’(n) with increasing of
the suction/blowing parameter S forA = 0.1:
— OHAM solution ; e e e @ e e e « numerical solution
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Table 10: Integral of the square residual given by Eqs (44) and (45)
respectively, for different values of the parameters S, A,  and Sc

S A B Sc [FRimdn [ RG(m)dn
0.5 0.1 0.1 0.7 8.08-107° 7.94-1078
-0.5 0.1 0.1 2 1.25.107°
-0.5 0.1 0.1 3 1.45-107*
-0.5 0.1 0.3 0.7 2.46-107°
-0.5 0.1 1 0.7 9.04-107*
0.5 0.1 0.1 0.7 4.03:107° 2.44-107°
0.5 0.1 0.1 2 3.15-107
0.5 0.1 0.1 3 1.24.107°
fll(n)

-0.5, -0.3, 0, 0.3, 0.5

Figure 4: Variation of the shear stress f” (i) with increasing of the
suction/blowing parameter S for A = 0.1:
— OHAM solution ; e e e @ @ e e e numerical solution

1 2 3 4 5

Figure 5: Variation of the concentration @(n) with increasing of the
Schmidt number Sc forA = 0.1, 8 = 0.1 and different values of
the suction/blowing parameter S: e e e e e ¢  numerical solution ;
OHAM solution (with lines and dashing lines respectively)

Chemically reactive solute transfer problem: the OHAM solution
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Figure 6: Variation of the stream function f(17) with increasing of
the slip parameter A for different values of the suction/blowing
parameter S: @ e o e @ ¢ o numerical solution ; OHAM solution (with
lines and dashing lines respectively)
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Figure 7: Variation of the horizontal velocity f'(17) with increasing

of the slip parameter A for different values of the suction/blowing
parameter S: e  ® @ @ @ @ @ numerical solution ; OHAM solution (with
lines and dashing lines respectively)
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Figure 8: Variation of the shear stress f”() with increasing of the
slip parameter A for different values of the suction/blowing param-
eter S: e e e e 0 0 ¢ e numerical solution ; OHAM solution (with lines
and dashing lines respectively)
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Figure 9: Variation of the concentration @(n) given by Egs. (53),
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(54) and (55) with increasing of the reaction rate parameter j3 for N

S =-0.5,1=0.1and Sc = 0.7: — OHAM solution; e e eeee e
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Figure 12: The vector field (u, v) from Eq. (4) forA = 0.1, S = -0.3,
for hydraulic oil at a temperature of 40° C.

Figure 10: Variation of the velocity component u from Eq. (4) for
A=0.1,S = -0.3, for hydraulic oil at a temperature of 40° C.

Figure 13: The concentration C from Eq. (4) forA = 0.1, S = -0.3,
Sc =2, B = 0.1 for hydraulic oil at a temperature of 40° C.

Figure 11: Variation of the velocity component v from Eq. (4) for
A =0.1,S = -0.3, for hydraulic oil at a temperature of 40° C.
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