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Abstract: Piezoelectric energy harvesters are electrome-
chanical systems, capable to convert ambient dispersed
mechanical vibrations into usable electrical energy. They
can be used for supplying power to sensors and actuators
that are wireless connected, miniaturized and remote
located. In this work, we analyze piezoelectric energy har-
vesters for mechanical vibrations in the frequency domain.
White Gaussian and colored noise models for random vi-
brations are considered. The governing equations for the
harvester are derived from mechanical properties, the char-
acteristic relationships of piezoelectric materials, and circuit
description of the electrical load. We show that the energy
harvester can be modelled by cascade connected electro-
mechanical two-ports, and that frequency domain methods
are the perfect tool for analysis. Formulas for the harvested
power and power efficiency are derived. We also show that
application of matching networks reduces the impedance
mismatch between the mechanical and the electrical parts,
significantly increasing the harvested power and power ef-
ficiency. The matching network solution is compared to
others, previously proposed solutions, such as applicationof
power-factor correction.We show that thematching network
offers nine times more average power and better power ef-
ficiency than the unmatched resistive load, and increases by
more than 10% the harvested power and efficiency, with
respect to the power-factor corrected solution.

Keywords: energy harvesting; frequency domain anal-
ysis; impedance matching; Ornstein-Uhlenbeck process;

piezoelectric harvester; power efficiency; stochastic pro-
cesses; white Gaussian noise.

Introduction

Wireless sensor and actuator networks (WSANs) are the
hardware backbone of the Internet of Things (IoT). WSANs
may involve hundreds of nodes that share some common
features: they are wireless connected, miniaturized, and in
some cases, remote located and difficult to access. Old
fashioned solutions for powering WSANs, e.g. batteries,
are far from being ideal, because despite the recent ad-
vancements, batteries remain relatively bulky and heavy.
Systems capable of self-powering, collecting energy
dispersed in the surrounding environment that would
otherwise be wasted, would represent the perfect solution.
Technical solutions to scavenge ambient energy go by the
name of energy harvesting (Paradiso and Starner 2005;
Priya and Inman 2009; Roundy,Wright, and Rabaey 2003).

Ambient is a potentially unlimited energy source. En-
ergy is dispersed in the environment in various form, with
solar and wind power being the most abundant and,
consequently, also themost exploited. Solar andwindpower
are mature technologies, but they require outdoor applica-
tion and large structures. Therefore, they are not suitable to
supply power to wireless, miniaturized, remote located
electrical circuits and systems. Conversely, sources such as
thermal gradients, dispersed electromagnetic waves and
parasitic mechanical vibrations are negligible at the macro-
scale, but are suitable to supply power to WSANs (Beeby,
Tudor, and White 2006; Khaligh, Zeng, and Zheng 2009; Lu
et al. 2015; Mann and Sims 2009; Mitcheson et al. 2008).

Ambient mechanical vibrations are particularly
attractive, because of their widespread diffusion, their
relatively high power density and, most importantly,
because they can be easily converted into usable elec-
trical power. Various physical mechanisms can be
exploited for power conversion, including magnetic in-
duction, electrostatic conversion, and piezoelectricity.
Piezoelectric transducers are perhaps the preferred
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solution, thanks to their low cost, easy of manufacturing,
and because they can be miniaturized.

Because the power conveyed by parasitic vibrations is
limited (ranging from μW to few mW), it is of paramount
importance designing energy harvesters as efficient as
possible. A major problem is represented by the frequency
mismatch between parasitic vibrations, mechanical struc-
ture, whose working frequency ranges from fewHz to some
hundred Hz, and the electrical part, whose typical working
frequency is much higher. To cope with the problem,
ingenious solutions have been recently devised, to realize
mechanical structures that are capable to adjust their
resonant frequency, matching the spectral interval where
most of vibrations are concentrated (Shin et al. 2020;Wang
et al. 2021). Other researchers focused more on the elec-
trical domain of the harvesters. In (Bonnin et al. 2021;
Huang, Shengxi, and Grzegorz 2019; Yu and Zhou 2021), it
was shown that the harvested power and power efficiency
can be significantly improved, reducing the lag between
the voltage across and the current through the electrical
load, a procedure known in circuit theory as power-factor
correction. Power factor correction is obtained placing an
inductive element in parallel with the resistive load, to
compensate the capacitive reactance of piezoelectric
transducers.

In a previous work (Bonnin et al. 2022), we have shown
that power performances of energy harvester can be
boosted, at least for the case of purely sinusoidal vibra-
tions, through impedance matching. Impedance matching
is another classical solution of circuit theory, specifically in
RF problem, to eliminate the impedance mismatch be-
tween a source (in this case the mechanical part of the
harvester), and a load (the electrical part), maximizing the
power transfer from the former to the latter. In this work,
we extend the results of (Bonnin et al. 2022) to energy
harvesters subject to random vibrations, either Gaussian
white or colored noise, and we develop an analysis tech-
nique, based on transmission parameters representation
and frequency domain analysis, specifically suited to study
matching networks composed by multistage circuits.

The paper is organized as follows. In Section 2 we
describe the modelling of piezoelectric energy harvesters
for ambient mechanical vibrations. The governing equa-
tions are derived from mechanical properties, the charac-
teristic equations of piezoelectric materials, and the circuit
description of electrical loads. In Section 3 we describe the
basics of frequency domain analysis for evaluating the
power performances of electromechanical systems. We
show that energy harvesters can be described by cascade
connected two-ports. As a first main contribution, we
derive formulas for the harvested power and power

efficiency, for both Gaussian white and colored noise,
modelled as an Ornstein-Uhlenbeck process. In Section 4
we show the application of frequency domain analysis to
an energy harveste, with different type of loads. As a sec-
ond main contribution, we show that application of
impedance matching networks significantly increases the
average harvested power and power efficiency. Finally,
Section 5 is devoted to conclusions.

System modeling

A scheme of a cantilever beam piezoelectric energy
harvester for ambient mechanical vibrations is shown in
Figure 1. One end of a beam is fixed to a vibrating support,
with an inertial mass m at the opposite end. Mechanical
vibrations of the support produce oscillations of the beam,
that are amplified by the inertial mass. Oscillations induce
mechanical stress and strain in the beam, that are con-
verted into electrical current by a layer of piezoelectric
material that covers the beam. Eventually, a properly
designedmatching network can be interposed between the
piezoelectric transducer and the load, with the goal to
reduce the impedance mismatch between the two parts,
increasing the electric power absorbed by the load.

Mechanical vibrations modeling

Ambient mechanical vibrations are random in nature, and
thus they are best described as a stochastic process. If
vibrational energy is distributed over a sufficiently broad
spectral interval, ambient vibrations can be modeled by
white Gaussian noise (Bonnin, Traversa, and Bonani 2020).
White Gaussian noise is the “formal” derivative of a
Wiener process Wt = W(t), characterized by zero mean

Figure 1: Schematic representation of a piezoelectric energy
harvester for ambient mechanical vibrations.
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〈Wt〉 = 0 (symbol 〈⋅〉 denotes mean value), covariance
cov(Wt ,Ws) = 〈WtWs〉=min( t,s), and Wt∼N (0, t), where
symbol ∼ means “distributed as”, and N (0, t) denotes a
normal distribution, centered at zero (Gardiner 1985).
White Gaussian noise describes an uncorrelated process,
characterized by a flat spectrum at all frequencies. Clearly,
a true white noise process cannot exist in the real world,
because the flat power spectrum assumption would imply
an infinite power content.

As a matter of fact, the energy of ambient mechanical
vibrations is often concentrated at low frequencies. Thus, a
low-pass filtered white Gaussian noise can be a more
realistic model for parasitic vibrations. Consider the low-
pass filter circuit shown in Figure 2, where the input
voltage source is a white Gaussian noise process:

fW( t) = ϵẆt, where dots denote derivations with respect to
time. Let τ = RfCf be the time constant of the circuit. The
output voltage fOU(t) is the solution of the scalar stochastic
differential equation (SDE).1

ḟ OU = −1
τ
 fOU + ϵ

τ
 Ẇt (1)

Voltage fOU(t) is called Ornstein-Uhlenbeck process
(OUP). It is characterized by the expectation

〈fOU(t)〉 = fOU(0) e−t/τ (2)

where fOU(0) is a deterministic initial condition, and by the
time correlation function

ROU(t, t + s) = 〈fOU(t)fOU(t + s)〉 = ϵ2

2τ
 e−|s|/τ (3)

For the current iW we have

iW(t) = Gf(fW(t) − fOU(t)) (4)

where Gf = 1/Rf is the conductance of the resistor.
Mechanical-to-electrical analogies implies that forces

can be replaced by voltages (and vice-versa), and velocities
by currents. Thus we shall model the force of random

mechanical vibrations by fOU(t), and the velocity of the
vibrating support by iW(t). The results are readily adapted
to the case where mechanical vibrations are modelled as a
white Gaussian noise process fW(t), as in corollaries 2 and 3.

Energy harvester modelling

To derive the governing equations for the mechanical part,
we shall make some simplifying hypothesis. First, we shall
assume that the masses of the cantilever beam and of the
piezoelectric layer are negligible with respect to the inertial
mass. Second, we shall assume that the oscillation ampli-
tude is so smallwith respect to the cantilever length, that the
arc described by the inertial mass can be approximated by a
straight line. The small oscillation amplitude also justify
neglecting nonlinear contributions in the beam stiffness.

Under this simplifying assumptions, the Lagrange
equation of motion for the mechanical part is

mẍ + kx + γẋ = fOU(t) − fpz(t) (5)

where m is the inertial mass, x is the mass displacement
with respect to the rest position, k is the elastic constant of
the beam, γ is the damping coefficient, and fOU(t) (possibly
fW(t)), fpz(t) are the forces exerted bymechanical vibrations
and the piezoelectric layer, respectively. If mechanical vi-
brations are best described by a white Gaussian noise, the
OUP fOU(t) will be replaced by fW( t)  =  ϵẆt. Alternatively,
the equations ofmotion can be rewritten as a system of first
order differential equations:

ẋ = y (6a)

ẏ = −k
m
 x − γ

m
 y − 1

m
 fpz(t) + 1

m
 fOU(t) (6b)

For the piezoelectric transducer, we start from the
constitutive relationships for linear piezoelectric materials
(Priya and Inman 2009). Neglecting the stiffness of the
piezoelectric layer, the following relationships between me-
chanical andelectrical variables areobtained, through spatial
integration of the local variables in the tensor equations:

fpz(t) = α e(t) (7a)

q(t) = α x(t) − Cpz  e(t) (7b)

where α is the electro-mechanical coupling factor (in N/V or
As/m), Cpz is the electrical capacitance of the piezoelectric
layer, q(t) is the electrical charge, and e(t) is the output
voltage. Equation (7) imply that piezoelectric conversion is
completely reversible, because the same coupling constant
α is used for both mechanical-to-electrical and electrical-to-
mechanical conversion. A detailed discussion about

Figure 2: Low-pass filter circuit to generate an Ornstein-Uhlenbeck
process.

1 Note that because noise is un-modulated (additive), the SDE can be
interpreted as either Stratonovich or Itô, indifferently (Gardiner 1985,
Øksendal 2003).
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modelling of piezoelectric material can be found in (Jones
and Nenadic 2013). The piezoelectric transducer is assumed
to be lossless, with all dissipations accounted for by the
damping coefficient γ. Such a model has been extensively
used in literature (Bonnin et al. 2021; Daqaq et al. 2014;
Huang, Shengxi, and Grzegorz 2019; Yang, Erturk, and Zu
2017; Yu and Zhou 2021; Zhou et al. 2016).

Finally, we consider the electrical part.We shall consider
three different loads: a simple resistive load, a power-factor
corrected load, and impedance matched load. The latter two
architectures were recently proposed as solutions to increase
the harvested power and the power efficiency (Bonnin et al.
2021; Bonnin et al. 2022; Huang, Shengxi, and Grzegorz 2019;
Yu and Zhou 2021). It is worth mentioning that, in general,
other interface circuits can be interposed between the trans-
ducer and the load, such as rectifier circuits designed to in-
crease the harvested power (Dicken et al. 2012). In this work
we restrict the attention to relatively simple, easy to imple-
ment structures. The representation we shall give, based on
cascade connected two-ports networks, can be easily
extended to include more stages, and our frequency domain
analysismethod, also applies tomore complicated structures.

Resistive load

In circuit theory, a load is any element that absorb power
from the rest of the circuit. Loads are typically represented
by resistors. In the simplest setup, the resistor is connected
directly to the output of the piezoelectric transducer (see
Figure 3a). Application of Ohm law gives q̇(t) = GLe(t), that
together with (6) and the derivative of (7b) gives the state
equations for the energy harvester with resistive load:

ẋ = y (8a)

ẏ = −k
m
 x − γ

m
 y − α

m
 e + 1

m
fOU(t) (8b)

ė = α
Cpz

 y − GL

Cpz
 e (8c)

Power factor corrected (resistive-inductive) load

Several works have shown that the harvested average power
and power efficiency can be significantly increased through
power factor correction (Bonnin et al. 2021; Huang, Shengxi,
and Grzegorz 2019; Yu and Zhou 2021). Power factor
correction is a standard method of electrical engineering. It
permits to reduce the lag between the voltage across, and
the current through a load, thus increasing the average
power absorbed by the latter. Given the capacitive reactance
of piezoelectric transducers, power factor correction is ob-
tained inserting an inductive element in parallel with the
resistive load, as in Figure 3b. Applying Kirchhoff voltage
and current laws (KVL and KCL), and using the constitutive

relationship of linear inductors e = Li̇L we obtain

q̇ = iL + GL  e (9a)

e = vo = Li̇L (9b)

Combining together (6), (7) and (9) yields the state
equations for the energy harvester with power-factor cor-
rected load:

ẋ = y (10a)

ẏ = −k
m
 x − γ

m
 y − α

m
 e + 1

m
 fOU(t) (10b)

i̇L = 1
L
 e (10c)

ė = α
Cpz

 y − 1
Cpz

 iL − GL

Cpz
 e (10d)

Matched load

In (Bonnin et al. 2022), it was shown that the main limiting
factor to the performances of piezoelectric energy harvester,
is the impedancemismatchbetween themechanical and the
electrical part. Impedance mismatch is a classical problem
in electrical engineering. A possible solution consists in
interposing an impedance matching network between the
source (the piezoelectric transducer) and the load, as shown

(a) (b) (c)

Figure 3: The three different load setup considered: (a) Resistive load. (b) Power factor corrected (resistive-inductive) load. (c) Matched load.
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in Figure 3c. The matching network not only reduces the
impedance mismatch, but it can also be designed to reso-
nate at a chosen frequency, not necessarily coincident with
the resonant frequency of the energy harvester. This char-
acteristic is very useful when the resonant frequency of the
energy harvester and the frequency where vibrational en-
ergy is concentrated are far apart (Bonnin et al. 2022). Here
we show that application of a matching network offers sig-
nificant advantages, both in terms of average harvested
power and power efficiency, also in the case of random vi-
brations. We consider the simple low-pass L-matching
network shown in Figure 3c. It is composed by two reactive
elements, an inductor LS and a capacitor CP, connected to
form an L-structure. Application of KVL and KCL yields

−q̇ + CP  v̇o + GLvo = 0 (11a)

LS  i̇L + vo − e = 0 (11b)

Combining together (6), (7), and (11) gives the state
equations for the energy harvester with matched load:

ẋ = y (12a)

ẏ = −k
m
 x − γ

m
 y − α

m
 e + 1

m
 fOU t( ) (12b)

ė = α
Cpz

 y − 1
Cpz

 iL (12c)

i̇L = 1
LS

(e − vo) (12d)

v̇o = 1
CP

iL − GLvo( ) (12e)

Frequency domain analysis

For a linear time invariant system (LTI) the input-output
relation takes the form

y(t) = ∫
+∞

−∞
dr h(r) x(t − r) = h(t) ∗ x(t) (13)

where h(t) is the step response, x(t), y(t) are the input and
the output, respectively, and ∗ denotes the convolution
product. The autocorrelation function Ryy(τ) of the output
variable y(t) is given by (Gardiner 1985)

Ryy(τ) = 〈y(t)y(t − τ)〉

= ∫
+∞

−∞
dr ∫

+∞

−∞
ds h(r) h(s)Rxx(τ + r − s) (14)

Taking the Fourier transformwe obtain thewell known
relation between input and output power spectral densities

SY(ω) =
⃒⃒⃒⃒
H (ω) 2  SX(ω)

⃒⃒⃒⃒
(15)

where H (ω) = Ŷ(ω)/X̂(ω) is the system’s transfer func-
tion, and Ŷ(ω), X̂(ω) are the Fourier transforms of output
and input, respectively. The total power is calculated by
integrating the correspondent power spectral densities
over the whole frequency spectrum.

By theWiener–Khinchin theorem (Gardiner 1985), the
power spectral density (PSD) is the Fourier transform of
the correlation function. The PSD for white Gaussian
noise fW(t) is

SW(ω) = ϵ2 (16)

which reflects the well known fact that energy content for
white noise is constant over all frequencies. For the OUP
fOU(t) we have

SOU(ω) = ϵ2

1 + τ2ω2
(17)

We shall now apply frequency domain analysis to
the energy harvester models described in Section 2.
Energy harvesters are electromechanical two-ports, that
can be conveniently described in terms of transmission
parameters. Consider the frequency domain represen-
tation of a generic electromechanical two-port in

Figure 4a, where s = jω is complex frequency, F̂in(s) and
sX̂(s) are the Laplace transforms of the mechanical force
fin(t) (either white Gaussian noise or OUP) and velocity

ẋin( t), respectively, while Îout(s) and V̂out(s) are the
Laplace transforms of the output current and voltage.2

The transmission or ABCD matrix T(s) defines the re-
lationships between mechanical quantities at the input
and electrical quantities at the output

F̂in s( )
sX̂in s( )[ ] = T s( ) V̂out s( )

Îout s( )[ ]
= A s( ) B s( )

C s( ) D s( )[ ] V̂out s( )
Îout s( )[ ] (18)

The transmission matrix T(s) can be easily derived
taking advantage of the structure of the energy harvester,
that is composed by cascade connected two-port networks,
as it is shown in Figure 4b. Starting from the filter repre-
sentation of the OUP, by Laplace transforming Equations
(1) and (4) we have

2 As it is usually done we assume null initial conditions.
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F̂W s( )
ÎW s( )[ ] = TOU s( ) F̂OU s( )

sX̂ s( )[ ]
= sτ + 1 0

sCf 0[ ] F̂OU s( )
sX̂ s( )[ ] (19)

where TOU(s) is the transmission matrix for the OUP.
Denoting by TM(s) the transmission matrix for the

mechanical part, and taking the Laplace transform of
Equations (7) we have

F̂OU s( )
sX̂ s( )[ ] = TM s( ) F̂pz s( )

Ŷ s( )[ ]

= 1 sm + k
s
+ γ

0 1

⎡⎢⎢⎣
⎤⎥⎥⎦ F̂pz s( )

Ŷ s( )[ ] (20)

Similarly, denoting with Tpz(s) the transmission ma-
trix of the piezoelectric transducer, and taking the Laplace
transform of (8) yields

F̂pz s( )
Ŷ s( )[ ] = Tpz s( ) Ê s( )

Î s( )[ ] =
α 0
sCpz

α
1
α

⎡⎢⎣
⎤⎥⎦ Ê s( )

Î s( )[ ] (21)

where Î(s) = sQ̂(s) = L [q̇( t)] is the Laplace transform of
the output current of the piezoelectric transducer.

Finally, we consider the two types of two-port net-
works designed to improve the output average power and
power efficiency of the harvester. Taking the Laplace
transform of the constitutive relationships for power factor
correction network (9), the following expression for the
transmission matrix TPF(s) is obtained:

Ê s( )
Î s( )[ ] = TPF s( ) V̂out s( )

Îout s( )[ ] =
1 0
1
sL

1

⎡⎢⎣
⎤⎥⎦ V̂out s( )

Îout s( )[ ] (22)

For the low-pass L-matching network, by Laplace
transforming the time domain relationships (11), the
transmission matrix Tmat(s) is obtained:

Ê s( )
Î s( )[ ] = Tmat s( ) V̂out s( )

Îout s( )[ ]
= s2LSCP + 1 sLS

sCP 1
[ ] V̂out s( )

Îout s( )[ ] (23)

The total transmission matrix for cascade connected
two-ports, is the matrix product of the transmission
matrices. Therefore the transmission matrix of the energy
harvester subject to OUP noise is:

T(s) =
⎧⎪⎨⎪⎩

TOU(s) TM(s) Tpz(s) for resistive load
TOU(s) TM(s) Tpz(s) TPF(s) for power − factor corrected network
TOU(s) TM(s) Tpz(s) Tmat(s) for low − pass L −matching network

(24)
It is worth mentioning that:

– More than one matching network can be included,
forming a ladder of cascade connected matching net-
works. In this case one canuseTmat(s) = ∏n

k=1Tmatk(s),
where Tmatk(s) is the transmission matrix of the kth

matching network included in the ladder, and n is the
number of ladder steps.

– The case of mechanical vibrations described by white
Gaussian noise is straightforward. The only difference
is that the matrix TOU(s) does not appear in Equa-
tion (24) and matrix T(s) is replaced by

T ′(s) = [A′(s) B′(s)
C′(s) D′(s)]

=
⎧⎪⎨⎪⎩

TM(s) Tpz(s) for resistive load
TM(s) Tpz(s) TPF(s) for power − factor corrected network
TM(s) Tpz(s) Tmat(s) for low − pass L −matching network

(25)

The transmissionmatrixT′(s) will also be instrumental
to calculate the power efficiency. We shall now use the
transmission matrix to derive a set of useful formulas.

Theorem 1. (Power Balance equation)
Irrespective of the type of load, the power balance

equation for the energy harvester takes the form

⟨dEdt⟩ = ⟨fOU t( ) y ⟩ −γ⟨y2⟩ − GL⟨v2o⟩ (26)

where E is the total energy stored in the harvester.
Proof.We illustrate theproof for the case of thematched

load. The cases of the resistive load and the power-factor
corrected load are analogous. The total energy stored in the
harvester is the sum of the kinetic energy of the mass, the
elastic potential energy of the beam, the capacitive energy

(a) (b)

Figure 4: (a) Frequency domain representation of a generic electromechanical two port network. At the left port are themechanical quantities,
force and velocity. At the right port the electrical quantities, voltage and current. The two port is conveniently described by the transmission or
ABCD matrix T(s). (b) Representation of the energy harvested by cascade connected electromechanical two-ports. The relevant quantities at
each port are given in the frequency domain.
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stored in the piezoelectric transducer and the reactive en-
ergies stored in the reactive elements of matching network

Etot(t) = 1
2
m y2 + 1

2
k x2 + 1

2
Cpz  e2 + 1

2
LS  i2L +

1
2
CP  v2o (27)

Taking the derivative with respect to time and using
equations (12) yields

Ė = fOU(t) y − γy2 − GLv2o (28)

and taking expectations the thesis follows. □

The power balance equation implies that the harvester will
eventually reach a steady state, where the power trans-
ferred from the OUP noise to the harvester Pin = 〈fOU(t)y〉,
will equal the power dissipated by friction Pγ = γ〈y2〉 plus
power absorbed by the load PGL = GL〈vo

2〉. Note that passive
sign convention is used, therefore Pin is a power flowing
into the harvester, while Pγ and PGL are dissipated powers.

Theorem 2. (Harvested power formula)
For an energy harvester subject to OUP noise, described

by one of the transmission matrices T(s) of equation (24), the
average power absorbed by the load GL is

PGL = ϵ2  GL   ∫
+∞

−∞

⃒⃒⃒⃒⃒
⃒⃒H (ω) 2  dω

⃒⃒⃒⃒
(29)

where

H (s) = (A(s) + B(s) GL)−1 (30)

Proof. Consider the two-port network shown in Figure 4(a),
closed on the resistor with conductance GL, then
Îout(s) = GL  V̂out(s). Substituting into equation (18), we
obtain (30) for H (s) = V̂out(s)/F̂in(s) = V̂out(s)/F̂W(s).
Using the input-output relationship for the PSD (15), the
PSD for white Gaussian noise (16), and integrating over the
whole frequency spectrum to calculate absorbed power,
equation (29) is obtained. □

Corollary 1. (Alternative formula for the harvested power)
An equivalent formula to calculate the harvested power is

PGL = ϵ2  GL  ∫
+∞
−∞

1
1 + τ2ω2

|H ′ ω( ) 2  dω
⃒⃒⃒⃒

(31)

with

H ′(s) = (A′(s) + B′(s) GL)−1 (32)

Proof. From equations (20)–(23) we have

F̂OU s( )
sX̂ s( )[ ] = T ′ s( ) V̂out s( )

Îout s( )[ ] (33)

that implies (32) forH ′(s) = V̂out(s)/F̂OU(s). Using (15), the
definition of PSD for the OUP (17) and integrating over the
whole frequency spectrum to calculate the absorbed power
proves the thesis. □

Corollary 2. (Harvested power formula for white Gaussian
noise)

In the case vibrations are described by white Gaussian
noise, the harvested power is still given by (29), with
H (s) = H ′(s).

Proof. It follows directly from theorem 2 and the definition
of the transmission matrix for the white Gaussian noise
scenario. □

Theorem 3. (Power efficiency formula)
For an energy harvester subject to OUP noise, described

by one of the transmission matrices T(s) of equation (24), the
power efficiency is

η = PGL

PGL + Pγ
(34)

where PGL is given by (29), and Pγ is given by

Pγ = ϵ2γ ∫
+∞

−∞

1
1 + ω2τ2

|Y ω( ) 2  dω
⃒⃒⃒⃒

(35)

with

Y(s) = C′(s) + D′(s) GL

A′(s) + B′(s) GL
(36)

Proof. The power efficiency is defined as the ratio between
the power absorbed by the load, and the power injected
by the noise. From theorem 1, we have that at steady
state Pin =Pγ +PGL. The power Pγ = γ〈y2〉 is calculated as fol-
lows: Taking into account that Ŷ(s) = sX̂(s) and that
Îout(s) =GL  V̂out(s), equation (33) implies that the admittance
transfer function Y(s) = Ŷ(s)/F̂OU(s) is given by (36). Using
(15), and integrating over the whole frequency spectrum the
thesis follows. □

Corollary 3. For white G. noise vibrations, the power effi-
ciency is given by (34), with
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Pγ = ϵ2γ ∫
+∞

−∞
|Y ω( ) 2  dω

⃒⃒⃒⃒
(37)

Proof. The proof is analogous to that of theorem 3, with
SOU(ω) replaced by SW(ω) = ε2. □

Results

To verifywhether the low-passL-matching network solution
offers advantages in terms of average harvested power and
power efficiency with respect to previously proposed solu-
tions, we have applied frequency domain analysis to energy
harvesters with resistive, power-factor corrected, and low-
pass L-matched loads. The parameters used in the analysis
are adapted from previous works, where models based on
equivalent circuits were used (Bonnin et al. 2021; Bonnin
et al. 2022; Yang and Tang 2009). The values where

determined setting the tip inertial mass equal to 1, and
deriving all other quantities consequently. It is worth
mentioning that the inertial mass not only determines the
resonant frequency of the mechanical domain, but also
the maximum power harvested at that frequency and the
bandwidth. Choice of the tip mass is always a trade-off
between maximum harvested power and bandwidth. A
change in the mass aimed at increasing the former, inevi-
tably decreases the latter, and vice-versa. The role of the tip
mass have been throughly investigated, and ingenious so-
lution to design tunable systems have been devised (Shin
et al. 2020; Wang et al. 2021). Parameters values are sum-
marized in Table 1.

Figure 5 shows the average harvested power and the
power efficiency for the energy harvester with power-factor
corrected load, versus the value of the inductance L. The
average harvested power and the power efficiency shows

the same behavior and are maximum for L = L(opt)P =
73.7905 H.More importantly, for L = L(opt)P the power-factor
correction solution provides almost eight times more
average power and better efficiency, than the energy
harvester with a purely resistive load, as it can be seen from
Table 2. It is worth noticing that the optimum value of the
inductance is very high, a consequence of the normaliza-
tion assumed for the mass (a-dimensional mass is fixed
equal to one). It is well known that piezoelectric trans-
ducers require high value inductances for shunting and
matching. Very promising results have been recently ob-
tained (Lossouarn et al. 2017).

Figure 6 shows the average harvested power and po-
wer efficiency for the energy harvester with low-pass
L-matching network, versus the values of the matching

Table : Values of parameters used in the analysis. The first six
values are adapted from (Yang and Tang ).

Parameter Value

γ . N s/m
k . 

 N/m
m (normalized) 

Cpz . nF
RL  M Ω
α . N/V (as/m)
ε 

− N
τ 

− s

Figure 5: Output average power (on the left) and power efficiency (on the right) versus the inductance value L, for an energy harvester with
power-factor corrected load.
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parameters LS and CP. The average harvested power and
the power efficiency are maximum for the same values of

the components LS = L(opt)S = 306.2626 H and CP = C(opt)
P =

23.005μ F. The matching network outperforms the power-
factor corrected solution in both maximum harvested
power and power efficiency. In particular, the maximum
harvested power and power efficiency with the matching
network are about nine times better than those with the
resistive load setup, and 17% better than those with the
power-factor corrected load. Power performances can be
increased further considering a ladder of low-pass
L-matching networks. As an example we have imple-
mented a ladder composed by two stages, i.e. two cascade
connected L-matching networks. Optimal values for the
components of the matching network are LS1 = 118.89 H,
LS2 = 506.67 H, CP1 = 111.67 nF and CP2 = 11.33 nF. The
corresponding harvested power and power efficiency are
reported in Table 2.

Finally, Figure 7 shows the amplitude response⃒⃒⃒⃒
H ( f )|2, as a function of the frequency f = ω/(2π), for the
three different load setups. It is obvious that a simple
resistive load is the worst solution. It is also clear that,
because the harvested power depends on the integral of the
amplitude response, the design strategy is a trade-off be-
tween maximum amplitude, and passband width.

Conclusions

Piezoelectric energy harvesters aremicro-electro-mechanical
systems, capable to convert ambient dispersed mechanical
vibrations into usable electrical energy. They can be used for
supplyingpower to electronic circuits, sensors andactuators,
that are wireless connected, miniaturized and remote
located.

In this work we have analyzed piezoelectric energy
harvesters for ambientmechanical vibrations. Thegoverning
equations are derived from the mechanical properties, the
characteristic equations of linear piezoelectric materials and
the circuit description of the electrical domain.We show that
energy harvesters can be modelled by cascade connected
two port electromechanical networks. Consequently, the

Table : Average harvested power and power efficiency for the en-
ergy harvester with different load setups.

Configuration P(max)
GL

η

Resistive load . μW .%
Power-factor corrected load . μW .%
Low-pass L matched load . μW .%
Two stages low-pass L matched load . μW .%

Figure 6: Output average power (on the left) and power efficiency (on the right) versus the inductance value LS and the capacity CP, for an
energy harvester with low-pass L-matching network.

Figure 7: Comparison between the amplitude responses of a linear
harvester with resistive load (R load), power-factor corrected (RL
load), and low-pass L-matched load.
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governing equations are formulated in terms of transmission
matrices and transmission parameters, and are efficiently
analyzed in the frequency domain. As a first main contri-
bution, formulas for the harvested power and power effi-
ciency for energy harvesters subject to both white Gaussian
colored noise mechanical vibrations are given.

The most important limiting factor for vibrational
energy harvesting, is the impedance mismatch between
the mechanical and the electrical parts. As a second main
contribution, we show that interposing a matching
network between the piezoelectric transducer and the
electrical load, the impedance mismatch is significantly
reduced. The power performances of the harvester are
increased by a large amount: In particular, the maximum
average harvested power and the power efficiency are
nine times better with respect to a simple, unmatched
resistive load. Application of a matching network offers
better performances also with respect to other, recently
proposed solutions, such as the application of power-
factor correction methods.
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