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Abstract: Paper deals with the non-uniform covering
method that is aimed at deterministic global optimization.
This method finds a feasible solution to the optimization
problem numerically and proves that the obtained solu-
tion differs from the optimal by no more than a given ac-
curacy. Numerical proof consists of constructing a set of
covering sets – the coverage. The number of elements in
the coverage can be very large and even exceed the to-
tal amount of available computer resources. Basic method
of coverage construction is the comparison of upper and
lower bounds on the value of the objective function. In this
work we propose to use necessary optimality conditions
of first and second order for reducing the search for box-
constrained problems. We provide the algorithm descrip-
tion and prove its correctness. The efficiency of the pro-
posed approach is studied on test problems.

Keywords: deterministic optimization; non-uniform cov-
ering method; optimality conditions; branch-and-bound
method; search acceleration

1 Introduction
Today there are a great variety of methods for solving
global optimization problems [1, 2]. The optimization al-
gorithms can be roughly divided into two large groups: de-
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terministic and non-deterministicmethods. The determin-
isticmethods search an approximate globalminimumand
guarantee its accuracy. Non-deterministic methods use lo-
cal search techniques, heuristics or their combination to
locate good approximations for the global minimum but
have no means to estimate the accuracy of the obtained
results. Themaindisadvantage of non-deterministicmeth-
ods is the lack of certainty in the optimality of obtained so-
lutions. Though for many problems the solution found by
heuristic algorithms is satisfactory, there are plenty of ar-
eas where the knowledge of accuracy of the obtained min-
ima ismandatory. In suchfieldsheuristics can’t replacede-
terministic methods.

Manydeterministicmethodswere developed so far [3].
Methods for convex problems [4] rely on the following
property: if the objective and constraints are convex func-
tions and a local minimum exists then it is a global mini-
mum. For such problems local optimization methods find
globalminima. In practice objective and constraints are of-
ten non-convex.

The most successful deterministic methods for global
optimization are based on interval analysis [5, 6], con-
vexification [7], and Lipschitzian approaches [8, 9]. Ac-
celeration of Lipschitzian algorithms has been compre-
hensively studied in [10–12]. One of the first determinis-
tic methods – the Non-uniform covering method was pro-
posed in [13] and further elaborated in [14–16]. In this
paper we strengthen the Non-uniform covering method
by exploiting first and second order optimality conditions
for box-constrained problems, i.e.mathematical program-
ming problems with interval constraints on parameters
and without functional constraints. The objective should
be a twice differentiable function. Based on these con-
ditions we developed an optimization algorithm, proved
its correctness and studied its performance on test prob-
lems. Experimental results demonstrated that using first
and second order optimality conditions can decrease the
number of steps in an order of magnitude.
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Thepaper is organized as follows. Section 2 introduces
the basic theory. Section 3 outlines an optimization algo-
rithm. Section 4 presents experimental results.

2 Theoretical background
A box-constrained optimization problem is formulated as
follows {︃

f (x) → min,
x ∈ X,

(1)

where a, b ∈ Rn are n-dimensional vectors and the fea-
sible set X = [a, b] = {x ∈ Rn : a ≤ x ≤ b} is an n-
dimensional box. Anypoint from the feasible set is called a
feasible solution. The goal is to find an optimal solution. An
optimal solution is a point x* ∈ X such that f

(︀
x*
)︀
≤ f (x) for

all x ∈ X. For complex problems finding an exact optimal
solution is usually impossible and optimization methods
search approximate solutions.

A feasible solution xε is called the ε-solution if f (xε) ≤
f
(︀
x*
)︀
+ ε. Non-uniform covering method [10–13] is able to

find an ε-solution in a finite number of steps. Belowweout-
line a basic idea of the method.

The Non-uniform covering method (NUC) generates
the trial sequence T =

{︁
x(1), . . . , x(k)

}︁
– a set of points

where the objective function is evaluated. The key con-
cept behind NUC is the concept of coverage. The cover-
age is a finite collection of sets Cov =

m⋃︀
i=1
Ci, where Ci , i =

1, . . . ,m are subsets of Rn. Sets Ci are called covering sets.
The trial sequence and the coverage are constructed in a
way to ensure the following covering property: X ⊆ Cov
implies that the point xR is an ε-solution, where xR =
argmin f

(︁
x(i)

)︁
, i = 1, . . . , k.

In papers [10–13] several ways of coverage construc-
tion were proposed. All these approaches were based on
the idea of bounding the objective function from below.
The following theorem forms a theoretical basis for NUC
method.

Theorem 1. Let T =
{︁
x(1), . . . , x(k)

}︁
be a trial sequence

and Cov =
m⋃︀
i=1
Ci be such coverage that the covering property

X ⊆ Cov holds. Let for all i = 1, . . . ,m it holds

min
x∈Ci

f (x) ≥ f
(︁
x(l)

)︁
− ε forsome l ∈ 1, . . . , k. (2)

Then xR = argmin f
(︁
x(i)

)︁
, i = 1, . . . , k is an ε-solution.

This obvious theorem is applied as follows. The method
constructs the trial sequence and the coverage until the
whole feasible set is totally covered. Then the minimum
of the trial sequence becomes an ε-solution.

For objective functions with continuous first and sec-
ond derivatives necessary optimality conditions can be
used to construct additional covering sets. In the sequel
we assume f (·) to be a differentiable function with contin-
uous gradient andHessian. Let’s recall first and second or-
der optimality conditions.

Statement 1 (1st order optimality condition). If x*is an
optimal solution of the problem (1) then the following prop-
erties hold for all i = 1, . . . , n:

if ai < x*i < bi , then
∂f (x*)
∂xi

= 0,

if x*i = bi then
∂f (x*)
∂xi

≤ 0,

if x*i = ai then
∂f (x*)
∂xi

≥ 0.

Statement 2 (2nd order optimality condition). Let x*be
an optimal solution of the problem (1). Then for all i =
1, . . . , n if ai < x*i < bi then

∂2 f (x*)
∂x2i

≥ 0.

Based on statements 1-2 we can formulate the following
generalization of the Theorem 1.

Theorem 2. Let T =
{︁
x(1), . . . , x(k)

}︁
be a trial sequence

and Cov =
m⋃︀
i=1
Ci be such coverage that the covering property

X ⊆ Cov holds. Let for all i = 1, . . . ,m the covering set Ci
satisfies one of the following properties:

1. min
x∈Ci

f (x) ≥ f (x(l)) − ε for some l ∈ 1, . . . , k,

2. Ci ∩
{︀
x ∈ X : xj = aj

}︀
= ∅ andmin

x∈Ci
∂f (x)
∂xj > 0 for some

j ∈ 1, . . . , n,
3. Ci ∩

{︀
x ∈ X : xj = bj

}︀
= ∅ andmax

x∈Ci
∂f (x)
∂xj < 0 for some

j ∈ 1, . . . , n,
4. Ci ∩

{︀
x ∈ X : xj = aj or xj = bj

}︀
= ∅ andmax

x∈Ci
∂2 f (x)
∂x2j

<
0 for some j ∈ 1, . . . , n.

Then xR = argmin f
(︁
x(i)

)︁
, i = 1, . . . , k is an ε-

solution.

Proof. Let Ci be a covering set containing an optimal
solutionx*. According to statements 1,2 none of the prop-
erties 2-4 holds for Ci. Therefore the property 1 holds, i.e.
min
x∈Ci

f (x) ≥ f (x(l)) for some l ∈ 1, . . . , k. Since x* ∈ Ciweob-

tain f (x*) ≥ f (x(l)) − ε. Thus f (x(l)) ≤ f (x*) + ε. By definition
of xRwe obtain f (xR) ≤ f (x*) + ε. �
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3 Algorithm outline
To ensure the covering property one needs an efficient way
to construct covering sets. According to Theorem 2, a cov-
ering set consists of feasible points satisfying one the fol-
lowing four inequalities:

f (x) ≥ f (x(l)) − ε, ∂f (x)
∂xj

< 0, ∂f (x)
∂xj

> 0, ∂2f (x)
∂x2j

< 0.

For numerical stability reasons strict inequalities are
substituted by non-strict inequalities:

f (x) ≥ f (x(l)) − ε, ∂f (x)
∂xj

≤ −δ, ∂f (x)
∂xj

≥ δ, ∂2f (x)
∂x2j

≤ −δ

(3)

where δ is a sufficiently small positive real number. If the
numerical error in derivative calculation is less than δ this
approach guarantees that the removed subsets do not con-
tain feasible points.

Checking inequalities (3) directly is problematic for
complex functions. The common way around is to con-
sider more weak inequalities by substituting function by
its under- or overestimations.

Definition. A function µ(·) : Rn → R is called an underes-
timation for a function f (·) over a set Z ⊆ Rn if f (x) ≥ µ(x)
for all x ∈ Z. A function ν(·) : Rn → R is called an overesti-
mation for a function f (·) over a set Z ⊆ Rn if f (x) ≤ ν(x) for
all x ∈ Z.

Thus the inequality f (x) ≥ a is substituted by a weaker in-
equality µ(x) ≥ aand the inequality f (x) ≤ a by the inequal-
ity ν(x) ≤ a. Estimations are usually selected to ensure an
easy resolution of such inequalities. Examples of such un-
derestimations are interval bounds [3, 5, 6] or Lipschitzian
bounds [8–13].

Assume that we are able to construct an underestima-
tion ϕ(x) for the objective function f (x), overestimations
νi(x) and underestimations µi(x) for i-th component ∂f (x)

∂xi
of the gradient and overestimations ξi(x) for i-th diagonal
component ∂

2 f (x)
∂xi∂xi of theHessian.We also assume thatmin-

imum and maximum of these estimates on a box can be
analytically found.

Let Z = [c, d] be a sub-box of a box X. Define reduction
rules for the box Z based on the introduced estimates.

Reduction rule 1. If min
x∈Z

ϕ(x) ≥ f (xR) − ε the box Z is dis-
carded.

Reduction rule 2.1. Let min
x∈Z

µi(x) ≥ δ. If ci = ai the box
Zis reduced to the box [c1, d1] × . . . × [ci , ci] × . . . × [cn , dn]

by eliminating its i-th dimension. Otherwise the box Zis
discarded.

Reduction rule 2.2. Letmin
x∈Z

νi(x) ≤ −δ. If di = bi the box
Zis reduced to the box [c1, d1] × . . . × [di , di] × . . . × [cn , dn]
by eliminating its i-th dimension. Otherwise the box Zis
discarded.

Reduction rule 3.1. Let max
x∈Z

ξi(x) ≤ −δ. If ci = ai , di = bi
the box Z is substituted by a union of two boxes [c1, d1] ×
. . . × [ci , ci] × . . . × [cn , dn] and [c1, d1] × . . . × [di , di] × . . . ×
[cn , dn].

Reduction rule 3.2. Let max
x∈Z

ξi(x) ≤ −δ. If ci = ai , di ≠ bi
the box Z is reduced to the box [c1, d1] × . . . × [ci , ci] × . . . ×
[cn , dn].

Reduction rule 3.3. Let max
x∈Z

ξi(x) ≤ −δ. If ci ≠ ai , di = bi
the box Z is reduced to the box [c1, d1] × . . . × [di , di] × . . . ×
[cn , dn].

Reduction rule 3.4. Let max
x∈Z

ξi(x) ≤ −δ. If ci ≠ ai , di ≠ bi
the box Z is discarded.

The following statement is obvious.

Statement 3. The set of points eliminated by any of the
rules 1-3.4 satisfies one of the properties 1-4 from the The-
orem 2.

The proposed algorithm NUC (Non-uniform covering
method) follows the standard Branch-and-Bound ap-
proach. It maintains a list of boxes Λ throughout the
search. On each step a box Z is extracted from a list Λ
(step 4), then the incumbent solution is updated (step 5)
and reduction rules are applied to the box Zthereby ob-
taining a new (probably empty) list of sub-boxes Λ′ (step
6). If the list Λ′ contains exactly one box, it is partitioned
into two new boxes which substitute this box in the list Λ′

(step 7). Partitioning is done by splitting a box across its
longest edge. This approach ensures a sufficient reduction
of the box at each iteration. Then the list Λ′ is appended
to the list Λ: Λ = Λ ∪ Λ′ at step 8. The procedure is re-
peated until the list Λcontains at least one element (step
3). The algorithm evaluates the objective in a sequence of
trial points T and at each step compute the incumbent so-
lution xR = argmin f (x) , x ∈ T.
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Algorithm NUC

1. Initialize the list Λwith a box X: Λ = {X}.
2. Initialize the trial sequence by an empty set: T = ∅.
3. If Λ = ∅ then terminate the algorithm.
4. Extract a box Z from the list Λ.
5. Compute function value in the center z of the

box Z and update the trial sequence with this
point, and compute the incumbent solution xR =
argmin f (x) , x ∈ T.

6. Apply reduction rules to the box Z, obtain a list of
sub-boxes Λ′.

7. If Λ′contains only one box B then partition it into
two equal boxes B1and B2and assign Λ′ = B1 ∪ B2

8. Update the list Λ: Λ = Λ ∪ Λ′ and go to the step 3.

Theorem 3. The incumbent solution xRobtained by the
NUC algorithm is an an ε-solution of the problem (1).

Proof. According to statement 3, all subsets eliminated
by this algorithm satisfy the covering property. When the
algorithm terminates, the list Λis empty which means
that the union of the discarded sets includes the feasi-
ble set X. Thus the covering property X ⊆ Cov holds.
According to the Theorem 2 the incumbent value xR =
argmin f

(︁
x(i)

)︁
, i = 1, . . . , k is an ε-solution. �

4 Implementation and
experimental evaluation

The proposed algorithm was implemented as an open-
source C++ library [17]. The modular design enables
straightforward addition of new reduction rules. Reduc-
tion rules are representedasC++classes inherited from the
base class CutFactory. There are three separate factories
implementing reduction rules 1, 2.1-2.2 and 3.1-3.4 respec-
tively. The class CompositeClassFactory combines several
factories by means of addFactory method. It provides a
convenient way for introducing new factories to the search
process.

Three test functions were selected for evaluating the
proposed approach. The bounding cubic box X = [−A, A]×
. . . × [−A, A] was the same for all three problems with A =
10. The first test function is a classical global optimization
test [18].

Test function 1 (Zirilli or Alluffi-Pentini function)

f (x) = 0.25 x41 − 0.5 x21 + 0.1 x1 + 0.5 x22

The global minimum is located at x* =
(−1.0465, 0), f (x*) = −0.3523.

Second and third test functions are specially designed
to test the ability of finding minima located on a feasible
set boundary.

Test function 2 (Saddle function)

f (x) = x21 − x22

The global minimum is located at pointsx* ∈{︀
(0, A), (0, −A)

}︀
, f (x*) = −A2.

Test function 3 (Cubic function)

f (x) =
n∑︁
i=1

x3i

The global minimum is located at the point x* =
(−A, −A, . . . , −A), f (x*) = −n A3.

The first two test functions have two variables while
the third test function may have an arbitrary number of
parameters. We used 2, 4, 8 and 16 parameters for testing
(lines Cubic 2, Cubic 4, Cubic 8, Cubic 16 in Table 1). In all
cases ε = 10−4.

Three search strategies with different choice of reduc-
tion rules were evaluated and compared. The first strategy
used reduction rule 1, second used reduction rules 1 and
2.1-2.2, third one used all reduction rules. Interval lower
bounds for objective functions and Lipschitzian lower
bounds for gradients and Hessians were applied. The Lip-
schitz constants were overestimated with techniques pro-
posed in [15]. The strategies were compared by the number
of iterations of 3-9 loop of the NUC method. Table 1 sum-
marizes the results.

Table 1: Comparison of different search strategies.

Test Number of steps
function Rule 1 Rules 1, 2.* Rules 1, 2.*, 3.*
Zirilli 118075 319 319
Saddle 85 25 3
Cubic 2 105 13 9
Cubic 4 217 25 13
Cubic 8 449 51 21
Cubic 16 927 113 37

The first observation that can be made from the anal-
ysis of the Table 1 is that the efficiency of applying dif-
ferent reduction rules depend on a problem. For Zirilli
problem gradient-based reductions (rule 2.*) gives 3-order
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of magnitude speedup. However Hessian-based reduction
(rule 3.*) doesn’t further decrease the number of steps.
For Saddle and Cubic functions Hessian-based reductions
have a remarkable effect. This can be explained by large
regions of objective function’s concavity efficiently elimi-
nated by reduction rules 3.1-3.4 for problems 2 and 3. For
Saddle function it decreases the number of steps in two
times and for Cubic function – in 1.5-3 times and the effect
grows with the problem dimension.

5 Conclusions
The paper studied an approach based on exploiting first
and second order optimality conditions in Non-uniform
covering method for box-constrained problems. Addi-
tional reduction rules based on optimality conditionswere
introduced. The correctness of the introduced rules was
proven and the efficiency was experimentally evaluated.
Experiments demonstrated a significant speedup due to
optimality conditions.

In the future we are going to further elaborate the pro-
posed techniques by combining these rules and efficient
box-reduction techniques proposed in [15]. We also plan
to apply the proposed approach to challenging global op-
timization problems arising in material science and use
parallelization to increase the performance of the algo-
rithm [19, 20].
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